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Chapter IV
Optimising the activity of a global company

1. Models of companies for constant spatial den-
sities of potential customers

We assume that a company sells its products in a certain zone
at price C per unit of product. Let R be the radius of this zone, and
g the average density of spatial distribution of the potential custom-
ers (number of customers per area unit). Then, the total number of
customers catered to is defined by the formula

Lok = g7Z'R2.

We shall also assume that the average annual potential de-
mand from a potential customer for the products in question de-
pends upon the price C in the following manner:

A= J0g(C) %(l_i]: &
C C

mx

(€, —O)=a"(C,, -0).

mx

expressed in product units per customer per time unit. Here, Ay is
the demand generated by an individual (potential) customer over a
time unit (e.g. a year), while Cyx is the price, for which this de-
mand tends to zero, A — 0, and, of course, a® = Ao/Cx.

In the above expression ¢(C) could be interpreted as “prob-
ability” that a potential customer shall, in fact, become an actual
customer.

Consequently, the overall demand for the products of the
company, sold within the zone considered, shall be defined as
A= Ly A= gma°R*(Cpx-C).

We shall assume, next, without any detriment to the general
character of the considerations, that the product is delivered to the
purchasing customer by the company at its expense. Note that if the
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delivery cost were to be put on the customer, this would actually
amount to increasing the final price for the product, as perceived by
the customer, by the transport cost, and the ultimate effect would
be the same. It is assumed that the cost of delivery of the product
by the company varies with distance », over which the product is
transported. If the customers are distributed over a circular zone of
radius R, and delivery is effected from the centre, the value of r
shall vary from O to R.

Thus, the average cost of transporting the product to the even-
o 2
ly distributed customers would amount to K7 = ERkT’ per product

unit, with k7 being the transport tariff applied.

Assume, next, that the cost of turning out a unit of product is
defined by the following function, accounting for the “scale effect”:

2
y7,
where u is the scale (intensity) of production in product units per

time unit, O represents constant production costs, and b is the direct
cost of production.

+b,

Production intensity x can vary from 0 to a certain s, the
maximum intensity, for which the respective production line was
designed. The constant costs of maintaining production, irrespec-
tive of the value of 4, encompass amortization of productive assets,
technical maintenance cost, cost of technical personnel, air condi-
tioning, lighting and maintenance of buildings, estate tax, etc. The
direct costs of production, which depend upon g, include the cost
of directly used labour and the costs of materials used (in some
cases — also energy), when manufacturing the product. Direct costs
are usually standardized in the sense of calculated and verified rates
of use of materials, machine times, operator times etc., as well as
wage rates per unit product.

Based on the notations introduced, we derive the following
expression for the value of profit of the company:
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ZACR.u) = CA - p-() - KrA - Q.

By making use of the market clearing assumption of u = A,
we get
Z(C,R)=(C-b-K,)A-0Q.

As the company wishes to maximize the profit, it will try to

sell its product for the optimum price (see Chapter III), i.e.
« 1 2 .
C=—(C, +b+—k,R),
2 ( mx 3 T )
while ensuring delivery of the product to all customers, located
within the circular zone of optimum radius, i.e.
R = i(cmx -b).
4k,

Further extension of the sales zone, beyond the value of ra-
dius R, shall bring diminishing profit. It is easy to note that the
optimum radius of the sales zone increases as the transport tariff
decreases. Hence, in particular, the sales zone may even encompass
the entire globe, when transport of products costs very little in
comparison with the unit price of products (like in the case of com-
puter processors). Note also that as the transport costs decrease, due
to the technological advances in construction of transport means
and improvement of transport routes, the number of companies,
manufacturing a given product, should, according to the here pre-
sented perspective, decrease. The intensity of this phenomenon is
associated closely with the rate of globalisation processes.

The here determined value of R* does not necessarily have to
be the ultimate limit of the sales zone. There is namely an organisa-
tional possibility of lowering yet the costs of transport, since the
“scale effect” exists also in transport.

In order to take advantage of this possibility, the company
would establish a network of the sales outlets of its products, these
sales outlets, indexed i, i = 1, 2,..., servicing local customers within
the sales zones of respective radiuses R;. These sales outlets may
bear various names, like wholesale outlets, local branches, logistic
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centres, etc. Yet, the price of the product sold from an outlet i, C;,
must account for the cost of transport between the main centre of
the company and the local outlet. If the distance between the main
centre and the local outlet is d;, then one could expect unit transport
cost of dikr, but, actually, the cost may be much lower, owing to the
fact that large quantities of the product are transported, V; >> 1,
allowing for the use of cheaper means of mass transport.

