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Abstract. Th.is note contains a. prove o! the expression for the effi.cient emission 
with fuzzy e.symmetric distribution.s in the paper (Nahorski & Horabik1 2009) and 
is an appendix to this paper. It includes some teclmical derivations, which place 
outside the main paper acoording to the rules of the Climate Policy editors. 

Keywords: greenhouse gnses emission inventories, unce1·tainty, fuzzy sets, emis­
sion penuit trading. 

1. Derivation of the expression for the efficient emission 
with fuzzy asymmetric distributions 

F\-om equation (27) of the paper (Nahorski & Horabik, 2009) repeated 
below for convenience 

Xe+ {1 - [(1 + 1c l + 1ha] rk }tii:c :$ (1 - ó)xb (l) 
abc l + 'Ybc 

the compliance condition of the buying party, after simple manipula• 
tion, is 

:i:B +&'B - [((&B)I-M",/ +(duB)-Y'i:,B dlB l + -Y'/:/)a] i+~,,B < (1-óB)xB 
c be be be bcl+-y~ - b 

After buying E emission units from the selling party, the compliance 
condition becomes 

xB _ i;S + duB + i;S Rus_ [((&B + i;S RuS)l+-Yi:,s + 
c be c be c 
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In approximations used in the sequel the following approximate equa­
tion will be applied 

(3) 

which ca.n be ee.siły obtained from the first order Taylor series expa.nsion 
of the left hand side. Good approximations a.re obtained for lzl < < 1. 

Let us consider the expression in the square brackets in equation 
(2) . Applying (3) we get 

and similarly 

ts R•s ts d'!s 
Let us notice that ~ = icd't:' . As we can expect that the emission 
sold will be much smaller the.n that emitted by the selling party, then 
~ << 1, and therefore approximation should be good. Thus, dropping 
%c 

the expressions with the squares off we can transform the expression 
in the square brackets in (2) to 

and then to 

dlB 1 uB 1 
cftB (1 + be + 'Ybc ) i+,..,s X 

be df! 1 +-r't 
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cllB l +,.,,uB ;-;-1;;,,­= d"B(l + ---1!E_ __ ,_be_) lhk + 
be di:eB l + "(/,;! 

tB 11B IS lB uB _ '"li:,.8 

+Esws(l+~~+~--l-)(1+ dbe l+"foe) lh/:,B 

' cl);e8 l + 'Y/,;! cl~s l + 'Y/! cl'te8 1 + 'Y(f 

The last but one term can be transformed as follows 

3 

d/B ,.,,uB dlS l dlB 'Y"B dlS l 
( l+ /,,, ,be + c --) ~ (l+ be be ) (l+ e --) _ 

d"B l + ,.,,IB d"s 1 + ,.,,IB d"B l + ,.,,IB duS 1 + ,.,,IB 
I.ie tl,c c I/Je lic 1/;c c I/Je 

1B ,/,:.n IS 1 

""(1 + ~)~(1+ S:...,)~ db/ d~s 

and similnrly the last term 

Finall_y, the expression in the brackets in (2) approximateły equals to 

d1B a~s 
Quality of approximations above depend on the ratios ~ and ;r;p,· 
\\!hen they are small, the approximation is goocl. When they are close to 
1, tlw approximation shoukl be worse. The finał formula (5) is, however, 

also true for (:;,~ = 1, as can be seen fron1 an independent derivation of 

(??). This nu~y suggest that actually the formula (5) might be perhaps 
derived without using approximation (3), at least in the finał part of 
the dcrivation. 

Tłrns, condition (2) can be approximateły written as 

d/S I 

-E5 R"5 [(1 + ~)a] •+,W < (1 - &8 )S;8 
c d~s - li 

(4) 

Appendix.tex; 19/10/2009; 14:35; p.3 



4 

Comparing ( 4) with (1) we find the difference 

E,ff = E5{1-{1-E5 Rf[(1+ !:)aj~}R~5
} (5) 

C 

which is exactly equation (29) of the pnper ((Nahorski & Horabik, 
2009)). 
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