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Abstract 

This paper presents an approach to constructing an intuitionistic fuzzy 

tolerance matrix. Basic concepts of Atanassov’s intuitionistic fuzzy set 

theory and some distances between intuitionistic fuzzy sets are conside-

red. A method to calculate the intuitionistic fuzzy tolerance degrees be-

tween intuitionistic fuzzy sets on the basis of the Hausdorff distance is 

developed. Finally an illustrative example used to compare the proposed 

similarity measure with an existing method. 

Keywords: intuitionistic fuzzy sets, intuitionistic fuzzy tolerance, 

Hausdorff distance, similarity measure. 

1 Introduction 

The intuitionistic fuzzy set theory, originated by Atanassov [1] has been used in 

a wide range of applications, such as decision making, logic programming, 

medical diagnosis, image processing, and pattern recognition. Applications of 

the intuitionistic fuzzy set theory to pattern recognition problems are outlined 

by Vlachos and Sergiadis in [7]. Moreover, several intuitionistic fuzzy cluster-

ing methods were proposed by different researchers. 

Firstly, fuzzy clustering method based on intuitionistic fuzzy tolerance rela-

tions was proposed by Hung, Lee and Fuh in [2]. An intuitionistic fuzzy similar-

ity relation matrix is obtained by beginning with an intuitionistic fuzzy toler-

ance relation matrix using the extended n -step procedure by using the composi-
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tion of intuitionistic fuzzy relations. A hard partition for corresponding thresh-

olds values   and   is the result of classification.  

Secondly, concepts of the association matrix and the equivalent association 

matrix were defined by Xu, Chen and Wu [10]. Thus, methods for calculating 

the association coefficients of intuitionistic fuzzy sets were introduced in [10]. 

The proposed in [10] clustering algorithm uses the association coefficients of 

intuitionistic fuzzy sets to construct an association matrix, and utilizes a proce-

dure to transform it into an equivalent association matrix. The  -cutting matrix 

of the equivalent association matrix is used to clustering the given intuitionistic 

fuzzy sets. So, a hard partition for some value of   is the result of classifica-

tion. That is why the proposed in [10] clustering method is similar to the clus-

tering technique which was proposed by Hung, Lee and Fuh in [2]. 

Thirdly, a method to constructing an intuitionistic fuzzy tolerance matrix 

from a set of intuitionistic fuzzy sets and a netting method to clustering of intui-

tionistic fuzzy sets via the corresponding intuitionistic fuzzy tolerance matrix 

are developed by Wang, Xu, Liu and Tang in [9]. A hard partition is the result 

of classification and the clustering result depends on the chosen value of a con-

fidence level ]1,0[ . 

So, these relational algorithms cannot provide the information about mem-

bership degrees and non-membership degrees of the objects to each cluster. 

From other hand, the intuitionistic generalization of a heuristic method of 

possibilistic clustering was introduced in [8], where the D-PAIFC-algorithm 

was also described. The unique principal allotment among the unknown least 

number of fully separate intuitionistic fuzzy clusters and corresponding values 

of the tolerance threshold   and the difference threshold  , 10    are 

results obtained from the D-PAIFC-algorithm. It should be noted, that member-

ship degrees and non-membership degrees of intuitionistic fuzzy clusters ob-

tained from the D-PAIFC-algorithm correspond to each object. 

A matrix of an intuitionistic fuzzy tolerance relation is the matrix of initial 

data for all relational intuitionistic fuzzy clustering methods. Hovewer, the data 

can be presented as a family of intuitionistic fuzzy sets, where each object is 

represented by some intuitionistic fuzzy set which is defined on the set of attri-

butes. So, an intuitionistic fuzzy tolerance matrix should be constructed from 

the family of intuitionistic fuzzy sets. 

The main goal of the present paper is a proposition of the new method of 

constructing an intuitionistic fuzzy tolerance relation from intuitionistic fuzzy 

sets. The method can be useful for the data preprocessing for relational algo-

rithms of intuitionistic fuzzy clustering. The Hausdorff distance is the basis of 

the method. For this purpose, a short consideration of basic concepts of 

Atanassov’s intuitionistic fuzzy set theory and distances between intuitionistic 

fuzzy sets is given, a similarity measure which was proposed by Wang, Xu, Liu 
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and Tang in [9] is considered and a new similarity measure based on the Haus-

dorff distance is proposed. The new similarity measure is illustrated by a short 

example [5]. Some properties of the new similarity measure are investigated. 