When transport means of very high capacity are used, carry-
ing very large quantities of product, it is frequent that the cost of
using the transport means does not depend proportionally upon the
distance travelled. Besides, when containers are used, cost does not
depend upon the degree of filling of the containers. The transport-
ing company calculates the cost of moving and renting a container
taking into account the actual route followed (very often not the
shortest one at all), as well as — or even first of all — the period the
container is occupied, and assuming it is fully used (no fee differ-
ence for various degrees of filling).

We shall simplify the calculation of transport costs, taking
that it is composed of:
- constant cost Ky,

- cost proportional to the distance, over which goods are trans-
ported, d;, and the transport tariff, &y, (per distance unit).

Consequently, the cost of transporting a single product to the
branch location indexed i shall be expressed as
K - K, +k,d,
VM
where V), is the capacity of the transport means, taken here as the

volume of goods transported. In order for the mass transport to be
profitable, the following relation must hold:

K - K, +k,d, < krd,

2

M
which is, of course, satisfied, when
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Ky

d>—2
kTVM_kM

1

In the above, k7 is, as before, the transport tariff per single
item of product and unit of distance.

Hence, using large-scale transport means is profitable, there-
fore, for sufficiently large freight scales and distances of transport.
So, we see here again the “scale effect”, known from production,
namely — the cost of transporting a unit of product is lower, for the
same distance, when larger quantities are transported.

In what follows we shall be assuming that transport of prod-
ucts to far-off branch locations takes place by means of large scale
mass transport equipment, while transport from the branch location
to the final customer is done with the transport means for carrying
single product items.

2. Model of a global company with product deliv-
ery and variable sales price in distant branch
facilities

In this case, it is ultimately the customers who have to cover
the cost of transport, K;, of the quantities V), of products from the
producer to the distant branches. Consequently, the price C;, of the

product sold at branch i, must be increased by the value of cost K;:
C,' =C+ Kl‘.

At the same, according to the assumption, the company con-
sidered has to secure delivery to the customers within the area of
the circle of the radius R;, serviced by the branch. This entails bear-
ing of the additional average cost of transporting the product to the
customer, namely

K,‘T = %Rik}‘.

We shall further assume that the price of the product “loco
inventory of producer” should be determined so as to maximise
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profit. If the sales network is owned by the producer, the value of C
ought to maximise the global profit of the company — production
and sales network, along with transport.

When producer is not the owner of the sales network, then the
sales price ought to maximise the profit of the network, under the
assumption that producer sells its products for a higher price:

C'= %+b~,withb’>b,

the difference, b’-b being the profit per unit of product, gained by
the producer.

As we know, producer lowers the price of product as the net-
work increases order volumes, as with price decreases the sales
increase. Consequently, producer and the network are linked by the
common interest of increasing their profits. Thereby, the two cases
can be reduced to one model of costs and revenues with maximisa-
tion of joint profit, leaving aside the issue of dividing the joint
profit as the secondary one. This can, of course, be proposed only if
we assume that producer and seller (the network) act rationally.

In what follows we shall be using exclusively the symbol b,
understanding that if the producer is not the owner of the sales net-
work, then b shall, in fact, mean 4.

Now, let us determine the global profit of the company, sell-
ing products manufactured within the “company” sales zone, in-
dexed i =0, and in some distant sales zone, with i # 0. We get

Z=(C-x-Ky ) Aj+(C,—x—-K,-K;)-A,

where C;= C+ K, and k= Y .
A+ A,

Then, as we introduce the notation:
Ao = A(Conx-C); A;= A{(C'x-C), where C'rx = Ciny-K;
Ao = ﬂRozgaO; A= sz,-zgao;

Do= %kTRvo; Di= %kTR,Ai,
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we obtain the following formula for the profit of the producer and
the seller:

Z(C.Ry.R)=(C=b)[ 4,-(C,,~C)+ 4-(C},, ~O) |- D,-(C,, ~O)+ D,(C,, - O) | -0

Now, as we determine the derivative of the function Z with
respect to C and equate this derivative to zero, we obtain the fol-
lowing equation:

2 (A, +4)C+(4,+4)b+C,)-A4,-K,+D,+D, =0

Therefrom, ultimately, the formula for the optimum value of
the sales price in the producer zone, indexed i=0, will become

