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Application of energy methods in creep mechanics
F. K. G. ODQVIST (STOCKHOLM)

THE vALIDITY of several energy theorems well known in theory of plasticity is extended to creep
mechanics for the case of general relationships between stress and strain rate tensors, restriction
being made to incompressible, small motions and isotropic behaviour only, The influence of
the third invariant of stress tensor is neglected,

Stusznoéé kilku twierdzen energetycznych, dobrze znanych w teorii plastycznosci, zostaly roz-
szerzone na mechanike pelzania dla przypadku ogdlnej zaleznosci pomigdzy tensorami napre-
zepia i predkosci odksztalcenia. Ograniczono sie do materiatu nieéci§liwego, malych ruchow
i izotropowego zachowania si¢ materiatu. Wplyw trzeciego niezmiennika tensora napre¢Zenia
zostal pominiety.

Hna cmyyas obiuelt 3aBUCAMOCTH MEXK/IY TEH30paMy HaOpsKEHHA M cKopocTeit nedopmupo-
BaHWsA, OMUCHIBAIOUIEH MEXaHHKY NON3YHECTH, OKA3AHA CIIPABE/LTHBOCT HECKOJILKUX 3Hepre-
THYECKHX TEOPEM, XOpPOLIO M3BECTHbIX B TEODHH IUIACTHYHOCTH. MccnemoBaHbl Ciiydau He-
CKHMaEMOCTH, MAJBIX NepeMelleHHii H H30TPOIHOrO NOBEJEeHHsA MarepHanoB. Ilpu artom
npeneGperaeTca BIMAHMEM TPETHErO HHBAPHAHTA TEH30DA HANDFIKEHHIE HA MEXaHHUECKOE IO~
Be/leHHe B OpoLecce IOJI3Y9ecTH.

In THEIR work “Recent Trends in the Development of the Theory of Plasticity” (Perga-
mon Press, 1963), which covers what is generally known as time-independent plasticity,
W. OLszAk, Z. MROzZ and P. PERZYNA, on p. 184 point out that problems of Rheology
(which they simply define as “investigations of time-dependent phenomena of inelastic
behaviour of bodies”) would hardly admit of a coherent presentation from a unified stand-
point. This may well be so. The following lines are meant to show that in certain fields
of Rheology, the methods of plasticity theory could be applied with advantage and, in
fact have been so applied for a long time. This statement refers to energy methods, appli-
cable particularly in Creep Mechanics of structural metals, where time-dependent plasticity
is associated with strongly nonlinear relationship between the tensors of stress and strain
rate. Lack of analytic methods for the treatment of special problems here particularly calls
for approximate methods.

If we exclude forerunners like A. HAAR and TH. v. KARMAN, the first attempt to apply
energy methods in Plasticity is due to W. PRAGER and P. G. HopGE (1948). In Creep Me-
chanics Sovjet-Russian scientists started an early attack, see for instance L. M. KACHANOY
(1949). This writer utilized what has subsequently become known as the elastic analogue,
see N. J. Horr (1953), deriving extremum theorems for the potential U and the comple-
mentary potential U, cf. also F. K. G. OpQvisT (1966). These theorems will now be extend-
ed to general relationships between stress and strain rate tensors, restriction being made
to incompressible, small motions and isotropic behaviour only. The influence of stress
invariants of higher order than the second one will be neglected.
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We introduce Cartesian tensors of stress o;; and strain ¢;;, using summation convention
for the subscripts i, j, k only. Then,

(0] 0; = 75.';3;,;, &= ‘3—8:;6‘:;

are second-order invariants of the stress and strain tensors, where
d;

@) Sy = 0’:1——3—1011::

is the stress deviator and d;; is Kronecker’s symbol. Obviously, we have
3) s =0.
We shall utilize the elastic analogue, implying that the strain rate ; may, during the

analysis, be replaced by the strain &;;, this being permitted if secondary creep under time-
independent forces only is considered. If u; is the displacement vector, the strain will be

1 (0w oy
4 =2 [, gar)
@ =3 (axJ T 6x;)

The analysis being completed, we may again replace ¢; by ;. In the following we will
assume both ¢; and &;; to be small. Incompressibility implies

(5) &k = 0.

