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IBS PAN SRI PAS



c© Copyright by Systems Research Institute

Polish Academy of Sciences

Warsaw 2012

All rights reserved. No part of this publication may be reproduced, stored in

retrieval system or transmitted in any form, or by any means, electronic, mecha-

nical, photocopying, recording or otherwise, without permission in writing from

publisher.

Systems Research Institute

Polish Academy of Sciences

Newelska 6, 01-447 Warsaw, Poland

www.ibspan.waw.pl

ISBN 83-894-7540-5



Dedicated to Professor Beloslav Riečan on his 75th anniversary
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Abstract

This article is devoted to examination on transformations of intuitionis-

tic fuzzy relations in the context of preservation of the given properties of

these relations in the process of transformation. The considered transforma-

tions are lattice operations and some other operations defined by Atanassov

and in addition, the complement, the converse and composition of rela-

tions are taken into account. Among others, semi-properties of intuitionistic

fuzzy relations, namely semi-reflexivity, semi-irreflexivity, semi-symmetry,

semi-connectedness, semi-asymmetry, semi-transitivity are examined.

Keywords: intuitionistic fuzzy relations, composition, dual composition,

relation classification, basic properties, semi-properties, preservation of pro-

perties, invariant transformations.

1 Introduction

Atanassov intuitionistic fuzzy sets and relations (originally called intuitionistic

fuzzy sets and relations, cf. [1], [2]) are applied for example in group decision

making, optimization problems, graph theory and neural networks (cf. [6]) so it is

worth dealing with such concepts both for theoretical and practical reasons. The

concept of an Atanassov intuitionistic fuzzy set and an Atanassov intuitionistic

fuzzy relation (intuitionistic fuzzy relation for short) generalize the concept of a

fuzzy set and a fuzzy relation introduced by Zadeh (cf. [19], [20]). Namely, not
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only the degree of membership to a given set (relation) is considered but also the

degree of non-membership to this set (relation) is taken into account in such way

that the sum of both values is less than or equal to one. Therefore, a pair ρ =
(R,Rd) is called an intuitionistic fuzzy relation, where R, Rd : X ×X → [0, 1]
are fuzzy relations fulfilling the condition R(x, y) + Rd(x, y) ≤ 1, x, y ∈ X,

X 6= ∅. Intuitionistic fuzzy relations may have diverse types of properties (cf.

[5], [7], [13]) and there are many interesting problems to deal with in this area

(see for example [8]). We consider the problem of preservation of intuitionis-

tic fuzzy relation properties by transformations, especially we take into account

the complement, the converse and composition of a relation and we also exam-

ine lattice operations. Generally, the regarded transformations are of the type

F : AIFR(X)n → AIFR(X), n ∈ N, where AIFR(X) stands for the family

of all intuitionistic fuzzy relations described in a given set X. Among others,

semi-properties of intuitionistic fuzzy relations are examined. These properties

are important because of its possible applications for preference procedure which

is of great interest nowadays (see e.g. [10], [14], [15], [18]). In Section 2, some

necessary concepts and properties are recalled. In Section 3, preservation of the

following properties is examined: reflexivity, irreflexivity, connectedness, asym-

metry, transitivity, dual transitivity. In Section 4, preservation of semi-reflexivity,

semi-irreflexivity, semi-symmetry, semi-connectedness, semi-asymmetry, semi-

transitivity is considered.

2 Basic definitions

Let us first recall, useful in our further considerations, the definition of the com-

position and the dual composition of fuzzy relations considered in the family

FR(X) = {R|R : X ×X → [0, 1]}, X 6= ∅ of all fuzzy relations (cf. [20]) in a

given set X 6= ∅. If card X = n, n ∈ N, then a fuzzy relation R : X×X → [0, 1]
may be represented by a matrix belonging to [0, 1]n×n, where R = [rij ] and

rij = R(xi, xj).

Definition 1 (cf. [20]). Let R,S ∈ FR(X). The composition of fuzzy relations

R and S is the fuzzy relation (R ◦ S) ∈ FR(X) such that

(R ◦ S)(x, z) = sup
y∈X

min(R(x, y), S(y, z)), (x, z) ∈ X ×X. (1)

If card X = n, R = [rij ], S = [sjk], then

R ◦ S = [tik], where tik = max
16j6n

min(rij , sjk), i, k = 1, ..., n, n ∈ N. (2)
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The dual composition of fuzzy relations R and S is the fuzzy relation

(R ◦
′

S) ∈ FR(X) such that

(R ◦
′

S)(x, z) = inf
y∈X

max(R(x, y), S(y, z)), (x, z) ∈ X ×X. (3)

If card X = n, R = [rij ], S = [sjk], then

R ◦
′

S = [tik], where tik = min
16j6n

max(rij , sjk), i, k = 1, ..., n, n ∈ N. (4)

Now we put the definition of an intuitionistic fuzzy relation.

Definition 2 (cf. [2]). Let X 6= ∅, R, Rd : X × X → [0, 1] be fuzzy relations

fulfilling the condition

R(x, y) +Rd(x, y) 6 1, x, y ∈ X.

A pair ρ = (R,Rd) is called an intuitionistic fuzzy relation. The family of all

intuitionistic fuzzy relations described in a given set X is denoted by AIFR(X).