; RP+R K . R>
C:l. me+b+%.kT' (;"' 12_ M+dz kM_ 20 .
2 3 Ry +R; V., Ry +R;
while for the sales zone i > 0 the respective expression will be:
C=C s K tdiky
M

If we now introduce these expressions into the one for the
“global” profit function Z, then we get

2
1 I:(me_b_Ki).R(?+(me_b_K0_Ki).Ri2:|
Z(C',R,R)=—7-g-a- -
( 0 z) 4 g R§+R12 Q

As we now differentiate this expression with respect to the
variables R, and R;, and then equate the derivatives to zero, we can
solve the resulting system of nonlinear equations, so as to obtain
the optimum values of the respective radiuses, R*o and R*i.

We can also proceed in a different manner, by using the pre-
viously derived formulae (in Chapter III) for the optimum radius of
individual sales zones, i.€.:

3 (CmX'C) and R*i = 3

R'y=
° a4k, 4k,

(me'Ki'C)

where C=C".
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It can easily be seen that we would obtain, thereby, the prob-
lem of simultaneous optimization of the two kinds of unknowns in
the form of an implicit function.

It appears that it would be much simpler to use two sets of
formulae:

- for the values of C" and C*[, and
- for the values of Ry and R*l-,
in the process of successive approximations.

Generally, then, a global company may have a number of
branches in various regions of the world, under the condition, of
course, that the sales zones, i =0, 1, 2, 3,..., do not overlap.

Naturally, the more distant a zone is (bigger K;), the smaller
the values of R;.

Consequently, around a producer, manufacturing a product in
question, there develops a logistic network of branches, selling the
products of this producer. Automobile industry is, as of now, orga-
nized in just this manner. In case the logistic network becomes in-
dependent (since under definite conditions this is more profitable,
see Piasecki, 2005a,b), a single network shall be selling cars of
various producers, and this network shall dictate the prices of cars,
not only the ultimate sales prices, but also the negotiated prices of
purchase from the producers. Thereby, the profits of the producers
shall also depend upon the policies of the network.

The issue of designing optimum parameters of the sales net-
work, and, in particular, of the determination of the magnitude and
shape of the zones, gets even more complicated, when we account
for the variable population density and the existing transport (road)
infrastructure. Then, the “honeycomb” structure, characterized by
the diminishing magnitudes of cells along with increasing distance
from the producer, shall change into a much more complex struc-
ture, “fingerlike” or “archipelago-like”.
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3. Model of a company selling its product for a
constant price in the entire network irrespec-
tive of distance from the centre to a branch

We maintain all the previous notations, and the profit func-
tion shall take now on the form (for the centre and a branch no. 7):

Z = (C-x-Kor) Ao + (C-x-Ki7-K;) A;, where k= L +b.
Ay + A,

After we substitute the value for A, we get
Z = [(C-b)4-K-B](Cnx-C)-0
where: 4 = A() + Al‘, K= KOTA() + KiTAi, B= K,'A,'.

Upon determination of the derivative of the function Z with
respect to C and equating it to zero, we get:

—2-A-C+K+B+A4(C,, +b)=0
Hence, therefrom:

K+B
)

C” :l-(Cm+b+
2

After we introduce the value of C = C" into the profit func-
tion, we get

* 1 1 2 2 2 G 3 2
Z(C",R,,R)=—-E-{—-(C,_-b")-R"+(C +b——7 (= G+=
( 0 ) ) {2 ( mx ) ( mx Q‘) (2

1
3 'kT'Rg)_E'(Cm_b)‘G}

where

2

E:@ao,ngkTRis-l-M

M R>,R=Ry"+R’.
M

Let us note that the constant sales price in the entire network
is approximately equal the average sales price in the network with
variable prices, depending upon the distance from the centre to the
branch.

If, namely, we introduce the notation
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3 3
Ce= l me+b+ngM
2 3 R/ +R

then we obtain:
1 R?
C CONST — C® + 5 KOTROZTORi.Z.

On the other hand, assuming variable prices, we get the val-
ues of C' (for i=0) and C ;, as follows:

. 1 R;
C'=Co- —K,———, and
T2V RIGR

. . 1 R? R?
C,=C+K=Ce¢+-K,, —> _+K, 2 _|
CTTTRGR TR R

It can, therefore, be easily noted that we have
1 R’ 1 R;

C CONST— C®+ 2K R2 Riz zC®+E Rz R2

(C C ) CAVERAGE-

Similarly as before, we can determine the optimum values of
Ry and R; by equating the partial derivatives of the function
Z(C,Ry,R) to zero and solving the resulting system of equations, or
iteratively approximating the solution with a method analogous to
previously presented.