As constitutive relation we may assume o, to be given as a function of ¢,, see Fig. 1.
Together with the assumption that ¢;; be orthogonal to the surfaces o, = constant in stress

cel

=l

———

Ee

Fia. 1. Constitutive relationship between o, and &,.

space, assumed to be convex. Then, we obtain for the increment of elastic work per unit
volume, remembering (2)

(6) dw = U,dse = Uudsu = Sudﬁu
and, similarly, for the complementary work W
(7) dW = Sgdﬂ'g == EudSq = ngdau.

Of the functional relationships W(e,) and W(a,), we shall require that they are continuous
with their derivatives to the second order and that

®) W) =0, W(©0) =0,



APPLICATION OF ENERGY METHODS IN CREEP MECHANICS 751

a*w d*w
© & "

e

> 0.

From (6) and (7) follows the relation
(10) WA W = 0.8, = 5,85

We shall now consider the following boundary value problem (B. P.) of mixed type.
Given a domain V in space, bounded by the surface § with the outer normal n;, we shall
try to find the state of deformation u;, &; in the case when the body within ¥ is subject

to volume forces X; and surface forces o;; n; = T; over part Sy of the surface S, whereas
u; be given over the rest S, = S— Sy of S. Thus the boundary conditions are
(11) oijny = T; given on Sy
(12) u; given on S,
where T; is supposed vanish.

The equilibrium conditions read
(13) —8—01+X1 = 0 within V.

0x;

Equations (4), (5), (13) and the relationship o, = o.(¢.) enable us to obtain a system of
four independent equations for the four unknown functions #; and oy, so the number
of equations is sufficient. The constitutive relations being in general nonlinear, analytic
methods usually will not be available for the treatment of special problems. In their stead,
we shall utilize the extremum properties of U and U.

The potential U and complementary potential U are defined

(14) U= [[We)-Xiu)dv— [ Tuas,
v Sp

(15) U= [W(o)dv—- [ T,uds.
V Sy

As written down in (14) and (15), for the true solution u;, &;, 0;; of the problem B.P., the
quantities U and U are, of course, scalars. If u;, etc. are replaced by other functions, U
and U become functionals.

If we allow the solution % of B.P. to be varied in such a way (admissible state of deform-
ation) that the varied displacement u;+ du; = uf¥ obeys the same boundary conditions
on the surface S, as u;, whereas the prescribed external forces, i.e., the volume force X;
in V and the surface tractions T; on St remain unvaried, we may prove that U is a true
minimum for u} = u;. Here and later, we may use Gauss-Green’s theorem in the form

(16) OF 3 - anjds,
vy 0x; 5

where F is a function, continuous with dF/dx; in V'+S.
In fact, let us form

oU = f( gW (SEU_XHBHi)dV“fTia”idS‘
Eij
5 S o
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Here we have

Utilizing (6), we obtain

LA ! do,
(17 g, deu = oylay= 7[ (o1 0) o o1y ) = B g - fa—;f]

Remembering that g;; = o;;, we obtain, utilizing (16),

oU = —f(aaau+X;)6u;dV+f(aunJ T)ﬁu;dS-!—fa;,n_,éu;dS
14

Here, the three integrands all vanish, due to (13), (11) and (12), respectively, and the

result is

(18) oU = 0.
Further, we have, due to (9),

(19) 82U = d W (6.«:,)2dV > 0.

Thus, as a consequence of (18) and (19), we have prooved

THEOREM 1. The potential U has a true minimum for the solution of problem B.P. if the
state of strain is varied within the field of admissible states of deformation.

Further, we may vary the state of stress o;; in such a way that the varied stress system
6y = oi;+ d0y; fulfils the differential Egs. (13) and the boundary conditions (11) (admissible
state of stress) and form, utilizing (7) and (2),

0U = [eyé0,dV— [ 6T,u,dS.
v S,

After a similar partial integration as in (17), we obtain, using (16) and observing that
60’; j = 60’”

6[7: s f a;:i} ul_dV_i_f(nj&gij—6Ti)uids+fﬂjaﬂ'uu;ds.
i 5, 5

Here, the integrands will vanish due to (13), (12) and (11) respectively, and we obtain
U = 0. Further, we have
1 [ d*W

277 — 2
“""2 -3 (do,)2dV > 0,

due to (9), and thus we have proved B
THEOREM 2. The complementary potential U has a true minimum for the solution of
problem B.P., if the state of stress be varied within the field of admissible states of stress.
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The Theorems 1 and 2 were first proved by KACHANOV (1949) in the case of a special,
time-hardening body and by Opqvist (1966) for the special case

ntl
=M% aupm Wy % _[%
(20) Wied) = -—5ei*'  W(e)=—5 (G) ;
where n and o, are material constants. Remembering (6), (7) and (10), we then also have
T, ) n = 1
(21) Be—(a—c) 5 W—ma,s,, W-—-—;;—l—u,e,.