An illustrative example used to compare the proposed similarity measure with 

the similarity measure which was proposed by Wang, Xu, Liu and Tang [9].  

2 Preliminary remarks  

The first subsection of the section provides a consideration of some basic con-

cepts of the Atanassov’s intuitionistic fuzzy set theory. In the second subsec-

tion, a brief review of distances between intuitionistic fuzzy sets is given. 

2.1 Basic concepts of the intuitionistic fuzzy set theory 

Let us remind some basic definitions of the Atanassov’s intuitionistic fuzzy set 

theory [1]. All concepts will be considered for a finite universe },,{ 1 nxxX  . 

Definition 1. An intuitionistic fuzzy set IA  in X  is given by ordered triple 

 XxxxxIA iiIAiIAi  |)(),(,  , where ]1,0[:, XIAIA   should satisfy a 

condition  

1)()(0  iIAiIA xx  ,           (1) 

for all Xxi  . The values )( iIA x  and )( iIA x  denote the degree of member-

ship and the degree of non-membership of element Xxi   to IA , respectively.  

For each intuitionistic fuzzy set IA  in X  an intuitionistic fuzzy index [1] 

of an element Xxi   in IA  can be defined as follows 

 )()(1)( iIAiIAiIA xxx   .           (2) 

The intuitionistic fuzzy index )( iIA x  can be considered as a hesitancy degree 

of ix  to IA . It is seen that 1)(0  iIA x  for all Xxi  .  

Obviously, when )(1)( iIAiIA xx    for every Xxi  , the intuitionistic 

fuzzy set IA  is an ordinary fuzzy set A  in X . For each fuzzy set A  in X , we 

have 0)( iA x , for all Xxi  . 

Definition 2. Let },,{ 1 nxxX   be an ordinary non-empty set. The binary 

intuitionistic fuzzy relation IR  on X  is an intuitionistic fuzzy subset IR  of 

XX  , which is given by the expression 

 XxxxxxxxxIR jijiIRjiIRji  ,|),(),,(),,(  ,         (3) 

where ]1,0[:  XXIR  and ]1,0[:  XXIR  satisfy the condition 

1),(),(0  jiIRjiIR xxxx   for every XXxx ji ),( . 

( ) 

( ) 
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Let )(IFR X  denote the set of all intuitionistic fuzzy relations on some uni-

verse X . An intuitionistic fuzzy relation )(IFR XIR  is reflexive if for every 

Xxi  , 1),( iiIR xx  and 0),( iiIR xx . An intuitionistic fuzzy relation 

)(IFR XIR  is called symmetric if for all XXxx ji ),( , 

),(),( ijIRjiIR xxxx    and ),(),( ijIRjiIR xxxx   . An intuitionistic fuzzy 

relation IT  in X  is called an intuitionistic fuzzy tolerance if it is reflexive and 

symmetric. So, any intuitionistic fuzzy tolerance can be presented by a matrix 

)],(),,([ jiITjiITnn xxxxr  , nji ,,1,  , where a tolerance coefficient 

 ),(),,(),( jiITjiITji xxxxxxr  , },,1{, nji   is called a closeness degree 

of ix  and jx  [9]. 

2.2 Distances between intuitionistic fuzzy sets  

Distances between fuzzy sets or similarity measures are used for constructing 

the matrix of fuzzy tolerance in the case of ordinary fuzzy sets. Different dis-

tances between intuitionistic fuzzy sets and similarity measure were also pro-

posed by different researchers. A review of distances between intuitionistic 

fuzzy sets is given, for example, in Todorova and Vassilev in [6]. 

Two ways of measuring distances between intuitionistic fuzzy sets exist. 

Some researchers use the memberships and non-memberships only in the for-

mulae whereas the others researchers use all three parameters, such as degree of 

membership, degree of non-membership and intuitionistic fuzzy index, which 

are characterizing any intuitionistic fuzzy set. Some negative effects of using 

two parameters are shown by Szmidt and Kacprzyk in [3], [4] and [5]. Let us 

consider some well-known examples of distances between intuitionistic fuzzy 

sets. 