4. Basic model of a global company with variable
density of customers

We shall assume in this model that — similarly as before — the
cost of transporting the products are charged on the revenue of the
company, but we shall also assume that the density of customers is
not constant and that it decreases proportionally to the distance r
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from the centre of the area, in which a producer or the wholesale
outlet is located, selling the product.

The remaining assumptions are not changed, including the
demand of the customers for the products, which decreases linearly
with the increase of product price.

Thus, changes concern the profit function, Z, in which we
must consider, additionally, the change of the transport costs, cov-
ered by the company, and the change in demand, A, whose magni-
tude depends upon the radius of the area, the variable density of
customers on the area, and the average quantity of the product pur-
chased by the customers.

If we denote by Ay the annual — potential — demand for the
product from one potential customer, then the effective demand of
a customer (disposing of a definite income) shall be equal, as be-
fore:

A=0q(C) = ﬂo(l _Cij =a°(Cpx-C), where a° = g_o .

mx mx

Let us next denote with gy, the maximum density of the po-
tential customers (for » — 0) per unit of surface. For » > 0 the den-
sity of the potential customers, g, per unit of surface, at the distance
r from the centre, shall decrease down to

g(r) = gmx - @r; 0 <r < Ry, With @ = gny/Rpx.

Hence

g(r) = gmx{l —RLJ = ARy — 7).

mx

Consequently, the expected sales of the product per unit of
surface at the distance » from the centre, over a unit of time (a
year), shall be equal

Ar) = a*(Cox = C)(gms - 91).
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Since the area, encompassed by the sales zone of the product,
is equal zZR?, where R is the radius of the circle, in whose centre the
seller is located, total demand A for the product shall be equal

AR)= j A(r)dS = _}f/l(r) 2 -dr =2m’(C, — C)G g, - %ngij .

As we determine, next, the cost of transport to all customers
located at the distance of » from the producer, with, of course, <R
(and R<R.y), we get

R
Ki(R) = 27k, [ A(ryridr = 27k,a’(C,, - C)G g, —%@2)1@3 .
0

Consequently, costs of producing and delivering the goods to
the customers, shall be equal

A(b+gj+KT =
A

= 270°(Cppx-C) [G g, — %(oRijb + G g, — %(DRJR%T} +0.

Since the value of sales is expressed through the formula

C-271a°(Cinx-C) (%gmx — %@R]Rz ,

then the profit function, under market clearance conditions (1~=A),
shall take on the form

Z:
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= ZﬂaO(CmX-C)kyq[Ck_b (%%_lRJRZ —(l% _leRS} -0.
r p 3 3o 4

Let us next consider the behaviour of the function

F=Z+Q0=

C-b(1 1 1 1
=2 7tk 70a°(Cppx- —_R ——R|-|—R_——RI|RI|R*=
TW( C)|: kT (2 mx 3 ) (3 mx J j|

2 TH(Dpx-D) BRZ —~ %(D +R )R+ %DRM}W , since Riy= Zumx/ @,

where: D = (C-b)/kr; Dy = (Cux-b)/kr; H=a° k7’
Hence, function F' can be written down as follows:
F(D,R)=27H (D, - D)- f,(R)- R’

where

1, 1 1
Ry=—R"——(R_+D)-R+—D-R
fi(R)=Z R ~<(R,,+D)-R+=D R,

Let us note that D is the distance to a customer, for which the
sum of direct costs, b, and transport costs, becomes equal the sales
price C.

In order to facilitate the analysis of function F(D,R) we shall
present it in yet another form,

Fi(D,R) = 2 tH(Dyx-D)(D-A(R)) e R, - %RJ R,
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1

1p _1g

where f(R) = %R, and the equality F(D,R) = F(D,R)
—R_——R
2 3

holds.

The course of the function f{R) is shown in Fig. 4.1, in which
notation x = R/Rix has been adopted.

1

S (R)

mx

0.5

0 1 1 3 1 5 | A

.8 .4 ;2 4 L4

Fig. 4.1. Course of the function f(R)
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We shall start the determination of the values D* and R from
the establishment of the value of D for a given value of R = const.,
where we use the notations

max F(D,R)=F,(D",R) = F;'(R)
D

We obtain immediately from the form of the function F(D,R)
that

|
D = E[Dmx + f(R)]
Hence, as we substitute for D,,x, we obtain
|
C :E[C”” +k; - f(R)+b]

the optimum sales price in the sales zone of the radius R. Then, as
we substitute D = D in the function F;(D,R), we get

R (Ry= -G R, ~R)[D, ~ f(RYF R =

2
3 {%ﬁ—%u%meyR+%amRW}
H- ‘R?