The present proof allows the Theorems 1 and 2 to be extended to more general consti-
tutive equations, holding true over much larger intervals of strain ¢,, for example to those
published by Obqvist (1970), see Fig. 2.
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FiG. 2. Constitutive relationship for Mg alloy ZRE1 260°C (Soderquist, Storakers) containing 0.6 per
cent Zr and 2.95 per cent rare earths.

as
4

If we add the two Egs. (14) and (15), we obtain, using (10),
U+U = [(oije—Xou)aV— [ Touds.
4 $

Introducing (4) and repeating a transformation like the one in (17) in combination with
(16), we get, using (11), (12) and (13),

(22) U+U = —f(%+x;) u,-dV+f(mjnj—T,)u;dS= 0.
4 s

This relation in combination with the Theorems 1 and 2 may be used to give upper and
lower bounds for U and U. If we form U with any admissible state of strain uf¥, &}, it
may be denoted \&:jlh U*. Similarly, U formed with any admissible state of stress g;;, may

be denoted with U. Then, we have

pl b

(23) U*> U, > U,

hence also

I
Qb
A

I
<l

-U*< -U,
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and then, from (22),

24) Ux>U>-U, U>U> -
Also, adding the inequalities (23), we have

(25) U*+U>0,
equality being reserved for the case, when uf = %; and &,-)- = 0yj.
If we now introduce Drucker’s postulate (1951) in the form

&y
(26) [ (ol—dipde; > o,

ey
where o};, &; and o}}, &;; are any two states of stress and the corresponding strains accord-
ing to (6) and Fig. 1, we may carry out the integration in (26) while keeping o7}, &;; con-
stant. Thus we obtain

W(eiy)— Wi(ei)) —oij(ei—&ij) > 0

Remembering (10), this finally yields
27 W(el)+ Wi} > oijel,
an inequality, derived by J. B. MARTIN (1964), and used by him to estimate, in the case
of constitutive relations of the type of (20), an upper bound for the displacement & in an
arbitrary point Q of the body, MARTIN (1966). MARTIN assumes &j; to be an admissible
state of strain. Neglecting volume forces, he assumes o}; to be a state of stress in internal
and external equilibrium with the given surface tractions 7;’. Integrating (27) over the
volume ¥, he obtains

@8) i o
With a transformation like the one in (17), utilizing (16), he finds

I g I
o [

The surface traction T} are used to eliminate the unknown displacements u; corresponding
to &;; except the displacement 4. Adding a force P in the point Q and in the direction in
which 4 is required, from (28) he finally obtains

oijedV > fcruaudV

T.) u; dS.

(29) TJIFT f ojjel;dV > PS.
V

The upper bound for & thus contains but the state of stress o};, which may be guessed in
advance with the only requirement to be in internal and external equilibrium with the
tractions nT;/n+ 1, to which we have to add the force P, so that P occurs implicitely also
on the left side of (29). The upper bound for § may then be optimized with respect to P.

Inequalities of the type of (29) have been generalized to simultaneously elastic and
creeping materials, i.e., to problems of relaxation and redistribution of stress. Further,
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also to strain-hardening creeping materials and to bodies creeping in the time-independent
plastic range, see F. A. LEckiE and J. B. MARTIN (1967), A. R. S. PoNTER (1969), F. A. LE-
ckie and A. R. S. PonTER (1970).

