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Chapter 4

Estimation of the tolerance relation —
binary comparisons

4.1. Introduction

The problem of estimation of the tolerance relation is discussed first for
binary comparisons. The estimators of the relation are constructed in a way
similar to the estimators of equivalence relation.

4.2. Assumptions about binary comparisons

The tolerance relation, denoted z\"",..., " or T (xi,x;), is to be

T

estimated on the basis of comparisons gﬁ,,ﬁ (xi»x;)  (k=1,..,N;
<i,j>€R,) defined as follows:

0 if k —th comparison indicates that a pair (x;,x ;)
g (xix)=1 belongsto 7\ " " (1<q,s<m-1); 4.1

1 otherwise.

The comparisons g\ (x;,x;) (<i,j>€R,) evaluate values 7§ (x;,x))

have to satisfy the assumptions Al, A2, A3, i.e. the probability of correct
comparison 1—0J have to be higher than probability of incorrect comparison
0, and all comparisons are stochastically independent. The assumption
about independence can be relaxed in a similar way as in the case of
equivalence relation; the relaxation is important if comparisons are the
results of statistical test.

The number of subsets 7 is assumed unknown and has to be bounded by the
number of elements m. The number of subsets of the tolerance relation, with
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at least one intersection, has to be lower than the number of elements, i.e.
lower than m.

4.3. The form of estimators and their properties

The estimators 7\”,.., 7'? and 7!”,.., 7" of the tolerance relation

277, ., 77" are obtained on the basis of the following minimization
problems:

. Y1 @ )
mint 2 2|2y (xinx;) —tp (xi,xj)|}, 4.2)
FE <i,j>eR, k=1
where:

F$© - feasible set, i.e. family of all tolerance relations in the set X,

and

min{ Y |g" (xi>x;)— tgr)(Xi,xj)|} ) (4.3)

FY  <ij>eR,
where:

(z,me

g, )(xi,xj) - the sample median in the set {géfl)(xi,xj), v ggv)(xi,xj)} .

The existence of distributions of both estimators (4.2), (4.3) can be proven in
the same way as in Chapter 2.

The properties of both estimators are based on properties of the random

variables W\, w3, corresponding to actual relation ;(Y)*,..., ;(ff)*,

=(7) = (z,me)

and the variables jp,;, W,y . corresponding to any other relation

77, ..., 7\7. The variables are sums of binary random variables:

* N * N )*
Wﬁ,?v)z > ZU;? (xisx)+ 2 ngk) (xi>x,)=

<i,j>€R,k=1 <i,j>eR,k=1
4.4
) ) 9
Y 2lgw (isx )T (Xi:x_j)la
<i,j>€R, k=1
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Wi =X U™ (xiox )+ X V5" (xiox,) =
7o Jor
4.5)

z g;r,mE) (Xia Xj) _ Tgr)

<i,j>€Rm

where:

(7) )

% l.f g (xl’x ) Tb (xz’x ) Tb (x”x ) 0
U(b? (xi>x;)= ’ © ’ ] / (4.6)

l.f gbk (xz’XJ)iT (xiaxj); T[; (Xi5Xj):05

0 if gf,?(xi,x_,-) = Tgr)(Xian); T(br)(xizx_j) =1

o 4.7
1if ik (xi,x_,-) * Tgf)(xi,x_,-); TE,T)(x,-,x_,-) =1,

V%c)* (Xi,Xj) =

0 lf g(br’me)(x,',xj):T;,T)(xi,xj); Ti’)(xi,xj)zo;

. (7,me) (48)
Lif g, (Xi,Xj)iTgr)(Xi,Xj); T;;T)(Xian):O,

U (31 3) =

lf g(f o) (x,-,x_,-) = TE,T) (x,-,x_,-); Tgyf) (Xiax.l') = 1;

(rme) 4.9)
Lif &p : (x,-,x_,-) * TE,T) (x,-,x_,-); Tgf)(x,-,x_,-) =1,

ng’me)* (xisx;)=

79" - the set of pairs {<i, j > |T(’)(xi,xj) =0},
J" - the set of pairs {<i,j> |T{(xi,x) =1},

and

~(7) _ ~(7)
W};\/ Z ZUbk (x17x1)+ Z Zka (x”x/)_
<i,j>el k=1 <i,j>eJ k=1

(4.10)
‘gbk (xl’xj) Tb (xl’xj)l

<i, />eR k=1

= T 0 G 7 Gx) =
<l,j>ef <z,j>ej 2
(4.11)
) ~
\gﬁf " (i) = Ty (i)

