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I. l\GGREGATION OF ORDERINGS - . tSASUREMENT OF CONSENSUS DEGREE 

by 

Lidia Ksi~żopolska, J an o·.,siński . and Sławomir- Zadrożny 

I.1 Introduction 

This chapter contains description of software applica­

tions r e lated to aggregation o f orderings. These applications 

are ba sed upon three various approaches, ref e rring to ·, res­

pectively, linear programming fo rmulation, branch-and-bound 

method, and specia l heuristics. All of them start from the 

objective function formula ted in its generał form by e.g. 

Kemeny (s ee e.g. Kemeny (1959), and Kemeny and Snell (1963)). 

The problem being sol ved by the se softwa r~ applications 

is of high significance for any co~prehen sive prospective­

- strategic-analysis, as outlined in Chapter ~, Part 1 of the 

Report. It can be used to model , and thcrefore bring solutions 

to, a variety of situations, ranging from collective definition 

of problem areas to consider, through simple voting, down to 

a gg r egation of importance sequ ence~. 

It is therefore significant to have these problems properly 

" modell e d and adequate ly solv ed. In view of the way in which they 

a_re going to be applied, tłre modelling and solution ·methodes 

should in addition be simple and operational, mos~~~sirably 

microcomputer i mplementable. Thus, not only the way· ·1n which 

questions are stated would be proper and answers obta.ined adequa-­

te, but also these questions and responses could be exchanged in 

an interactive ~ay during an analytic · session. 

_ I.2 Problem formulation 

Assume that one is dealing with n distinct alternative 

items (problems, candidates; policies, technologies, .. ..), denoted 

a 1 , . . ·.,an, a 1 c; A = {a 1 , •.. ,an } , and that a number, m • of 

j~dges (experts, voters, analysts, .•. ) are expressing an opinion 

as to the sequence (importance, quality, appearance in time, ••• ) 
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of these items. Thus, each judge formulates an ordering Rk, 

k=1 , •.. ,m of items ai. Th e problem is to find the aggregate 

ordering , i, which would repres e nt in the "bes t", most appro­

priate way all th e m opinions exp~essed through Rk. 

H3v ing a mea s ure of such "goodness" (i , e. a dis tance of 
A * 

opin ionS ) and the "optimum", R, or at least suboptimum, R, 

aggrega te o pin ion , makes it possible to assess the degree of 

judges- consensus, ranging from O, when the maximum d istanc e 

occurs , to 1, when all experts give identical Rk. Further ana­

lyses become also feasible, facilitating the course óf an interac­

tive analytic session. 

The three methods, whose software is introduced in this 

Chapter , all do refer to the formalism said to have origina­

ted wlth Condorc~t (1785), but bet ter kn own from such r eferen ­

ces as Kemeny (1959) and Keme ny and Sne ll (1963). I t is also 

inter es ting to note that similar formulations as regard s the 

objective functio n representing the "goodness" of aggregat ion 

vis a vi s individua l Rk come fr om the cl .u s ter analysi s domain, 

see e.g. Owsiński (1986). 

The di fferences in approaches li e first in the ma re prec ise 

formula tion of the objec tive function and in the methods of 

extremization. 

Naw, the respective software shall be ·presented , starting from the 

one based upon the g eometrical considerations, ma in refer ence 

being that by Kuźmin and Ovchi.nnikov (1975,1976), t h roug h the 

simple but powerful LP formulation due' to Marcotorchino ańd 
Michaud (1979), and finally to an efficient heuristic procedure, 

by Owsiński and Zadrożny (1986), based upon the obj ective func­

tion equivalent to that proposed by Marcotorchi_no and Micha ud. 

I.3 Method no. 1: the "EXPERT" program 

The purpose of the program called "EXPERT" is to determine 

the grou p opinion on the basis of the experts- individua l opin­

ions give n in the form of orderings. 
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The program has been written in FORTRAN f o r microcomputer 

COMPJI.N-8. 

Input data to the program 
/ 

Input data to the program "EXPERT" are entercd in two ways: 

either from the console keyboard or from a disc file. 

At the beginning of the program the following information 

from the console keyboard are to be entered: 

- number of alternative varia nts (item~ (f rom 

numbe r of expert s (judges) (from to 20) 

- the initial options i.e ~: 

the en try of expert_- s opinions 

1 from the keyboard 

2 - from a disc file 

_reports from the program will go out 

1 to the display .. 

2 - to the printer 

- number of group op).nions if the solution 

to 15) 

for a given set of orderings is not unique (from 1 to 1000). 

The expert-s opinions are entered from the keyboard in 

the' form of orderings. Each ordering given by an expert is 

entered in one line with commas separa ting individua l va lues. 

If the data given by an expert are not all entered in on line, 

the program will request the missing values for the ordering. 

When all the orderings are entered, the program processes 

each of them into preference matrix (described· in the rx t 

section) . The preference matrices are store d on a disc / 
i 

Such a disc file is used as an input file to the? program 

if the initial option 2 ( entry from a disc fil e ) ;has been 

cho sen-. · 

Description of the method applied in the program 

According to the geometrie approach all the experts­

individuai orderings should be presented in th e form of binary 

preference rel a tions Rk (k=1, .. . ,m). 

Elements of the matrix Rk, given by the expert k, are: 
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if the -variant ai · is preferred to 

the va riant aj in the opinio~ µie k-th 
expe rt 

otherwise 

The group opinion is determin ed in the following way: 

On the b~sis of the s e t of individual orderings RM= 

{ R 1 , . .. , Rm a new set Z o f all possible orderings of elemenis 

of the s e t A is construct ed; Z is a convex set. 

Group opinions are in_c luded in· the so-called core of that 

convex se t Z. The core conta ins all the orderings "lying" between 

two " e x treme" o rderings; o ne of them shows the highest consensus 

of th e experts, t h e second - the lowe~·t - one. 

