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Tests for validation of estimates obtained on the basis
of pairwise comparisons with random errors

Leszek Klukowski

Systems Research Institute Polish Academy of Sciences,
Newelska 6, 01-447 Warsaw, Poland
Leszek. Klukowski@ibspan.waw.pl

Abstract

The paper presents tests for validation of estimates of three relations: pre-
ference, equivalence and tolerance obtained on the basis of multiple pair-
wise comparisons with random errors. The estimates result from appro-
priate discrete programming tasks, which minimize inconsistencies (dif-
ferences) between relation form and comparisons. The validation consists
of a set of tests for verification assumptions about: distributions of pair-
wise comparisons, existence of the relation in the set under consideration
and the type of relation; some of the tests have been developed by the au-
thor. Positive results of validation guarantees high quality of estimates,
especially in the case of multiple comparisons of each pair.

Keywords: validation of preference, equivalence and tolerance relation;
multiple pairwise comparisons; binary comparisons; multivalent compari-
sons.

1 Introduction

The estimators of relations: preference, equivalence and tolerance, discussed in
Klukowski 1994, 2007, 2010 are based on assumptions about distributions of
pairwise comparisons and the crucial assumption — about existence of the rela-
tion in a set under consideration. The first group of assumptions have probabil-
istic nature and, therefore, can be verified with the use of well-known statistical
tests. The assumption about existence of a relation is necessary condition of
rational estimation and can be also verified with the use of tests — based on es-
timate errors. Some tests proposed for validation require simulation techniques,
because of difficulties with determination of distributions of test statistics. Posi-
tive results of verification guarantee reliable estimates, negative — indicate di-
rection of improvement or rejecting it.
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Some results presented in the paper are extensions of earlier investigations
of the author, especially test for weak and strict form of the preference relation
(see Klukowski 1994, 2006, 2007, 2008b, 2009).

The validation problems are discussed in the literature, e.g. the preference
relation - in David (1987), the equivalence and tolerance relation - in Gordon
1999.

The paper consists of four sections. The second section presents formulation
of estimation problems for all relation types. Main results, i.e. tests for verifica-
tion: e assumptions about comparison errors, e existence of the rela-
tion, e correct type of the relation, are discussed in the third section. The tests
for relation type: equivalence or tolerance and weak or strict form of the prefe-
rence, have been developed by the author. Further results — based on simulation
approach will be presented in forthcoming papers.

2 Formulation of estimation problems

The problem of estimation of the relation form on the basis of pairwise compar-
isons with random errors can be stated as follows (Klukowski 2010).
Given a finite set of elements X ={x,, ..., x,,} (3<m<w). There exists in the

set X the equivalence relation R (reflexive, transitive, symmetric) or the toler-
ance relation R (reflexive, symmetric) or the preference relation R?’ (alterna-
tive of the equivalence relation and strict preference relation). Each relation

generates some family of non-empty subsets ;(}“*, s ;(Ef)* (Lei{p, e, t}; n>2);
in the case of the preference relation the subsets are ordered.
The equivalence relation generates the family ;(ie)*, s ;(ff)* (n>2) with the

following properties:
Olz?*=x, (1)
g=

2" 0 =103, )
where: 0 — the empty set,
xisx; € 7\ = x;,x,—equivalent elements, 3)
(i€ 2N (x € 7Y =x0x ;—non-equivalent elements for i#j,r#s.
4

The tolerance relation generates the family ;(5’)*, v ;(if)* with the property
(1) and the properties:
3r,s (r #s) such, that ;(Y)* M ;(i’)* # {0},
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XirXj € ;55”* = x;,x;— €quivalent elements, (5)

(xi€ 27N (x € 27 = xix ; —non-equivalent elements for i # j and

Gox) ez, 2 (6)
each subset ZY)* (1<r<n) includes an element x; such that x;¢& ;(gr)* (s=r).
(7)

The preference relation generates the family ;(5” Vs ;(f;" 7" with the proper-

ties (1), (2) and the property:

(i€ 27N ( x; € ;(E,” ") = y, is preferred to x; for r<s. ®)

The relations defined by the conditions (1) - (2), (3) - (4), (5) - (8) can be de-
scribed by some functions 70 (x;,x,) ((x;,x;)€XxX;le{p,e,r},ve b, u}),
where: symbols b, 1z denote — respectively: binary and multivalent compari-
sons, symbols: p, e, 7 - relation types. The functions can be defined as follows:
(e)*