=—7
2 SRR
2

Let us note that both the denominator and the squared dis-
tance (R?), are non-negative, in view of 0 < R < Ry. In particular,
the value of the ratio

R2
3R -R
2 mx
increases sharply in R. It remains, therefore, to check, whether the
polynomial appearing in the nominator of the last expression for
the function F* 1*(R) has two roots. We have, namely,

2 9 D -R
"o _E(Dmx-l-Rmx)-{l‘F\/IE.(D ”L:_Rmx)z}
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and the two roots are real, if inequality
9 R_-D

1>__ max mx >
2 (R, +D,)

is fulfilled. We can write down this inequality in the form
2

>———, where 5:D””‘ >0.
9 (+9)

mx

The diagram of the function y = ﬁ is shown in Fig. 4.2.
+

5
| IR
025l ______ - :
| | II
024 ! l |
10.16 ! I I
0154/ | i |
! ! |
| I ! '
0.1" | | | |
L l |
005+ | i i i
|
| I ' ' D,
0 i } = ! > 0 = ﬁ

AV :

Fig. 4.2. Diagram of the auxiliary function y

As can be seen in Fig. 4.2, the inequality y(0) < 2/9 is not sat-
isfied, for 5>0, over the segment of values J; < 0 < &,, where, here,
01 = ', and &, = 2. Hence, the polynomial in the nominator of the
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expression for F, (R) shall not have real roots, when the inequality
Vs < DIRmx < 2 1s fulfilled. Otherwise, when D, /Rmx < ¥4, function
F takes on the form

Fr )< 2ty B R e

3
~ Rmx - R
2
Let us consider this case. If we introduce the notations
R 7 7
x:_; xlz_l ; x2:_2
R R

then the expression, defining F; (R) for Dyy/Rumy < ¥ can be written
down as follows

2 2
E*(X) — B (X—x1)3 -(x—xz) .xZ’ Where B =%”HR:1X ]
——x
2
As we have 6= Dn/Rux, SO the area, where the function F -

of the argument x is defined, is given by inequalities 0 <x < 6 < Y5,
Thus, for instance, the values of the roots considered are, for
particular cases, as follows:
for 6 — 0 we have x; —> 0, and x, — 4/3;

for 5="Yiwehave x, =1/6(5-7) ; x,=1/6-5+7);
for 6=% we havex; =1 and x, = 1.

Value of 6 = 0 corresponds to the situation, when k7 — 0 or
Cix-b = 0. As can be concluded from the range of values of x; and
x,, these roots are located outside of the interval, where function F’
is defined, i.e. 0 <x <6< V.

Figs. 4.3, 4.4 and 4.5 show changing shapes of the function F,
the values of variables R and C being expressed in a relative man-
ner through x = R/Ry,x and y = C/Cyy, for different b and k7.

The value of H, having no influence on the shape of the func-
tion, was selected in order to make the three-dimensional diagrams
more easily legible.
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The role of the value of k7 for the shape of the function, for
constant b = 0.1, can be seen in: Fig. 4.3a — for k7= 0.1, Fig. 4.5b —
for k7= 0.5, Fig. 4.5b — for k7= 1.0, and Fig. 4.3b — for k7= 2.0.

The influence, exerted on the shape of the function by the
value of b, for constant k7 = 0.1, can be seen in Fig. 4.3a — for b =
0.1 and Fig. 4.4a—for b =0.5.

On the other hand, for constant value k7 = 2.0 the influence of
b can be seen in Fig. 4.3b — for » = 0.1, and Fig. 4.4b — for b = 0.5.

