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On the distributive equation
I(QZ, 81(:% Z)) - 82(1(377 y),I(QZ, Z))
for t-representable t-conorms
generated from nilpotent or strict t-conorms

Michal Baczynski

Institute of Mathematics, University of Silesia
ul. Bankowa 14, 40-007 Katowice, Poland
E-mail: michal .baczynskiQus.edu.pl

Abstract

Recently, in [5] we have examined the solutions of the following distribu-
tive functional equation I(x, S1(y, z))= S2(I(x,y), I(x, z)), when S1, Sa
are either both strict or nilpotent t-conorms and [ is an unknown function.
On the other side, in [3] and [4], we have discussed the distributive equation
of implications Z(z, T1(y, z)) = T2(Z(x,y),Z(x, z)) over t-representable
t-norms generated from strict or nilpotent t-norms in interval-valued fuzzy
sets theory. In this work we continue these investigations, but for the follow-
ing distributive functional equation Z(z, S1(y, 2)) = S2(Z(z,y), Z(x, 2)),
when S, Ss are t-representable t-conorms generated from either both strict
or nilpotent t-conorms and Z is an unknown function.

Keywords: interval-valued fuzzy sets; intuitionistic fuzzy sets; distributiv-
ity; fuzzy implication; triangular conorm; functional equations.

1 Introduction

Distributivity of fuzzy implications over different fuzzy logic connectives has
been studied in the recent past by many authors (see [1], [15], [6], [13], [14], [5],
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[2]). These equations have a very important role to play in efficient inferencing in
approximate reasoning, especially fuzzy control systems (see [7]).

Recently, in [5] we have examined the solutions of the following distributive
functional equation I(x, S1(y, 2)) = S2(I(x,y), I(x, z)), when S;, Sy are either
both strict or nilpotent t-conorms and [ is an unknown function. On the other
side, in [3] and [4], we have discussed the distributive equation of implications
Z(x, T1(y, 2))=T2(Z(z,y),Z(x, z)) over t-representable t-norms generated from
strict or nilpotent t-norms in interval-valued and intuitionistic fuzzy sets theories.
In this work we continue these investigations, but for the following distributive
functional equation

L(x,51(y, 2)) = Sa(Z(x,y), L(x, 2))

when 57, Sy are t-representable t-conorms generated from either both strict or
nilpotent t-conorms and 7 is an unknown function.

We assume that the reader is familiar with the notion of intuitionistic (by
Atanassov) fuzzy sets theory and interval-valued fuzzy sets theory. In [8] it is
shown that both theories are equivalent from the mathematical point of view, thus
in this article we discuss main results in the language of interval-valued fuzzy sets,
but they can be easily transformed to the intuitionistic fuzzy case. Let us define

L' = {(x1,22) €0, 1]2 : oz < xo},
(x1,22) <pr (y1,y2) <= x1 < y1 Aza < yo.

In the sequel, if z € L’, then we denote it by 2 = [z1, 72]. One can easily observe
that £ = (L', <) is a complete lattice with units 0, = [0,0] and 1,: = [1, 1].
An interval-valued fuzzy set on X is a mapping A: X — L.

2 Basic fuzzy connectives

We assume that the reader is familiar with the classical results concerning basic
fuzzy logic connectives, but we briefly mention some of the results employed in
the rest of the work.

Definition 1. Let £ = (L, <) be a complete lattice. An associative, commu-
tative operation S: L? — L is called a t-conorm if it is increasing and O is the
neutral element of S.

Definition 2. A t-conorm S on ([0, 1], <) is said to be

(i) strict, if S is continuous and strictly monotone, i.e., S(z,y) < S(z,z2)
whenever x < 1 and y < z,
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(ii) nilpotent, if S is continuous and if for each = € (0, 1) there exists n € N

ifn=1
such that a;[sn} =1, where m[sn] = a:, [n—1] 1 K ’
S(x,xg ), ifn>1.