" )

0if exists r such that (x;,x;) €
Tée)(xi’xj):{ f (X x_l) 4

1 otherwise;
e the function 74" (x;,x;) expresses the fact if a pair (x;,x ;) belong to a com-

mon subset or not;

Tgf)(xi’xj) :{

0if exists r,s (r =s not excluded) such that (x;,x,) € 27T

1 otherwise;
(10)
e the function 74" (x;,x,) expresses the fact if a pair (x;, x;) belong to any con-

junction of subsets (also to the same subset) or not; the condition (7) guarantee
uniqueness of the description;

T4 Cxis x)) =H(Q N Q) (1D
where:

Q; - the set of the form ¢ ={s| x, € 27,

#(Z) - number of elements of the set = ;

o the function 77 (x;,x,) expresses the number of subsets of conjunction in-
cluding both elements; the condition (7) guarantee uniqueness of the descrip-
tion;

(p)*

: : " (12)
ilifxl-ezg”) ,xje;(ip) andr<s(r>5s);

0if there exists r suchthat (x;,x;) € ¥

Tg,p)(x,-,xj) Z{

77



(more precisely — the value —1 reflects the case r<s, 1 — the case r>s);

e the function Tg,p)(x,-, x;) €xpresses direction of preference in a pair or equiva-
lency of its elements;

TP Ginx)=dy < xiex” . x;e g dy=r—s; (13)

o the function 7'/ (x;,x,) expresses difference of ranks of elements x,; and ;.
The tolerance relation can be described also (see Klukowski 2007) by the func-

tion: 78 (xiox,)=n—T% (xi>x,) - (14)

General formulation of estimation problem
The relation form has to be estimated on the basis of N (V>1) comparisons
of each pair (x;, x‘,-) € X x X, under the following assumptions.

Al. The relation type, i.e.: equivalence or tolerance or preference, is known.
A2. Each pair of elements (x;,x;) € XxX is compared N times; any compari-

son gff,‘;) (xi»x;) (L efe,r, p}; v elb, pu1}; k=1,..., N) evaluates the value
of the function 7% (x,,x;) and can be disturbed by random error. The proba-

bilities of errors 74 (x;,x;)— 'y (xi»x;) have to satisfy the following condi-

tions:
P(TS (xinx ) — €50 Grinx ) =0) 2 1-68,  5€(0,1,), (15)
P (xisx) =g Crisx ) =D > 1oy (16)
T i) = 8 inx) =D > s (17)
P(T Gxinx ) = 850 Geix ) =D 2 P(TD (xiox ) — 845 (xinx ) =1 +1) (120),
(18)
P(TD Geinx ) =~ 845 Geinx ) =D 2 P(T0 (x5 x) — 84 (xiox ) =1 =1) (1<0),
(19)
P((2") Gix ) = T o x D) O(EY G xs) = T (s x5))) = 0

P(g%) Geiox ) =T Gersx NP Geroxs) = T Groxs)) (k2 1).

The inequalities (15) — (20) reflect the following properties of distributions
of comparison errors:
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o the probability of correct comparison is greater than incorrect one, in the case
of binary comparisons (the inequality (15));

e zero is the median of each distribution of comparison error (the inequalities
(15)-A7));

e zero is the mode of each distribution of comparison error (the inequalities
(15), (18) = (19));

® k-th and /-th (k#/) comparisons g([)

' Cxisx))s gy (xesxs) are independent (the
relationship (20)).

It is clear that:
e expected value of any comparison error can differ from zero;

e comparisons gf)? (xi>x,)» g,()?(xr,xs) (indexes: i, j not the same as: r, s5) are

not assumed independent;

e number 7 of subsets of any family ;{iz)*, - ;(ff)* is not assumed known; there-

fore it is also estimated parameter;

e the application of estimators proposed below is possible in the case of un-
known distributions of comparison errors; it is sufficient that the assumptions
about the distributions are satisfied.