<i,j>€R,

where:
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U pi

V bk

~(7) l/[ gbk (xlax/) Tb (xlaxj) Tgr)(xnx]) O
(xivxj)

77 - the set of pairs {<i,j> |7~’§,r)(xi,x_,-)=0}a

7' - the set of pairs {<i,j > |75 Geinx ) =13 -

It can be shown that
Theorem 2

The following relationships hold:
EGW) <wi <0,
Em" <" <0,

lim Var(+w§)) =0,

N—oow

lim Var(W(’ me)*) 0,

N>

@ (4.12)
1if i (Xian)in (xi:.Xj); Tb (xi,xj)=0,
N(T)(x x) lf‘ gbk (xl’xj) Tb)(xlax/) Tb)(xl’x/) 1 (4 13)
isXj .
1if gbk (xl‘ax_j);th (xnx_/‘); T;, (xiaxj)zla
GO ()= 04 g™ (einx) =Ty (xirx s Ty (xinx;)=0; @14
b i ] T,me T :
Lif g™ Guiox )= Ty (xisxy)s Ty (xiox;) =0,
7 (ex ) = 0if gy (xisx ) =Ty Geiox)s Ty (isx ) =1s (4.15)
b i J . T,me ~\T ~(T :
1 U(‘ g;’ )(xt’XJ)iTg))(x”xI)’ Tg)(xl’xI):L
(4.16)
(4.17)
(4.18)
(4.18b)
(4.19)

lim Var( W(T)) 0

N—>ow
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lim Var(7 ") =0. (4.19b)
N>
and:

PSR <) = 1—exp{-2N(1 - 5)*}, (4.20)
P {§"™" <) 21 - 2expiz = 6)7} (4.21)

The proof of (4.16) — (4.21) is the same as in the case of the equivalence
relation (see also Klukowski, 2002, 2011a).

The interpretation of the relationships (4.16) — (4.21) is similar to the case of
the equivalence relation.

The tasks (4.1), (4.2) can be solved with the use of the algorithms similar to
those presented in Chapter 2. The tests for validation of the estimates are
presented in Chapter 10.

An example of application of the approach is presented in Klukowski
(2008c). It presents overlapping classification of shapes of functions
expressing profitability of treasury bonds.

4.4. Summary

The estimators of the equivalence relation have good statistical properties
and a simple form — similarly as in the case of equivalence relation.
Moreover, there exist efficient algorithms for solving the respective
optimization tasks.

The next chapter presents the tests for detecting the relation type. They are
useful in the case of unknown relation type (overlapping or non-overlapping)
and comparisons indicating equivalence or non-equivalence of elements in a
pair. In other words, the test recognizes the correct model of data.
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The book presents the estimators of three relations:
equivalence, tolerance, and preference in a finite set of data items,
based on multiple pairwise comparisons, assumed to be disturbed by
random errors. The estimators were developed by the author. They can
refer to binary (qualitative), multivalent (quantitative) and combined
comparisons. The estimates are obtained on the basis of solutions to the
discrete programming problems. The estimators have been developed
under weak assumptions on the distributions of comparison errors; in
particular, these distributions can have non-zero expected values. The
estimators have good statistical properties, including, especially
importantly, consistency. Therefore, they produce good results in cases
when other methods generate incorrect estimates. The precision of the
estimators has been established with the use of simulation methods.
The estimates can be validated in a versatile way. The whole estimation
process, i.e. comparisons, estimation and validation can be
computerized. The approach allows also for inference about the
relation type — equivalence or tolerance, on the basis of binary data.
Thus, it has features of data mining methods.

The estimators have been applied for ranking and grouping of
data from some empirical sets. In particular, estimation of the tolerance
relation (overlapping classification) was applied for determination of
homogenous shapes of functions expressing profitability of treasury
securities and was used for forecasting purposes.
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