After we substitute the expression for D'(R) to the original
form of the function F(D,R), we obtain the formula for " (R):

) 1, 1 1 PR
F (R):67TH —R __(Dmx+Rmx).R+_Dmx'erc R
3" 73 2 3, _»

2 mx

and then, after having introduced the substitution x = R/Rx, we get
the expression for the function F (x):

2
X

, for 0 <x <min{o,1},

3 4 ’
F'(X)==rmH|x*—=(0+1)-x+25 | -
(0)=2 [ S(6+) } ;
——X
2
whose shape is shown in Fig. 4.6.
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0,035
0,030
0,025
0,020
0,015
0,010
0,005
0,000
-0,005
-0,010

0,125
0,25

0,375
0,5
0,125

0,5
0,375
0,25

0,625
0,75
0,75
0,625

X=R/Rmx Y=C/Cmx

0,875
0,875

-0,010--0,005 -0,005-0,000 0,000-0,005 0,005-0,010 0,010-0,015
0,015-0,020 0,020-0,025 0,025-0,030 0,030-0,035

Ymin=b=0,1 k1=0.1 H=0.1
Fmax = 0.0301 Xopt=1 Yopt=0.575
Figure 4.3a
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0,020
0,000
-0,020
-0,040
-0,060
-0,080
-0,100
-0,120
0,925 -0,140
-0,160

o
[
~
o
0,75
0,625
0,5
0,375
0,25
0,125

Y=C/Cmx

0,875

-0,160--0,140  -0,140--0,120 -0,120--0,1700 -0,100--0,080  -0,080--0,060
-0,060--0,040  -0,040--0,020 -0,020-0,000  0,000-0,020

Ymin=b=0.1 k1 =2 H=2
Fmax=0.0024 Xopt=0.3316 Yopt=0.7632
Figure 4.3b
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0,008
0,006
0,004
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-0,002
0,?%5 -0,004
-0,006

0,15
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‘oo
N
o

0,6

0,45
0,3

0,75

Y=C/Cmx
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A complete image of the function F "(x), with x = R/Rpy, in 3D
space, can be seen in Fig. 4.6a, while in the form of a flat image in
Fig. 4.6b, for a number of values of 0 = Dy /Rnx. This latter figure
makes apparent the dependence of the optimum radius of the zone,
R, upon 0.

The second order polynomial, which appears in the function
F’(x), has two real-valued non-negative roots, x; and x,, only when
o< V.

It can be easily checked that they are bigger than ¢ (except for
0= 0), and hence are outside of the range of values of x that are of
interest for us.

At the same time, this polynomial attains the minimum value
for

2
- =—(1+s
xmm 3( )

that is — also outside of the range of values of x we are interested in
(for x > Y5 as well).

Consequently, function F (x) can be represented as the prod-
uct of two functions, y; and y,, the decreasing one,

2
A2 =[x2 —%(5+1)-x+25:|

and the increasing one:

These two functions are illustrated in Fig. 4.7.
By differentiating the function F' (x), we get

d xz—i(5+l)-x+25
L F () =—23

y {5 +4(5+1)- x> = (105 +8) - x + 65} - x
X

G-y
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As established before, the expression outside of the square
bracket does not attain zero in the range that is of interest to us.
Hence, only the third-order expression in this bracket might pro-
vide the roots of which at least one would correspond to the sought
value x', for which F (x) attains its maximum.

)

-4 o---o

Fig. 4.7. Functions y; and y, composing F

A general course of this function is shown in Fig. 4.8. The
pattern, appearing there, results from the fact that the characteristic
parameters of the 3™ order polynomial ax*+bx*+cx+d take in this
case the values: a =-5<0,and 4= 3ac-b* = -165+465-49 < 0.

Since analytic formulae for the roots of the 3™ order polyno-
mial are quite cumbersome, it may be much easier to calculate the
values of the polynomial for a sequence of values of the argument x
and select the one, for which the polynomial attains the maximum.

Another technique consists in differentiating the 3™ order
polynomial, so that we obtain the 2™ order polynomial, in this case
having the form

—15x% + (85 +26)x— (105 +8).
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6¢e * e

x| X2 X3

Xe-

Figure 4.8. The shape of the function F' (x)

After we equate this polynomial to zero, we get

;g2=j;@5+26){1iJL—&)105+8 }
2730

(85 + 26’

As this can be easily verified, the values of x; and x; (in the
range of 0.1 < 6< 1), change within the boundaries

0.448 <x;<0.842
1.337 <x,<1.424.

Since the minimum of the polynomial occurs at the point xpin

i(85 +26), we can limit the table of values of the function to
0

the range 0 < x < Xpin.

In our situation yet another way to determine the value of x*
(and R") is to derive an approximate formula for the value of x .
This is convenient, especially in the case, when the maximum of
the function is “flat”, like in our example. Then, even a significant

138



Introduction to a Theory of Market Competition St.F. Piasecki & J.W. Owsinski

deviation of the approximate location of x* from the real one has a
very limited impact on the value of F' (x) in the vicinity of the
maximum.

