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Abstract

The idea of intuitionistic fuzzy sets is a generalization of Zadeh’s con-

cept of fuzzy sets. This extension of fuzzy set was introduced by Atanassov

in 1986 [2]. In the next years intuitionistic fuzzy sets was considered and

discussed. Intuitionistic fuzzy relations was started by Atanassov in 1995.

Especially Bustince and Burillo published few articles about these relations

and gave the most general definition of relations composition.

Based on previous results the problem of solving of intuitionistic fuzzy

relational equations has been discussed by many authors e.g. Peeva and

Kyosev [14] or Zhou and Bao [17].

In this article, we consider systems of intuitionistic fuzzy equations as a

generalization of systems of equations with max−T and min−S products,

where T is triangular norm and S is triangular conorm. The goal of this

paper is the complete description of the family of all solutions. Moreover,

we investigate correlation between systems of intuitionistic fuzzy equations

and systems of fuzzy equations.

Keywords: fuzzy equations, intuitionistic fuzzy equations, systems of fuz-

zy equations, systems of intuitionistic fuzzy equations.

1 Introduction

Intuitionistic fuzzy sets introduced by Atanassov in [1] are the extension of fuzzy

sets introduced by Zadeh in [16].

New Developments in Fuzzy Sets, Intuitionistic Fuzzy Sets, Generalized Nets and Related

Topics. Volume I: Foundations (K.T. Atanassow, M. Baczyński, J. Drewniak, J. Kacprzyk,

M. Krawczak, E. Szmidt, M. Wygralak, S. Zadrożny, Eds.), IBS PAN - SRI PAS, Warsaw, 2012.



Definition 1 ([1]). Let X 6= ∅ be a given set. An intuitionistic fuzzy set A in X is

A = {(x, µA(x), νA(x)) : x ∈ X},

where

µA : X → [0, 1], νA : X → [0, 1]

with the condition 0 6 µA(x) + νA(x) 6 1 for all x ∈ X. The set of all

intuitionistic fuzzy sets in X is denoted by IFS(X).

The numbers µ(x) and ν(x) denote respectively the degree of membership

and the degree of non-membership of element x in set A. Obviously, when

ν(x) = 1− µ(x)

for all x in X, the set A is a fuzzy set.

Definition 2 ([4], Definition 1). Let X,Y 6= ∅ be finite crisp sets. An intuitionistic

fuzzy relation R between sets X and Y is an intuitionistic fuzzy set R of X × Y ,

i.e.

R = {((x, y), µR(x, y), νR(x, y)) : (x, y) ∈ X × Y },

where

µR : X × Y → [0, 1], νR : X × Y → [0, 1]

with the condition 0 6 µR(x, y)+νR(x, y) 6 1 for all (x, y) ∈ X×Y . IFS(X×
Y ) denotes the set of all intuitionistic fuzzy relations between sets X and Y .

Let us denote M = {1, . . . ,m}, N = {1, . . . , n}.
For X = {x1, . . . , xm}, Y = {y1, . . . , yn}, matrix representation of intu-

itionistic fuzzy relation R ∈ IFS(X × Y )

(rµij , r
ν
ij) = R(xi, yj) = (µR(xi, yj), νR(xi, yj)), i ∈M, j ∈ N

we call an intuitionistic fuzzy membership matrix (see [13], [14]).

Corollary 1. Obviously, each intuitionistic fuzzy membership matrix of intuition-

istic fuzzy relation R can be divided on two matrices Rµ = (rµij) and Rν = (rνij)
as follows:

r
µ
ij = µR(xi, yj), r

ν
ij = νR(xi, yj), i ∈M, j ∈ N.

Moreover, we have

r
µ
ij + rνij 6 1 for i ∈M, j ∈ N. (1)
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Example 1. The intuitionistic fuzzy membership matrix

A =





(0, 0.9) (0.3, 0.4) (0.5, 0.3)
(0.8, 0.2) (0.3, 0.6) (0.6, 0.1)
(1, 0) (0.2, 0.7) (0.1, 0.5)



 ,

can be rewritten as matrices

Aµ =





0 0.3 0.5
0.8 0.3 0.6
1 0.2 0.1



 , Aν =





0.9 0.4 0.3
0.2 0.6 0.1
0 0.7 0.5



 .