Th e a ppli::: a tion of th e g eometrie app;z:oa ch can result in a 

solution diffe rent from a ny o f the order:i.ngs give~ py e x per~s, 

The group c~ :~ton should satisfy the following conditions: 

- t h e "~~~ - -~n • condit ion wh ich implies that an ordering 

of var i a nt~ 2 -~~ p t e d a s t h e group -proper one "lies " a mong all 

the orderings given by experts. 

This condi.tion can be expressed .as follows : 

where: 

m m n Rk,; R* ,; n 
k=1 k = 1 

R* is the group opinioń presented in the form of the 

matrix pref e r ence relation. 

- the Pareto cond i tionf·it,im~lies that if all the .. 
experts pre fer variant a 1 to variant aj , then ~n tjle group 

opinion the va r i ant a 1 is preferred to aj too. 
- the transit i vi t y condition; 

This condition can be expressed as fellows: 

if and then 

* in which we r ead •a . Ra.• as "according to the p reference 
i J 

relation R* t he e l e men t a 1 is preferred to the ~ ł ement a." • 
. J 

'I 
I 
I 

I 
I 

.. 
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An algorithm used to determine the group opinion based 

on the g eometrie ap?roach was completed with the majority rule 

given by Condo rc et, i.e. if most of the expe rts prefer the va -

riant to a. then in the group opinion 
J 

is preferred to 

aj too. 

If the core of the convex set Z determined on the basis o f indi­

vidual ordering s Rk (k=1 , . . • ,m) includes more than one group 

opinion, then the solut ion for a given set A is not unique. 

In such case s the best group opinion should satisfy the 

following condition : 

m 

i: 
k = 1 

min 

RcZ 

where: 

diR, Rkj is a distance between the orde r ing R, belonging 

to the set z;· and th e ordeiing Rk glven by the ' k-th exper t. 

The di stance between t wo orderings c an be expressed as. 

follows, Kemeny and Snell (1963): 

k 1 d(R,R ) = 2 
m 

i: 

i,j 

Out of all the opinions belonging to the core of the 

convex set Z, the group opinion satisfying the condiłion of the 

least .. dis t a nce is the Kemeny median ;of the set .R (o.f .indi-

vidual orderings). 

Output data fro r:i the program 

The reports fr oD the program will go out either to the 

screen (option 1) or to the printer (option 2) in the followi ng 

sequence: 

- · -the:cexperts." ·order±ngs •in · the ·.·fbrm '.•·: i1iiifber-· of the vari ­

ant /the ordered seąuence of variant, 

the group opinions generated by the program, 

- the distance between the group opinion ob tained fir s t 

and all the experts- individua l opin ions, 

- the distances b etween all the orde r i ngs g ive n by experts. 

The program "EX?ERT " occupies 24kB. The 1 O kB area on a 

disc to stare t he p~e ~e renc e ~atrices is to be reserved. 

._, 
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I.4 Method no. 2 : LP formulation 

In this method the softw:ire data are formulated in a similar 

wuy, a s in mcth:,d no. 

lution s is not given. 

except that the number of equivalent so-

Th e question is treate d via the method of Marcotorchino 

and Mic haud (19 79), i.e. as an LP problem 

max 1: (dijxij + sij ( 1- *ij )) 
! X .. 

l.J i,j 

(I.1) 

; 
st,1hject to 

I xij + X .. = 1 V i,j 
Jl. 

(I:2) 

X .. + Xjk - xik ~ 1 V i , j ,k 
l.J 

(I.3) 

being a continuous representation of a binary problem, in 

which x .. = 1 a ~~ x .. = O whe n issue (item ) l precedes issue 
l.J Jl. ' 

(item) j in th~ · · g regate opini n, wh ile xij = O and xji = 1 

in the oppo s itc: :"se. Magnitud es of dij and ~ij indicate, 

respectively, t he number of judge s who placed i before j and of 

those who placed j before i , i. e. 

where m 

m 

1: 
k =1 

k x .. 
l.) 

m 

1: 
k=1 

k x . . 
Jl. 

(I.4) 

is the number of- judges and x~ . x~ . = O in case 
. l.J Jl. 

of a tie, e.g. when a judge 

to j in his ordering Rk. 

k does not refer neither to i nor 

. 
This LP problem wa s slightly reformulated, in order to get 

rid of (I.2) and to accomodate a weighting coefficient r, inte 

ma.>~ 1: (rdij xij + (1-r)dji (1-xij)) 
X i < j 

(I. 5) 

max 1: (r(dij + djil xij- djixij l 
x .. 

l.J i < j 

X .. t 
l.J 

Vi < j 

and (I.3) as before . The new problem (I.5), (I.6), (I.3) yi e lds 

I 

I 
j . 
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the same solu tion as (I.1, I.2, I.3) for r=0.S. Now note that 

(I.5, I.6, I.31 can be eas ily parametrized with r cgard tor, 

r ~ i 0,1]. As s ume starting at r = 1. Since (I .S I takcs then 

the form of 

max 
X . . 

l. J 

i: 

i < j 

(I. 7) 

maximum for r=1 is r eached for xij = 1, V i< j. At the other 

parametrization, i.e. at r=0, there is end o f 

max 
X .. 

l.J 
E 

i < j 

(I.BI 

which mea ns an opt imum at x .. = O, Vi < j. Thus, on the way 
l.J 

from i=1 to O an initially c hosen "lexicographical" order is 

reversed, a nd a t r=0 . 5 the proper optimum or optima are fou~d. 

At the discrete v~lues of r order is changed. The value s of r 

indicates the relative- aggregate prefe·r ence · of the s hifted· 

entities . When r falls below 0 . 5 the counter- pref erence shifts 

are made. Thus, no t only the optimal aggregate opinion could 

be determined, but also its stabi lity and structure . . 
~ 

Note that for r=0.5 one obtains the actual optima R. 

