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Basic concepts of the mechanics of discretized bodies with an intro-
duction to discrete element calculus

CZ. WOZNIAK (WARSZAWA)

By A pIsCRETIZED body we mean an approximate model of a continuous body, obtained by the
process of discretization. The aim of this note is to present a general approach to the mechanics
of discretized bodies in terms of the laws of motion (which have the same form for each discre-
tized body) and the constitutive equations. The characteristic feature of the mechanics formu-
lated for discretized bodies is the simple form of the basic equations and their formal resemblance
to the known equations of the mechanics of continuous media. The equations obtained form
also the theoretical basis of the known finite element method [7].

Cialem dyskretyzowanym nazywamy przyblizony model oérodka ciaglego, otrzymany w pro-
cesie dyskretyzacji. W pracy przedstawiono ogdlne podejécie do mechaniki ciat dyskretyzo-
wanych za pomoca réwnan ruchu (takich samych dla kazdego ciala dyskretyzowanego) oraz
réownan konstytutywnych. Cecha szczegdlna tych réwnan jest ich prosta budowa oraz formalne
podobienstwo do znanych rownan mechaniki o$rodkéw ciagltych. Otrzymane rOwnania tworza
jednoczesnie teoretyczna podbudowe dla znanej metody elementéw skoficzonych [7].

JACKpeTH3yeMbIM TENIOM Ha3blBaeM NPHODKEHHYIO MOAE/b CIUIOLIHOK CPEAbl, MOMydYacMylo
B pesyJIbTaTe mpollecca AMCKpeTHsalmu. B pabore manomen obiumit moaxon K mpoGiemam me-
XaHHKH OHCKPETH3YEMBIX TE€N, OCHOBAHHBLIN HA YPABHEHHAX [BIMKEHUA (OJHMHAKOBBIX IJIA
BCEX IMCKPETH3YeMBIX TeI) W Ha ONpefelsioliuX ypaBHeHHAX. OT/IHUMTEIBHON UepToi aTHX
YPaBHeHuil ABJIAETCA MPOCTOE CTPOeHHE M GopMaNEHOE NOMOOHE ¢ M3BECTHBIMM YPaBHEHMAMH
MEXaHWKH CIUIOIIHOM cpenbl. BhiBeeHHEBIe ypaBHeHHs 00pasyioT OJHOBPEMEHHO TEOPeTH-
4ecKHif §asHC H3BECTHOrO METOAa KOHEUHBIX 3JIEMEHTOB [7].

1. Discretized bodies

To oBTAIN a discretized body from a given continuous body we have to separate the
continuous body by imaginary surfaces into a finite or a countable set of disjointed ele-
ments. Such elements are said to be the finite elements. We assume that the motion of an
arbitrary finite element can be described, with sufficient accuracy, by the motion of the
finite set of material elements not belonging to any finite elements and having only a finite
number of degrees of freedom. These material elements are said to be the particles of the
discretized body. Finite elements are assumed to be connected only by particles. For
a particle we can take a free point, a finite set of free points or a finite set of points subjected
to constraints. An arbitrary particle is denoted by d, and D is the set of all particles. More-
over, we assume that:

1. The mass distribution in the continuous body is approximated by concentrated
masses assigned only to the particles of the discretized body,

2. Each particle is a separate holonomic dynamic system with n degrees of freedom,
where # is constant for an arbitrary d € D.
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3. The generalized coordinates ¢°(d, 7), a = 1, 2, ..., n, of the particle de D (7 is
the time coordinate) are, for each d € D, the components of the vector in one n-th dimen-
sional vector space V™ which is said to be the configuration space(*).

We see that to each particle d € D we can assign the kinetic energy

L) T=T4d..)= %a,.(d, .)§d 1§ (d, 7) +a.(d, ...)§(d, ©) +a(d, ...),

where a,(d, ...), a.(d, ...), a(d, ...) are, for each d € D, the known functions of the time
coordinate 7 and generalized coordinates g°(d, t); in what follows, the indices a, b, ¢ involve
the sequence 1,2, ..., n.

The set of particles which determines the motion of the given finite element is said
to be the discrete element. Each discrete element will be denoted by E and the set of all
such elements by &, E € &. We see that £ is a covering of D, and particles interact only
in subsets E € 8.

From the point of view of geometry, the discretized body is a pair (D, &), where D
is a countable or finite set of particles d € D, and & is the given covering of D by the discrete
elements E € &, and where to each particle d is assigned the n-dimensional configuration
vector space V7. In the present paper, we restrict our considerations to the case in which
an arbitrary space V] is the same configuration space V™.

The discretization process given above is also used, in more special form, in the well
known finite element method [7]. Thus we conclude that the mechanics of discretized
bodies can also be used as the theoretical basis of the finite element method. At the same
time, the mechanics of discretized bodies yields many general theorems, analytical solu-
tions (in the case of elastic discretized bodies [4]) and deals with problems in which the
particles of the discretized body may have a very complicated structure. Moreover, we shall
prove that the form of the basic equations of discretized bodies is independent of the num-
ber of finite elements of the continuous body, and is similar to the form of the known
equations of the mechanics of continuous media. It is obvious that there are many discre-
tization processes which can be applied to the same continuous body, but this problem
is not considered in the mechanics of a discretized body, where we assume that such body
is given a priori.