The lattice operations ∨ and ∧ are used for numbers:

a ∨ b = max(a, b), a ∧ b = min(a, b), a, b ∈ [0, 1],

n
∨

i=1

ai = max
i∈N

ai,

n
∧

i=1

ai = min
i∈N

ai, ai ∈ [0, 1], i ∈ N.

Definition 3 ([4]). Let P,R ∈ IFS(X × Y ). We define

• inclusion

P ⊂ R⇔ ∀
(x,y)∈X×Y

(µP (x, y) 6 µR(x, y) and νP (x, y) > νR(x, y)),

• disjunction

P ∪R = {((x, y), µP (x, y) ∨ µR(x, y), νP (x, y) ∧ νR(x, y))},

• conjunction

P ∩R = {((x, y), µP (x, y) ∧ µR(x, y), νP (x, y) ∨ νR(x, y))}.

An intuitionistic fuzzy membership matrices A,B and vectors a, b of intu-

itionistic fuzzy relations are ordered by

(A � B)⇔ (aµij 6 b
µ
ij and aνij > bνij),

(a � b)⇔ (aµj 6 b
µ
j and aνj > bνj ), i ∈M, j ∈ N.

Example 2. Let us consider intuitionistic fuzzy membership matrix A from Ex-

ample 1 and matrix B

B =





(0.7, 0.9) (0.5, 0.5) (0.6, 0.3)
(0.9, 0.2) (0.3, 0.6) (1, 0.1)
(1, 0.7) (0.5, 0.7) (0.7, 0.9)



 ,
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We obtain matrices

Bµ =





0.7 0.5 0.6
0.9 0.3 1
1 0.5 0.7



 , Bν =





0.9 0.5 0.3
0.2 0.6 0.1
0.7 0.7 0.9



 .

We see that Aµ 6 Bµ, Aν 6 Bν and intuitionistic fuzzy membership matrices A

and B are incomparable.

An intuitionistic fuzzy relations and their properties have been investigated by

many authors, especially by Bustince and Burillo ([4], [5], [6]).

2 A binary operations

In this section, we recall some kind of binary operation in [0, 1].

Definition 4 ([9], Definition 1.1). A triangular norm (t-norm) is a binary opera-

tion T : [0, 1]2 → [0, 1], which is commutative, associative, increasing one and it

has neutral element e = 1.

Example 3 (cf. [9], Examples 1.2, 1.12). The triangular norms:

TM (x, y) = x ∧ y (minimum) , (2)

TP (x, y) = x · y (product) , (3)

TL(x, y) = 0 ∨ (x+ y − 1) (Łukasiewicz t−norm) , (4)

TD(x, y) =

{

0, if x, y ∈ (0, 1)
x ∧ y, otherwise

(drastic product) , (5)

TFD(x, y) =

{

0, if x+ y 6 1
x ∧ y, otherwise

(Fodor t−norm) . (6)

Definition 5 ([9], Definitions 1.13). A triangular conorm (t-conorm) is a binary

operation S : [0, 1]2 → [0, 1], which is commutative, associative, increasing one

and it has neutral element e = 0.

Example 4. [cf. [9], Example 1.14] The triangular norms:

SM (x, y) = x ∧ y (maximum) , (7)

SP (x, y) = x+ y − x · y (probabilistic sum) , (8)

SL(x, y) = 1 ∧ (x+ y) (Łukasiewicz t−conorm) , (9)
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SD(x, y) =

{

1, if x, y ∈ (0, 1]
x ∨ y, otherwise

(drastic product) , (10)

SFD(x, y) =

{

1, if x+ y > 1
x ∨ y, otherwise

(Fodor t−conorm) . (11)

Remark 1. Let p ∈ N2 and α be a triangular norm or conorm. We use the

following notation

2
α
i=1

(ai) = α(a1, a2),
p
α
i=1

(ai) = α(
p−1
α
i=1

(ai), ap) (12)

Definition 6. Let ∗, ∗′ : [0, 1]2 → [0, 1]. Operations ∗, ∗′ are dual operations,

when they are fulfilling condition

a ∗′ b = 1− (1− a) ∗ (1− b) (13)

as generalized de Morgan laws.