Example 1. The identity relation ι ∈ AIFR(X) has the following form ι =
(I, Id):

I =

{

1 for x = y

0 for x 6= y
, Id =

{

0 for x = y

1 for x 6= y
, x, y ∈ X. (5)

With each intuitionistic fuzzy relation ρ ∈ AIFR(X) the fuzzy relation πρ :
X ×X → [0, 1] is associated (cf. [16]), where

πρ(x, y) = 1−R(x, y)−Rd(x, y), x, y ∈ X. (6)

The number πρ(x, y) is called an index of an element (x, y) in the intuition-

istic fuzzy relation ρ. Each fuzzy relation R can be expressed in the language of

intuitionistic fuzzy relations. In this case we put Rd(x, y) = 1 − R(x, y) for all

x, y ∈ X. As a result πρ(x, y) = 0 for all x, y ∈ X.

We use the notation ρ(x, y) = (R(x, y), Rd(x, y)), where ρ ∈ AIFR(X).
Basic transformations of the type F : AIFR(X)n → AIFR(X), n ∈ N, and

relations for intuitionistic fuzzy relations are defined in the following way

Definition 3 (cf. [2], [7]). For arbitrary ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X)
we define:

• the sum: ρ ∨ σ = (R ∨ S,Rd ∧ Sd),
• the intersection: ρ ∧ σ = (R ∧ S,Rd ∨ Sd), where

(R ∨ S)(x, y) = max(R(x, y), S(x, y)), x, y ∈ X,
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(R ∧ S)(x, y) = min(R(x, y), S(x, y)), x, y ∈ X,

• the converse relation: ρ−1 = (R−1, (Rd)−1), where R−1(x, y) = R(y, x), for

each R ∈ FR(X) and x, y ∈ X,

• the complement: ρ′ = (Rd, R).
And for a set P ⊂ X ×X:

∨

(x,y)∈P

ρ(x, y) = (
∨

(x,y)∈P

R(x, y),
∧

(x,y)∈P

Rd(x, y)), (7)

∧

(x,y)∈P

ρ(x, y) = (
∧

(x,y)∈P

R(x, y),
∨

(x,y)∈P

Rd(x, y)), (8)

where for each R ∈ FR(X)

∨

(x,y)∈P

R(x, y) = sup
(x,y)∈P

R(x, y) and
∧

(x,y)∈P

R(x, y) = inf
(x,y)∈P

R(x, y).

We consider thecomposition and the dualcompositionof elements of theAIFR(X)
(cf. [7]). However, we only concentrate on the basic form of this composition,

where operations maximum and minimum are involved.

Let ρ, σ ∈ AIFR(X). Thus:

• the composition of relations ρ, σ is the relation

ρ ◦ σ = (R ◦ S,Rd ◦
′

Sd) ∈ AIFR(X),

• the dual composition of relations ρ, σ is the relation

ρ ◦
′

σ = (R ◦
′

S,Rd ◦ Sd) ∈ AIFR(X),

where operations ◦ and ◦
′

are described by the formulas (1) and (3). We define

also the following relations between elements of the family AIFR(X):

ρ 6 σ ⇔ (R 6 S, Sd
6 Rd),

ρ = σ ⇔ (R = S, Rd = Sd).

The pair (AIFR(X),6) is a partially ordered set. Operations ∨,∧ are the

supremum and the infimum in AIFR(X), respectively. As a result the fam-

ily (AIFR(X),∨,∧) is a lattice (for a definition of a lattice and other related

concepts see [4]) which is a consequence of the fact that ([0, 1],max,min) is a

lattice. The lattice AIFR(X) is complete. There exist the bottom and the top el-

ements in AIFR(X). We will denote these elements by 0, 1, respectively, where
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0 = (0, 1), 1 = (1, 0) and 0, 1 ∈ FR(X) are the constant fuzzy relations. For

each subset P of X ×X there exist the values (7) and (8). This fact follows from

the definition of supremum
∨

and infimum
∧

and from the fact that the values

of fuzzy relations are from the interval [0, 1] which with the operations maximum

and minimum forms a complete lattice. Operation ′ is de Morgan complement

in this lattice because (ρ′)′ = ρ and ρ 6 σ ⇒ σ′ 6 ρ′. We consider only the

originally proposed operations on relations in the family AIFR(X) [3]. There

are also generalizations of these operations with the use of triangular norms and

conorms, see [9]. Some other operations in the intuitionistic environment were

also introduced by Atanassov ([3], p. 9).

3 Preservation of the basic properties

There are many particular properties of intuitionistic fuzzy relations. We apply

the following ones which are modifications of the ones applied in [7] and [13].

In the sequel we will see that such way of defining these properties guarantee the

analogy between results on fuzzy relations in the family FR(X) and the results

on intuitionistic fuzzy relations in the family AIFR(X).

Definition 4. Relation ρ ∈ AIFR(X) is:

• reflexive, if

∀
x∈X

ρ(x, x) = 1, (9)

• irreflexive, if

∀
x∈X

ρ(x, x) = 0, (10)

• symmetric, if

∀
x,y∈X

ρ(x, y) = ρ(y, x), (11)

• asymmetric, if

∀
x,y∈X

ρ(x, y) ∧ ρ(y, x) = 0, (12)

• antisymmetric, if

∀
x,y∈X,x 6=y

ρ(x, y) ∧ ρ(y, x) = 0, (13)

• totally connected, if

∀
x,y∈X

ρ(x, y) ∨ ρ(y, x) = 1, (14)

• connected, if

∀
x,y∈X,x 6=y

ρ(x, y) ∨ ρ(y, x) = 1, (15)
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• transitive, if

∀
x,y,z∈X

ρ(x, y) ∧ ρ(y, z) 6 ρ(x, z), (16)

• dually transitive, if

∀
x,y,z∈X

ρ(x, y) ∨ ρ(y, z) > ρ(x, z). (17)

In this paper only the classical transitivity property is considered. In general,

instead of operations ∨ and ∧, some other operations may be applied (see [7]).