Now, we shall present some very simple examples of discretized bodies. On Fig. la
is given the extensible rod (the continuous body), which can be approximated by a discre-
tized body given on Fig. 1b. The particles of this discretized body are concentrated masses
dy, d, ..., dg, the finite elements are weightless rod segments between particles d; and
dip1, i=1,2,...,K—1, and the discrete elements are the sets {d,, d,}, ..., {dxk_1, dx}-
If the particles are free material points, then n = 3, and if they are rigid bodies, then n = 6;
the positive integer » is said to be the number of local degrees of freedom of the discretized
body. Into the pair (D, &) we can introduce the allowable difference structure given on
Fig. Ic; the function f; : D; — D_; has the form di.q = fi(d) ,i = 1,2, ..., K—1, where
Dy = {d,,d,,...,dg_;}, Dy = {d;,ds, ...,dg} and m =1 (cf. Appendix). On Fig. 2a

(*) This assumption can be formulated in a weaker form; we can introduce a configuration space Vi
for each d € D and define the connexion in the bundle of spaces ¥4, d€ D [5], cf. Sec. 5.
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is given a rectangular plate which is divided into a set of finite elements. As the particles
of the discretized body we may take straight-line segments, normal to the middle plane
of the plate; if they are rigid we have n = 5. Any discrete element is a set of four particles
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dj—f df’ dl'd _,_.----gi!fo‘l
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dy=fidy, dy=Fy0y, dy=Fmd;

interconnected by the single finite element (for example particles 4, , d,, d5, d, on Fig. 2).
The allowable difference structure on (D, &) (on the discretized body) is given on Fig,
2b in the form of an oriented graph. The set of all “horizontal” vectors on Fig. 2b is
represented by the function f;: Dy — D_;, the set of all “veitical” vectors is represented
by the function fy;: Dy — D_y, and all other vectors are represented by the function
Jur: Dyp = D_yy (cf. Appendix). Another example of the pair (D, &) is given on Fig. 3a,

Fia. 3.

where D is a set of 11 points and & is a set of 5 discrete elements; each of them has 4
points. On Fig. 3b the allowable difference structure (cf. Appendix) is given in the form
of a graph, where m = 4 and the functions f1, fi;, /i1, fiv are represented by vectors denot-
ed by I, II, III, IV, respectively.
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2. Equations of motion

Let us denote by Q, = Q.(d, 7) the generalized force acting at the particle d, d € D.
Lagrange’s equations of the second kind have the known form:

a. d 0T aT

S &
In what follows we assume that the argument d, not given explicitly in the equation, is
defined in the set referred to on the right side of this equation. In order to write the equa-
tions of motion of the discretized body (i.e., the equations of motion of an arbitrary
particle of this body), we have to introduce an allowable difference structure on each
(Dy, &3),d e D, where &, is a set of all discrete elements which contain the particle d,
and D, is a set of particles which is covered by &, (cf. Appendix). Throughout this Section
we assume that the indices A, ... involve the sequence I, II, ..., m;, where my

(21) Q,=ra, Ta deD.

£ max (D, &5)—1. Let us denote by F,(d’, 7) the generalized force acting on the particle
d' € D, in the discrete element E; € &,, and by —T,*(d’, 7) the generalized force acting
on the particle f,d’ in the same discrete element E;,. (In Sec. 1 we have assumed that the
particles d € D interact only in subsets E € &); these denotations hold only when the
discrete element E, exists, and when d’ € D{. To define the symbols F,(d, 7), T4 (d, 1),
T A(f_4d, ©), for an arbitrary A = L1, ..., m;, we put F,(d, 7) £ o, T4 (d, ) Lo
when the discrete element E; does not exist (in thiscased ~ € BJD;‘) ; we also put T,(d, 7) a

= 0 when d ~ € D4, and TA(f_4d, ) £ 0 when d ~ € D74, All these denotations can
be introduced in an arbitrary allowable difference structure on (Dy, £4), d € D; in many
special cases, allowable difference structures on (D,, &,) can be induced by a single global
difference structure on (D, &) (cf. Appendix). Because at each d € D there acts also an
external force, we can write:

22) 0.(d,7) = Fu(d, D)~ D) TAS-ad, ) +1od, D),

A=]

where f,(d, 7) is an external generalized force acting at d. Let us denote by —#,(d, 7)
the sum of generalized internal forces acting at the discrete element E;, which are produced
by the corresponding finite element—i.e., by interaction among the particles of this dis-
crete element:

(2.3) 1.(d,7) £ F.(d, v)— D, TAE, ).