Lemma 1 ([9], Proposition 1.15). A function S : [0, 1]2 → [0, 1] is a t-conorm if

and only if exists t-norm T such that for all (x, y) ∈ [0, 1]

S(x, y) = 1− T (1− x, 1− y). (14)

Example 5. From Lemma 1 we know that the following pairs:

(TM , SM ), (TP , SP ), (TL, SL), (TD, SD), (TFD, SFD)

are de Morgan pairs.

Lemma 2. Let λ, ∗ be a triangular norms or comorms and P ⊂ N. If (∗, ∗′) and

(λ, λ′) are de Morgan pairs then

λ′

j
((1− aj) ∗

′ (1− bj)) = 1− λ
j∈P

(aj ∗ bj), j ∈ P, aj , bj ∈ [0, 1]. (15)

Proof. From (14) we get

λ′

j
((1− aj) ∗

′ (1− bj)) = 1− λ
j∈P

(1− (1− aj) ∗
′ (1− bj)) = 1− λ

j∈P
(aj ∗ bj).

Definition 7 ([7], Definition 1). Let ∗ : [0, 1]2 → [0, 1]. The binary operation
∗

→

and
∗

← in [0, 1] are called induced implication and dual induced implication by

the operation ∗, where

a
∗

→ b = max{t ∈ [0, 1] : a ∗ t 6 b}, (16)

a
∗

← b = min{t ∈ [0, 1] : a ∗ t > b}, (17)

if they exist for a, b ∈ [0, 1].
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Example 6 ([3], Table 1.3; [7], Example 3). Triangular norms from Example 3

induce the following implications:

a
TM
→ b =

{

1, a 6 b

b, a > b
, a

TP
→ b =

{

1, a 6 b
b
a
, a > b

,

a
TL
→ b = (1− a+ b)∧ 1, a

TFD
→ b =

{

1, a 6 b

(1− a) ∨ b) a > b
for a, b ∈ [0, 1].

but the operation TD has the implication a
TD
→ b not for all a, b ∈ [0, 1], i.e.

a
TD
→ b =

{

1, a 6 b

b, a = 1, b ∈ [0, 1)
.

However, for b < a < 1 we get {t ∈ [0, 1] : TD(a, t) 6 b} = [0, 1) ( cf. (5))

and the greatest element in (16) does not exist. For triangular conorms (from

Example 4), we often obtain induced implication only for a 6 b. For example:

a
SM
→ b = b, a

SP
→ b =

b− a

1− a
, a

SL
→ b = b− a for a 6 b.

But these triangular conorms induces the following dual implications:

a
SM
← b =

{

0, a > b

b, a < b
, a

SP
← b =

{

0, a > b
b−a
1−a

, a < b
,

a
SL
← b =

{

0, a > b

b− a a < b
.

From [7] Theorem 3 (and knowing [8], Corollary 2 and [9], Proposition 1.22)

we get

Theorem 1. If ∗ is left continuous triangular norm, then it has the induced impli-

cation
∗

→.

Theorem 2. If ⋄ is right continuous triangular conorm, then it has the dual in-

duced implication
⋄

←.

Theorem 3 ([7], Theorem 2). Let ∗ : [0, 1]2 → [0, 1] be an increasing operation

and a, b ∈ [0, 1]. If the induced implication (16) exists, then it has the following

properties

a ∗ (a
∗

→ b) 6 b 6 a
∗

→ (a ∗ b), (18)

(a ∗ c 6 b)⇔ (c 6 a
∗

→ b). (19)
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Theorem 4 ([10], Theorem 3). Let ⋄ : [0, 1]2 → [0, 1] be an increasing opera-

tion and a, b ∈ [0, 1]. If the dual induced implication (17) exists, then it has the

following properties

a
⋄

← (a ⋄ b) ≤ b ≤ a ⋄ (a
⋄

← b), (20)

(c ⋄ a) ≥ b⇔ c ≥ a
⋄

← b, (21)

3 The product of intuitionistic fuzzy membership

matrices

Let us denote L∗ = {(x, y) ∈ [0, 1]2 : x + y 6 1}, card X = m, card Y = n,

card Z = p.

Elements in L∗ are ordered by

(x � y)⇔ (x1 6 y1 and x2 > y2), (22)

where x = (x1, x2), y = (y1, y2) ∈ L∗.

Moreover the lattice operations ∨ and ∧ in L∗ we use for:

x ∨ y = (max(x1, y1),min(x2, y2)), x ∧ y = (min(x1, y1),max(x2, y2)),

where x = (x1, x2) ,y = (y1, y2), x, y ∈ L∗.