Assuming that for practical purposes the accuracy of £0.01
suffices, the formula for the approximate value of x may have the
form

~

. [0.745+0.002 for5<0.5
0.6865 +0.024 for 6 >0.5]

Ultimately, we get R = Rmxx*, and
* 1 *
C = E[C"“ +hy - f(R)+b]

where
lp lp [
e eI
~R,_--R S
2 3 23

If we admit the following, very rough approximation:
X ® %5, for < %,

then, after we substitute this value into the respective expressions
above, we finally obtain

* 9 5 7 ? -1
F~_HR |1- 5| (2-6)"s.
32 16

These formulas, determining in an approximate manner the
optimum values of the respective quantities, are, of course, valid
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for §< 0.5. Approximate formulas for the values of C', R” and F"
in the case of 6> 0.5 can be derived in an analogous manner.

Let us note, next, that the activity of the company shall be
profitable, i.e. profit will be positive, when the inequality F > Q is
satisfied, or, after we substitute the values of C*, R*, the inequality
9 7-a-@-kR S 2-6

mx

32 © (1—15]2-5
16

If the highest value of the operational profit, ', after having
deduced the constant cost, Q, is positive, then our undertaking shall
be bringing benefits.

5. Network optimisation for a global company
functioning on several markets

Let us consider an arbitrary sales zone (of a branch of a
global company), indexed, i, situated at the distance d; from the
place, where the product of interest is manufactured. We shall as-
sume, further, that the sales outlet (the i branch) is located at the
point of maximum density of potential customers, gmy, this density
decreasing linearly with the distance from the branch office, 7.

We look for the optimum sales price C; of the product and the
radius R; of the zone, within which the customers are offered the
delivery of the product purchased at the expense of the company.

We already know (see the preceding section) that the maxi-
mum value of the operational profit for such a zone would be equal

F*: F*(R) = 67[H|:%R*2 _%(Dmx + Rmx mx— "mx

“R,_-R

2 *)
)R*+lD R } 3R—,
2 R"Lx
2

where

C'(R") = % C, +k - f(R)+D];

140



Introduction to a Theory of Market Competition St.F. Piasecki & J.W. Owsinski

an‘lX _lR*

R =R AR) = 3— 23 R';
—R,_——-R
2 3

. [0.746+0.002 for5<0.5
0.6865 +0.024 for 5>0.5|

In the above formulas, whenever this would not imply an er-
ror, index “7” was omitted for the sake of notational simplicity.

It can be easily noticed that the value of F'; depends only
upon the parameters of the function F ;:

ﬂfmx,ia me,ia gmx,ia Rmx,i, kT,i: b ,ia
with b ’,' = b+Ki,
where K; is the cost of transporting the product from the place,
where it is manufactured, to the location of branch i. This cost re-
fers to mass transport, and is defined by the function
K;=K(V .dy),

with the choice of the value V'; (capacity of the transport means)
depending upon the magnitude of demand for transport, which is
assumed equal demand for product, that is, A';:

Ai(Ri :»Ci ) = 2721110 (me,i - Ci )[Egmx,l _sz’R,‘ le 2 ,
A g
where aio = 0.1 , O = mx,i
mx,i (p anc,i

Consequently, we are capable of determining the values of F’ g
for all the local branches (or: authorised dealers), located in places
numbered i = 0,1,2,...,/, where index value i=0 denotes the zone of
sale in the place of manufacture (where equality b ’¢=>b holds).

Knowing the values of F*[ we can determine also the sum-
mary profit of the global company:
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1
F* — ZF;*
i=0
as well as the summary sales value:
A=Y A =u
iel
where, of course, [ = {0,1,2,...,i,...,I} 1s the set of numbers (labels)
of branches of the global company.

With production lines of the above capacity, 4=/, constant
maintenance costs are associated, Q. Hence, inequality F >0 must
hold. Otherwise, the entire activity is unprofitable. If it is profit-
able, though, then in the next step of calculations we determine

A
0,="0

1.e. the parts of the constant cost of maintaining the production
lines, which ought to be charged on particular local branches.

Next, we determine Ky ;, of maintaining the storage facilities
of the branches i, which sell A'; of the product, and verify, whether
the local inequality F'; > Q; + Ko ; holds for each i.

Let us remind that the constant cost O of maintaining the
common production lines is composed of amortisation, costs of
maintaining the production surface and the storage, taxes on land
and buildings, costs of repair of the fixed assets of the branch, costs
of protection, etc.