A=l
Combining (2.2) and (2.3), we obtain:

ma
.4 0.(d,7) = D) ITA(d, 7) = TA(f-ads D]+ 1a(d, 7) +£2(d, ).
A=TI
Substituting (2:4) into (2.1) and using the symbol 4, (cf. Appendix), we arrive at:
2.5) A, TA+t,+fs =r., deD,
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where the summation convention for the index A holds. The form of Egs. (2.5) is independ-
ent of the material and structural properties of the finite elements E e &,,(%); hence
we see that Eqs. (2.5) may be called the equations of motion of the discretized body.
The functions T,%(d, 1), t.(d, ) and the differences 4, in (2.5) are determined only in
a given allowable difference structure on (D, &,);in any other allowable difference struc-
ture on (D,, &), they have to be replaced by T,%'(d, 7), t.(d, 7), 44, respectively. Since
the expression r.(d, ...)—f4(d, ...) is independent of the difference structure on (D, &,),
and

Ay TAd 1) +1,(d, 1) = A4,TAW@, 1) +1t.(d, 1) = r.(d, ...)~f.(d, 7),

then the sum A,7,%+1, is an invariant under arbitrary transformation of the allowable
difference structure on (Dy, &,).

Let us denote by 8L = 4L(E) the elementary work performed by internal forces in the
given discrete element Ee &. Let on E be prescribed the local coordinate system (cf.
Appendix) in which the internal forces are F,(d, 7), T,*(d, 7). Denoting by d8¢°(d, 7)
an arbitrary variation of the functions ¢°(d, 7), we arrive at:

(2.6) SL(E) = F.(d,7)d4°(d, 7) + ZT."(d, 7)8¢°(f1d, 7)
A
= —T,(d,7v)8¢°(d, v)+ ¥ T, d,7)d¢°(d,v)+ ¥ T.*(d,7)d4,44°(d, 7).

By virtue of (2.3), we obtain from (2.6):
@ 8L = T, M8A4q°—1, or L =T A4,4°—1.4"°

The form 4L is an invariant under a group of transformations of the local coordinate
system (cf. Appendix). Hence we see that m,+ 1 numbers —t,, T,*, given for each g, 7,d,
are components of a vector at E; and with respect to the group U™+1. The m;+ 1 numbers
q°, 4,4° given for each a,d, 7, are components of a covector at E; and with respect
to the same group U™*'. The components of the discrete gradient 4,¢° (¢ and d, v are
fixed) are components of the covector at E; with respect to the group U,. Now, let the
index A and the parameter 7 be fixed. The n numbers T,4(d, 7) and the n numbers ¢,(d, 7)
are components of the covectors in the vector space V" dual to V™. The external force
acting at d, and the inertial force, are also represented by covectors in V3", and we may
call the vector space V3" the space of forces.

3. Constitutive equations

Now, we are to establish the relation between the motion of an arbitrary discrete ele-
ment E and the internal forces in such element. Prescribing at E the coordinate system
[E> (d,fid,...,fud),m £ E—1, we can describe the motion of E by the functions
q°(d, 1), 444°(d, ©); it is a motion localized at d € E. The internal forces in E can be given

(?) The term “finite element” in the mechanics of discretized bodies has a meaning different from that

in the discretization process, denoting only the external field by means of which the particles of the given
discrete element interact.

L
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now by the functions t,(d, 7), T,%(d, 7). According to the principle of determinism, we
postulate that the internal forces in E and at the time instant 7 are produced by the history
of motion of E. It follows that the constitutive equations of the discretized body can be
written, for each E € &, in the form:

TAG ) = S (4, ¢'d, 0), do(d, 9)),

G.1) )

t,(d,7) = §, (d. q"d,0), 4sq"d,0)); A, ®=LII,..,m,
where S? and S, are said to be the constitutive functionals. The argument d'in these function-
als denotes that the motion of E is localised at d € E. The constitutive functionals in the
mechanics of discretized bodies characterizes the material, kinematical and geometrical
properties of the finite part of a deformable body (of a given finite element), while the con-
stitutive functionals in the theory of continuous media describe only local (i.e. material)
properties of this body.

If for each E € & we have E = m+1 = const, and if we can prescribe at each E the
local coordinate system in which the form of the constitutive functionals is the same for

each E € &, then the discretized body will be called uniform. If E = m+1 = const for

each E€ &, 6_3 < m+1 for each d e D, and all the local coordinate systems mentioned
are induced by the sole difference structure on (D, &), then the discretized body is said
to be homogeneous. An arbitrary discrete element E will be called homogeneous if the
form of the constitutive functionals of E is independent of d € E.

Equations (3.1) represent the general form of the constitutive equations in the mechan-
ics of discretized bodies, and together with the equations of motion (2.5) form the basic
system of equations of discretized bodies. We see that the equations of discretized bodies
have a form similiar to the known equations of mechanics of continuous media. The main
problem of the discretized body theory is to determine the form of the constitutive function-
als; this problem has been solved only for certain special kinds of discretized bodies and
examples of the constitutive equations will be given in separate papers.

Suppose we are given now the special case in which the potential e(d, ¢°(d, ), ¢°(fud, 7))
of the discrete element E = E, exists, where we have tacitly assumed that the coordinate
system is prescribed at E. From the definition of the potential it follows that:

de(d,...) de(d,...)
3‘2 Fa d» ey nA s ey
= @D = ~Ggan TED = o
Let us define the function &(d, ...) putting
(3.3) e(d, ¢°(d, 7), A4¢°(d, ¥)) = e(d, ¢°(d, 7), ¢°(d, 7) + A aq°(d, D).

By virtue of (3.2), (3.3), (2.3) and the relations

G4y Led.) _ e ..) de(d,...) _ 2%(,...) iw de(d, ...)