The assumptions about comparison errors are weaker than those commonly
used in literature. They can be relaxed, because they are sufficient — not neces-

sary.
Two types of estimators have been discussed by the author (see Klukowski
1994, 2007, 2008b). The first one is based on total sum of inconsistencies be-

tween relation form (expressed by the function analogous to 7" (x;,x;)) and

comparisons gfj,;) (x:»x;)» the second — based on inconsistencies between rela-
tion form and medians from comparisons of each pair. The properties of both
estimators are determined under assumption that distributions of comparisons
gfjf (xi>x)5 ...,g(ux(x,-,x‘,-) ((x;»x;) € XxX) are the same. The assumption sim-

plifies formulas, but can be relaxed.
The first estimator is obtained on the basis of the minimization task:

min {3 S0 Gor)-g L ) 21)
2 ;(f_égepg(’) <i,j>ERpk=1

where:

FY (L ele, 7, p}) - the feasible set (the family of all relations of ¢—th type in
the set X),

7, ;(if’ﬂ) - i -th element of the feasible set.
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The second estimator is obtained on the basis of the minimization task (N —
uneven):

. ‘,
min 4 X Y Gox)-gy " Gox )y (Lefer,p)), (22)
0 Z(r({:-;EF(x/) <i,j>€Rm

where:

2" (x;,x;) -the median from comparisons of each pair, i.e.

Eon(isx)) s oo 8 (isx)) (<L J>E€Rp) -
The optimal solution of each task (21), (22), denoted — respectively -

;250, - ;fo), ;Zf“, v jff) may be not unique, because of its discrete form; the

unique solution can be selected in random way or with the use of additional
criterion.

The tolerance relation can be also estimated on the basis of compound esti-
mators, i.e. based on different comparisons:

N
min { X X

()
() () (o) k 1t” (xi’xj)_g’z (xi’xj)|+
4™ 2 0eFY) <ij>eRuk=
' (23)
u (zx) (7)
+ 2 2 (xiaxj)_g,k (an_/)},
<i,j>€R, k=1
min { 2 |t§f'()(xf,xj')—gif’me)(xi,xj)|+
Z{’*),..A,Zt_(’?)ep(){) <i,j>€R, (24)
LD Tl C S e B
<i,j>€R,

The compound estimators based simultaneously on binary and multivalent
comparisons can be also constructed - in the case of the preference and toler-
ance relations.

3 Verification of assumptions about: comparisons errors,
existence of relation and relation type

The estimators of relations considered are based on assumptions concerning:
e properties of distributions of comparison errors,
e existence of the relation in a set under consideration,
o relation type.
Verification of the assumptions mentioned above is based on appropriate

tests. Some tests rest on the comparisons gl()i) (xi>x;) (k=1,..,N;<i, j>€R,),
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remaining — on comparisons and the estimates 7\ (x;,x;) or 7\ (x;,x,), be-
cause the values of the functions 7’ (x;,x;) are unknown.

The results of some tests are true under the assumption about errorless esti-
mate, ie. T (xnx)=7" (xix;) of T9(xiox)=t3 (x:.x,;) for all pairs
(xi»x;) € XxX. The probability of such event can be determined with the use

of simulation approach (see Klukowski — Control and Cybernetics, to appear).
The probabilities of errors (the first and second type) in such tests have to be

corrected with the value of probabilities P( ;250,..., ;fo)z Zf‘)*,..., fo')*) or

P, 7= 27 2 (see point 3.3 below).

Analysis of the tests results can be treated as data mining process — it con-
firms examined estimate or allows detection of errors, which can improve the
estimate.

The tests necessary in verification process are presented in statistical litera-
ture, e.g.: Sheskin (1997), Daniel (1990), Siegel and Castellan (1988),
Domanski (1990, 1979).

3.1 Verification of assumptions about comparison errors

The assumptions about comparison errors comprise: * independence of compar-
isons of the same pair, * unimodality of distributions of comparisons errors,
* mode and median of the distributions equal zero. Some of tests for these pur-
poses can be used for binary data only, remaining for both types, i.e. binary and
multivalent.