As a consequence of the previous definition one has (cf. [5])

Theorem 1. Let ρ = (R,Rd) ∈ AIFR(X). Relation ρ is:

• reflexive if and only if ι 6 ρ ([5]),

• irreflexive if and only if ρ ∧ ι = 0,

• symmetric if and only if ρ = ρ−1,

• asymmetric if and only if ρ ∧ ρ−1 = 0,

• antisymmetric if and only if ρ ∧ ρ−1 6 ι,

• totally connected if and only if ρ ∨ ρ−1 = 1,

• connected if and only if ρ ∨ ρ−1 ∨ ι = 1,

• transitive if and only if ρ ◦ ρ 6 ρ (cf. [7]),

• dually transitive if and only if ρ ◦
′

ρ > ρ (cf. [7]).

Proof. Now the proof for a connectedness will be presented. Other properties

may be justified analogously. Let ρ(x, y) = (R(x, y), Rd(x, y)), x, y ∈ X,x 6= y

and (ρ ∨ ρ−1 ∨ ι) = 1. Thus

1(x, y) = (ρ ∨ ρ−1 ∨ ι)(x, y) =

(max(R(x, y), R−1(x, y), I(x, y)),min(Rd(x, y), (Rd)−1(x, y), Id(x, y))).

As a result, by the formula R−1(x, y) = R(y, x), one obtains

1(x, y) = (max(R(x, y), R(y, x), 0),min(Rd(x, y), (Rd)(y, x), 1)) =

(max(R(x, y), R(y, x)),min(Rd(x, y), (Rd)(y, x))).

This means that (15) is fulfilled, so ρ is connected.

From definitions of fuzzy relation properties (cf. [11], p. 72) we obtain

Corollary 1. Let ρ = (R,Rd) ∈ AIFR(X). Intuitionistic fuzzy relation ρ is:

• reflexive if and only if fuzzy relation R is reflexive and fuzzy relation Rd is

irreflexive,
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• irreflexive if and only if fuzzy relation R is irreflexive and fuzzy relation Rd is

reflexive,

• symmetric if and only if fuzzy relation R is symmetric and fuzzy relation Rd is

symmetric,

• asymmetric if and only if fuzzy relation R is asymmetric and fuzzy relation Rd

is totally connected,

• antisymmetric if and only if fuzzy relation R is antisymmetric and fuzzy relation

Rd is connected,

• totally connected if and only if fuzzy relation R is totally connected and fuzzy

relation Rd is asymmetric,

• connected if and only if fuzzy relation R is connected and fuzzy relation Rd is

antisymmetric,

• transitive if and only if fuzzy relation R is transitive and fuzzy relation Rd is

dually transitive,

• dually transitive if and only if fuzzy relation R is dually transitive and fuzzy

relation Rd is transitive.

Theorem 1 and Corollary 1 give the way of quick checking properties of the

given relation ρ ∈ AIFR(X). Below some examples are presented.

Example 2. Let card X = 3, ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X) be pre-

sented by matrices:

R =





1 0.3 0
0.5 1 0.1
0.1 0.4 1



 , Rd =





0 0.7 1
0.5 0 0.8
0.8 0.6 0



 ,

S =





0 0.4 0.3
0.3 0 0.5
0.2 0.2 0



 , Sd =





1 0.6 0.7
0.6 1 0.5
0.8 0.8 1



 ,

where ρ is reflexive and σ is irreflexive.

Example 3. Let card X = 3, ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X) be pre-

sented by matrices:

R =





0 0 1
0.7 0 0
0 0.9 0



 , Rd =





1 1 0
0.2 1 1
1 0 1



 ,

S =





1 0 1
1 1 0.3
0.1 1 1



 , Sd =





0 1 0
0 0 0.4
0.3 0 0



 ,

where ρ is asymmetric (antisymmetric) and σ is totally connected (connected).
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Example 4. Let card X = 2, ρ = (R,Rd) and card X = 3, σ = (S, Sd) ∈

AIFR(X) be presented by matrices:

R =

[

1 0
0.1 1

]

, Rd =

[

0 0.6
0.7 0

]

,

S =





0.3 0.7 0.2
0.5 0.8 0.5
0.1 0.4 0.1



 , Sd =





0.6 0.1 0.8
0.2 0 0.4
0.6 0.2 0.7



 .

Relation ρ is transitive because ρ ◦ ρ 6 ρ (cf. [6]) and σ is dually transitive

because σ ◦
′

σ > σ (cf. [5]).

Now, some transformations of intuitionistic fuzzy relations will be discussed.

Theorem 2. Let ρ ∈ AIFR(X).
• ρ is reflexive if and only if ρ

′

is irreflexive ([7]).

• ρ is symmetric if and only if ρ
′

is symmetric ([7]).

• ρ is asymmetric if and only if ρ
′

is totally connected.

• ρ is antisymmetric if and only if ρ
′

is connected.

• ρ is transitive if and only if ρ
′

is dually transitive ([7]).