W fadir) W@’ PdD) . @) T A g ad, D)
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we arrive at

de(,...)
e R o e
The discrete element for which Eqgs. (3.5) hold is said to be elastic. If the relations (3.5)
hold for each E € &, then the discretized body is called elastic, and Eqgs. (3.5) and (2.5)
are equations of discrete elasticity, [4]. These equations form a system of the second order
ordinary differential equations for the unknown functions ¢°(d, t), d € D, and have to be
considered together with the initial conditions

(3.6) q°(d, 7o) = ¢8(d), §¢°(d. 7o) = q§(d), deD,
where ¢8(d), ¢&(d) are given.

Now, let us suppose that for a given discrete element E there exists a real-valued differ-
entiable function, which in a given local coordinate system can be represented in the
form @ = &(d, T,*(d, 1), t.(d, v)). We assume that @ < 0; if @ < 0, then the discrete
element E can be treated as elastic and if

oD 4, 0D

ar.a 0T+ 5
then appear the plastic quantities 4,4% §° These quantities are not determined uniquely
but within an arbitrary rigid motion of E (cf. Sec. 4). Using (2.7),, we can write:

(3.5) T, Ad, 7) =

dt, =0,

3.7 =0, b=

(3.8) 8L = 8T AA,4°—8t.4° = 0.
By virtue of (3.8) and (3.7),, we obtain:
24 oD = oD
(3.9) A.A.q = Aw, qg = —'l“a—r':, dED,

where 1 is a constant. The function @(d, ...) is said to be the plastic potential at the discrete
element E,, the condition @(d, ...) = 0 is called the condition of plasticity, and Egs. (3.9)
are the laws of plastic flow at E,. If the function @ is determined for each discrete element
of the discretized body, then this body is said to be the elastic-plastic discretized body.

The form of the constitutive functionals depends on the choice of the local coordinate
system. Using the transformation formulas given in the Appendix, we can write:

Sn(d! qbs A.dqb) = ’Sa(d's 'q". AA’ 'qb) = 'Sa(ds f + ’aAAAqD’ BA'AAAqb)s
S.(d, ¢", 4oq") = B, V'SE(d, g’ 4o q") +'aV'S.(d', ', Ao 'q")

(9,10)
= BA:A’SSP (d, qb + 'awd@ £ B tﬂA@q ) -+ 'a‘“S, (d, qb + 'a’doq", BQ-’Aoqb)

Si= 8., SstL S, PEP@a. ?ELW0
where f: E— (d,fid, ..., fud) and f":E > (d',...,), m = m' = E—1, are two arbitrary
coordinate systems at E. In what follows, we shall interpret the transformation f* o f~*
in (3.10) (given by ‘a® and B,.®) as the point transformation which maps the particle
d on the particle d’, and the particle f,d on the particle f4d' for A’ =A=11I, ..., m.
We can prove that there always exists a subgroup I™*! of the group U™*! (cf. Appendix) such
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that S,(...) = S.(...) and 'S#'(...) = 84'S%(...), where the arguments denoted by points
are the same in each functional. In this case, by virtue of (3.10), we conclude that the
relations
Sa(dr qb! Aqu) = Sﬂ (dl qb+'a°A¢qb’ B@'odﬁqb):

Si(d, ¢, 40q") = B,"04'S5(d, ¢ +'a°40q", Be"404")

+'a?S,(d, " +'a%44q", Bo®44q"),
hold for an arbitrary element of the group I™*!, given by the sequence (‘ap)and by the matrix
(Bs®). The group I™*! is said to be the isotropy group of the constitutive functionals
S., S2 at the discrete element E € & and in the localization of motion in the particle d € E.
In the special case, the isotropy group is a trivial group—i.e., ‘a® = 0, B,.® = 63, is the
only element of this group. If the group /™*! contains the group 0™**! (cf. Appendix) for
all m+ 1 localizations of the motion of E, then the discrete element E is said to be isotropic.
If the discrete element is elastic, then Eq. (3.10) has to be replaced by:

(3.12)  e(d, ¢’ 409" = €(d,'q", 40'q") = €(d, ¢ +'a%Moq’,  Bo"d0q").

Let us suppose that ‘a®, By ® in (3.12) determine the element of the isotropy group J™+1.
In this case, we obtain £’(...) = &(...) and we can write

(3.13) e(d, ¢" doq") = €(d, ¢’ +'a"d4q", B4*44q").

If the elastic discrete element is isotropic, then (3.13) must be satisfied for ‘a® = 0, for
each (B = (041 and each d e E. In isotropic elastic discretized bodies, the elastic
potential is an invariant under the group O™.