The following characterizations of strict (nilpotent) t-conorms are well-known
in the literature.

Theorem 1 ([12]). A function S: [0,1)2 — [0, 1] is a strict t-conorm if and only
if there exists a continuous, strictly increasing function s: [0,1] — [0, o] with
s(0) = 0 and s(1) = oo, which is uniquely determined up to a positive multi-
plicative constant, such that

S(z,y) =s"'(s(z) +5(),  z,y€[0,1].

Theorem 2 ([12]). A function S: [0,1]?> — [0,1] is a nilpotent t-conorm if and
only if there exists a continuous, strictly decreasing function s: [0,1] — [0, 00)
with s(0) = 0 and s(1) < oo, which is uniquely determined up to a positive
multiplicative constant, such that

S(z,y) = s~ (min(s(2) + s(y), (1)), @,y €[0,1].
In our article we shall consider the following special class of t-conorms.

Definition 3 (see [9]). A t-conorm S on £/ is called t-representable if there exist
t-conorms .57 and Sy on ([0, 1], <) such that S; < Sy and

S([z1, 22, [y1,y2]) = [S1(x1,y1), S2(w2,92)], [x1, 2], [y1,y2] € L.

It should be noted that not all t-conorms on £ are t-representable (see [9]).
One possible definition of an implication on £ is based on the well-accepted
notation introduced by Fodor and Roubens [11] (see also [10]).

Definition 4. Let £ = (L, <r) be a complete lattice. A function Z: L? — L is
called a fuzzy implication on L if it is decreasing with respect to the first variable,
increasing with respect to the second variable and fulfills the following conditions:

Z(0£,02) =Z(1g, 1) =Z(0g, 1) =1 and Z(1.,0.) = O,

3 Some results pertaining to functional equations

In this section we show two results related to functional equations, which are
crucial in presenting main results.
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Proposition 1. Let Lo, = {(u1,us) € [0, 00]?

up < ug}. For a function

f: L — [0, 00] the following statements are equivalent:

(i) f satisfies the functional equation

flur +vi,ug +v2) = fur,u2) + f(vi,v2),

(u1,u2), (v1,v2) € Log.

(A)
(ii) Either
=0, (SAD)
or
f =00, (SA2)
or
0, ifu =0,
Flug, up) = fun (SA3)
oo, ifu; >0,
or
0, ifu; < oo,
flur,ug) = { /i (SA4)
o0, lfU1 = 00,
or
0, ifus =0,
Flug, ug) = fus (SA5)
o0, ifug >0,
or
0 } =uy <
Flun, uz) = { ) l.f'LL1 Uz < 00, (SAG)
00, ifu; =o0oru; < ug,
or
0, ifus=0andus < oo,
flur,ug) = l.ful and iz =00 (SA7)
oo, ifu; > 0orug = 00,
or
0, ifus < o0,
Flur,ug) = { f 2 (SA8)
m? l‘fu2 = m?
or there exists unique ¢ € (0,00) such that
fur,ug) = cuy, (SA9)
or
Flur,ug) = {6“2’ ’f“l =42 (SA10)
00, ifur < ug,
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or
Cut, l:f’U,Q < 00,

fui,uz) = { (SA11)

o0, l:f’U,Q = 09,

or
) } = 07
Flur,ug) = {2 T (SA12)
oo, ifu; >0,
or
- 9 ] < 9
Flur,ug) = {C(“2 w) l,ful o (SA13)
0, ifuy = oo,
or
f(u1,ug) = cus, (SA14)
or there exist unique c1,cz € (0,00), ¢1 # co such that
- ) ] < )
Flug,uz) = {cl(u2 w) + czur Y < o0 (SA15)
00, lfU1 = 00,

forall (ui,u2) € Loo.