In the first place, a direct generalization of distances between ordinary 

fuzzy sets for intuitionistic fuzzy sets was made by Atanassov in [1]. In particu-

lar, the generalization of the normalized Hamming distance between two intui-

tionistic fuzzy sets IA  and IB  on },,{ 1 nxxX   was formulated as follows: 

 



n

i
iIBiIAiIBiIAI xxxx

n
IBIAl

1

)()()()(
2

1
),(  , ni ,,1 .        (4) 

From other hand, Szmidt and Kacprzyk proposed to take into account the 

three parameter characterization of intuitionistic fuzzy sets. Here is the defini-

tion of the generalization of the normalized Hamming distance between two 

intuitionistic fuzzy sets IA  and IB  on },,{ 1 nxxX   given by Szmidt and 

Kacprzyk in [3]: 

- I I I 
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
 



















n

i iIBiIA

iIBiIAiIBiIA

I
xx

xxxx

n
IBIAl

1

'

)()(

)()()()(

2

1
),(




, ni ,,1 .    (5) 

The normalized Hamming distance between intuitionistic fuzzy sets IA  and 

IB  on },,{ 1 nxxX   based on the Hausdorff distance was defined by Szmidt 

and Kacprzyk in [4] as follows: 


 
















n

i iIBiIA

iIBiIAiIBiIA

I
xx

xxxx

n
IBIAh

1

'

)()(

,)()(,)()(
max

2

1
),(




, ni ,,1 .(6) 

It should be noted, that for separate elements the Hausdorff distances re-

duce just to the ordinary Hamming distance.  

3 Outline of the approach 

The present section describes an approach to constructing an intuitionistic fuzzy 

tolerance relation based on measurement of similarities between intuitionistic 

fuzzy sets. In the first subsection a similarity measure which was proposed by 

Wang, Xu, Liu and Tang [9] is considered. The second subsection of the section 

includes the consideration of a new similarity measure based on the Hausdorff 

distance. 

3.1  A way to measure the intuitionistic fuzzy similarity degrees be-

tween intuitionistic fuzzy sets  

The method for constructing the intuitionistic fuzzy tolerance relation was pro-

posed by Wang, Xu, Liu and Tang in [9]. The corresponding similarity measure 

is based on the normalized Hamming distance and the similarity measure can be 

expressed by a formula 

 

















































IBIA

xx
n

xx
n

xx
n

IBIA

IBIAr

n

i
iIBiIA

n

i
iIBiIA

n

i
iIBiIA

,

)()(
1

,)()(
1

)()(
1

1

,0,1

),(

1

11




,     (7) 

for all nji ,,1,  . That is why the closeness degree 

 ),(),,(),( IBIAIBIAIBIAr ITIT   of intuitionistic fuzzy sets IA  and IB  can 

be constructed according to the formula (7). Obviously, if all the differences of 

values of the non-membership degree and the differences of values of the intui-

I I I 

I I 

- I I - I 

- I 

11 

I 
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tionistic fuzzy index of two objects IA  and IB  with respect to attributes ix , 

ni ,,1  get smaller, then the two objects are more similar to each other. 

The corresponding intuitionistic fuzzy relation possesses the symmetry 

property and the reflexivity property. Moreover, the condition 

1),(),(0  IBIAIBIA ITIT   is met for any intuitionistic fuzzy sets IA  and 

IB . These facts were proved in [9].  

3.2  A new similarity measure between intuitionistic fuzzy sets based 

on the Hausdorff metric 

Let us consider the definition of the Hausdorff distance, which was given by 

Szmidt and Kacprzyk in [5]. 

Definition 3. Let },,{ 1 paaA   and },,{ 1 qbbB   be two finite set. The 

Hausdorff distance ),( BAH  is defined as:  

 ),(),,(max),( ABhBAhBAH  ,           (8) 

where  

),(minmax),( badBAh
BbAa 

 ,            (9) 

and following conditions are met: 

 a  and b  are elements of sets A  and B  respectively, 

 ),( bad  is any metric between these elements, 

 the two distances ),( BAh  and ),( ABh  (10) are called directed 

Hausdorff distances. 

It should be noted, that the directed distances ),( BAh  and ),( ABh  are not 

symmetric. So, following the formula (7), the Hausdorff-distance-based similar-

ity measure for intuitionistic fuzzy sets can be defined as follows.  

Definition 4. Let IA  and IB  be two intuitionistic fuzzy sets on },,{ 1 nxxX   

and IT  be a binary intuitionistic fuzzy relation on X . The closeness degree 

 ),(),,(),( IBIAIBIAIBIAr ITIT   of intuitionistic fuzzy sets IA  and IB  can 

be constructed according to a formula 

 

































n

i
iIBiIA

n

i
iIBiIAiIBiIA

xx
n

xxxx
n

IBIAr

1

1'

)()(max
1

,)()(,)()(max
1

1

),(





,      (10) 

for all nji ,,1,  . 