3.11)

4. Stresses and strains

Let there be given an arbitrary discrete element E and a local coordinate system f:E —
- (d,fd, ..., [d). Let the elementary work dL = dL(E) be an invariant under the
k-parameter infinitesimal group of transformations ¢°(d’, v) —» ¢°(d’, ©)+ 4 (d’, 4°(d’, 7)) €*
d' € E, where €%, a = 1,2, ..., k, are independent infinitesimal parameters. Moreover,
we assume that dL(E) is not invariant under any k+ 1 parameter group of transformations.
Substituting d¢°(d, 7) = 43(d, ¢°(d, 7)) € and 04,9°(d, 7) = 4,4(d, ¢°(d, 7)) € into
Egs. (2.7), we obtain 6L = O for arbitrary €*, €2, ..., €. It follows that
@4.1)  T,A(d,0)442(d, ¢"(d, ©)) —ta(d, 1) A5(d, g*(d, 7)) = 0, a=1,... k.
Let us denote by €, x = 1, 2, 3, three independent infinitesimal translations of the physi-
cal space and by €” = —¢™, v = 1, 2, 3, the parameters which determine three independ-
ent infinitesimal rotations of this space. Using the parameters €, € = —¢” in place
of €,€?..,e% and assuming that ¢%d’, 7) - ¢°(d’, 7)+ Cte¢, + Cf,q"(d’, ) €™,
where C§, Cf,, = —Cj,, are constants, we can write Egs. (4.1) in the form:
4.2) t,Ci=0, (T 24,¢"1t.)Cit"x=0,
where &, m = 1, 2, 3, is the permutation symbol. It is easy to prove that the left-hand

sides of (4.2) represent the components of the resultant force and the resultant moment
acting on the finite element from the corresponding discrete element; as we assumed in
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Eq. (26), the finite element is loaded only by forces acting from the discrete element.
In view of (4.2), we have mink = 6. If k =6, then the finite element (cf. footnote on p. 6)
is said to be stable, and if £ > 6 then it is said to be unstable.

Now let us introduce the sequence of K differentiable functions

(4.3) va(d, 7) = 94(d, ¢°(d, 7), 44q°(d, 7)), A =12, .. K,

defined at each E € & in an arbitrary local coordinate system. Moreover, we assume that
the form of the functions ¢, is the same in each local coordinate system at E. It follows
that the numbers ¥, , ¥,, .., ¥k are, for each E, the components of the concomitant of the
covectors with components g° 4,4° (cf. Appendix). We also assume that éy, = 0, 4 =
=1,2,..., K, are necessary and sufficient conditions for L = 0. By virtue of

2 9 2
Sya = %‘;; 3g+ A 8,1 q° = (—?12:+ Pa Adiz)e“ =0,

dd,q° dq° 04 ,44°
we arrive at
994 oy 994 20 _ _ _
(4.4) 'WAAZ“-F aq‘. 1;—0, o = l,2,...,k, A= ]., 2,...,K.

Now, let us introduce the sequence of X functions p* = p4(d, 7) and let us suppose that
the variation dL can always be prescribed by the expression 8L = p4dy, (the summation
convention for the index 4 holds). In view of (2.7), we have

(45) oL = P"a?A = pA(QAAaaAAq"“i'@Adaqﬂ) = TaddAAq“—faaq",

where we have denoted

a?’ dar 3934

4. Wag_‘!_! ¢a=—_, N=1,2,...,K.
( 6) A 544(]‘ A aq“

From (4.5) we conclude that

(4'7) TGA = p“wjas ta = P‘Q‘“.

Since n(m+ 1) the internal forces T,4, t have to satisfy the k relations (4.1), then we can
assume that K = n(m+ 1)—k. Using the K functions y4(d, 7) and the K functions p4(d, 7),
we may disregard the condition (4.1), which will be satisfied as an identity. The functions
ya(d, 7) are said to be the strains, and the functions p4(d, 7) are said to be the stresses
in a given discrete element of the discretized body. Some examples of stresses and strains
in discretized bodies are given in separate papers.

2. Alternative forms of basic equations

By virtue of (4.7), we can transform the equations of motion (2.5) to the following:

(5.1) A4(p* D) +p* Do+ fu = Fas
The constitutive equations (3.1) may be replaced by the following:

(5:2) @) = P (@), 4B=12..,K

where P4 are given constitutive functionals. Equations (5.1), (5.2) and the “geometric”
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equations given in Sec. 4
(5.3) va(d, ©) = 9a(d, ¢°(d, 7), A4q°(d, V), A =12, .. ,K,

constitute an alternative form of the basic equations of the mechanics of discretized bodies.
In the special case of an elastic discretized body, we obtain & = &(d, y4(d, 7)) and p*(d, 7) =
= 0¢(d, ys(d, 71))/dy4(d, 7). If we have to deal with an elastic-plastic body, then we have
Y4 = A0D|dp*, where ® = ®(d, p*(d, 7)) is the elastic potential.