If for some local branches the respective inequality is not ful-
filled (and cannot be fulfilled by simple organisational measures),
then these branches ought to be liquidated, and their indices re-
moved from the set I = {0,1,2,...,/}. Due to such an overview of
the profitability of functioning of particular branches, we obtain a
new set of indices (branch labels), I'".

For this new set of branches, we calculate again the values

AY=NA 5 FO=YF

iel™™ iel™™
Then, for the newly determined value
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u=Y A A"
iel'
we calculate the value of 0" and then the values
A
O _ N A0
Q" ==0

and again verify, whether for every /=0,1,2,... the inequality

F>0"+K,,

holds. If for any i € 1Y this inequality is not fulfilled, then, again,
this branch is eliminated from IV and thereby a new, different set
of branches, I(z), is obtained.

Once we have to specify a new set of branches, I, we also
have to go through the same procedure of verification of profitabil-
ity, that is, first, calculation of:

AQ = S Af=,@ FO_N g
Z i /u > ;) i

iel® ic

followed by the determination of the values of 0 and 0.

If, upon verification of the inequalities

F'>07+K,,
a new set of branches, I?), differing from I?), is obtained, the entire
procedure has to be repeated once more (at least). This is done until
two consecutive sets I become equal.

Then, we will be able to treat the respective values obtained
as truly optimal:

A*i and C*,-, R*i, K*o,i; along with A= ,u*, Q* and I*,
for the given values of characteristics concerning:
- demand: Cpy,; and Amy s
- density of customers: gmx i, Rmx.i»
- transport costs: K;, kr;,
- spatial distribution of the branches: d,,
- production: b, Q.
The thus determined values guarantee the highest positive

profit that can be gained from the entire activity: production and
distribution of goods.
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Yet, not any profit ensures overall positive return on the un-
dertaking. This depends, namely, upon the capital, involved in the
undertaking. And so, if the entire cost of purchasing and installing
the production line, and establishing all the branches is estimated
by the value CAP, then the ultimate condition of profitability is

F-Q"-%ic1:Ko ;> p-CAP,

where p is the interest on deposit.

When the above condition is not satisfied, then, despite the
potentially positive profit, it would be more beneficial to keep the
capital in the bank.

6. Market competition for the basic model with
delivery cost and uneven density of customers

Let us analyse the function of profitability of manufacturing a
product, for one, definite zone:

__ revenue — COS s _ revenue

—-1.

CcoSts COS1s

After we introduce the previously established expressions to
the above formula, we get

C
E= 0 -1,
b+ka(R)+‘I’(R)-(C e

1 1
where W(R) = 2’ pR* (5 R _gRj'

It can be easily noticed that the above expression takes the
value -1 for C = 0 and for C tending to Cyy. It is within this seg-
ment that the value of C is contained, securing the maximum value
of the return indicator, ¢, for a given value of R.

For the optimum values of C and R the value of ¢ attains the
maximum, which, in these conditions, shall depend uniquely upon

144



Introduction to a Theory of Market Competition St.F. Piasecki & J.W. Owsinski

the assumed parameters of the model, and its value shall be equal
for all the competitors (since we have initially assumed common
access to the technologies of production and transport).

Hence, we can see that a competitor, in order to push away, in
a given sector, the resident producer, has to go down with the price
below the one quoted by the resident company, entering the market
with an appropriately higher production and providing service over
a broader area. All these steps, though, do not guarantee for the
competitor a bigger profit than the one achieved by the resident
company, and bring about a lower profitability &, if the prices
quoted by the resident company were optimal.

So, the competitor has to dispose of adequately ample finan-
cial reserves, in order to be able to take the place of the resident
company, by causing losses resulting from the occupation of a part
of the market, which brings about serious underuse of the produc-
tion capacity, and, consequently, increase of unit cost, x.

Otherwise, if the resident company acted non-optimally, by
selling product for the price higher than the optimum one, the com-
petitor could enter the market with lower — optimum — price and
more easily push the resident company from the market, while
gaining higher profit than the resident company.

If, however, the resident company act optimally, the competi-
tor can only push them away by bearing significant “entry cost”.

Taking into account the fact that the resident producer can
also lower the price in the particular sales zones, the price war can
break out — a global one, in this case.

In order to avoid this kind of war of attrition, in which often
the respective governments are involved, an agreement is some-
times concluded, according to which the global market is split into
the exclusive spheres of influence.
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