The proposed similarity measure should be explained by an illustrative ex-

ample which was given by Szmidt and Kacprzyk. The data originally to appear 

11 
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in [5]. Let us consider the following one-element intuitionistic fuzzy sets: 

}{,,,, xXIEIGIDIBIA   

 0,1,xIA ,  1,0,xIB  ,  0,0,xID  , 









2

1
,
2

1
,xIG , 










4

1
,
4

1
,xIE . 

The results obtained from (10) are: 

     )1,0(10max,00,10max1),(' IBIAr , 

     )0,0(00max,10,00max1),(' IDIAr , 

     )1,0(01max,10,01max1),(' IDIBr , 

     )21,21(210max,00,210max1),(' IGIAr , 

     )43,41(410max,210,410max1),(' IEIAr , 

     )21,21(211max,00,211max1),(' IGIBr , 

     )43,41(411max,210,411max1),(' IEIBr , 

     )21,0(210max,01,210max1),(' IGIDr , 

     )43,41(410max,211,410max1),(' IEIDr , 

     )41,21(4121max,210,4121max1),(' IEIGr . 

It should be noted, that values of non-memberships ),( IBIAIT  are not 

equal to dissimilarity values ),(' IBIAhI  for all elements obtained from the dis-

tance (6). 

Let us consider some basic properties of the proposed similarity measure 

(10) and the corresponding binary intuitionistic fuzzy relation IT . In the first 

place, we need to check whether 1),(),(0  IBIAIBIA ITIT   holds or not.  

Lemma 1. Let IA  and IB  be two intuitionistic fuzzy sets on },,{ 1 nxxX   

and IT  be a binary intuitionistic fuzzy relation on X . The condition 

1),(),(0  IBIAIBIA ITIT   is met for the closeness degree of intuitionistic 

fuzzy sets IA  and IB  which is constructed according to the formula (10)  

Proof. Since 

 

   

    1)()(max
1

1)()(max
1

)()(max
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)()(max
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)()(,)()(max
1
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we have 1),(),(0  IBIAIBIA ITIT   with 1),(),(  IBIAIBIA ITIT   if 

and only if )()( iIBiIA xx    for all Xxi  , and 0),(),(  IBIAIBIA ITIT   if 

and only if either 1)( iIA x  and 0)( iIA x  for all Xxi  , or 0)( iIA x  and 

1)( iIA x  for all Xxi  . So, the lemma is proved.             □ 

Lemma 2. The binary intuitionistic fuzzy relation IT  on X  which is construct-

ed according to the formula (10) is the reflexive intuitionistic fuzzy relation on 

X . 

Proof. Let  XxxxxIA iiIAiIAi  |)(),(,   be an intuitionistic fuzzy set on 

some universe },,{ 1 nxxX  . Let us consider the closeness degree 

 ),(),,(),(' IAIAIAIAIAIAr ITIT   which is constructed according to the for-

mula (11). By the formula (2) we have )()(1)( iIAiIAiIA xxx   , 

)()(1)( iIAiIAiIA xxx   , )()(1)( iIAiIAiIA xxx   . So, we obtain  

.101

)()(1)()(1

,)()(1)()(1
max

1
1),(

1



















 



n

i iIAiIAiIAiIA

iIAiIAiIAiIA

IT
xxxx

xxxx

n
IAIA






 

The value of the membership degree ),( IAIAIT  obtained from the formula 

(10) is equal 1 for any intuitionistic fuzzy set IA , 1),( IAIAIT . The condition 

0),( IAIAIT  can be shown in similar manner. 

So, the condition    0,1),(),,(),('  IAIAIAIAIAIAr ITIT   is met for any 

intuitionistic fuzzy set IA  on the universe X . That is why conditions 

1),( iiIR xx  and 0),( iiIR xx  are met for every Xxi  . The lemma is 

proved.                   □ 

Lemma 3. The binary intuitionistic fuzzy relation IT  on X  which is construct-

ed according to the formula (10) is the symmetric intuitionistic fuzzy relation on 

X . 

Proof. Let us consider the closeness degree which is constructed according to 

the formula (10). Since the condition )()()()( iIAiIBiIBiIA xxxx    and 

the condition )()()()( iIBiIAiIBiIA xxxx    are met, then 

),(),( '' IAIBrIBIAr  . So, the lemma is proved.              □ 

The consequence of these lemmas is the proposition that the intuitionistic 

fuzzy relation IT  constructed according to the formula (10) is the intuitionistic 

fuzzy tolerance relation. 

( ) 

I I I 
I I I 

I 

I 
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4 An illustrative example 

The introduced similarity measure should be explained. For the purpose, let us 

consider an example which was described by Wang, Xu, Liu, and Tang in [9]. 