Proof. We will prove only one of the given properties. Let x, y ∈ X, ρ ∈

AIFR(X). Relation ρ is asymmetric if and only if ρ(x, y) ∧ ρ(y, x) = 0. This

means that R(x, y) ∧R(y, x) = 0 and Rd(x, y) ∨Rd(y, x) = 1. By definition of

ρ
′

this is equivalent to the total connectedness of ρ
′

.

In virtue of the fact that (ρ
′

)
′

= ρ and by the results of the previous theorem

one obtains

Theorem 3. Let ρ ∈ AIFR(X).
• ρ is irreflexive if and only if ρ

′

is reflexive.

• ρ is totally connected if and only if ρ
′

is asymmetric.

• ρ is connected if and only if ρ
′

is antisymmetric.

• ρ is dually transitive if and only if ρ
′

is transitive.

Theorem 4. Let ρ ∈ AIFR(X).
• ρ is reflexive if and only if ρ−1 is reflexive (cf. [7]).

• ρ is irreflexive if and only if ρ−1 is irreflexive (cf. [7]).

• ρ is symmetric if and only if ρ−1 is symmetric.

• ρ is asymmetric if and only if ρ−1 is asymmetric.

• ρ is antisymmetric if and only if ρ−1 is antisymmetric.

• ρ is connected if and only if ρ−1 is connected.
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• ρ is totally connected if and only if ρ−1 is totally connected.

• ρ is transitive if and only if ρ−1 is transitive.

• ρ is dually transitive if and only if ρ−1 is dually transitive.

Proof. We will prove only the transitivity case. Let x, y, z ∈ X and ρ ∈ AIFR(X)
be transitive. Thus R(z, y) ∧ R(y, x) 6 R(z, x) and Rd(z, y) ∨ Rd(y, x) >

Rd(z, x). As a result R−1(x, y) ∧ R−1(y, z) 6 R−1(x, z) and (Rd)−1(x, y) ∨
(Rd)−1(y, z) > (Rd)−1(x, z) so ρ−1 is transitive. The converse implication is

due to the fact that (ρ−1)−1 = ρ.

Now preservation of the basic properties by the lattice operations will be dis-

cussed.

Theorem 5. Let ρ, σ ∈ AIFR(X).
• If ρ, σ are reflexive, then ρ ∧ σ is reflexive ([7]).

• If ρ is irreflexive, then ρ ∧ σ is irreflexive ([7]).

• If ρ, σ are symmetric, then ρ ∧ σ is symmetric.

• If ρ, σ are asymmetric, then ρ ∧ σ is asymmetric.

• If ρ, σ are antisymmetric, then ρ ∧ σ is antisymmetric.

• If ρ, σ are transitive, then ρ ∧ σ is transitive.

Proof. We will prove only the transitivity case. Let x, y, z∈X, ρ = (R,Rd), σ =
(S, Sd) ∈ AIFR(X) be transitive. Then by associativity, commutativity and

monotonicity of minimum it follows that

(R ∧ S)(x, y) ∧ (R ∧ S)(y, z) =

(min(min(R(x, y), S(x, y)),min(R(y, z), S(y, z))) =

min(min(R(x, y), R(y, z)),min(S(x, y), S(y, z)))

6 min(R(x, z), S(x, z)) = (R ∧ S)(x, z).

Similarly it can be proven that

(Rd ∨ Sd)(x, y) ∨ (Rd ∨ Sd)(y, z) > (Rd ∨ Sd)(x, z).

As a result (ρ∧σ)(x, y)∧ (ρ∧σ)(y, z) 6 (ρ∧σ)(x, z), so ρ∧σ is transitive.

Example 5. Let card X = 2, ρ = (R,Rd), σ = (S, Sd) be presented by matrices:

R =

[

1 0.2
1 1

]

, Rd =

[

0 0.6
0 0

]

, S =

[

1 1
0.1 1

]

, Sd =

[

0 0
0.7 0

]

,

R ∧ S =

[

1 0.2
0.1 1

]

, Rd ∨ Sd =

[

0 0.6
0.7 0

]

.
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Relations ρ and σ are totally connected while ρ∧ σ = (R ∧ S,Rd ∨ Sd) does not

have this property.

Example 6. Let card X = 3, ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X) be pre-

sented by matrices:

R =





0.2 1 1
0.1 0 1
0 0 0



 , Rd =





0.7 0 0
0.8 0.9 0
0.8 0.9 0.8



 ,

S =





0.2 0.1 0
1 0 0
1 1 0



 , Sd =





0.7 0.8 0.8
0 0.9 0.9
0 0 0.8



 .

Relations ρ and σ are dually transitive but ρ∧σ = (T, T d) is not dually transitive

because

T = R ∧ S =





0.2 0.1 0
0.1 0 0
0 0 0



 , T d = Rd ∨ Sd =





0.7 0.8 0.8
0.8 0.9 0.9
0.8 0.9 0.8



 ,

where T ◦
′

T = [tij ] and tij = 0 for all i, j = 1, ..., n. As a result T ◦
′

T < T

and T = R ∧ S is not dually transitive so ρ ∧ σ is not dually transitive.

Theorem 6. Let ρ, σ ∈ AIFR(X).
• If ρ is reflexive, then ρ ∨ σ is reflexive ([7]).

• If ρ and σ are irreflexive, then ρ ∨ σ is irreflexive ([7]).

• If ρ, σ are symmetric, then ρ ∨ σ is symmetric.

• If ρ, σ are connected, then ρ ∨ σ is connected.

• If ρ, σ are totally connected, then ρ ∨ σ is totally connected.

• If ρ, σ are dually transitive, then ρ ∨ σ is dually transitive.