I . 5 Method no. 3 : effective h euristics 

The third method used is derived from the approach develop- . 

ed by one of these authors, see . e.g. Ows iński (l984) • • _,This me thod 

starts from the objective function equivalent to th e on e as in 

(I.SI, although it does not refer explicity to variables xij" 

The procedure is, roughly, a s fellows: 

1° t, step number,= 1, ' rt = l,Ot = ·{1,2,3, ••. ,nl, where 

n: tota l number of items ordered. 

2 ° t -= t + .. 1 • 

3° calcula'te, for all k,l, k < 1: 

if of= 1 (k,1-11 
( I. 91 

it O f= 1 (k,l-1 I 
t-1 

it-O'l+ (k,l-1) 
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! 

I: (dik + dkil 

i~ 0::1 (k+1,l ) 

8 

t--1 
1 & o,kc.. (k +1 ,ll 

I: (dik + dki) 

t-1 
i6 Ok- (k+1,l) 

(I. 10) 

where, 
J 

e.g. 

0:: 1 (k + 1 ,ll / 
- /' 

I 
and 

t 
rkl 

> t -1 
·O and 

{i i k + 1 > 
0 t-1 

i> l,i> k} 
O t-1 

(I. 11) 

den o tes weak pre f e renc e according to o t- 1 , wh j,l e 
t r 1 k . corre s pond , r espectively, to the f o llowing ope-

rations: 

t 
rlk : ... k i2 11 1 ➔ ••• i2 i1 1 k 

4• find t t rt and thereby k * l * ma x { rkl I rlk > 
k,l 

5° pcrform o pc ration correspond ing t o r;*l* and t he r eby 

form ot, 

6° i! Ot is a reverse of o 1 or rt 

return to 2°, 

7° stop. 

O, go to 7°, othe rwise 

The procedure outlined obviously suboptimizes (I.5), in that 

it mak e s order chang e s belonging to a prede fined narrow clas s , 

e.g. the ones indicatcdabove (one item shifted ahe ad of the ot­

her or one item dropped behind anothe r). What it can, howę_ver, 

loos e on optimality, it compensates in simplicity and n umerica l 

efficiency. One can sce that parame trization in (I.Sł was in 

fact a step in the direction of this proceaure. The series of 

rt c an .again be uscd for assessing the strength of aggr ega te 

prefercnce s. 
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Ti1is methcd , of course , requires the same data as tJ1c rrcthod no.2. BotJ1 of 

them were progr.:imrned in FORTRAN for a rninicomputcr s:-1-4, PDP ­

cornp.:itible , but the rnethod no.3 can 1 of·course, be implcmcnted .:ind 

run on any sor t of persona l compu ter. 

The Append i x , whic h fo llows the references cont.:iins the 

l i stings of methods considered. 
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APPENDIX A. 

Compute r printout of software for me thod no. 



------------------- ----------- ---

1 

2 

5 

7 

11 

program expert 
inte~er ue (13,15,20),u(13,1~), b (1~i,15),c(15,13),d(225), 

*e<22 5>,r <225) 
open(1,file='lpt1') 
ope n (6·t f ilc = ' t,acierz.dut ') 
write( 'lf ,2006) 
write(M,1506) 
read <*,'<il)') ii 
if (ii .eq .1) thrm 

ii=0 
else 
if Cii .eq.2)the n 

ii=6 
else 

go to 1 
ccidif 
endif 
wr i te (;i , 150 7) 
r(c' 'Ctd U,, (il)') io 
i,Jf ( i o. e q • 1) the n 

i o =0 
el -s'e 
if (io.eq .2).th en 

i o=1 
e1se 

go to 2 
endif 
endif 
if(ii.eq.6)go to 4 
wr i te· <* , 150 2) 
reod('lf,2000) il 
write(lf,1504) 
read<*,2000 , kl 
write('lf,150 3) 
rcad (lf,' (i 4 ) ') ird 
do 3 i=l,15 
tło 3 J=l,15 
t\ ( i , Jl =0 
lolrite(io,150 0) 
if(ii.eq. 0)g o to 5 
rcad<6,'<2i2)')il,k1 
r eod ( 6, ' ( i 1) ' ) ( < ( o e ( i , J , k) , i= 1 , i 1 ) , J =• 1 , i 1) , k =i', k 1) 
write(io,1508)il,kl 
go to 11 
continue 
do 6 k =bkl 
do 7 i=l,il 
do 7 J=t ,il 
oe (i, J ,Id =1 
re ad ( * , 2 00:,) ( a ( 1 , i ) , i "' 1 , i 1) 
do 8 i=l,il - 1 
do 8 J=i+l,il 
i f ( a ( 1, i ) • eq. a ( 1, J) ) yo to 8 
if(a(l,i). gt. a(l,Jl)go to 9 
oe ,<i, J,k) =~ 

1 

. .) 

.} 

' .. , 

' '-4 

..J 

... , 

...) , 

J , 
I 

..J 

..) \ 

.) 

,.J 

J i .. ' 
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go to 8 
9 oc CJ,i,k)=0 

8 
6 

10 
11 

con t i nu c 
c. u n Łinue 
w,. i te < 6, ' < 2 i 2 > 'l il., k 1 
do 10 k=l,kl 
d o 10 J=1,i1 
d o 10 ic=1,i1 
w 1· i Ł e < 6 , ' ( i 1 I ' I o C! < i , J , k ) 
cu11Łi n i.; e 

ie= 0 
tnn=100 
do 12 k=1,k1 
do 13 i=1 .,il 
do 13 J=1,i1 

13 c (i, Jl =1 - ordi ,J ,! : ) 
call druk(a,c,i1,io,ie) 

12 .cuntinue 
ic~0 
k2=k1/2 
if( k2~ 2. eq.k11go t o 14 
wriŁ c (io ,2005) (( a( k,il , i = l ,15) d:cc2, 4 ,2) 
w r· i t. E' C i o , 2 0 0 5) ( < a C k , i ) , i = 1 , 13) , !-~ = 1 1 ii 1 2 ) 

14 c. on~ ,e 
d o . =1 ,i1 
d o =1,il 
U ( l I ,?) 