Corollary 2. We have in L∗ the greatest element 1 = (1, 0) and the lowest 0 =
(0, 1).

Definition 8 ([4], Definition 3). Let α, λ, ∗, ⋄ be triangular norms or triangular

conorms, R ∈ IFS(X × Y ), P ∈ IFS(Y × Z). The relation P
α,∗
◦
λ,⋄

R ∈

IFS(X × Z) is the composition of relations P and R, where

P
α,∗
◦
λ,⋄

R = {((x, z), µ
P

α,∗
◦

λ,⋄
R
(x, z), ν

P
α,∗
◦

λ,⋄
R
(x, z) : (x, y) ∈ X × Z}

and

µ
P

α,∗
◦

λ,λ
R
(x, z) = α

y
{µR(x, y) ∗ µP (y, z)},

ν
P

α,∗
◦

λ,⋄
R
(x, z) = λ

y
{νR(x, y) ⋄ νP (y, z)},

whenever

µ
P

α,∗
◦

λ,⋄
R
(x, z) + µ

P
α,∗
◦

λ,⋄
R
(x, z) 6 1.
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Based on Definition 8, we introduce
α,∗
◦
λ,⋄

product of intuitionistic fuzzy mem-

bership matrices.

Definition 9. Let α, λ, ∗, ⋄ be triangular norms or conorms, A ∈ (L∗)m×n, B ∈

(L∗)n×p. By
α,∗
◦
λ,⋄

product of intuitionistic fuzzy membership matrices A and B we

call the matrix A
α,∗
◦
λ,⋄

B, where

(A
α,∗
◦
λ,⋄

B)ik = ( α
j∈N

(aµij ∗ b
µ
jk), λ

j∈N
(aνij ⋄ b

ν
jk))

and (A
α,∗
◦
λ,⋄

B)µik + (A
α,∗
◦
λ,⋄

B)νik 6 1 for i ∈M, 1 6 k 6 p.

Corollary 3. Let α = ∨, λ = ∧ and ∗, ⋄ be triangular norms or conorms and

A ∈ (L∗)m×n, c ∈ (L∗)n. The product A
∨,∗
◦
∧,⋄

c has the following form:

(A
∨,∗
◦
∧,⋄

c)i = (
n
∨

j=1

(aµij ∗ c
µ
j ),

n
∧

j=1

(aνij ⋄ c
ν
j )), (23)

where

(A
∨,∗
◦
∧,⋄

c)µi + (A
∨,∗
◦
∧,⋄

c)νi 6 1 and i ∈M. (24)

In this paper we pay attention on product, which is presented as (23). This

kind of product has been researched by few authors. Especially the fulfilling of

the condition (24) has been investigated. Based on results of Burillo, Bustince

from 1995 we have

Theorem 5 (cf. [4], Proposition 1). Let λ, α, ∗, ⋄ be a triangular norms or

conorms and (λ, λ′) and (⋄, ⋄′) be de Morgan pairs. If α 6 λ′ and ∗ 6 ⋄′,

then the condition

(A
λ,∗
◦
α,⋄

c)µi + (A
λ,∗
◦
α,⋄

c)νi 6 1

is true for all i ∈M .

Proof. From (1) and assumptions we get

(aµij ∗ c
µ
j ) 6 ((1− aνij) ∗ (1− cνj )) 6 ((1 − aνij) ⋄

′ (1− cνj )).

Therefore, using (14) and (15) we have

α
j∈N

(aµij ∗ c
µ
j ) 6 α

j∈N
((1− aνij) ⋄

′ (1− cνj )) 6
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λ′

j∈N
((1− aνij) ⋄

′ (1− cνj )) = 1− λ
j∈N

(aνij ⋄ c
ν
j ),

then

α
j∈N

(aµij ∗ c
µ
j ) + λ

j∈N
(aνij ⋄ c

ν
j ) 6 1.

Corollary 4. Let ∗, ⋄ be a triangular norms or conorms. If (⋄, ⋄′) is de Morgan

pair and ∗ 6 ⋄′, then the condition

(A
∨,∗
◦
∧,⋄

c)µi + (A
∨,∗
◦
∧,⋄

c)νi 6 1

is true for all i ∈M .