Proof. Itis enough to define function g(uy,uz2) := f(ug,u;) and use the solutions
described in [3, Proposition 3.2]. O

Proposition 2. Fix real a,b > 0. Let L, = {(u1,u2) € [0,a]® : u; < us}. For
a function f: L, — [0,b] the following statements are equivalent:

(i) f satisfies the functional equation
f(min(ug+v1, @), min(ug+va, a)) = min(f(uy, ug)+ f(vi,v2),b), (B)
Sorall (uy,u2), (v1,v2) € L.

(ii) Either

[ =0, (SB1)
or
;=20 (SB2)
or
07 l:ful = 07
= SB3
J(u1,uz) {b, Fuy >0, (SB3)
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or

0, ifuz =0,
UL, Ug) = SB4
fu1,uz) {b, s > 0, (SB4)
or there exists unique c € [g, oo) such that
f(u1,ug) = min(cuq, b), (SB5)
or
. b . _
f(ul,UQ) _ mln(cu2, )7 l:ful u2, (SB6)
b, lful < ug,
or
i b ] =0
f(ul,UQ) — mln(cug, )7 l'f’LLl ) (SB7)
b, ifu; >0,
or
f(ulv ’LLQ) = min(cu27 b)7 (SBS)
or there exist unique c1,cy € [3, oo), c1 # ¢ such that
i - 7b 9 ] < )
Flun,ug) = min(cy (ug — uy) + coug, b) l.ful a (SBY)
b, lful = a,

forall (uy,u2) € L.

Proof. Itis enough to define function g(uy,uz2) := f(ug,u;1) and use the solutions
described in [4, Proposition 3.2]. O

4 Distributive equation for t-representable
t-conorms

In this section we will show how we can use solutions presented in the previ-
ous section to obtain all solutions, in particular fuzzy implications, of our main
distributive equation

I(z,81(y, 2)) = S2(Z(2,y),L(x,2)),  x,y,z€ L, (D)

where I is an unknown function and the t-conorms Sy, Ss on £ are t-representable
and generated from both strict or nilpotent t-conorms.
Assume that projection mappings on £ are defined as the following:

pri([z1, z2]) = x1, pra([z1,z2]) = 2, for [z, x2] € L
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One can easily see that if S1, So on L1 are t-representable and generated from .51,
So and S, Sy, respectively, then

Ilor ) ([S1 (Y1, 21), S22, 22)]) = S3(90y, 1 (1, 92)): Gy gy ([21, 22])),
9[2951,952} ([S1(y1, 21), S2(y2, 22)]) = 54(9[2951,952} ([y1, v2)), 9[29517;,;2] ([21,22])),

1 2
[z1,22)" I[z1,22]

where [21,22] € L' is arbitrarily fixed and functions g L

are defined by

Iiora) () = prioL(fwn, @) ), gy oy () = pra o I([a1, ), ).

Let us assume firstly that S1 = So = T'is a strict t-conorm. Using the repre-
sentation theorem of strict t-conorms (Theorem 1) we can transform our problem
to the following equation (for a simplicity we deal only with g! now):

T ,aa) (571 (5(y1) + 5(21)), 57 (s(y2) + 5(22))])

= 5 (5(9p, o) (W15 92])) + 5(9, 1) (21, 22]))).

Hence
80 Gy ) (157 (s(01) + 5(21)),8 ™ (s(2) + 5(22))])
=S80 g[lml,mg]([yh yQ]) +so g[lzl,mg]([zl7 22])’
This equation can be written in the following form:
590y g (157 (5(y1) + 5(21)), 57 (s(y2) + 5(22))])
= 50 Gy g ([57 (s(y1)), 57 (5(32))))
50 gy (157 (5(20)), 57 (s(z2)))).