Thus, for example, these writers have treated the problem of simultaneous creep rate
©;; and time-independent plastic strain rate p;;, where the dots indicate differentiation with
respect to the time, as before. The yield surface may be f{(o;;) = 0, assumed to be convex,
ie.,

(30) (o4, —0ibiy; > 0,

where oy; is on the yield surface in a point where p;; is normal to this surface and of; is
any state of stress within or on the yield surface. Neglecting elastic strain, the total strain
rate is &; = 0;;+ pi;, assumed to be derived from the velocity i according to (4), differen-
tiated with respect to the time. Utilizing the inequality (28), LECKIE and PoNTER (1970)
have proved that estimates of the type of (29) may still be used if of; in (30) be put

n+1
65 = ——— g} ;
i n ij

that is, if the stress o;; be within the surface
n+l ,\
f( n al'j) — 0’

see Fig. 3. This result must be valued highly, as it gives the computer a possibility to esti-
mate creep deformations in particularly interesting stress regions, which have been inac-
cessible so far.

P oy)-0

F (Gg‘;)‘ﬂ
FiG, 3. Yield surface.

In further papers, independent of the assumption of the elastic analogue, A. R. S. PoN-
TER has also treated more complicated loading cases, including problems of shakedown
in the presence of creep, to establish deformation bounds for bodies approaching rupture,
see A. R. S. PonTER (1971) and also F. A. LeckiE and A. R. S. PoNTER (1971).

In order to demonstrate the use of the inequality (29), MARTIN treats the simple problem
of a cantilever beam loaded uniformly with p per unit of length according to Fig. 5.

7 Arch, Mech. Stos. nr 5—6/72
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In this case, an exact solution is available for comparison. For the deflection w, positive
upwards as in Fig. 4, we have

d*w
@ o = —hM,
p
-
[
© X w YYYIVYIYY y
i l _| pl L
e =
Fi6. 4. Coordinate system. FIG. 5. Cantilever beam uniformly loaded.

where u is a constant, and the minus sign corresponds to M > 0 for a beam bent concave
from below. For simplicity, n is assumed to be an odd integer > 1.

m=atE, I = fz””"dA.
Further, we have

Y
M==
and hence
d*w 4
= '*‘({;‘) x
_n_
n+1 P
L A Q
n
P+,,T;Pf < ! -

FiG. 6. J. B, Martin’s auxiliary loading system,

to be integrated with the conditions w(0) = 0, w(l) = 6, (dw/dx)r.; = 0, yielding

n
_ _P_ !2u+2
L ‘“(2) Mm+2

For the dimensionless deflection 4, we obtain

_ii"LGFz_ 1
(32) A-»ﬂ(p)l - e,

The equilibrium system considered by MARTIN is seen in Fig. 6. In this case, we have

" — pn 2
M “—____Z(n+l) x%+Px.
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Application of (29) yields

1

G3) T

!
fy(M")"“dx = Po.
0

Martin has maximized  from (33) as a function of the parameter 2P/pl, see the table below,
For comparison, we may utilize Theorem 1 and compute

1
o L —t!nldzw‘ﬁm ) -
34 U—af( ers ol o (& | +pw|dx—pld.

Here, we may use a form for w, capable of satisfying the boundary conditions, say

d*w dw C

= Cx™ il W +1__fm+1
dx? & dx m+l(f'I ™9
e [ ey = i
33) ”*?;ﬁ(m" ) = T

where the two constants C and m are free for minimizing U. Inserting in (34), we obtain

_ B Uiy PITHC
Ui maEiEl +3mEy)
Putting dU/dC = 0, we obtain for the dimensionless deflection
1 Im(+1/m)+1

Minimizing U with respect to m means maximizing 4. This has been carried out, and the
result is seen in the table below. Obviously, m = 2n renders 4 maximum and corresponds
to the exact solution (32).

MARTIN (1966) Theorem 1 Exact. Eq. (32, 36)
n Ay 2P/pl 41 m y. |
1 0.254 0,387 0.2500 2 0.2500
3 0.126 0.25 0.1250 6 0.1250
5 0.083 0.15 0.0833 10 0,0833

MARTIN produced this simple example just to show how the inequality (29) is to be used.
It is possible that more interesting applications could be found. For the time being, I find
the Theorem 1 as powerful as (29). Moreover, Theorem 1 yields the deflection in all points
of the beam, whereas (29) gives it in one point only. In fact, Martin’s method is more
related to Theorem 2, which would need introduction of an auxiliary force P in the way
done by MARTIN and is well-known in structural mechanics as Castigliano’s method.

Still I think that the work initiated by J. B. MARTIN is well justified. Particularly, the
further development, due mainly to F. A. LeckiE and A. R. S. PONTER, must be highly
appreciated.

T
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