Proof. We will prove only the dual transitivity case. Let x, y, z ∈ X, ρ =
(R,Rd), σ = (S, Sd) ∈ AIFR(X) be dually transitive. Then by associativity,

commutativity and monotonicity of maximum we get

(R ∨ S)(x, y) ∨ (R ∨ S)(y, z) =

= max(max(R(x, y), S(x, y)),max(R(y, z), S(y, z))) =

max(max(R(x, y), R(y, z)),max(S(x, y), S(y, z))) >

max(R(x, z), S(x, z)) = (R ∨ S)(x, z).
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Similarly it can be proven that

(Rd ∧ Sd)(x, y) ∧ (Rd ∧ Sd)(y, z) 6 (Rd ∧ Sd)(x, z).

As a result (ρ ∨ σ)(x, y) ∨ (ρ ∨ σ)(y, z) > (ρ ∨ σ)(x, z), so ρ ∨ σ is dually

transitive.

Example 7. Let card X = 2, ρ = (R,Rd), σ = (S, Sd) be presented by matrices:

R =

[

0 0.5
0 0

]

, Rd =

[

1 0.2
1 1

]

, S =

[

0 0
0.6 0

]

, Sd =

[

1 1
0.1 1

]

,

R ∨ S =

[

0 0.5
0.6 0

]

, Rd ∧ Sd =

[

1 0.2
0.1 1

]

.

Relations ρ and σ are asymmetric but ρ ∨ σ = (R ∨ S,Rd ∧ Sd) does not have

this property.

Example 8. Let card X = 3, ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X) be pre-

sented by matrices:

R =





0.7 0 0
0.8 0.9 0
0.8 0.9 0.8



 , Rd =





0.2 1 1
0.1 0 1
0 0 0



 ,

S =





0.7 0.8 0.8
0 0.9 0.9
0 0 0.8



 , Sd =





0.2 0.1 0
1 0 0
1 1 0



 .

Relations ρ and σ are transitive because ρ ◦ ρ = ρ and σ ◦ σ = σ. However,

ρ ∨ σ = (T, T d) is not transitive, where T = R ∨ S, T d = Rd ∧ Sd and

T =





0.7 0.8 0.8
0.8 0.9 0.9
0.8 0.9 0.8



 , T d =





0.2 0.1 0
0.1 0 0
0 0 0



 , T ◦T =





0.8 0.8 0.8
0.8 0.9 0.9
0.8 0.9 0.9



 .

We see that T ◦ T > T , so T is not transitive and ρ ∨ σ is not transitive.

Now the composition and dual composition of intuitionistic fuzzy relations

with the given property will be examined. We will concentrate mainly on the

compositions of the relation ρ ∈ AIFR(X) by itself.
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Theorem 7. Let ρ ∈ AIFR(X).
• If ρ is reflexive, then ρ ◦ ρ is reflexive ([5]).

• If ρ is irreflexive, then ρ ◦
′

ρ is irreflexive ([5]).

• If ρ is symmetric, then ρ ◦ ρ is symmetric (cf. [5]).

• If ρ is symmetric, then ρ ◦
′

ρ is symmetric (cf. [5]).

• If ρ is transitive, then ρ ◦ ρ is transitive.

• If ρ is dually transitive, then ρ ◦
′

ρ is dually transitive.

Proof. If ρ is transitive, then ρ ◦ ρ 6 ρ. By the monotonicity of the composition

◦ (cf. [5], Theorem 5) it follows that (ρ ◦ ρ) ◦ (ρ ◦ ρ) 6 ρ ◦ ρ, which means that

ρ ◦ ρ is transitive. Similarly, by the monotonicity of the dual composition (cf. [5],

Theorem 5) it follows that ρ ◦
′

ρ is dually transitive.

It can be easily proven that composition of arbitrary two reflexive relations

is also reflexive. However, the composition (dual composition) of two arbitrary

symmetric relations is not always symmetric ([5]).

Example 9. Composition of asymmetric, antisymmetric, connected, totally con-

nected relation ρ ∈ AIFR(X) by itself need not be asymmetric, antisymmetric,

connected, totally connected, respectively. It follows from definition of composi-

tion of intuitionistic fuzzy relations and the fact that fuzzy relation - representing

the membership value of the given intuitionistic fuzzy relation - which is asym-

metric, antisymmetric, connected, totally connected, respectively need not have

the adequate property (cf. [11], p. 78-79). Dual composition of asymmetric, an-

tisymmetric, connected, totally connected relation ρ ∈ AIFR(X) by itself need

not asymmetric, antisymmetric, connected, totally connected, respectively. It fol-

lows from definition of dual composition of intuitionistic fuzzy relations and the

fact that fuzzy relation - representing the non-membership value of the given in-

tuitionistic fuzzy relation - which is totally connected, connected, antisymmetric,

asymmetric, respectively need not have the adequate property (cf. [11], p. 78-79).

4 Preservation of semi-properties

Now, we define parameterized versions of intuitionistic fuzzy relation properties.

We follow the concept of such properties given by Drewniak [11] for fuzzy rela-

tions but we restrict ourselves only to the parameter α = 0.5. This is why we will

call these properties semi-properties.