Let us put s(y1) = w1, s(y2) = ug, s(z1) = vy and s(z2) = wvy. Of course
uy, ug,v1,v2 € [0,00]. Moreover [y1,ys], [21, 22] € L', thus y; < yo and z; <
z2. The generator s is strictly increasing, so u; < ug and v; < vo. If we put

f[wl,xg} (a7 b) =soprypo I([ﬂj‘l, $2]’ [S_l(a)7 S_l(b)])7
for a,b € [0,00] and a < b, then we get the following functional equation

Jier,zo) (U1 + 01,2 +02) = flag 20 (U1, u2) + flag 20 (V1,v2), (1)

where (u,u2), (v1,v2) € L. In a same way we can repeat all the above calcu-
lations but for the function g2, to obtain the following functional equation

Pl (g or ug 4 vp) = O (ug ug) + S (0, 0), (@)
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where
FEr2N(a,b) i= s 0 pro o I([w, xa, [s™ (a), s (D))

Observe that (1) and (2) are exactly our functional equation (A). Therefore, using
solutions of Proposition 1, we are able to obtain the description of the vertical
section Z([z1, 23], -) for a fixed [x1, 2] € L!. Since in this proposition we have
15 possible solutions, we should have 225 different solutions of (D). Observe now
that some of these solutions are not good, since the range of T is L'.

Let us assume now that S; = S5 and S5 = 54 are nilpotent t-conorms gen-
erated from additive generators s; and ss3, respectively. Using the representation
theorem of nilpotent t-conorms (Theorem 2) we can transform our problem to the
following equation (for a simplicity we deal only with g' now):

Tiwrag) (I57 (min(s1(y1) + s1(21), 51(1)), 57" (min(s1(y2) + s1(22), 51(1)))])

= 53 (min(s3(9(y, 40 (U1, 2])) + 83(9[s, 0 ([21, 22))), 53(1)).

Similarly as earlier let us put s1(y1) = w1, s1(y2) = wu2, $1(21) = v1 and
s1(z2) = wvq. Of course uy,uz,v1,v2 € [0,51(1)]. Moreover [y1,y2], [21, 22] €
L', thus y1 < yg and z; < z9. The generator s is strictly increasing, so u; < uo
and v; < vo. If we put

f[:cl,zz}(aﬂ b) := sz o pry OI([th?]? [Sl_l(a)7 Sl_l(b)])a

fora,b € [0, 51(1)] such that a < b, then we get the following functional equation

fiz1,20) (min(uq + v1, 1(1)), min(ug + va, s1(1)))
= min(fiz; 2] (U1, u2) + flag 20 (V1,v2), 83(1)), 3)
where (u1,u2), (v1,v2) € Lg 1y and fiz, 201 Ls; 1) — [0, 53(1)] is an unknown

function. In a same way we can repeat all the above calculations, but for the
function g2, to obtain the following functional equation

f[xl’m} (min(u1 + vy, 81(1)), min(UQ + vg, 31(1)))
= min(f[xl’xﬂ ('LLl, U2) + f[thQ](vla 7)2)7 83(1))7 (4)
where
f[xl’“](a, b) := s3 0 prg o I([x1,x2], [51_1(@)7 31_1(1’)])-

Observe that (3) and (4) are exactly our functional equation (B). Therefore, using
solutions of Proposition 2, we are able to obtain the description of the vertical
section Z([x1, 2], -) for a fixed [z, 73] € L. Since in this proposition we have 9
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possible solutions, we should have 81 different solutions of (D). Observe now that
some of these solutions are not good, since the range of Z is L.

Finally, we need to notice that not all obtained vertical solutions in £ in
both cases can be used for obtaining fuzzy implications on £ in the sense of
Definition 4. We will investigate this problem in our future works.
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The consecutive International Workshops on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGNs) have been meant to provide a forum for the
presentation of new results and for scientific discussion on new
developments in foundations and applications of intuitionistic fuzzy sets
and generalized nets pioneered by Professor Krassimir T. Atanassov. Other
topics related to broadly perceived representation and processing of
uncertain and imprecise information and intelligent systems have also been
included. The Ninth International Workshop on Intuitionistic Fuzzy Sets and
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provides many new ideas and results in the areas concerned.

We hope that a collection of main contributions presented at the Workshop,
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participate, will provide a source of much needed information on recent trends
inthe topics considered.
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