16 c (i , J l-- 1 
d o 1 7 I:= 1 , k 1 
do 17 J= l,il 
do 1 7 i ~ l,il 
oc ( i r J , I: )= 1-oe' (i, J, k) 
if (o l!( i,Jd:) .eq.~lyo Ło 17 
Cl (i, J ) " 1 

17 cunt in uc, 
do 18 i = l,il 
J o 18 J = l,i1 
l ~ <l 
k2 cc !: 1/2 
if C l< :: 2 . ec; . k·1lgo to 19 
k 2 -0 k2+ ! 

19 c o n t illuc, 

20 

21 
18 

d u :;i k ='1 ,kl 
l " ! • Ll<' ( i , J , I:) 
if (l. g c. k2)go to 21 
b<i ,Jl= 0 
g o t o 18 
lJ ( i, Jl~l 
c unli nue 
d o 2 2 k c= l ,ld 
d o 23 J=l,il 
do 23 i = l,il 
if((n(i,Jl.eq.ll.and.(oe(i,J,!<l.eq.0))go to 2 11 

go to 23 
24 oe(i,J,kl=l 

2 

F 



do 25 1=1,il 
do 25 m=1,i1 
do 25 n=1,i1 

1 3 

i f ( ( oe (1 , n, k) * oe (n , m, k) • eq. 1) . and • ( oc Cl , M, k > • eq. 0) ) !l o 
25 continue 

go to 23 
26 oe(i,J,k)=0 

23 continue 
22 continue 

write(io,• (//) ') 
do 27 l:=1,kl 
do 27 i=l,il 
do 27 J=l,il 
if(oe(i,J,kl.eq.0)go to 28 
go to 27. 

28 c<i,J) =0 
27 continue 

do 29 i=1,i1 
do 29 J=1,i1 
if(b(i,J).eq.Ugo to 36 
go to 29 

36 cCi,J)=l 
29 continue 
30 continue 

do 51 i"'l., il 
do 51 J~'lril 
do 51 1;=1, il 
if ((c(i,ll*cClq).eq.1).and.(c(i,Jl."q.0)lgo to 52 

51 c onlin ue · 
go to 110 

52 continue 
do 53 i=1,i1 
do 53 JC'1,i1 
if(b(i,J).eq.llgo to 54 

53 co11tinue 
go to 40 

54 c(i,Jl=0 
bCi,Jl=0 
go to 30 

40 continue 
l =0 
1ń~0 

do 56 i=lril 
do 56 J=l,il 
if((a(i,Jl-cCi,J)).eq.llgo to 55 

-go: to :56 
55 M=M+l 

1~0 i*r:rn+J 
d <'") =l 

56 continue 
103 continue 

write(io,1 30 5) 
do 96 i=1,i1 
do 96 J=l,i1 

96 l>(itJ)=c<i,J) 

3 

i ·I 
1 j 

to - t 
I 
I I: 

-- I 
I 
! 

I 
.., ' I 

r 

..) f 
I 
I 

...;I 
I 
I 

~l 

I ... 

--.,I 

.) 

..) 

-.J 

.-.I 

._j, 
I 
t 

t 
..J i 

[ 
...J 

._j, 

..J 

Jl 
._; I 

f. 
i 

'-o)! 



UD 117 i=l ,il 
du 11 7 J~ l,il 

117 u(i,Jl~ 0 

14 ;-

cul l dr ul: (a, c ,::.1,i o, iel 
if(r.,.e 4 .0lg u Lo 155 
1f(ir cl . c: q.llgu t. o 15:5 
li o 57 i=l,tn 

57 e(il=li ( il 
k2=-1 

68 k2 =k2 + 1 
if(k2. e q.tnlgo to 77 
do 5 8 i=l,,n 

f (il = a (il 
58 cl(i)=e(il 

tnl =m 
k3=k2 
M2=n, 

67 c ont.i nue 
uo 5 9 i •0 l, 1n l-k2 
cłu {;0 f: =i, i+k2 
ia=u( k l /mn 
ib ;;:d O·) -ici..M11 

if (k 2 .,!. -~·; • ·.•:, 61 
if (i.g t •. _ 60 
if<k. g t._. 00 62 
do 6 3 11=1, 
do 63 12=1,il 

63 c(ll,12l=b(ll ,12) 
62 c(ia,ibl=l 
60 con tinue 
61 c(ia,ibl=l 

do 64 i2=1,i1 
· do 64 i3=1,i1 
do 64 i 1ł = 1, il 
if((c(i2,i4)llc (i4 ,i3 ).eq.1).and.(c(i2,i3).eq.0))go 

64 contin ue 
id~iu+1 
if Ciu .! 
if <i d. 

•. · !c a ll druk(a,c,il,io,i e l 
- . g o to 77 

65 c(ia , '. 
59 conti 1,._ 

if(k2. e½ -~ ) go to 68 
73 c.unt lit-Ue 

66 

1111=ml-1 
if(ml . eq . k 2lgo to 70 
do 6 6 i=lc 3,ml 
d Cil "' u ~U 
go t o :;7 

70 con linue 
k3=k3-1 
if(k3. eq . łl go to 68 
if(k3.eq.1Jg o to 71 
do 72 i= 1 , m2 

72 d(il=f(i) 
ml=1112 

' -

4 

(' 

(' 

r . 

r, 

r 

,... 

,... 

" r 

-,. ,,... . 
,--.. .I~ 
r'\ 11-

r 

,..., 

-·-- ,... 
t o 65 

' . (', 

,.... 