Assumption about independence of comparisons g(f}(x,-, X)) e gfx (xi>x;)

(<i, j>€R,) is crucial for properties of estimates. In fact, the hypothesis re-
quires multivariate tests. Construction such tests seem possible for large N only.
For low or moderate N it is feasible to verify independence of comparisons of
individual pairs (x;,x;); typically individual independence indicates multiva-
riate independence. Some tests for verification of independence require the as-
sumption about identical distribution of comparisons of individual pair. The
assumption can be tested with the use of well-known tests for homogeneity of
sample. The independence of comparisons of individual pairs can be verified
with the use of the tests of randomness (e.g. Sheskin 1997, Test 7). The null
hypothesis states randomness, the alternative — non-randomness; the tests do not

require the estimates 7' (x;,x ).
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The hypotheses about unimodality and zero value of mode and median ((15)
— (19)) have to be verified with the use of different tests in the case of binary
and multivalent comparisons.
In the case of binary comparisons all the hypotheses are equivalent to the fact

that the probability 1-8 of each event {74"(x;,x;)=gh) Cxirx;)}
(Lele,t,p}; <i,j>€R,; k=1,...,N) is greater than }5. The basis for the hy-

potheses are differences tg )(x,,x,) gbk (x,,xj) or ;,, )(x,,x,) gbk (x,,x,)
The result of such verification are valid in the case 7} (x;,x;) =T (x;»x;) or

73 (xi»x;) =T (x;,x;) and, therefore, the probabilities of errors in tests have
to be corrected by the probability of errorless estimate, i.e.
PG i =205 20, o0 PG 22 105 ) The hypo-
thesis under consideration can be verified on the basis of the binomial distribu-
tion. The null and alternative hypotheses assume the form — respectively:
Ho: 621, and H;: 6 </2. Rejection null hypothesis for all pairs (x;,x;)
(<i,j>€R,,) does confirm the assumptions about the probability 1-0. It is

obvioys that some number of opposite results (errors in the tests) can occur too;
the fraction of such results depends on probabilities of errors in tests and the
probability of errorless estimate obtaining. The unimodality of the distributions
can be also verified on the basis of  comparisons

¢ 0 . . . . (0
gé’f(x,-,x]-),...,ggj\),(x,-,xj) (<i,j>€R,), i.e. without estimates tﬁf)(-) or
~(¢
().

The case of multivalent comparisons is more complex, because the distribu-
tions of comparison errors are not determined, in general, by one parameter.

The hypotheses about: unimodality and values of mode and median equal zero
have to be verified with the use of different tests.

Unimodality of distributions of comparison errors 7%, (x;,x,) — g’ sk 9o )
(Le{p,t}; <i,j>€R,; k=1,...,N) can be verified on the basis of differences
fif)(xi,x_;)—ggk)(xi,xj) or fﬁf)(x,-,x‘,-)—gii)(x,-,x_,—) (k=1,...,N). The results
have to be corrected by the probability of errorless estimate. The tests for such
purpose are based on multinomial distribution, test statistics have asymptotic

Gaussian distribution and verify, simultaneously, the value of mode. The hypo-
thesis can be also verified on the basis of comparisons

gyl(x”)fj) 5 gif]\)/(Xian) OHIY'

The hypothesis that the median of comparison errors is equal zero can be
verified similarly way.
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3.2 Verification of existence of the relation

Verification of existence of the relation (equivalence or preference or tolerance)
in the set X has to be done after positive results of tests verifying properties of
distributions of comparison errors. The null hypothesis H, assumes the form:
there exists the relation in estimated form in the set X, the alternative H; — the
relation does not exist in the set X. Non-existence of the relation means: ran-
domness or other data structure. The basis for verification are: an estimate (of
the relation) and differences between the estimate and comparisons. The simula-
tion approach is useful tool for tests construction.
The case of binary comparisons is simpler than multivalent; the simulation

approach is also easier and more efficient in this case.
A basis for “global” verification of null hypothesis is the sum of differences
between an estimate and comparisons, i.e.:

i [0 ) | u
+ 2 A Gx)-gn x| or £ XX

<i,j>€R, k=1 <i,j>€R,k=1

£ Geox =g o x )| - (25)

In the case of known ¢ it is possible to determine the evaluation of ex-
pected value and variance of the sums (25) — in similar way, as in Klukowski
2008c, 2010b. The evaluations of expected value and variance of the first sum
assume, in the case of errorless estimate and comparisons with values from the
set {0, 1}, the form:

N
EG( X 2Jit G )i Criox ) £ S mlm =1)3 (26)
<i,J>ER,,K=
N , ,
Var(x( X ];Jfg)(xfaxj)—g(b(}()(xi,x‘f)|))S%(%m(m—1)+2Lcov)5(1—5),
<i,J>€ER, K=
27)
where:

Loy - the number of positive covariances between comparisons gﬁfk) (xi»x;) and
2 Croxs) (<iyj>#<r,5>).

