Archives of Mechanics ® Archi Mechaniki Stosowanej ® 24, 5-6, pp. 769-776, Warszawa 1972

Yield conditions in plasticity
B.R. SETH (RANCHI, INDIA)

No saTisFAcTORY form seems to exist for the yield condition in aelotropic bodies. It is proposed
that at yield the mapping of the macro-element becomes singular giving rise to a yield condition
in terms of invariants of the strain tensor, J;, J2, J3 in the form 8J;—4J,+2J;—1 — 0. This is
transformed into the invariants of the stress tensor and it is shown that in a large number of
mkme yicf condition reduces to a generalized form of Tresca yield condition given by
Ti1—KoTaz = K;.

Wydaje s;g, ze brak jest zadowalajacych warunk6w plastycznoscei dla cial anizotropowych, Przyj-
muje sig, ze przy uplastycznieniu odwzorowanie makro-elementu staje si¢ osobliwe, co prowadzi
dowarunku plastycznosci, wyrazonego przez niezmienniki tensora odksztalcenia J;, J», J3 w posta-
ci 8J3—4J;+2J, —1 — 0. Po przeksztalceniu tego warunku do postaci zawierajgcej niezmienniki
tensora naprezenia okazuje si¢, ze w wielu przypadkach warunek plastycznosci sprowadza sie
do uogdlnionego warunku Treski 7y, —koTas = k;.

Karkercs, 4TO OTCYTCTBYIOT YAOBJIETBOPHTEIEHEIE YCIOBHA IUIACTHYHOCTH JUIA RHH30TPOIHLIX
ren. Ilpemmonaraercsa, WTO OpPH INIACTHYHOCTH OToOpayiKeHHE MAaKPO-3JIEMEHTa CTAHOBHTCH
ocoOeHHEBIM, YTO BEIET K YCIOBHIO ILTACTHYHOCTH BLIPKEHHOMY Yepe3 HHBADHAHTHI TEH30pa
npedopmarpm Jy, J2, J3 B Bune: 873 —4J,+2J,—1 — 0. Iocie npeofpasoBaHus 3T0TO YCIOBASA
K BHOY, KOTOPBI COACPYMT MHBAPHAHTH] TCH30PA HANPAKCHHA OKAa3bIBACTCA, YTO B MHOTHX
CIYYAaAX YCJIOBHE IUIACTHYHOCTH CBOJMTCA K 06006mesHoMY yenoBrio Tpecka: Ty, —koTas = kj.

1. Introduction

IT 15 customary to treat the plastic state independent of the elastic one from which it ema-
nates. An immediate consequence is that some yield condition such, as that of von Mises or
Tresca, has to be introduced. Such a procedure has given a number of useful results. But
this has involved a semi-empirical hypothesis which may or may not exist [1]. Also, it
does not show that the plastic state is only an ideal state, which should be obtained as
a limiting case from an elastic-plastic solution. If the elastic space is denoted by A4, the
plastic by B, the elastic-plastic by T, then T is an asymptotic sub-space of 4 and B. The
fully plastic state is the limit of 7" when the response coefficient, called the Poisson’s
ratio, approaches the value 1/2.

In an isotropic medium, the von Mises or Tresca yield conditions have been widely
used. For aelotropic bodies the corresponding hypothesis is not available. R. HiLL sug-
gests for orthotropic materials the yield condition [2]:

(1.1)  Cy1(722—733)* + Ca(733— T11)* + C33(711 — 722)°
+2C44733+2Cs5134+ Cee7i2 = 1,

where C’s are parameters characteristic of the current state of aelotropy, and the principal
axes of aelotropy are the axes of reference. He disregards the Bauchinger effect, and as-
sumes that (1.1) should reduce to von Mises form when the aelotropy is negligible small.
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This is not a function of the invariants either of the stress-tensor or of the response-coeffi-
cients tensor.

For the general aelotropic condition of 21 response coefficients, no yiedl condition seems
to have been suggested by any author.