Five different cars ix , 5,,1i  must be classified into several kinds. Each car 

has six evaluation attributes which represent the oil consumption, coefficient of 

friction, price, comfortable degree, design and safety coefficient evaluated for 

five cars. Denote oil consumption by 1x , coefficient of friction by 2x , price by 
3x , comfortable degree by 4x , design by 5x  and safety coefficient by 6x . The 

characteristics information of the cars is presented in Table 1. 

 

Table 1: The initial data set  

Objects Attributes 
1x  2x  3x  4x  5x  6x  

1x  (0.3, 0.5) (0.6, 0.1) (0.4, 0.3) (0.8, 0.1) (0.1, 0.6) (0.5, 0.4) 

2x  (0.6, 0.3) (0.5, 0.2) (0.6, 0.1) (0.7, 0.1) (0.3, 0.6) (0.4, 0.3) 

3x  (0.4, 0.4) (0.8, 0.1) (0.5, 0.1) (0.6, 0.2) (0.4, 0.5) (0.3, 0.2) 

4x  (0.2, 0.4) (0.4, 0.1) (0.9, 0.0) (0.8, 0.1) (0.2, 0.5) (0.7, 0.1) 

5x  (0.5, 0.2) (0.3, 0.6) (0.6, 0.3) (0.7, 0.1) (0.6, 0.2) (0.5, 0.3) 

 

In fact, the matrix of attributes is presented by Table 1. So, each car can be 

considered as an intuitionistic fuzzy set ix , 5,,1i , and ]1,0[)( t
x xi , 

5,,1i , 6,,1t  are their membership degrees and )( t
x xi

 , 5,,1i , 

6,,1t  are their non-membership degrees. In other words, each intuitionistic 

fuzzy set ix , 5,,1i  is defined on the universe of attributes }6,,1|{ txt . 

That is why the membership degree )( t
x xi

  can be interpreted as the degree of 

expressiveness of some attribute tx , }6,,1{ t  for the object ix , }5,,1{ i  

and the non-membership degree )( t
x xi

  can be considered as the degree of 

non-expressiveness of the attribute. 

Thus, if },,{ 1 nxxX   is the set of objects which are defined on the uni-

verse of attributes },,1|{ mtxt   then the formula (7) can be rewritten as fol-

lows: 
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for all nji ,,1,  . So, the formula (10) can be rewritten as follows: 
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for all nji ,,1,  . 

By applying the formula (11) to the data set, the matrix of intuitionistic 

fuzzy tolerance relation was obtained [9]. The matrix is presented in Table 2. 

 

Table 2: An intuitionistic fuzzy tolerance 

IT  1x  2x  3x  4x  5x  

1x  (1.00, 0.00)     

2x  (0.80, 0.10) (1.00, 0.00)    

3x  (0.72, 0.12) (0.82, 0.08) (1.00, 0.00)   

4x  (0.75, 0.13) (0.72, 0.10) (0.70, 0.05) (1.00, 0.00)  

5x  (0.65, 0.22) (0.68, 0.18) (0.63, 0.23) (0.63, 0.25) (1.00, 0.00) 

 

Let us consider an application the formula (12) to the intuitionistic data ma-

trix of Table 1. For example, by applying the formula (12) to intuitionistic fuzzy 

sets 3x  and 4x , we calculate 

 

  ;7.03.015.02.02.03.04.02.0
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Other values of the membership degree ),( jiIT xx and values of of the 

non-membership degree ),( jiIT xx  can be calculated for all 6,,1, ji  in a 

similar way. So, applying the formula (12) we obtain the intuitionistic fuzzy 

tolerance relation which is equal to the intuitionistic fuzzy tolerance relation of 

Table 2. As we can see from the example, the proposed Hausdorff-metric-based 

similarity measure and the similarity measure based on the normalized Ham-

ming distance give fully consistent results. 

5 Concluding remarks 

A new method for the similarity measurement between intuitionistic fuzzy sets 

is presented in the paper. The method is based on the Hausdorff distance. This 

distance was used to generate a new similarity measure to calculate the degree 

of similarity and degree of dissimilarity between intuitionistic fuzzy sets. Some 

properties of the proposed similarity measure are considered.  

In the paper we have considered the similarity measure between intuition-

istic fuzzy sets on the finite universe only which are usually used in different 

applications. The consideration of the proposed similarity measure in the case of 

the infinite universe of discourse is the perspective of future investigations. 
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