The term 2., results from the fact that each covariance between two
comparisons is not greater than &(1—0). The number [, is lower than
(3m(m—1) )’ ; in the case of existence of non-correlated comparisons, especial-
ly for pairs (x;,x;) and (x,,x;) (r#i,j;s#1i,j) (see Klukowski 1994, Lemma

2) or negatively correlated, it is significantly lower.

The evaluations (26), (27) allow construction of a test based of the Cheby-
shev inequality:
P(X - E(X)|2 200 <5, (28)
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where:
X —arandom variable,
E(X), o, - an expected value and standard deviation of a variable X,
k — a coefficient £>0.
The test is constructed in similar way, as in Klukowski (2008c, 2010b); the
test statistics assumes the form:
| ) ()
FC T 3 Gx)=ghd G (29)
<i,j>€R, k=1
i.e. expresses differences between an estimate and comparisons. The test rejects
the hypothesis about existence of the relation in the case of excessive value of
differences (29). The probabilities of errors in the test have to be corrected by
the probability of errorless estimate.
The distribution functions of the sums (25) can be also generated with the
use of simulation approach. The basis for the approach are: estimates

757 (xisx;) or 757 (x;,x;) and the value of . The distributions allow construc-

tion one-sided critical regions; therefore, tests based on simulation approach
should guarantee the power higher, than those based on the inequalities (26) or
(27) and the Chebyshev inequality.

The case of multivalent comparisons is more complicated, because distribu-
tions of comparison errors are usually unknown; a precise estimation of these
distributions is often unrealizable. Thus, it is suggested to replace unknown
distributions by “quasi-uniform” distributions (see e.g. Klukowski 2008b) de-
fined by the conditions:

o the case 7' (x;,x,) # £(A—1)
PG G ) = 855 (i x,) <0) = PG (xix)) = 1) (xis ) > 0),
P&, (oo ) = 8 i) = =) == P (o) = (=),
P(fftf)(XiaXJ)_gizg(xi,xj) = 1) =...= P(l’fif)(xi,xj)_"_(ﬁ _1))’
P(’Aif)(xi’xj)—g(y[}?(xhx‘,-)=0):
:max{P(f%)(x”xj)_gi’i‘)(xi’x«’) :1)’P(fﬂ(;f)(xi’xj)—gizc)(xi,xj) =-1)},
7O+ (1)

NG (0) _ 7\ —
B ) K P(li,)(xivxj)_g/,k(xi,xj)—Z)—ls
1=10()~(i-1)

(30)
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e the case fﬁf) (xi>x;)=%(n-1)

P(ffj)(xi’xj) _g’(l_[/}{)(xl-’xj) = O) = % +& (8 € (07%))’

PG (o)~ 80 Griox ) = £ =225 (I=1,...,2(3 - ). (31)
Any distribution defined by (30), (31) satisfies the conditions (16) — (19)

and has the following features: ® symmetry (equal values) of left and right tie,

e cquality of each probability in the left and right tie. Moreover, such distribu-

tion has a variance close to the highest possible one and, therefore, provides the

basis for conservative tests. The distributions defined by (30), (31) allow simu-
lations of comparisons and finally obtaining (simulated) distributions of sums:

N 4 4 —~ (,me
X I G )=gl G or X[ Gensx )=l (o) (32)

<i,j>€R, k=1 <i,J>ERp

The tests based on distributions of sums (25) or (32) are efficient in the case of
good precision of estimation; the values (25), (32) corresponding to such esti-
mates are close to zero. In opposite case they ought to be completed with tests
based on another properties of estimates. The examples of such properties are:
.. . . 0 ~ ~

e positive correlation of comparisons gf)k) (xisxr) (i€ card(y,)22;
g=1,...n; 1<k<N; r=1,...,m;), i.e. elements belonging to the same subset
;Zq , epositive correlation of comparisons gff} (s Xs)seees gf;\;(x,-, xr)
(1<i<m; r=1,...,m). The null hypotheses Hy states lack of correlation (ran-
domness), the alternative H, — positive correlation. Rejecting null hypotheses
for all correlations validates the estimates of the relations. However, some frac-
tion of non-positive correlations can occur too. It is clear that the approach
based on sums (25), (32) verifies global features of relations, while those based
on correlations — partial, corresponding to individual subsets of comparisons.