Thus arises the need of a new scientific approach to the yield conditions. In any new
formulation it has to be borne in mind, as R. HiLL has pointed out, that constitutive ine-
qualities, such as the yield condition, depend upon the strain measure used [3]. Moreover,
its invariance (i) under arbitrary orthogonal coordinate transformations and (ii) under
group symmetry operations of the crystal must be preserved.

If a start is made with the stress tensor field, we soon run into a number of difficulties
without getting any satisfactory results. The foundations of plasticity, therefore, should
be based on the geometry of the field. As spin or rotation effects become prominent in
all interaction fields, the second degree terms in the strain tensor, which represent the ro-
tation effects, and which are disregarded in the classic linear theory, should not now be
neglected. Moreover, for plastic flow problems the current state is important and hence
a deformed framework should be employed.

2. The yield condition

Since yield is an asymptotic phenomenon, it imposes a constraint on the invariants
of the field tensor. The change from elastic to plastic deformation can be interpreted as
a mapping of one space into another. If the elastic strain field is e;;, whose invariants are
Jy, J3, J3, then the asymptotic behaviour may be represented by the existence of a function-
al relation of the type

f(‘-'rl’ s, JS) = 0:

in which J’s are independent of one another in the normal part of the field. This does not
fix the nature of the function f for which we can invoke the additional geometric condition
that yielding can result from infinite contraction or expansion of a macro-element. This
shows that the transformation matrix should become singular. We use this concept to
arrive at the yield condition in the strain tensor field.

If 4" is the deformation vector and X" the deformed coordinates, the modulus of trans-
formation is given by

d(x—u, y—v,z—w)
a(x, y, 2)

2.1)

Expanding and squaring it, we find that its vanishing gives the condition:
2.2) 8J,—4J,+2J, — 1,

where J's are the invariants of the Almansi strain tensor, which in the Cartesian system
is given by:

2.3) 2e;; = Uy j+Uji—Unila,j.
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The values of J’s are

1

_ ik i
“'2—,5.519&9:,

Jy = —1!1—‘5}8‘:; J>
24) ’

Is = 5y dinehelel.
Referred to principal axes, the relation (2.2) reduces to
(2.5) (1—2e41)(1 —2e3,)(1 —e33) = 0.
For generalized measure, this takes the form [1]:
(2.6) (1—ney )(1—ne;;)(1 —nez3) = 0.
This shows that at yielding

1
2.7 €115 €22, €33 —“(?)

These conditions hold good for any medium — homogeneous, heterogeneous, isotropic
or aelotropic. Thus they can be made the starting point to obtain the yield condition in
terms of the stress invariants, I’s. This is not always easy. Firstly, some constitutive equa-
tion has to be assumed and then except, in the isotropic case, I's cannot be expressed in
terms of J’s. Thus, though (2.2) is linear in J’s it is found that, even for the isotropic case,
the condition in terms of I’s is cubic. For the aelotropic case, it is found to be of the sixth
degree in I's. All these conditions include the classical yield conditions as particular cases.

2.1. Isotropic body

Assuming a linear stress-strain tensor relation, which is found to be adequate for our
purpose, we have
(28) ey = E“[(1+a)r,-;—o'6,-jr¢,],

where E is Young’s modulus and ¢ the Poisson’s ratio. In the transition region they change
and become the response coefficients. In fact o — 1/2 as the fully plastic state is reached.
From (2.8) we readily obtain the following relations:

EJ, = (1-20)1,,
2.9) E2J, = [(1+0)2,— 02— ) I3],
E%J; = [(14 0¥ —a(1 +0)*1, I, + ¢*I3].