~ 

" r· 

- r -
r 

-. r 

r 



..._, 

'-

___, 

'-' 

-· 

...,, 

.., 

71 

75 

74 

77 

155 

101 

15 

go t.a 73 
c o1;1~ i,nue 
m~ ~M2- 1 
iflM2.cq . k2)ga ta 74 
da 75 iacl,M2 
fCi)~ f(i+l) 
d Ci) = i' Ci) 
k3=k2 
ml=M2 
go to 67 
cantinue 
go t a 68 
co riti nue 
wri te(io,2005) ((a (k ,i) ,i=l,15) ,k=2,4,2) 
write (io,2005 ) ((uO:,i) ,i=l,15) ,k=l,4,2) 
go to 101 
write(io,2010) (a(2,il ,i = l,ill 

w r· i tu ( i o, 2 010 ) ( a ( 1 , i) , i= 1 , i 1) 
continue 
r cw ind 6 
r eu d (6 ,' (2i2l ') i1,k1 
do 206 k=l,k1 
do 208 J=l _, il 
cio 208 i 00 l, il 

2 08 r cad( 6,'(il)')oe(i,J,k) 

l'.:i0 

136 

135 
1 34 

119 

118 

137 

write (io,'<l/l ') 
w1 · itc( io, 151 3) 
do 150 i=l,il 
u<l,i l=0 
do 130 J=l,il 
u <1, i l =et< 1, il+ < 1-b Ci, Jl ) 
du 136 iacl,il 
do 13 6 J"'l,il 
c(i,Jl=l 
do 1 34 i=l,il-1 
d(! l.3 11 J"'i+1,i1 . _. 

' if (a(1,il .cq.a(l,J»go to 134 
if<a<l,il.gt.a(l,J))go la -135 
c(i,J)=0 
go to 13 11 

C ( J, i) =0 
continue 
cio 118 k 00 1,k1 
cio 119 i =-1,il 
do 119 J=l,il 
a< i, J i =och, J, 1-: ) 
ca l l odleg<a,c,il,n) 
d(kl=n 
continue 
1 ~,0 
do 137 1< 00 1 ,kl 
l~l+d (kl 
w r i te ( i o , 1 c:; 15 ) ( k , k ~ 1 ,1: 1) 

write(io,1514) Ida:) ,k=l d : ll ,l 
writc (io,'(1/)') 

5 

...J 

..) 

...,J 

...,J 

...J 

J 

..J 
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writc,(io,1516) 
w,. i t. c C i o, 15 15) Ck , k = 1 , k 1) 

cJtJ 12 11 k=l,kl 
do 1 26 i=l,il 
do 126 J=l,il 

126 c (1,J)=oc<i,J, k l 
do 125 1=1,kl 
uo 1 27 i=l,il 
uu 1 27 J=l,il 

127 u(i, Jl=ue(i,J,l) 
cnll odl cg Ct1,c,il,n) 
d(ll~n 

125 ccmtinuc 

138 

124 
. 1500 
150 1 
1502 
1503 

150 1, 

1505 
1 50ó 
1507 
1508 
1513 
1514 

l 1 ~0 
du 138 Jl = l, kl 
l 1~1 l+d CJll -~ 
w 1· i ŁL, ( i o, 1:517) k, ( d (i) , i ~ 1 , l:l) , 1 1 
CUll t...inuc 
fu1 · rnc1Ł <l>o 'uccn'::J 81.:s ,)i~ rLow (u porzu cl koi,;unicJl .pun l-: t.01,;) 'I ) r-. 
f o1·muL(l>c, 4x,i2,2>t,15~2Y5><, 15i~) 
for,r.ot (lx,'liczbu a :Ji.L:k Lu 1,.1 (1-15) ') 
fu rr,,u t(l ,o 'lic<!llc, ocen grupuw:-;ch (1-10 00) ' ) , ,.-,. 

formu t(1><,'lic;,ba ckspc1·Low (1·-20; ') 
fo,·mnt (l x, ' occ,11u yrupoi,;u ' l ,,....._ 
furm-..1t(! ,c ,'ur~.w0J•::iciL1 : l„klu1.:J iL1 tu 1·a, 2 .. ,Uior d ::Jsl:,J~'"_j") 
for Mat(1x,' u ,·~ . w~~s~iu : l.mor1ito1· , 2. d 1· u~:u r·~:ll ' ) 
f or- m ct t C 1 >< , ' l „ ub ie k to i..r::: ' , i ? , 3 >< , ' l „ e k ·.:i per L ,..1 w.:: ' ., i 2) /""\ 
for rnut (1,o 'nr .c,l:spcrtc1 /u dl .otl occ,n'::J g1·upo:.-.1c,, J ') 
fo r mot (lx,4 ,c,20 (i3, 2 x), 3><, i<,) 

1 ~1 5 fo r mu.t. ( 1 x, 4><, :!0 ( i 3, ~x) , ~>,, 's') 
1516 
1517 
2000 

for mat(lx,'od l. miL~dz~ Uf,OT' Z(ldi:l>~ar1iumi cks µe1·t uu') 
format (lx, .i.2,2>< ,20 (i 3,2,<l ,3;<, i4) 
formut( i2) 

2002 form at (i 1) 

2003 formn t(15(i2, 1 x) ) 
2 00 5 form at(1x,2(1S i 3,2x) ) " 
20 06 formu t(lx,'okr2sluni e oc en~ grup o<,;e J na podst.ocen ekspc,rlow' 
2 010 · rur mnt( 1x,15 (i3,2><)) 
2 012 fur mut(l ►u ' k o n icec pr·zebi egu ') _,-, 

writc(ll ,20 12) 
en d 

C 

c uGlic zunie od lceg l ·o sci m-dz~ upor2ndl-:owunit1M i 
C 

subr o ut in e odl eg (n,c ,i l,nl 
in tc9 cr a ( 15, 15) ,c (15, 15) 
n °0 0 
de, 10 i=l,il 
do 10 J=l,il 
if(C1(i ,Jl.cq .c(i,J))go to 10 
n=n-.1 