Theorem 6 (cf. [4], Theorem 3). If ∗, ⋄ are triangular norms or conorms and ⋄′

be a dual operation of ⋄, we have

(A
∨,∗
◦
∧,⋄

c)µi + (A
∨,∗
◦
∧,⋄

c)νi 6 1⇔ ∀
j∈N

∃
k∈N

(aµij ∗ c
µ
j ) 6 (1− aνik ⋄

′ 1− cνk)

for i ∈M .

Proof. Since (A
∨,∗
◦
∧,⋄

c)µi + (A
∨,∗
◦
∧,⋄

c)νi 6 1, we have

(A
∨,∗
◦
∧,⋄

c)µi 6 1− (A
∨,∗
◦
∧,⋄

c)νi .

It means that

∨

j∈N

(aµij ∗ c
µ
j ) 6 1−

∧

j∈N

(aνij ⋄ c
ν
j ) =

∨

j∈N

(1− (aνij ⋄ c
ν
j )) =

∨

j∈N

((1− aνij) ⋄
′ (1− cνj )).

Then for all i ∈M and j ∈ N exists k ∈ N for which we have

(aµij ∗ c
µ
j ) 6 ((1 − aνik) ⋄

′ (1− cνk)).

Now, we assume that for all j ∈ N exists k ∈ N such that (aµij ∗ c
µ
j ) 6 (1−aνik ⋄

′

1− cνk). It means that

∨

j∈N

(aµij ∗ c
µ
j ) 6

∨

k∈N

((1− aνik) ⋄
′ (1− cνk)) =

∨

j∈N

[(1− (aνij ⋄ c
ν
j )] =
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1−
∧

j∈N

(aνij ⋄ c
ν
j ).

Therefore
∨

j∈N

(aµij ∗ c
µ
j ) +

∧

j∈N

(aνij ⋄ c
ν
j ) 6 1.

So we get

(A
∨,∗
◦
∧,⋄

c)µi + (A
∨,∗
◦
∧,⋄

c)νi 6 1

for all i ∈M .

Example 7. Let α = ∨, λ = ∧, ∗ = TFD, ⋄ = · and

A =





(0, 0.9) (0.3, 0.4) (0.5, 0.3)
(0.8, 0.2) (0.3, 0.6) (0.6, 0.1)
(1, 0) (0.2, 0.7) (0.1, 0.5)



 , c =





(0.3, 0.2)
(0.2, 0.8)
(0.2, 0.4)



 .

We have

Aµ =





0 0.3 0.5
0.8 0.3 0.6
1 0.2 0.1



 , Aν =





0.9 0.4 0.3
0.2 0.6 0.1
0 0.7 0.5



 ,

cµ =





0.3
0.2
0.2



 , cν =





0.2
0.8
0.4





and from (A
∨,∗
◦
∧,⋄

c)i = (
n
∨

j=1
(aij ∗ cj),

n
∧

j=1
(aij ⋄ cj)) we get

(A
∨,∗
◦
∧,⋄

c)µ =





0
0.3
0.3



 , (A
∨,∗
◦
∧,⋄

c)ν =





0.12
0.04
0



 , A
∨,∗
◦
∧,⋄

c =





(0, 0.12)
(0.3, 0.04)
(0.3, 0)



 .

4 The system of intuitionistic fuzzy equations

System of intuitionistic fuzzy equations has the form

A
α,∗
◦
λ,⋄

x = b,

where A ∈ (L∗)m×n, b ∈ (L∗)m are intuitionistic fuzzy membership matrix and

vector and x ∈ (L∗)n is the vector of unknowns.

We consider special case of system of intuitionistic fuzzy equations.
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Corollary 5. Let α = ∨, λ = ∧ and ∗, ⋄ be triangular norms or conorms and

A ∈ (L∗)m×n, b ∈ (L∗)m. The system of intuitionistic fuzzy equations has the

following form A
∨,∗
◦
∧,⋄

x = b, i.e.:

(
n
∨

j=1

(aµij ∗ x
µ
j ),

n
∧

j=1

(aνij ⋄ x
ν
j )) = (bµi , b

ν
i ), i ∈M.

The system of intuitionistic fuzzy equations can be considered as two separate

systems of fuzzy equations. This kind of method of solving system of intuitionis-

tic fuzzy equations was introduced by Peeva (see [13], [14]) for α = ⋄ = ∨ and

∗ = λ = ∧.