In many special problems, it is convenient to assign to each d € D a separate configu-
ration space V§ and a dual space V}". Let there be given on (Dy, &,) an allowable difference
structure; now, we have to assume additionally that there is given a connexion between
spaces Vg, V74 (if we are to write the constitutive equations) and between spaces V3",

V¥" 4 (if we are to write the equations of motion). Such connexions are determined, for any
fixed A, by the non-singular n x n matrices (83 + G (d)), (85 +G2i(d)), @, f = 1,2, ..., n,
where

(54)  gind 1) = (+G6a5(d)Ffad 7), Tund 1) = (5§+G*”m(d))'1‘g(f_,4d, 7,
are components of the vectors after parallel transport from ¥}, to ¥ and from V3" ,
to V¥", respectively. Defining the following “absolute” differences

84"(d, 1) = ¢fay(d, V) — ¢°(d, T) = Auq*d, 7) +G15(d) P (fad, 7)., deD,,

EATa(d, 1.-') g Tu(d’(d, T)—Tm(d, T) = ZATa(d, T)+éﬂm(d)Tg(f__Ad, T), dED_A,

we have to replace the differences 4,4°(d, 7), A4T.,A(d, ) by the absolute differences
d44*d, ©), 6,T,(d, 7), respectively. Thus we arrive at the following equations of motion:

(5.5)

(5.6) S TA+ty+fy =ry, deD,
and the constitutive equations:

TAd,7) = Si (d £, ), 8.4°(d, 9)),

5.7 "‘"f
t.(d,7) = Sa (d ¢ 0),844°(d, 0)).
In the special case of a discretized elastic body, we obtain from (5.7)
de(d, ...) de(d, ...)
4 — s) - -
(5'8) TR (d: T) - aodqa(d’ T) E] 'tc(d! T) aqg(d’ _r) ]

where &(d, ...) = &(d, ¢°(d, 7), 0,4°(d, 7)) is the elastic potential. For an elastic-plastic
discretized body, we can write:

oD, ...) ad(,...)

T A(d, 1) ot,(d, )’

where &(d, T,(d, 1), t,(d, 7)) is the plastic potential. We use here the indices a,f
instead of a, b, to underline the fact that the separate vector spaces V3, V#" are introduced
for each d € D. The problem of connexion in the bundle V7, d € D of the vector spaces is
discussed in [S] and applied in [4].

(5.9) 844°d, v) = 2 §d, 1) = =2
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6. Final remarks

The main feature of the mechanics of discretized bodies is the simple and general form
of the basic Egs. (2.5), (3.1), their independence of the process of discretization (Egs.
(2.5), (3.1) are the same for all discretized bodies), and their formal resemblance to the
known equations of continuum mechanics. The basic equations given in the present paper
are only the starting point for further considerations which concern the linear and small
deformation theory [8], the theory of variated states with vibration and stability problems
[9], and the solution of various special problems.

We can also observe that the equations of mechanics of discretized bodies in quasi-
static as well as in simple dynamical problems can be directly used as the basic equations
of the finite element method, if we are to obtain numerical solutions of these problems.
In more complicated dynamical or time-dependent problems, we can arrive at the system
of algebraic equations of the finite element method after performing discretization with
respect to the time coordinate in the equations given in the paper.

To conclude the paper, let us compare the mechanics of discretized bodies with contin-
uum mechanics. It is easy to see that all problems which can be discussed and solved
within the mechanics of continuous media are not of interest as problems of the mechanics
of discretized bodies. On the other hand, it must be born in mind that it is only simple
boundary value problems of continuum mechanics that we are able to solve and to discuss;
in particular, the region occupied by the continuous body and the external forces have
to be given by simple analytical expressions. In the boundary value problems of continuum
mechanics in which there are many singularities and discontinuities, also the finite differ-
ence approach to boundary value problems leads to serious numerical difficulties. Such
difficulties do not exist in the mechanics of discretized bodies, where we do not deal with
any boundary conditions and where the non-continuous and singular character of external
agents (concentrated forces) does not introduce any additional difficulties in solving the
problem. Thus we can state that the theory of discretized bodies can be applied for somewhat
complicated technical problems such as non-smooth shells, shells and plates made of differ-
ent materials or loaded by many concentrated forces, systems composed of many plates
and rods, etc. All such problems, which are too complex to be solved by use of the contin-
uum approach, will be disccussed in separate papers.

Appendix
Introduction to discrete element calculus

In finite difference calculus, we deal with real valued functions defined on finite or
countable sets, provided that all points of such sets belong to a given lattice.# in the n-th
dimensional affine space (E, ¥¥)(®). Such lattices are introduced in order to replace the

(®) The affine space (E, V'N) is a space of points x € E and vectors t € VN, endowed with the mapping
ExX VN — E (which is denoted by the symbol +, — i.e., x+t = x’ € E) which satisfy additional conditions,
[3]. The subset . < E is said to be the lattice in (E, V'N), if it is a set of all points X = Xo+ast;+ ... +
+ayty,where (Xo; ty, t2, ..., ty) is a given basis in (E, ¥'N) and «,, «3, ..., oty are arbitrary integers.

7 Arch. Mech. Stos. nr 1/73
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differential equations by finite difference equations. The finite differences of an arbitrary
function ¢: L » R, L c & are defined as the differences Axqp(x) = P (X+tg) — p(x),
Axgp (x) < 9(xX)—@(x—tg), K=1, 2, ..., N, assuming that xe L, x+txe L, x—txeL
[2]. In the mechanics of discretized bodies or in the finite element method, we also deal
with real valued functions defined on finite or countable sets, but points of these sets
do not belong to any lattice in (E, V'), provided that we do not take into account certain
special situations [1]. In all problems of mechanics of discretized bodies, as well as in the
finite element method, there exists a certain covering of the given finite or countable set.
Elements of such coverings will be called discrete elements. In all such problems, finite
difference calculus has to be replaced by a more general approach called discrete element
calculus. _