Definition 5 ([12]). Relation ρ = (R,Rd) ∈ AIFR(X) is called:

• semi-reflexive if

∀
x∈X

ρ(x, x) > (0.5, 0.5), (18)
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• semi-irreflexive if

∀
x∈X

ρ(x, x) 6 (0.5, 0.5), (19)

• semi-symmetric if

∀
x,y∈X

ρ(x, y) > (0.5, 0.5) ⇒ ρ(y, x) = ρ(x, y), (20)

• semi-asymmetric if

∀
x,y∈X

ρ(x, y) ∧ ρ(y, x) 6 (0.5, 0.5), (21)

• semi-antisymmetric if

∀
x,y∈X,x 6=y

ρ(x, y) ∧ ρ(y, x) 6 (0.5, 0.5), (22)

• totally semi-connected if

∀
x,y∈X

ρ(x, y) ∨ ρ(y, x) > (0.5, 0.5), (23)

• semi-connected if

∀
x,y∈X,x 6=y

ρ(x, y) ∨ ρ(y, x) > (0.5, 0.5), (24)

• semi-transitive if

∀
x,y,z∈X

ρ(x, y) ∧ ρ(y, z) > (0.5, 0.5) ⇒ ρ(x, z) > ρ(x, y) ∧ ρ(y, z). (25)

From Definition 4 and Definition 5 it follows

Corollary 2. If intuitionistic fuzzy relation ρ = (R,Rd) ∈ AIFR(X) is reflexive,

irreflexive, symmetric, asymmetric, antisymmetric, totally connected, connected,

transitive, then it is semi-reflexive, semi-irreflexive,

semi-symmetric, semi-asymmetric, semi-antisymmetric, totally semi-

connected, semi-connected, semi-transitive, respectively.

From definition of semi-transitivity and definition of the composition of intu-

itionistic fuzzy relations it follows

Corollary 3 ([12]). Let ρ = (R,Rd) ∈ AIFR(X) be an intuitionistic fuzzy

relation. Relation ρ is semi-transitive if and only if

∀
x,z∈X

(ρ ◦ ρ)(x, z) > (0.5, 0.5) ⇒ ρ(x, z) > (ρ ◦ ρ)(x, z), (26)
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which means that

∀
x,z∈X

(R ◦R)(x, z) > 0.5 ⇒ R(x, z) > (R ◦R)(x, z),

∀
x,z∈X

(Rd ◦
′

Rd)(x, z) 6 0.5 ⇒ Rd(x, z) 6 (Rd ◦
′

Rd)(x, z).

These properties may be especially useful for intuitionistic fuzzy preference

relations.

Definition 6 ([18], cf. [17]). Let X = n. An intuitionistic fuzzy preference rela-

tion ρ on the set X is represented by a matrix ρ = (ρij)n×n with ρij = (rij , r
d
ij),

for all i, j = 1, ..., n, where ρij is an intuitionistic fuzzy value, composed by

the degree rij to which xi is preferred to xj , the degree rdij to which xi is non-

preferred to xj , and the uncertainty degree πij to which xi is preferred to xj .

Furthermore, rij , r
d
ij satisfy the following properties for all i, j = 1, ..., n:

0 ≤ rij + rdij ≤ 1,

rij = rdji, rii = rdii = 0.5.

Directly from Definition 6 it follows that πij = πji for all i, j = 1, ..., n.

Corollary 4 ([12]). Each intuitionistic fuzzy preference relation is semi-reflexive

and semi-irreflexive.

Other results connected with intuitionistic preference relations and

semi-properties are presented in [12].

Example 10. Let card X = 3, ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X) be

presented by matrices:

R =





0.5 0.2 0.9
0.7 0.5 0
0 0.9 0.5



 , Rd =





0.5 0.6 0
0.3 0.5 1
1 0 0.5



 ,

S =





0.6 0.7 0.3
0.7 0.5 0.3
0.1 0.4 1



 , Sd =





0.3 0.2 0.7
0.2 0.4 0.6
0.6 0.6 0



 .

ρ is semi-reflexive, semi-irreflexive, semi-asymmetric, semi-antisymmetric, to-

tally semi-connected, semi-connected and σ is semi-symmetric.
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Example 11. Let us consider relations from Example 8. Relations ρ and σ are

semi-transitive because they are transitive.

Now, some transformations of intuitionistic fuzzy relations having semi-pro-

perties will be considered.

Theorem 8. Let ρ ∈ AIFR(X).
• ρ is semi-reflexive if and only if ρ

′

is semi-irreflexive.

• ρ is semi-irreflexive if and only if ρ
′

is semi-reflexive.

• ρ is semi-asymmetric if and only if ρ
′

is totally semi-connected.

• ρ is semi-antisymmetric if and only if ρ
′

is semi-connected.

• ρ is totally semi-connected if and only if ρ
′

is semi-asymmetric.

• ρ is semi-connected if and only if ρ
′

is semi-antisymmetric.

Proof. We will prove only one of the given properties. Let x, y ∈ X, ρ ∈

AIFR(X). Relation ρ is semi-asymmetric if and only if ρ(x, y) ∧ ρ(y, x) 6

(0.5, 0.5). This means that R(x, y) ∧ R(y, x) 6 0.5 and Rd(x, y) ∨ Rd(y, x) >
0.5. From definition of ρ

′

this is equivalent to the total semi-connectedness of

ρ
′

.