Corollary 6. Let A ∈ (L∗)m×n, b ∈ (L∗)m and α = ∨, λ = ∧ and ∗, ⋄ be

triangular norms or conorms. The system of intuitionistic fuzzy equations A
∨,∗
◦
∧,⋄

x = b can be divided to system of equations Aµ ◦ xµ = bµ with max−∗ product,

i.e.:
n
∨

j=1

(aµij ∗ x
µ
j ) = b

µ
i

and system of equations Aν • xν = bν with min−⋄ product, i.e.:

n
∧

j=1

(aνij ⋄ x
ν
j ) = bνi

for i ∈M .

The family of all solutions of A
∨,∗
◦
∧,⋄

= b we denote by S(A, b, ∗, ⋄), i.e.

S(A, b, ∗, ⋄) = {x ∈ L∗ : A
∨,∗
◦
∧,⋄

= b}.

It means that

S(A, b, ∗, ⋄) = {x = (x1, x2) ∈ L∗ : A ◦ x1 = b and A • x2 = b}.

Definition 10. By minimal solutions of system A
∨,∗
◦
∧,⋄

= b with
∨,∗
◦
∧,⋄

product we call

minimal elements in S(A, b, ∗, ⋄) with respect to the partial order (22) (if they

exist). The set of all minimal solution we denote by S0(A, b, ∗, ⋄).

Based on [7] (Theorems 4, 6) we have
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Theorem 7. Let ∗ be a left-continuous triangular norm. If the vector u ∈ [0, 1]n

is solution of A ◦ x = b, where

uj =

m
∧

i=1

(aij
∗

→ bi) for j ∈ N,

then u is the greatest solution of A ◦ x = b.

Proof. From Theorem 1 we know that the implications aij
∗

→ bi exist for any

i ∈M , j ∈ N . Using (18) we obtain

(A ◦ u)i =
n
∨

j=1

(aij ∗
m
∧

l=1

(alj
∗

→ bl)) 6
n
∨

j=1

(aij ∗ (aij
∗

→ bi)) 6
n
∨

j=1

bi = bi.

It give us that A ◦ u 6 b.

Let now y is solution of A ◦ x = b. Using (19) we get

aij ∗ yj 6

m
∨

k=1

aik ∗ yk 6 bi, (aij ∗ yj 6 bi)⇔ (yj 6 (aij
∗

→ bi))

for any i ∈M . After adding infimmum, we have

xj 6

m
∧

i=1

(aij
∗

→ bi) = uj .

Then u is the greatest solution of A ◦ x = b.

From [10] we have

Theorem 8. If ⋄ is a right-continuous triangular conorm and the vector z ∈

[0, 1]n is a solution of A • x = b, where

zj =
m
∨

i=1

(aij
⋄

← bi) for j ∈ N,

then z is the lowest solution of A • x = b.

Proof. From Theorem 2 we know that the dual implications aij
⋄

← bi exist for

any i ∈M , j ∈ N Using (21)

n
∧

j=1

(aij ⋄ zj) =

n
∧

j=1

(aij ⋄

m
∨

k=1

(akj
⋄

← bk)) ≥

n
∧

j=1

(aij ⋄ (aij
⋄

← bi) ≥ bi)
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we get that z is a solution of inequality A◦x ≥ b. Let y be a solution of A◦x = b.

Using (21), (20), we get

aij ∗ yj >

m
∧

k=1

aik ⋄ yk > bi, (aij ⋄ yj = yj ⋄ aij > bi)⇔ (yj > (aij
⋄

← bi))

for any i ∈M . So we have

(xj ≥

m
∨

k=1

(akj
⋄

← bk)) = zj .

Then z is the lowest solution of A • x = b.

From Theorems 7, 8 we get

Theorem 9. Let ∗, ⋄ are left-continuous triangular norm and right-conti-nuous

triangular conorm, respectively. If the vector g ∈ (L∗)n is solution of A
∨,∗
◦
∧,⋄

x = b,

where

g
µ
j =

m
∧

i=1

(aµij
∗

→ b
µ
i ),

gνj =

m
∨

i=1

(aνij
⋄

← bνi ) for j ∈ N,

then g is the greatest solution of A
∨,∗
◦
∧,⋄

x = b.