H) C.Ull tinuc 
return 
end 

C 

6 



\ , .... -

C 

C 

17 

drul. o\./ uni c o c en•;; grupu..i e J 

sul11' u ul i n e d 1· u'.< (u, c, i 1, i o, i c ;. 
i n L t! y c 1' a ( 15 , 15) , c ( 15, 1 :; ) 
i (? -=- i~ ~+ l 
n -:.. .i.L' + l 
UL) 8'i' i cc 1,i1 

u< i. e , i) = 0 
do S 8 J '~ 1,i.1 

SD o(i e ,il~u(i.(~,i.)+<l.-c(i,Jll 
et(n, i ~:::: i 

89 cunl ~. nu e 

c; 1 
9 0 

92 

d·0 7' ~) i ;: 1 , i l - 1 
d o 91. J"'i+l, il 
if (cdi.e, i) .lt.a(ie,Jl )cJo to 91. 
l = a (i c,i) 
fl\=-= u (n, j.) 
o(.ic,i)=-c1(i c ,Jl 
a< ie, J) ~-1 
n (n, i) =n (n, Jl 
et C n, J) =t, 
cuntinu e 
co"tinue 
if(n.e4.4)go to 92 
ie=ie+1 
go to 93 
cont.inuc 

w1·itc(io,~) ((u(k,i) ,i.==1,15) ,k =:~,4,~) 
IJ I' i t <> ( i o, 2) ( ( Cl 0 : , i ) , i"' 1 , 1 :.:i) , I: =0 1 , 'i , 2) 
.i,·itc,(io,' (lx/)') 
ic?=0 
do 9 .. -, i:::1, 1~ 
do 9 11 J - 1,15 
Cl (i, J) ~ 0 
co11li11ut:: 
format(1K,2(1:.:ii3,2x)) 
neturn 
ci,d 

7 
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APPENDIX B. 

Computer printout of software for rrethod no . 2 



_) 

j. 

j 

.I 

.) 

..J. 

.; 

.) 

J 

,I 

;~ 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 

I 
5 

!<C'.' 
C 
C 
C 
b 
H7 

Ul 

7 

1 9 

--- ---- ---- --=-= -----= -- -===-=-----=- =- --- -=-===- === ---- --- . 

pocr.ht-""'J' ~; l'r1 :..,r•L F 1' Tf' lt.,.r.P r~riT '" lnf5 f (lłJ')lRl'!G S 

trc.r-n-,n1~.l- Tr ,.,~'jLi1Tfll{CrtJ.~r•-""1f ►,t. lJ 0 "'9Dtl 

=--=--- --=-=-=-~== -=- =============-===--=--=-= == ====== ----= 

OUTPIIT --- ... ,.,. sr1 • P~fM tT 0.D'1" c o ·· u.1i,pJG PRUE [lO JCF 
"H i<TX FC'R GJVF"I , OCU (RJl.f.S 

r11~ S[T •u8~l l.0 M"" CO NTI J~I NG GŁ NERA TED 
1 l' 'LA.k pąor.. łu. l": 11 1~ib pąu e L E,.. 

P r(I.'/ .. T 

J s•· 
PP[CErt. •-;c~ l ' .:.Tr<TX cn:-:PU TED I i• PF. Q!';;;.Ai-, 
f~11,-,Pto nr UP J r"-tV 1TE f' ~ 

- ..t:. r. LH- i.i:f_R ( IF CJYr.1~ URuEkJ ł'. GS 

=-==-===-=====~===== ===~================= --=-======--=--- ---==== 
=-= =·=-= _. ==-= == == == ===-=--::._:.::..-==- ··=== - . ===-======-==-==-=-= .. -- ===- == -=- ===-= ;;.=· 

1 i.TC. r. f. r.i •;, ' 1 Ir.: l T < l ·-:"-) \ 
:'•1'L p~ : .-r~~.1~.1;),,., 
~1 ~-~~SlG" r-~ ~trl1 : l 
".l T ~ :; 1 (. T 1 / ' .... I ' , ' ' ._. ;, I • t ':"1 ,3. ; , I -~ !.! I , t ,: 5 ; , I ' I:, I , I r, 7 ; , i\ ł\ I • I '°I~ I , 1 11 I / 

r":.Tr :. ,, ,. r-..:/ 1 1--r . c.- •, 1 0 ;..rCfS '/ 
! ::i- · = t : 

!- ·=: :.. 
,... . '= ~ 

c „ L L ◄ r ~ r c. ·, , , , ~ ,_; ;:- ~· ·• ;. ~ 1 i > _ 
(.:.! _ :, ~;.P{;• .. l lJ , '. :' "ll,f L- 0 ~0 ') 
r,.,1 ~ 1:.~ .:-.T l-' •(i, ' lir'.., . L:'f, ') 

~c ,; =I.?_ 
r • . 1 I= l • 1 -. 
r'l 1.,; 1 j = l • 1 ... 

c- ,.,,·•; T < '"· . l, J) =':"·. :· 
n . = L•'· -t I 
.;.Tl:-"<r-,1;'.:) W-' ,l~ t 

f"E:!w· (),1" :,,c, • •L= I.J7 ) UOLJF"? 
~ c~•:ć T(1-c·!?~IY ')) 

r. ._. 7 l=l.le: .: . . . . 

'.12,' (!,. 1))' > 

J~( 0P0•~rJ l.~Ł. ~.l~P .0•~Eklll.LŁ.l S~ l GUTU 7 
:oi~ TTF (h,l ~l ) 
~0 ~·· t1c• lP Rnl ł ~TPy -~AJ,~ -~---·--~·> 
r. .J T '. t 
,:_,; · · 1 J ' 11:.:. -
f'IJ 1r J=1,1s~· 



u 
C 
C 
C 

C 

20 

C · IT~v •1L' "•,,:1, .! r:. "C~u--=TF l-i FI.! r·, ,.,.., nERP iG "'f A•~s 
C t1 'J ••c0 1c l E• S ~""- GhE " ! "! THb l.RtJEld ' •G 
C 

C 

tF< t1 =)C -HLl .FA. :. l ~OTIJ 35 
Lt: 1• 0 1•~ "!L ' 
~o 5c ·: , (:.. t l =. F >L 5 f.. 