Substituting these values in (2.2) and making use of the relation

(2.10) I} = 2I}-61,,
the transition condition for elastic-plastic deformation is found to be
(2.11) (A-20)E-'I, +-§~E-3[-%-(1 +0)2-(1 *Za)If]

+4E'3|:(l+cr)’l3+%o(l+a)zhfé—%ﬂ(1' a+ﬂ’l?)] .

to| =

8 Arch. Mech. Stos. nr 5—6/72
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In (2.11), the elastic effect is present through E and ¢. For the fully plastic state, o — 1/2
and we obtain:

(2.12) 35 +2[2713 +%12‘ fl—lf] =2,

where the invariants I’s have been made non-dimensional with respect to E. E can now
be expressed in terms of the yield stress in tension. Putting 7,,, 733 = 0 in (2.12), we
obtain:

(2.13) 3(v11/[EY +2(74 JE)? = 1,
which gives
(2.149) Tig = —;—E or —E.
If Y is the yield stress in tension, then
1
Y = —Z-E.

From (2.14) we note the Bauschinger effect — the yield stress in compression is different
from that in tension and is twice the value of the latter.
In terms of the principal stresses, (2.12) can be put in the following convenient forms:

(2.15) 3+2087y,— 1) (313, - 1) 3133—1) = 2,

2
2.16) D (@ +6rhithtls = 5,

where 7},, ... etc. is the deviatoric stress in a non-dimensional form.
In a large number of classical problems of torsion, flexure, plane stress and plane strain,
I vanishes identically and from (2.12) we obtain the yield condition in the form [4]:

2.17) 3 =201 +13), I, # —1.

This should be used for such cases as that of combined loads in the form of tension, tor-
sion, flexure. From the classical point of view, it will be interpreted as showing work-harden-
ing due to the presence of the terms /7, and /7 on the right-hand side. Stassi [5] also uses
a similar condition.

For the particular cases of the Haar-Karman [6] hypothesis and the principal line theory

[7], where 733 = 75, and 733 = -;—(t”+-ru), respectively, we see that (2.15) and (2.16)
reduce to the Tresca form. For plane stress, we readily obtain [8]:

(2.18) '511—“12—'522 =Y, 711-21,=-2Y,

for tension and compression respectively. Thus we see that the condition (2.12) contains
all the classical conditions. It also shows that elastic failure depends on the type of deform-
ation and can occur in any of the following cases when:

(i) the elastic energy of deformation reaches a critical value,
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(ii) the principal strain becomes a maximum,
(iii) the principal stress becomes a maximum,
(iv) the principal stress difference becomes a maximum.

3. Aelotropic body

In this case, the linear stress-strain tensor relation is
@3.1) de;y = Clftw, 4 =|Cyl,
C;; being elastic response coefficients.

If the strain energy function exists, the 36 response coefficients reduce to 21 as
(3.2) Cif = C}.
Now the principal axes of strain and stress are not parallel except in the orthotropic case.
We take the axes of principal strains as the coordinate axes, of which at least one set exists.
As indicated in (2.7), at the elastic-plastic transition we can take e,, — 5 Thus we obtain

the four linear equations in 7 as

1
-i_A = Cﬁf;‘k, 0= C?éfﬁk

(3.2)
0= Cg%ﬁ,k, 0= C’l'%'tu.

We also have the first stress-invariant given by
(3.3) Iy = 731+ 73,4+ Tas.

Equations (3.2) and (3.3) are linear in the six components of 7;;. We can determine
five of them in terms of the sixth, (say 7,,) and I; and C’s. We substitute their values in
the remaining two invariants:

(3.4) I = v, [y =t} + T32Ta3— 133 — 73, — 712,
(3.5) I = vy L—v§ I+ 13, +2713723T31 + 732(Ty1 — T33) + 734 (71— 722).

Thus we arrive at the following two equations in 7,,:
(3.6) I, = ay 73+ 0,7, +as,
(3.7 Iy = Bi13:i 4+ 82731 + 83711 +Bas
where o’s and f’s are functions of /,, I, and C’s. 7,, can easily be eliminated between
(3.6) and (3.7).

Thus we obtain the transition invariant relation:
(.8)  [(as— D) (asfs—asfy + By ) — o a,(Ba—1s)]x

x [ota (g Bo— 002 1) — oty (ety B3 — 25 Br+ B )] = [ai(Bi—I3)— (a3 — L) (ot Bz — 22 B1)].