In the case of the preference relation, especially in the case 7 =m, the esti-
mates of ranks of individual elements can be applied in verification of relation
existence. In particular, ranks of each element, obtained on the basis of individ-
ual subsets of comparisons gff,f)(xi,xj) and gfj)(x,»,xj) (k#1l;, <i,j>€R,)
have to be positively correlated. Denoting by 7/ (i=1,...,m;1<k <N) ranks
of i-th element, obtained on the basis of k-th subset of comparisons gfj:) (xi>x;)
(1<£k<N;<i,j>eR,,) one can verify the hypotheses about positive correla-
tion of ranks: A%, ..., A% and A7, ..., p# (I#k). Moreover, it is also

possible to verify the hypothesis about positive correlation (concordance) of the
matrix of all ranks (see also Raghavachari 2005):
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Y

R = e , (33)

. AR

Pt
where: @ - matrix © transposed.

The test for concordance hypothesis is based on statistics W or S, defined as
follows:
128

W=— rm — 34

m (N°—N) G4

S=%Ua—§m/Nf, (35)
k=1 k=1

Ri= i?ik .

Null hypothesis Hy states randomness, alternative H; positive correlation.
Rejecting null hypotheses, especially the case correlation close to one, confirms
existence of the relation. The first statistics (34) is appropriate for m>7, critical
values are determined on the basis of (asymptotic) chi-square distribution. The
second one (35) is appropriate for 3<m<7 and 3<p<20; critical values are pre-
sented, e.g. in Siegel (multivariate Kendal’s rank test).

In the case under consideration, i.e. the preference relation with n=m,
many other features of estimate of the relation can be applied in validation

process, e.g.: the mode and median of comparisons gif 1) (s X )senes gff]’v) (xi>x,)

(x; € ;2;”); 1<g<n;r>i) are lower than comparisons gi,’ff(xj,x,),...,gil’;; (x;>xr)
(x;€ 2" for (s>q).

The tests described above can be also applied in the case of multiple solu-
tions of the tasks (21), (22); they allow rejecting invalid estimates. Positive re-
sults of all tests, confirm existence of the relation, negative - the opposite con-
clusion.

3.3 Testing relation type - weak or strict preference relation

The estimators of the relations discussed are based on the assumption that the
type of the relation is known. Sometimes, the knowledge about relation type
may be incomplete; typical problem of that type is distinguishing between: the
equivalence relation or tolerance relation (non-overlapping or overlapping clas-
sification - see Gordon 1999, Chapt. 5; Klukowski 2006). A similar problem is
distinguishing of weak and strict form of the preference relation; an example of
the problem is a set of x realizations of v random variables with different ex-
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pected values. If x =v then strict form of the relation exist, in a case x>V -
weak form.

The idea of a test for distinguishing strict and weak form of the preference
relation, proposed in this point, is close to those applied to equivalence and
tolerance relations in the case of binary comparisons.

The test statistics is a function of inconsistencies (differences) between

comparisons g,,k)(x,,x,) and estimates 7" (xi,x;). 79 (xisx;) OF

157" (xi>x;) s 157 (xi-x,) expressing - respectively - weak and strict form of the

relatlon, resulting from one of the estimators defined. Strict form is obtained on
the basis of the task (21) or (22), with the feasible set satisfying the condition
n=m. Weak form is obtained on the basis of the task with the feasible set satis-
fying the condition n<m—1. The differences are determined for the set

1,=4<i) > | 87 (anx ) # 77 (xinxj)} or
1,=4{<ij> | £ Genx) # 757 (xiox))} - The test statistics $, correspond-
ing to the estimates 73" (x;,x ), assumes the form:

§=tis X Zn(sﬁ,?) (36)

i J>ef, k=1
where:
Sfj/? _|f§;pw)()€ia Xj) —gﬁ,i)(xi, xj)l —lfips)(xi, Xj) —gﬁ,i)(xi, Xj)l
(I<Sk<N; <i,j>€j]), 37)
and:
y -index indicating actual relation type — weak w or strict s,

#(],) — number of elements of the set 7,

n( 517 ) - the function defined as follows:
~1if Sf,i) <
Lif § >0

The properties of the statistics g

()
n(Si) =
37 depend on actual relation type in the set
X. In the case of weak form of the relation z,*", ..., ;(*(p ") and errorless result
of estimation, ie. ", .., A(p W= P ;(:;(” " the equalities

7P (xiox )= 7% (x;, x;) (<i,j>e jw) hold; the probability of such event is
denoted P(y A(pw), " )((p W= =y e ;(:ipw)l R”"). In the case of strict form
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of relation ;(*(‘”),..., ;(*(PS) and errorless result of estimation, i.e.