Let us denote by D the finite or countable set of points d € D, where D > 1. Let &

be a covering of D with finite subsets E €& ; we assume that /\ (:E >1), \ (E'NE"cE),
Ee# E'\E'"'e&

and that each d € D is an element of the finite number of subsets E € &. In the pair (D, &),
elements of & will be called discrete elements, and the points of D are said to be the particles.
DErFINITION 1. Each arrangement of all particles belonging to a given discrete element
E e & in the form of a sequence will be called the coordinate system at E or the local
coordinate system in (D, &).
Each local coordinate system is a mapping f: E — (d, fid, fud, ..., fud), Where d € E

and fydeEfor A=L1II,...,m,m=m(E) = E—l, the sense of the symbol f,d will be
explained in what follows. If at the discrete element E a coordinate system is prescribed,
then for an arbitrary real-valued function f: S - R, E = § < D, there exist m numbers
A,49d) = o(f4d)—@(d). The sequence of m numbers 4 ,p(d) is said to be the discrete
gradient of ¢ at E; each discrete gradient of the given function ¢: S — R can be defined
only in a certain local coordinate system in (D, E).

Let there be given at E two coordinate systems: f: E — (d,fid, ..., fmd), f'i1E—
-, fi,d' ..., fud'). The permutation (d,fd, ..., fud)— d fi. d', ..., [ d") given by
f! o f~* will be called the local transformation of the coordinate system at E; all such
transformations form a group with (m+1) elements. To write any local transformation
in explicit form, let us denote by U = U(E) the set of all subsets of E and let us define the
mapping {0, 1} x U - U by assuming that lu = u, Ou = ¢ for each u € U. An arbitrary
transformation of the coordinate system at E can now be put in the matrix form:

d ‘a 'at d
0y | = 4 .
Sfad ay, Ay A
where the symbol + stands for the symbol |_) and where
1 whend' = d, 1 whend' = f,d, 1 when f4.d" = d,
(2) a' b ’ fa(l - 1] ay = ]
0 whond’ # d, Owhend’ # ,d. Owhenf,.d # d.
1 when f4.d' = f4d,
9 Whenfdrd’ # fAd.

The (m+1) x (m+1) matrix in Eq. (1) is said to be the local transformation matrix; it is

A4 ={
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an orthogonal matrix, the elements of which are either 1 or 0. An arbitrary ro wand an arbi-
trary column of such matrix has one element equal to 1 and m elements equal to 0; if an
element in the k-th row and the /-th column of the matrix is equal to one, then the k-th
element in the sequence (d', fi ', ..., fw d’) is identical with the /-th element in the se-
quence (d, fid, ..., fud). It can be seen that the set of all local transformation matrices
forms the group which will be denoted by 0™~*; this is a finite group with (m + 1) elements.

DEeFINITION 2. At the discrete element E, there is defined an object with s components,
if to every coordinate system at E a sequence of s numbers has been assigned. The object
at E is called geometric if its components in the “new” local coordinate system can be
expressed by its components in the “old” local coordinate system and by local transfor-
mation.

The Definition 2 has the same form as the known Wundheiler definition [6]. We shall
also introduce the concept of the concomitant of the given object; the object at E, with
components 24, 4 = 1,2, ..., S, is called the concomitant of the object at E with compo-
nents w,, a = 1,2, ..., s, if there exists a function 2, = ¥,(w,) which does not depend
on the choice of the coordinate system at E.

Now, we shall give some examples of geometrical objects which are used in the mechan-
ics of discretized bodies. Let us assign to each coordinate system at E the sequence of
m+1 numbers I, I, A = L1, ..., m, each of them equal to 1. From

r ‘a ‘'at\[ 1
I{i' = adg- AA!A IA ’
we obtain I' = I, I,. = I, for each A = A’. It follows that [, Iy, ..., I, ate components

of a geometrical object. Let @:E — R be an arbitrary function and let us define, in an

arbitrary coordinate system at E, the sequence of m+ 1 numbers ¢ = o(d), pa 24 a9(d).
Simple calculations show that:

¢ 1 ‘a, @
©) [Q’A*] - [0 BA'A] [:‘PA]’
where
1 when f,.d' = fud,
B,A=A,"-I,a, B,*=1—1whend = f,d,
0 in other cases.

We can prove that the set of (m+1) x (m+ 1) matrices in (3) forms a group which will be
denoted by U™ ! and is a subgroup of the group of unimodular matrices. By virtue of

1 a4 I "a® M ‘a?

0 BuA|=|0o Bu*|lo B
we arrive at “a? = ‘a®+"a"B,", B, A = B4 B,A. Putting "a* =0, B, = 8.
and "a" = a%, B4, = B4, we obtain:

(4) 'ad = —HA'.BA;A, BAA'BAI'O = tﬁ.