c Fr'< 4LL •r• 1-,·u 0·•-1·1G ·u· s1:.r PR"ATci.u. ll=P~ .. AT<1,L1.I1•t 
C 

C 
C 
C 
25 
3¾ 
IS 

C 

'1'.J 2'"' ł,:I ..,.1, T,5 ~• 

y.:-, ... ,--: i 1 ł:' .-<C· l .. ~t..: .. ~) GCTO 2~ 
... 1-= ·, :)qf=.; ( • ) 

i :~t ·· rc,;J~.F ~L5 ~ .. 
P ,-<' ' f, T(t,1 1. · ', t):1"'4 , 'J.Tt~.Lt,'Al)+t„ łi 
,: .-; • Tr • '•t 
i;. , r „ le: 

~ ... .>· .. r :t.:: si: 
I F r~~J ~•rcr1, ~~'' l Tti,L1.l) : Pri ~~rct.L1.I >+i .~ 
ro).• r r ,1J r 

C ;:r ., :,_v~oy .:J :.!::;JC: :-J T TTf=' ~:c:. l il GT\JEiJ C~OEi-!l :'~ G •t• li. •J• 
C ser .::i-1 ·• ,,r ,:i , !, J) =~ c:, ·.~-~T, 2.i .J)+~.5 I. 

c ~~-:~rr~. ~- ~)=~-1~~ r,,.:,! 1~~ .~ 
C 
35 ~ ,J ~ ~ T: 1, •3•• 

:0: ..! !.: • .I:- _l • T .3 ,, 
4J 'F< CT. '- ~- j1 „ ł- • 4 0..,t i,. ~t:• 1 T ( J)) ?Q' f.4 4T(2.,!,J):PP.'JiTC2, !',J)+ -i: .5 
<1S r.·n Ti a. ::: 

G0T 'J ') 
47 CJ''T! ., l'ć 

C 
c ,-:>.•.11<2.•.• > T•v!: " TIF S p, r~ icruu,'lT 
C 

' n J 3:; I=-~,rs~ 
n,:.. t.j .i J.: ! ., T .s• : 

5,0 ;, --t ' ' ,.. T ( ;- ., T •. r ) :: t; i; , • .1 T C 1 • l • J) + [" -ł,.,,. :., T < -;, , I , J) 

:'"'. :J 1~ r - ~· 1 
SS =;-. ~IfE(T ,13 ."1) ( ( (O~u;. T (J ,)t ,I _ ) .,L::1. {$i"4 ),K:t ,lS l'l ),.j : 1,2) 
1Tft' ~ '1:'1 :-•arc•. ~~c.rt r-t !'!CF ''.!f~TX : '/ /\\"'1(1.> (l X ,Ftł.l) /}/// 

i· ~?~r~~f~•cE ~J T1!( .. tr ~ TIFS ~ ;,, 
11 ·'<1 :· c1 ·~. ~ ....... 1,1>> 

C 
C L! ;~,=-;.0 0 1.ri1;P\ "P..' f 14G p .:, n ~L~_: GEP- ·E. ~~T IOt; 
C 

S7 

·.)~ J- :,, :: I_,;, 
h ,1 -j7 T:1, I::i~1-t 
"U ':>7 J.:T1-t, T:i' i 
!'>~·-i t.. Tc•· , .1," >=-" ~'•;\T(tc,J ,J) 
i::. t.L ..:tL ';C: <5> 

!'J oc; ·•:::.1,;, 
e• : :: F" .. · -1 

(' :: .·- . ~· . 
··:1 'T~(F , ., ,; · i ) 

4iZ"' c-,:,-:i ·1r,.rr• r. -·-"• ·rr:i,• , . r.LT.ST 1 1•0 1J·,1s•,~ N 01=1J•1 
t' r-. ! ' .-- .:1 1 / 1 c- .:~ J;,•1 1 d Ot:lJP') 



no 6., T:c t ,r ~tJ -;> 
nu t>i" J=r+1_,rsrJ- 1 
r>J ,-,1 ~= .Tt1 ,Jsr1 

21 

6 0 t·:,<J f F ( F li • :1 1 \)) n Ir: I T ( T) • Dr GIT ( J ) , n Ir: I T ( K ) 
li!,', F tlf>r, AT ( 1 l. [ 1 ,~ft?) 

:·: ~ T T t ( F ' ' • li ~ \l ) 
!12~ Fo,11•,/\ r c, ~·u, ui!N~ ,, 

" d 7• T=-1,T Sl•'-1 
f'J 7,1 J::-I~l,l~N 
fl=f'+Pi-il ' il T('ł,J, I) 
,·r, T 1 F ( F 1-, I, 2'j ł Il 1 r: IT ( T ) , OT GIT ( J) , PR I' AT ( M, l, J) 

a 2 c; F , .1 P, , t. T c 1 " , .' Y. • • ;, ., ;, , r I c; , , ur J , , • T ;, s • F c; • 1 > 
•!o< Il FC F I•• , q :> 7) r, I G IT ( T) •. Ll TG J f ( J), P RI·' AT ( M, ,J, I) 

427 F u 0 1·r ~ l Cf <; , ' X ' ,? Jl ?,Tl<i, 'OPJ?' ,T;>5,F5.!) 
TFC1 .• l,J .il t,n rn 62 
rn c1 f, ::.1,r-1 

6 1 \·' 1: [T• er, ,. ,17,v, ) nrrrr { T), DTG TT{J) ,nIGił(K) ,DJGTT {I), DI GIT {J) 