Example 12. Let card X = 2. We consider relation ρ from Example 4. This

relation is semi-transitive but ρ
′

= (W,W d), where

W =

[

0 0.6
0.7 0

]

, W d =

[

1 0
0.1 1

]

is not semi-transitive because

W ◦W =

[

0.6 0
0 0.6

]

, W d ◦
′

W d =

[

0.1 1
1 0.1

]

,

so condition (26) is not fulfilled and ρ
′

= (W,W d) is not semi-transitive. Now, let

card X = 3. We consider semi-symmetric relation σ from Example 10. Relation

σ
′

= (T, T d), where

T =





0.3 0.2 0.7
0.2 0.4 0.6
0.6 0.6 0



 , T d =





0.6 0.7 0.3
0.7 0.5 0.3
0.1 0.4 1





is not semi-symmetric because t13 > 0.5 but t13 6= t31.
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Theorem 9. Let ρ ∈ AIFR(X).
• ρ is semi-reflexive if and only if ρ−1 is semi-reflexive.

• ρ is semi-irreflexive if and only if ρ−1 is semi-irreflexive.

• ρ is semi-symmetric if and only if ρ−1 is semi-symmetric.

• ρ is semi-asymmetric if and only if ρ−1 is semi-asymmetric.

• ρ is semi-antisymmetric if and only if ρ−1 is semi-antisymmetric.

• ρ is semi-connected if and only if ρ−1 is semi-connected.

• ρ is totally semi-connected if and only if ρ−1 is totally semi-connected.

• ρ is semi-transitive if and only if ρ−1 is semi-transitive.

Proof. We will prove only the semi-transitivity case. Let x, y, z ∈ X, ρ ∈

AIFR(X) be semi-transitive and ρ−1(x, y) ∧ ρ−1(y, z) > (0.5, 0.5). As a

result R−1(x, y) ∧ R−1(y, z) > 0.5 and (Rd)−1(x, y) ∨ (Rd)−1(y, z) 6 0.5.

Thus R(z, y) ∧ R(y, x) > 0.5 and Rd(z, y) ∨ Rd(y, x) 6 0.5. As a result

ρ(z, y)∧ ρ(y, x) > (0.5, 0.5) so by semi-transitivity of ρ it follows that ρ(z, x) >
ρ(z, y) ∧ ρ(y, x). Finally, ρ−1(x, z) > ρ−1(x, y) ∧ ρ−1(y, z) and ρ−1 is semi-

transitive. The converse implication follows from the fact that (ρ−1)−1 = ρ.

Now preservation of the semi-properties of intuitionistic fuzzy relations by

the lattice operations will be discussed.

Theorem 10. Let ρ, σ ∈ AIFR(X).
• If ρ, σ are semi-reflexive, then ρ ∧ σ is semi-reflexive.

• If ρ is semi-irreflexive, then ρ ∧ σ is semi-irreflexive.

• If ρ, σ are semi-symmetric, then ρ ∧ σ is semi-symmetric.

• If ρ, σ are semi-asymmetric, then ρ ∧ σ is semi-asymmetric.

• If ρ, σ are semi-antisymmetric, then ρ ∧ σ is semi-antisymmetric.

• If ρ, σ are semi-transitive, then ρ ∧ σ is semi-transitive.

Proof. Let x, y ∈ X, ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X). If ρ is semi-

irreflexive then

(R ∧ S)(x, x) = min(R(x, x), S(x, x)) 6 min(0.5, S(x, x)) 6 0.5

regardless of the value S(x, x). Similarly

(Rd ∨ Sd)(x, x) = max(R(x, x), S(x, x)) > max(0.5, Sd(x, x)) > 0.5

for any value Sd(x, x). As a result (ρ ∧ σ)(x, x) 6 (0.5, 0.5), so ρ ∧ σ is semi-

irreflexive.

Now we will prove the property for semi-symmetry. If ρ and σ are semi-

symmetric and (ρ ∧ σ)(x, y) > (0.5, 0.5) then min(R(x, y), S(x, y)) > 0.5 and
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max(Rd(x, y), Sd(x, y)) 6 0.5. Thus R(x, y) > 0.5, S(x, y) > 0.5, Rd(x, y) 6
0.5 and Sd(x, y) 6 0.5, so ρ(x, y) > (0.5, 0.5) and σ(x, y) > (0.5, 0.5). As a

result ρ(x, y) = ρ(y, x), σ(x, y) = σ(y, x) and (ρ ∧ σ)(x, y) = (ρ ∧ σ)(y, x), so

ρ ∧ σ is semi-symmetric.

Other properties may be justified in a similar way.

Example 13. Intersection of arbitrary two semi-connected and totally

semi-connected intuitionistic fuzzy relations need not be semi-connected, totally

semi-connected, respectively. It follows from the fact that fuzzy relations repre-

senting the membership values of the given intuitionistic fuzzy relation which is

semi-connected, totally semi-connected need not be semi-connected, totally semi-

connected, respectively ([11], p. 78-79).

Theorem 11. Let ρ, σ ∈ AIFR(X).
• If ρ is semi-reflexive, then ρ ∨ σ is semi-reflexive.

• If ρ and σ are semi-irreflexive, then ρ ∨ σ is semi-irreflexive.

• If ρ is semi-symmetric, then ρ ∨ σ is semi-symmetric.

• If ρ, σ are semi-connected, then ρ ∨ σ is semi-connected.

• If ρ, σ are totally semi-connected, then ρ ∨ σ is totally semi-connected.

