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IBS PAN SRI PAS



c© Copyright by Systems Research Institute

Polish Academy of Sciences

Warsaw 2011

All rights reserved. No part of this publication may be reproduced, stored in

retrieval system or transmitted in any form, or by any means, electronic, mecha-

nical, photocopying, recording or otherwise, without permission in writing from

publisher.

Systems Research Institute

Polish Academy of Sciences

Newelska 6, 01-447 Warsaw, Poland

www.ibspan.waw.pl

ISBN 9788389475350



Dependencies between fuzzy negation, disjunction

and implication

Anna Król

Institute of Mathematics, University of Rzeszów

al. Rejtana 16A, 35-310 Rzeszów, Poland

annakrol@univ.rzeszow.pl

Abstract

This paper deals with some dependencies between weak fuzzy connectives

of different types. In particular, a fuzzy implication generated from a fuzzy

negation and disjunction is considered. In the case of a fuzzy disjunction

only border conditions and monotonicity are assumed. The results are illus-

trated by examples of weak fuzzy connectives.

Keywords: fuzzy negation, fuzzy disjunction, (D,N)-implication.

1 Introduction

Multivalued logic with truth values in [0,1] was developed after the paper of

J. Łukasiewicz [7]. Fuzzy set theory introduced by L.A. Zadeh [10] brought new

applications of multivalued logic and new directions in examination of logical

connectives. After the contribution of B. Schweizer and A. Sklar [9] the notions

of the triangular norm and conorm have played the role of a fuzzy conjunction

and disjunction. J. Fodor and M. Roubens [6], M. Baczyński and B. Jayaram

[1] examined families of multivalued connectives based on triangular norms and

conorms. However, some authors (e.g. I. Batyrshin and O. Kaynak [3], F. Durante

et al. [5]) underline that the assumptions made on these multivalued connectives

are sometimes too strong and difficult to obtain. Thus, some of the conditions are

omitted.
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In this contribution the way of generating of fuzzy implication from a fuzzy

negation and a fuzzy disjunction is considered. Implications created by the use of

such method are considered in the literature in the case when the disjunction is a

triangular conorm by J. Fodor and M. Roubens [6] (S-implications), M. Baczyński

and B. Jayaram [1] ((S,N)-implications). Also, the case when a disjunction is re-

placed by a disjunctive uninorm was examined by M. Baczyński and B. Jayaram

[2] ((U,N)-implications). In these consideration only border conditions and mono-

tonicity are required for a fuzzy disjunction. This is why such implications will

be called (D,N)-implications. This name should not be confused with Dishkant

implications (D-implications), see e.g. [8].

In the following section the definitions and examples of fuzzy connectives

used in the sequel are presented. Next, in Section 3, fuzzy negations generated

from fuzzy implications are recalled. Finally, Section 4, presents the results con-

cerning (D,N)-implications.

2 Basic definitions

First, the notion and examples of a fuzzy negation are recalled.

Definition 1 ([1], p. 14). A decreasing function N : [0, 1] → [0, 1] is called a

fuzzy negation if

N(0) = 1, N(1) = 0.

A fuzzy negation is called:

• a strict negation if it is continuous and strictly decreasing,

• a strong negation if it an involution, i.e. it fulfills the condition N(N(x)) = x,

x ∈ [0, 1],
• a non-vanishing negation, if N(x) = 0 ⇔ x = 1, x ∈ [0, 1],
• a non-filling negation, if N(x) = 1 ⇔ x = 0, x ∈ [0, 1].

Remark 1. Strict and strong negations are continuous functions. A strong nega-

tion is a strict one. A strict or a strong negation is both non-vanishing and non-

filling.

Example 1. The classical fuzzy negation NC(x) = 1− x for x ∈ [0, 1] fulfills all

four additional assumptions of the above definition. The negation N(x) = 1−x2

for x ∈ [0, 1] is strict.

The least and the greatest fuzzy negations are of the form:

N0(x) =

{
1, gdy x = 0
0, gdy x > 0

, N1(x) =

{
1, gdy x < 1
0, gdy x = 1

.
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The negation N0 is non-filling, N1 is non-vanishing.

Now, the definition of a fuzzy disjunction is presented.

Definition 2 ([4]). An operation D : [0, 1]2 → [0, 1] is called a fuzzy disjunction

if it is increasing with respect to each variable and

D(0, 0) = 0, D(0, 1) = D(1, 0) = D(1, 1) = 1.

Corollary 1. A fuzzy disjunction has a zero element 1.

Example 2. Operations D0 and D1 are the least and the greatest fuzzy disjunc-

tion, respectively, where

D0(x, y) =

{
1, if x = 1 or y = 1

0, else
,

D1(x, y) =

{
0, if x = y = 0

1, else
.