In the papers [15], [11] has been considered the problem of existence and

determination of minimal solution of A ◦ x = b. As a common result of them we

have

Theorem 10. If ∗ a is right-continuous triangular norm and the set of all solution

of A ◦ x = b is not empty, then each vector x ∈ [0, 1]n, which is solution of

A ◦ x = b, is bounded from below by some minimal solution from the set of all

solutions of A ◦ x = b.

In a dual way and based on [12] we get

Theorem 11. If ⋄ is a left-continuous triangular conorm and the set of all solu-

tions of A • x = b is not empty, then each vector x ∈ [0, 1]n, which is solution of

A • x = b, is bounded from above by some maximal solution from the set of all

solutions of A • x = b.
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From Theorems 10, 11 we obtain

Theorem 12. If ∗ is a right-continuous triangular norm and ⋄ is left-conti-nuous

triangular conorm and the set of all solutions of A ◦x = b is not empty, then each

vector x ∈ (L∗)n, which is solution of A
∨,∗
◦
∧,⋄

x = b, is bounded from below by

some minimal solution v from the set of all solutions of A
∨,∗
◦
∧,⋄

= b.

From theorems 9 and 12 we have

Theorem 13. If ∗ is continuous triangular norm and ⋄ is continuous triangular

conorm and S(A, b, ∗, ⋄) 6= ∅, then

S(A, b, ∗, ⋄) =
⋃

v∈S0(A,b,∗,⋄)

[v, g]

and g = maxS(A, b, ∗, ⋄).

Example 8. Let α = ∨, ∗ = ∧, λ = ∧, ⋄ = ∨ and

A =





(0.5, 0.4) (0.3, 0.2) (0.7, 0.3)
(0.5, 0.6) (0.6, 0.6) (0.8, 0.8)
(0.2, 0.2) (0.8, 0.9) (0.2, 0.5)



 , b =





(0.5, 0.2)
(0.5, 0.6)
(0.2, 0.5)



 .

From that we have

Aµ =





0.5 0.3 0.7
0.5 0.6 0.8
0.2 0.8 0.2



 , Aν =





0.4 0.2 0.3
0.6 0.6 0.8
0.2 0.9 0.5



 ,

bµ =





0.5
0.5
0.2



 , bν =





0.2
0.6
0.5



 .

We need to solve two systems of equations Aµ ◦ xµ = bµ and Aν • xν = bν .

Because the greatest solution of Aµ ◦ xµ = bµ is uµ and the lowest solution of

Aν • xν = bν is zν (in ([0, 1]n,6)), where

uµ =





1
0.2
0.5



 , zν =





0.5
0
0



 ,

then the greatest solution of A
∨,∧
◦

∧,∨
x = b is g (in ((L∗)n,�)), where

g =





(1, 0.5)
(0.5, 0)
(0.5, 0)



 .
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Example 9. Let α = ∨, ∗ = ∧, λ = ∧, ⋄ = ∨ and

A =





(0.5, 0.4) (0.3, 0.2) (0.7, 0.3)
(0.5, 0.6) (0.6, 0.6) (0.8, 0.8)
(0.2, 0.2) (0.8, 0.9) (0.2, 0.5)



 , b =





(0.5, 0.2)
(0.5, 0.6)
(0.2, 0.5)



 .

Because minimal solutions of Aµ ◦ xµ = bµ are w1, w2 and maximum solutions

of Aν • xν = bν are w3, w4 (in ([0, 1]n,6)), where

w1 =





0.5
0
0



 , w2 =





0
0
0.5



 , w3 =





1
0
0



 , w4 =





0.5
0
1



 ,

then minimal solutions of A
∨,∧
◦

∧,∨
x = b are v1, v2, v3, v4 (in ((L∗)n,�)), where

v1 =





(0.5, 1)
(0, 0)
(0, 0)



 , v2 =





(0.5, 0.5)
(0, 0)
(0, 1)



 ,

v3 =





(0, 1)
(0, 0)
(0.5, 0)



 , v4 =





(0, 0.5)
(0, 0)
(0.5, 1)



 .

Therefore, we obtain the set of all solution of this system of intuitionistic fuzzy

equations [v1, g] ∪ [v2, g] ∪ [v3, g] ∪ [v4, g], where g is calculated in Example 8.
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