The set of all matrices (B,.”) forms a group which is denoted by U,. Assuming that in
(3) the condition ‘a® = 0 always holds, we arrive at a subgroup of U™*+' which is also



100 Cz. WozNIAK

a subgroup of 0%*!, This is a group of all (m+1) x (m+ 1) matrices

1 0
©) [0 QA:A]’

where (Q4%) € 0™, and it will be denoted by 05+*. All these groups are encountered in the
mechanics of discretized bodies. We conclude that the object with m+1 components
@, ¢, is geometrical. It will be called the covector with respect to the group U™+, The
object with m components ¢* (a discrete gradient) is also geometrical and is called the

covector with respect to the group U™. The object with m+ 1 components v, ¢! and with
the transformation formula

EAREE

will be called a vector with respect to the group U™*!. By virtue of

i)~ meral s S )

1 0 ( Y )
= (9, 94) ‘a’ 4+ ByAa? BuABy|\y?)’
and using (4), we conclude that

@) @, o) (;’l,) = (9. 2d) ( Jﬁ,) .

It follows that the form (7) is an invariant under the local transformation group. All the

foregoing considerations are also valid if we denote E = s+1, and if we introduce a local
coordinate system f:E — (d,f4,d, ...,fs,d), where (A4,,4,,...,4,) is a subsequence
of the sequence (I, I, ..., m), s < m. In this case, the indices A, @ take the values 4,,
Ay, .y A,

In the theory of discretized bodies and in the finite element approach, the local coordi-
nates cannot be prescribed at each E € & independently, but have to be induced by what
is called the allowable difference structure [5]. Let us denote by &, the set of all discrete
elements containing the particle d, §; = &, and let us define the positive integer m, put-
ting 14+m = max (E, &,), E€ &,de D.

DErFINITION 3. The allowable difference structure on (D, &) is a sequence of m one-one
mappings f4: D4 - D_,4,D4,D_4 = D, A = 1,11, ..., m, satisfying the conditions:

VAN
A deDy
2 NN\ (ad = fod) = 4 = 0L

® deDynDgp
3. 6 = (E‘)d‘ev.’

where the symbol f,d stands for f4(d), D* = | D4, and E; < D is a subset given for each
A=I
d € D, containing the particle d and all particles f4d.
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It may happen that on (D, &) the allowable difference structure does not exist. In this
case, we can introduce the allowable difference structure on each (Dy, &,), d € D, where
&, is a set of all discrete elements containing the particle 4, and D, is a subset of D which
is covered by &,  We have to replace in Definition 3 the symbols D, &, D,, D_,, m by

Dy, &4, D4, Di*, my, respectively, where my+1 = max(E, &,), E€ &,. Such an approach
may be applied in all problems of mechanics of discretized bodies or when we are to for-
mulate the theoretical basis for the finite element method. In what follows, we assume that
the difference structure is given, and we use the symbols f; for one-one mappings which
determine the allowable difference structure either on (D, &) or on (D, &,). Moreover,
we denote f_4 = f7* and use the symbols f_4d instead of f_4(d).

Let us define the subsets Ry = {I,II,...,m}, Ly = {I, 11, ..., m}, assuming that
(AeRy) <> (deDy), (AeL,) < (de G)_4. We see that E; = 1+ R, > 1 for each d € D,.
For an arbitrary function ¢:D, — R, we can define uniquely R, numbers 4p(d) 2
= o(fsd)—p(d), A€ Ry, and L; numbers A 49(d) = od)—p(f_4d), A e L,. They are
called the right and left side differences of the function ¢:D, — R at the particle d.

Now, let the difference structure be given on (D, &), and let S be an arbitrary subset
of D, S € D. We define for each A the subsets Sy = S and S_, = S, assuming that
(de Sy < (fsdeS)and (d e S_,) <> (f_ad € S); some of the subsets S, S_,4 oreven all
of them, may be empty. Let ¢:S — R be an arbitrary function. Assigning to each d € S,
the real number 4,¢(d) = @(f4d)—@(d), we define the function A,p:S, - R. Assign-
ing to each de S_, the real number a, a7(d) = p(d)—@(f4_d), we define the function
j,,(p:S_A — R. The 2m functions 4,¢:S, — R, JAQJ:SA_ — R (some of them may be
defined on empty sets) are said to be the first differences of the function ¢:S — R. Because
all first differences of an arbitrary real valued function ¢ are themselves real-valued func-
tions, then we are able to define the second and higher differences of this function.
For example, the second differences of the function @:S — R are given by A44,¢ =
<4 o(409): S0, 4 = R, being defined as the first differences of the functions 44,¢:Sp — R.
It is easy to prove that the relations 4,4,9(d) = 4,4,49(d), d € Ss,6 N S, 4, hold, if
and only if, f4fod = fofad.

If on (Dy, &;) an allowable difference structure is given, then &; = (E,) rend? where
D¥ = | D4. Let a sequence of 1+m, numbers y = p(d’), y* = y(d") be given at each

A
d’ € D%, such that (d) = 0 when d ~ € D4, 9(d")'E 0 when d’ ~ € D¥, y(f_,d) = 0
when d~ € D_,4. If 14 E, numbers y(d’), y*(d’) are components of the vector (with
respect to the group U™x*!) at E,., d’ e D¥, then it is possible to prove that the expres-
sion

‘HA Wd(d) + ’P(d) L]

where the summation convention for A = I, ..., my holds, is an invariant under all trans-
formations of the allowable difference structure on (Dy, &,). The proofs of the theorems
given here will be published in the separate paper.
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