~(ps) ~(ps) *(ps) *(p 9)
X0 e Xp X e Xy, the

(<i,j>ej,) hold; the probability of such event is denoted

equalities 7" (x;.x,) =T (x;»x))

= (ps) (ps) — ,*(ps) *(ps)
PN 3 =00 2,

assume values from the set {— 1, 1} . It can be shown, in the same way as in Klu-

kowski 2006, that in the case of weak form of relation, the expected value and
A7)

R?). The variables 77(5/)) (<i,j>€},)

variance of the variables Sik satisfy the inequalities:

E(§5)) <-1+20, (38)
Var(§,,) <45(1-05). (39)
The expected value and the variance of the variable S(”) fulfill the relation-
ships:
EGY) <-1+25, (40)
Var(§y") < § (1=2L(} ) (#(] )51 5). (41)
where:

L( jp) -number of non-correlated  comparisons g;,i)(x,',x ;) and

g oo xs) (r 4, jis %0 Js i, j,rS €1,).

In the case of strict relation and errorless estimation result, the variance of
the variable satisfy the inequality (41), while expected value E( S(é)) satisfies
the condition:

EGY) >1-265. (42)

The inequalities (38) — (42) and the Chebyshev’s inequality (28) indicate

the form of tests for both forms of the relation. The null and alternative hypo-
theses for weak preference relation, versus strict relation, assumes the form:

Huo E(S)<-1+26, (43)
Hy EGY)>1-285, (44)
with a cr1t1ca1 region:

AV =18y | §V'>20-1+ 4o s}, (45)
where.

A - the parameter obtained on the basis of Chebyshev inequality (28) (see Klu-
kowski 2006),

os - square root of the expression +(1—-2L(7,,)/(#( ]W))2)5(1 -0).
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The hypotheses verifying strict relation, versus weak one, assumes the form:
Hoot E($y) 2261, (46)
Ho E(§)<-1+25, (47)
with a critical region:

AV=(8V | V' <1-26-Jos}- (48)

The evaluatlon of probability of the first type error of the test for weak pre-
ference relation assume the form (see Klukowski 2006):

1-(1- aw)P( A(pW)’ ., A(pW)_Z*(pW) --:Z::{)W)| R(pw))’
where: ¢, the probability resulting from the evaluation (28).

The evaluation of probability of the second type error of the test for weak
preference relation assume the form (see Klukowski 2006):

1=(=B )P s 2 = 7 | RO, (49)

where: £ the probability resulting from the evaluation (28).

The evaluations of probabilities of both errors require the probabilities of
errorless estimation results, because the relationships (38) — (42) are valid in the
case of errorless estimation result. The probabilities can be determined with the
use of simulation approach (see Klukowski — to appear). It is rational to verify
null hypothesis about relation form, which provides lower value of criterion
function.

The test based on medians instead of individual comparisons is similar to
the case N=1, with appropriate probabilities of comparison errors (see Klu-
kowski 2006).

4 Conclusions

The tests mentioned in the paper allow versatile verification of the assumptions
about: e comparison errors, ® existence of a relation in a set of elements, o rela-
tion type. In the case of negative result of verification it is possible to detect
errors or to reject an incorrect estimate. Especially, it possible to reject incorrect
estimates in the case of multiple solutions of the optimization tasks. Statistical
tools — tests and estimators — allow computerization of inference.

Some tests proposed for validation of an estimate are based on comparison
errors - resulting from estimates. Therefore, distributions of test statistics or
their parameters have to be corrected by probability of errorless estimate. The
probabilities can be determined with some precision only - on the basis of simu-
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lation approach. However, such tools provide progress in comparison with heu-
ristic approaches.

It should be emphasized that the hypotheses considered in the paper can be
verified with the use of many different tests - based on parametric or non-
parametric statistics. Therefore, estimates which satisfy all tests used have to be
considered as trustworthy and.
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