The following are other examples of fuzzy disjunctions. The well-known triangular

conorms are denoted in the traditional way.

D2(x, y) =

{
y, if x = 0

1, if x > 0
, SM (x, y) = max(x, y),

D3(x, y) =

{
x, if y = 0

1, if y > 0
, SP (x, y) = x+ y − xy,

D4(x, y) =

{
1, if x+ y > 1

y, if x+ y < 1
, SL(x, y) = min(x+ y, 1),

D5(x, y) =

{
1, if x+ y > 1

x, if x+ y < 1
, SD(x, y) =






x, for y = 0
y, for x = 0
1 else

.

Finally, the notion of a fuzzy implication is given.

Definition 3 ([1], pp. 2,9). A function I : [0, 1]2 → [0, 1] is called a fuzzy im-

plication if it is decreasing with respect to the first variable and increasing with

respect to the second variable and

I(0, 0) = I(0, 1) = I(1, 1) = 1, I(1, 0) = 0.

We say that a fuzzy implication I fulfills:

• neutral property (NP) if I(1, y) = y, y ∈ [0, 1],

115



• exchange principle (EP) if I((x, I(y, z)) = I(y, I(x, z)), x, y, z ∈ [0, 1],
• identity principle (IP) if I(x, x) = 1, x ∈ [0, 1],
• ordering property (OP) if I(x, y) = 1 ⇔ x ≤ y, x, y ∈ [0, 1].

Example 3 ([1], pp. 4,5). Operations I0 and I1 are the least and the greatest

fuzzy implication, respectively, where

I0(x, y) =

{
1, if x = 0 or y = 1

0, else
,

I1(x, y) =

{
0, if x = 1, y = 0

1, else
.

The following are other examples of fuzzy implications.

IŁK(x, y) = min(1− x+ y, 1), IGG(x, y) =

{
1, if x ≤ y
y
x
, ifx > y

,

IGD(x, y) =

{
1, if x ≤ y

y, if x > y
, IRS(x, y) =

{
1, if x ≤ y

0, if x > y
,

IRC(x, y) = 1− x+ xy, IYG(x, y) =

{
1, if x, y = 0

yx, if else
,

IDN(x, y) = max(1− x, y), IFD(x, y) =

{
1, if x ≤ y

max(1− x, y), if x > y
.

3 Negation generated from implication

A fuzzy negation can be generated from a fuzzy implication by means of a simple

dependence as in the following theorem.

Theorem 1 ([1], p. 18). Let I be a fuzzy implication. The function

NI : [0, 1] → [0, 1], where

NI(x) = I(x, 0), x ∈ [0, 1] (1)

is a fuzzy negation.

Proof. Let NI be defined by the formula (1). We have

NI(0) = I(0, 0) = 1, NI(1) = I(1, 0) = 0.

The monotonicity of the function NI follows from the monotonicity of the fuzzy

implication with respect to the first variable.
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The next theorem shows which of additional assumptions made on the fuzzy

implication cause the membership of the generated negation to each of the four

classes of fuzzy negations from Definition 1.

Theorem 2. Let I be a fuzzy implication. Then

(i) if I is strictly decreasing and continuous with respect to the first variable, then

NI is strict,

(ii) if I is a fuzzy implication continuous with respect to the first variable fulfilling

(EP) and (OP), then NI is a strong negation,

(iii) NI is non-vanishing negation if and only if the following condition holds

I(x, 0) > 0 x ∈ [0, 1),

(iv) NI is non-filling negation if and only if the following condition holds

I(x, 0) < 1 x ∈ (0, 1].

Proof. Parts (i), (iii) i (iv) follow directly by the definition of the fuzzy negation

NI . To prove (ii) it is sufficient to show that NI is an involution. Let x ∈ [0, 1].
By (EP ) and (OP ) one obtains

I(x,NI(NI(x))) = I(x, I(I(x, 0), 0)) = I(I(x, 0), I(x, 0)) = 1.

that is, again by (OP ),
x ≤ NI(NI(x)). (2)

By the monotonicity of NI and by (2) one has

NI(NI(NI(x))) ≤ NI(x).

On the other hand

I(NI(x), NI(NI(NI(x)))) = I(I(x, 0), I(I(I(x, 0), 0), 0))

= I(I(I(x, 0), 0), I(I(x, 0), 0)) = 1,

so NI(NI(NI(x))) > NI(x). Thus,

NI(NI(NI(x))) = NI(x), x ∈ [0, 1]. (3)

By continuity with respect to the first variable of the fuzzy implication I the con-

tinuity of NI follows. That means that for an arbitrary y ∈ [0, 1] there exists

x ∈ [0, 1] such that y = NI(x). Hence and from (3) we obtain

NI(NI(y)) = NI(NI(NI(x))) = NI(x) = y, y ∈ [0, 1],

so NI is an involution.
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Example 4 ([1], p. 18). The following table shows fuzzy negations with their

generators (cf. Examples 1, 3).