This is of the sixth degree in I's. By imposing on the response coefficients C’s a suitable
condition, we can get the plasticity condition. This may be illustrated by taking the

simpler case of the orthotropic body in which the principal axes of stress and strain are
parallel.

8
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4. Orthotropic body

Referred to the principal axes, the relation (3.1) becomes
4.1 deyy = Clrw, CiF=0, h#k.
There are now three Young’s moduli and six Poisson’s ratios [9]. For example, for tension
across the plane 1, the corresponding values are [9]:
“4.2) E, =4|Cii, o0, = —Cii/Cil, 013 =—Cii/Cii.
It may be noted that

o = —C1/C33,

which is not equal to ;.

The general value of the modulus of compression, k, is

4.3) _llc_ = _EIT(I —012—0'13)+-E!;-(I—031 —023)+751:(1 —03;—033).
For the isotropic case
4.4) L 20220
Since E’s are independent of each other, 1/k will vanish only if simultaneously we have:
(4.5) oitox =1 i#]J i#k.
These are the plasticity conditions corresponding to o —r—;- of the isotropic case. For the
transition condition (3.8), we notice that now
L =13, —1 L +1,,1;,
so that
(4.6) pi=1 Bo=-I, PBs=1, B,=0.

Substituting these values, we see that (3.8) reduces to
4.7 (o lz+(as—DL)(ay L+ L —a3)][oy (0 L+ 1 — a3)
+ oy (e Iy + o)+ [(aa— 1) (o Iy + a3) —ai ) = 0,
where «’s are given by
oy +1 = D*(1+0,,)(1+0:3),

1
oy = -Dz[551(2‘?012+°’;3)+I1(012+0'13+0'%2+011'2)],
1
[4.8) oy ly+oy = Dz[EEz(2+0'12+013)+11(1“0'12“13)];

1
oy = — IDZ(E], +612!1)(E1 +613[1) ¥

1/D? = (0,,=0,3)* = (012+033)* —40,,0,3.

These contain only 7;, the Young’s modulus and the Poisson’s ratios.
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In the particular case when I3 = 0, the relation (4.7) reduces to
(4.9) .lrg = 03,
(4.10)  [(xy+ D) —aalogLo(on + 1) —ayoaa+ oy (ot Iy + 00)] + (as = 1) (o Iy +03)> = 0.

The relation (4.9) is of the von Mises type. Also (4.10) is now of the fourth order in I's.
The response coefficients may be expressed in terms of the yield stress in tension and
compression. Putting 7,,, 733 = 0 in (4.7), we obtain:

1
1-'11=551=Y,
1 1 E
(4.11) Ti1 = ——2-0—1‘2 = —5' 0'221 =Yy,
S 1 E, _ 1. E, _
e 20’13__ 20'3;_ z-

Thus all «’s in (4.8) can be expressed in term of Y, ¥, and Y,. For the fully plastic case
when ¢,,+0,3 = 1, we obtain:

1 i 1 4 l
Y 'Yy Y,
The following particular cases may be noted:
a) 7,, = 733. Now we have for tension
3

EEI-II(I ~01,—013)

(4.12) =0,

Ty —Taz =
. 2+O’12+Ul3

which reduces to the Tresca’s form
11— T3z = ¥,

when oy,+0,3 = 1.
For compression, we have:

(4-13) T11— T3z = Yl or Yz.

b) Plane stress. Now we can put 73, = 0, i = 1, 2, 3. The corresponding yield condi-
tions for tension and compression are found to be

Ti1 T22 1

y vy, =
and

Ti1 , Taz _
(4.19) 71""?2 = 1.

c) Plane strain. Now e;3 = 0, we have:

9
(4.15) I, = 2(711—722)2 = TEi(I-'-UiZ'i_G%J)s G2+ 013 = 1.
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But
031(T33—711) = 032(722—T33).
Thus we have the reduced form:
Y

4.16 Ty = T2 = 74— ————-
(4.16) i ¥22 ———

d) When z,, = %(‘5114-1.'33), we again obtain a result similar to that in (a).

In all these cases, we see that the orthotropic yield conditions are of the Tresca type.
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