62 Tf (J+1.1_n•:!> t;fll(l 1-,4 

63 
IJ35 
64 

r11 h t ~=T+t,.J-t 
I i!< I ff C ~ I, • ,1 -~ S l n IG IT < J ) •. O~ G I T ( J l , DI t; I T ( J l , O IG IT ( K) , DI G I T <J) 
F r," 1- ,, T c 1 ,.; , • x • , ;, /\ ;,, T t s, ' c • , , ,, ;, , T 2 c;, • - 1 • 0 • , 
Tr ( J ·• LO • T J" l G n T n 7 \I . , 
f' ( I t,<; K=. 1+1,JStl 
I·! ,d r F ( fil. <d ·:• ) fl LG IT ( I ) • D T G JT ( j) • f) I G IT (1 ) • o r G n { J ) , n l G I T ( K ) 
C°u 1:T ! 1:t:E . . . . . . 
F () f' 1• /\fCTc; ,• x 1 ,;> A:>,T1S, 1 C 1 ,3 A?,T25,'l.0 1 ) 

1,·,,1 Tc cFr-. , ,1,t>l _ .. _ , 
fu P ,., (, I c r c;, • y t • , T t 'ó, ' n AJ • , T;, s , • t • o • , T li 0 , • o u J 1 1 , T s ~, 

. ! ' - 1 • ,,; ' / T 5 .• ' Y 1 ' , T I 5 , ' Cli J f'. ' , T 2 S, ' - I • 11 ' / 
1 Tc;, • Y? ' • T, s . • r P. .J • , T ?S, • t • ~ , • T 11 t . • OBJ 2 i, T s~, ,· -1 • 0 • i 
i I 5, ; Y? ' , li 5, 'fl l!,Jf; ', T ;>c;, il ·. ~ i) 
nr, 1-<' l:: 1,? 
e:;n ,F crr..,: 11 1!) ) 1.11\1-' ES<L> 
IF (l._fJ . .:>) t; rrn 73 
\•!~ !TF (Fl·1,11 ,)S ) f? 

4 li 5 F ,J P i-; i , c Tc; , • i;,, 1 • , T I c; , . ; o n J;, , , T 2 s, F ń • i > 
73 UJ' ' l J rlU l 
ll41 F UR ::;. T( /,~ ) 

n u t <' J :: 1 , J :;r-• - ? .. 
nu e, J=T+1,rs~-1 
n o ł' r, r:.: .r + , , I :: r.1 

8~ ~~ TlF<F ~ .qc0l OlGIT(ll,OIGITCll,flIGJT(Jl,OIGTTCK~ 
li S \1' F iJ R i . ,, T < l " , 1 I< ' , I. 2 , l 1 5. 1 C ' , 3 ~ 2 , T ? 5 • ' t • l' ' ) 

••:f,T T Fr F ;.,;, 1, t,;, l 
lf6'f. F C'<I· 1, T < ' '.'t·,11;-,r,3_•) 

f' ,.1 C, \\ T = I ; ' · '.; ri - I 
fl 'J '," ,T=J+1, TSt,J 

ą~ ~ ~I lF(r ~ .u 7~ l ~I~ lT< ł l, D T GI TCJ) . 
li 7 '·' F cJQI ,, T < ' U" F l ' , T 1 c; , ' X ' , ;, ~ 2, T 2S, ' 1. 0') 

IJ h T Tr (F i I • 11 I-',)) . 

4C•~ Ft,R;·.~ Tc' r r•r,A T 11, > 
9'.:> ru r1 T 1,i1. •1: 

s rnF 
~ ;.,f) 
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AP PENDIX C. 

Computer pr i ntout of software for rrc thod no . 3 



C 
C 
C 
C 
C: 
C 
C: 
e 
C 
C 
C 
C 
C 
c ' 
C 
C 
C 
C 
C 
C 
C: 
~ 
C 

' t 
C e 

.c 
. C 

C 
C 

c· 

23 

HA-IN~ 'N" ON6ER I NGS OF 'M' lSSUE S iN THE FORM OF 
PR~r.tnENC r MATHJX THE PRO~ R~ GENfijA Tf.S AGGREGATE 
ORO FRJNG ICC~RDTNG TO THE O~SfNSK l •lADROZN Y ~LGORITHM 

OUTPIJT 

O~TA SEJ ~PR ENA i .6ai~ CDNTAINi NG PRECED~NCE 
MATRIX ( SEE COMMENTS IN PRO GRAM •ORD' ) ' 

SERJES OF AGGREGATE.OROER!NGS FOR COHPUTE Q _ 
VhLUES OF "R" COŁFFTC!E N T FFOM INTŁ AVA L lC,IJ 
(S EE DESCJI IPTT ON Of THE 11.GOR!T_Hi'O 

' ' ~=~======== :: =r· :==x;::::x:==~ ~==P== =-==~=~~~~~=:~~- ;:==~=~===~ ~;:m 

BA SIC DATA STRUCTURiS 

PR lMA T ' 
Ql·IA T . 
OIIP~_EO .. -.--

.. PR[C fQE ~C E MATRIX . 
AUXI LI AR Y OUO TI ENTS MA TRIX 
AGGRF,G ~TE OROER. ~1/G .FOR C\JBRUH VĄt U E •• 

OF •H• . ~TAR T ilfTH "NAT\JPAL• OROERIN G 

REAL. l'Rt'l'AT(I~, 10 ) ,QMĄ T(!O, 10°) 
I NTEGER nR"~EQ <l ~I 
l,O G!CĄ L IIP, .. 
() ATA o•D5Ea1 i,2.,. , .~.~ .i, j ,i,ioj ·i 

.. ,. PAT A UM AT/! ll~ •~ l. ~/ . 

I 3N• 1~ 
f ,\LL ,S3 I ••'HI ,'. NOR IJ.LOG'l ·: --c 
CAI.L ,,,5S!0 1HJ ,' PHEIHJ .011l 1) _ -·. . · ... 
RE •D 11,2~, l 11r M[HA T<l,Jl, J= l, ISNl,I~l,lSN ) 
FJ!,11,,r c1 ~ (1 :< .F9. ll) . ' . . ., .: 
!m lTF17, ? 11) l( Pllf'~AT (I, JJ,J : t,ISN> ,I =!,ISN) · 
F,UW·ilf <l ~ () < JX ,F Q .• 1)/l.l '. . . . .,- . 
CAL L CLU 3~ (11 __ 
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