Implication I Negation NI

ILK NC

IGD N0

IRC NC

IDN NC

IGG N0

IRS N0

IY G N0

IFD NC

For example one can check that the implication ILK generates the negation NC .

For an arbitrary x ∈ [0, 1] we have

NILK
(x) = ILK(x, 0) = min(1, 1 − x) = 1− x.

4 Implication generated from negation and disjunction

One can use the connection between the implication, disjunction and negation in

the classical propositional calculus

p → q ⇔∼ p ∨ q

in order to define a class of fuzzy implication.

Theorem 3. Let N and D be a fuzzy negation and disjunction, respectively. Then

the function ID,N of the form

ID,N (x, y) = D(N(x), y), x, y ∈ [0, 1]

is a fuzzy implication. Such implication will be called (D,N)-implication.

Proof. The function ID,N is decreasing with respect to the first variable and in-

creasing with respect to the second variable as the composition of the monotonic

functions N and D. Moreover, directly from Definitions 1,2 one gets

ID,N(0, 0) = D(N(0), 0) = D(1, 0) = 1,

ID,N(0, 1) = D(N(0), 1) = D(1, 1) = 1,

ID,N(1, 1) = D(N(1), 1) = D(0, 1) = 1,

ID,N(1, 0) = D(N(1), 0) = D(0, 0) = 0,

what proves that ID,N is a fuzzy implication.

118

• 



Example 5. The following table presents (D,N)-implications together with their

generators (cf. Examples 1 - 3).

Disjunction D Negation N Implication ID,N

D0 N - a non-fulfilling negation I0
D1 N - a non-vanishing negation I1
SLK NC ILK
SP NC IRC

SM NC IDN

For example one can generate the least fuzzy implication I0. Let N be an arbitrary

non-filling negation, D0 the least fuzzy disjunction. Then

ID0,N (0, y) = D0(N(0), y) = D0(1, y) = 1,

ID0,N (x, 1) = D0(N(x), 1) = 1.

In the case of y 6= 1 and x 6= 0 one has N(x) 6= 1 and hence

ID0,N (x, y) = D0(N(x), y) = 0.

Altogether one obtain ID0,N = I0.

Theorem 4. Let N be a fuzzy negation. The implication ID,N fulfills (NP ) if and

only if 0 is a left neutral element of D.

Proof. Let us see, that for all y ∈ [0, 1] one has

ID,N (1, y) = D(N(1), y) = D(0, y).

This is why the condition (NP ) is fulfilled if and only if

D(0, y) = y, y ∈ [0, 1],

that is 0 is a left neutral element of the operation D.

Theorem 5. Let N be a fuzzy negation and D be an associative and commutative

fuzzy disjunction. Then ID,N fulfills (EP ).

Proof. For arbitrary x, y, z ∈ [0, 1], from associativity and commutativity of the

operation D one has

ID,N(x, ID,N (y, z)) = D(N(x),D(N(y), z)) = D(D(N(x), N(y)), z)) =

= D(D(N(y), N(x)), z)) = D(N(y),D(N(x), z)) = ID,N (y, ID,N (x, z)).
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Example 6. Let us observe that (D,N)-implications do not need to fulfill (OP)

and (IP). (D,N)-implication IRC fulfills none of these conditions. We have 0.5 6

0.5, but

IRC(0.5, 0.5) = 1− 0.5 + (0.5)2 = 0, 75 6= 1.

So the conditions (OP) and (IP) are not fulfilled.

Theorem 6. (D,N)-implication ID1,N fulfills (IP).

Proof. Let us consider the (D,N)-implication ID1,N generated from the greatest

fuzzy disjunction and an arbitrary fuzzy negation. One has

ID1,N(0, 0) = D1(1, 0) = 1.

Additionally, for arbitrary x ∈ (0, 1] one can obtain

ID1,N (x, x) = D1(N(x), x) = 1

for the sake of non-zero second variable.

Theorem 7. Let ID,N be an implication generated from a fuzzy negation N and

fuzzy disjunction D. The equality NID,N
= N holds if and only if 0 is the right

neutral element of the operation D|Range(N).

Proof. For an arbitrary x ∈ [0, 1] we have

NID,N
(x) = ID,N(x, 0) = D(N(x), 0).

Now, it is easy to observe that D(N(x), 0) = 0 if and only if

D(y, 0) = y for y ∈ Range(N).

5 Conclusion

In this contribution a generalization of Boolean formula of the implication which

connects the implication with the negation and the disjunction is examined. Many

particular dependencies between fuzzy logical connectives can be found in the

monograph [1] which can be a source of further generalizations.
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