Proof. We will prove only the property for semi-symmetry. Let x, y ∈ X, ρ =
(R,Rd), σ = (S, Sd) ∈ AIFR(X) be semi-symmetric and (ρ ∨ σ)(x, y) >

(0.5, 0.5). Thus max(R(x, y), S(x, y)) > 0.5 and min(Rd(x, y), Sd(x, y)) 6

0.5. There are four possible cases:

10) R(x, y) > S(x, y) and Rd(x, y) > Sd(x, y),

20) R(x, y) > S(x, y) and Rd(x, y) 6 Sd(x, y),

30) R(x, y) 6 S(x, y) and Rd(x, y) > Sd(x, y),

40) R(x, y) 6 S(x, y) and Rd(x, y) 6 Sd(x, y).

We will consider the first case and proof for the rest is analogous. From

semi-symmetry of ρ and σ it follows that R(x, y)> 0.5 ⇒ R(x, y) = R(y, x),
Rd(x, y) 6 0.5 ⇒ Rd(x, y) = Rd(y, x), S(x, y) > 0.5 ⇒ S(x, y) = S(y, x),
Sd(x, y)6 0.5 ⇒ Sd(x, y) = Sd(y, x). Thus form the first case it follows that

R(x, y)>0.5 and Sd(y, x)60.5, so R(x, y) = R(y, x) and Sd(x, y) = Sd(y, x).
We will show that R(x, y)>S(y, x). Suppose that R(x, y)<S(y, x). Then from

assumptions of the first case we obtain 0.5 6 R(x, y) < S(y, x) so from semi-

symmetry of σ we have S(x, y) = S(y, x). As a result R(x, y)<S(x, y) which

contradicts to assumptions of the first case. So max(R(x, y), S(x, y)) = R(x, y),
max(R(y, x), S(y, x)) = max(R(x, y), S(y, x)) = R(x, y) and this implies
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(R ∨ S)(x, y) = (R ∨ S)(y, x). Similarly we can prove that (Rd ∧ Sd)(x, y) =
(Rd ∧ Sd)(y, x). As a result (ρ ∨ σ)(x, y) = (ρ ∨ σ)(y, x), so ρ ∨ σ is symmet-

ric.

Example 14. Let card X = 3, ρ = (R,Rd), σ = (S, Sd) ∈ AIFR(X) be the

ones form Example 8. Relations ρ and σ are semi-transitive. Relation ρ ∨ σ =
(T, T d) is presented by the following matrices:

T = R ∨ S =





0.7 0.8 0.8
0.8 0.9 0.9
0.8 0.9 0.8



 , T d = Rd ∧ Sd =





0.2 0.1 0
0.1 0 0
0 0 0





and it is not semi-transitive. We can check it with the use of Corollary 3 where

W = T ◦ T =





0.8 0.8 0.8
0.8 0.9 0.9
0.8 0.8 0.9



 , T d ◦
′

T d =





0 0 0
0 0 0
0 0 0



 .

Relation ρ ∨ σ is not semi-transitive because t11 > 0.5 and t11 < w11.

Example 15. Sum of any two semi-asymmetric and semi-antisymmetric intu-

itionistic fuzzy relations need not be semi-asymmetric,

semi-antisymmetric, respectively. It is the consequence of the fact that fuzzy rela-

tions representing the membership values of the given intuitionistic fuzzy relation

which is semi-asymmetric, semi-antisymmetric need not be semi-asymmetric,

semi-antisymmetric, respectively ([11], p. 78-79).

Now the composition and dual composition of the intuitionistic fuzzy relations

with the given property from Definition 5 will be examined. We will concentrate

only on the compositions of the relation ρ ∈ AIFR(X) by itself.

Theorem 12. Let ρ ∈ AIFR(X).
• If ρ is semi-reflexive, then ρ ◦ ρ is semi-reflexive.

• If ρ is semi-irreflexive, then ρ ◦
′

ρ is semi-irreflexive.

Proof. Let x ∈ X, ρ ∈ AIFR(X) be semi-reflexive. Thus R(x, x) > 0.5 and

Rd(x, x) 6 0.5, so

(R ◦R)(x, x) = sup
y∈X

min(R(x, y), R(y, x)) >

sup
y=x

min(R(x, y), R(y, x)) > min(0.5, 0.5) = 0.5
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and

(Rd ◦
′

Rd)(x, x) = inf
y∈X

max(R(x, y), R(y, x)) 6

inf
y=x

max(R(x, y), R(y, x)) 6 max(0.5, 0.5) = 0.5.

This means that (ρ ◦ ρ)(x, x) > (0.5, 0.5) and ρ ◦ ρ is semi-reflexive. Similarly

we can prove the case of irreflexivity.

5 Conclusions

In the paper the problem of preservation of some intuitionistic fuzzy relation prop-

erties by transformations was discussed. The complement, the converse, com-

position and dual composition of a relation were considered as the basic opera-

tions on relations of the type F : AIFR(X)n → AIFR(X), n ∈ N. In addi-

tion, preservation of properties by lattice operations was checked. Among others,

semi-properties of intuitionistic fuzzy relations were examined, namely: semi-

reflexivity, semi-irreflexivity, semi-symmetry, semi-connectedness, semi-asym-

metry, semi-transitivity. As a result theorems or examples presented obtained re-

sults were provided. However, there is an open problem whether the composition

or dual composition of semi-asymmetric, semi-antisymmetric, semi-connected,

totally semi-connected, semi-symmetric and semi-transitive relation ρ∈AIFR(X)
by itself is semi-asymmetric, semi-antisymmetric, semi-connected, totally semi-

connected, semi-symmetric, semi-transitive, respectively. For the further con-

siderations other operations on intuitionistic fuzzy relations and other types of

composition may be considered as transformations and examined whether they

preserve given properties or do not.
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