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Eigen fuzzy vectors for min —x* product

Zofia Matusiewicz
University of Information Technology and Management
Sucharskiego 2, 35-225 Rzeszéw, Poland
zmatusiewicz @gmail.com

Abstract

Eigen fuzzy vectors and values were introduced by E. Sanchez [11] and
K.H. Kim, EW. Roush [8].

Some articles (cf. [11], [12], [3]) consider eigen fuzzy vectors for
max — min product with discussion of the greatest solution and algorithms
for reach it. In [15] author consider properties of eigen fuzzy vectors for
max — min product with some assumption about given matrix. Moreover,
M. Wagenknecht, K. Hartmann (cf. [13]) consider fuzzy eigen vectors from
given intervals.

Later, those vectors were generalized for max —prod (cf. [2]) and
min —7 (cf. [6]) product, where T" denotes triangular norms.

Our considerations concern eigen fuzzy vectors for min —* product,
where * is a monotonic operation with additional properties.

Keywords: eigen fuzzy vectors, eigenvectors, fuzzy relation equations.

1 Introduction

In this paper we present properties of eigen fuzzy vectors for min —* product,
where * is a monotonic operation with additional properties.

In this study we formulate and solve two problems. The first one is about
properties of eigen fuzzy vectors for given matrix and operation. The second
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part is about properties of set of all matrices with common eigen fuzzy vector.
Moreover we present methods to obtain the least eigen fuzzy vector.
For short, operations V and A are used for numbers

aV b=max{a,b}, a Ab=min{a,b}, a,b € [0,1] (D

and for matrices with elements from [0, 1]:

(A V B)Z] = max{aij, bij}') (A AN B)U = min{aij, bij}7 2)
and similarly
(A < B) = ivj (aij < bl]) 3
In particular
(a < b) <~ Z’ (ak < bk) (4)
for a,b € [0, 1]".
Moreover, for short we denote 0 = [0,0,...,0]T and 1 = [1,1,...,1]T.

2 Properties of monotonic operations

We use a binary operation = : [0, 1]2 — [0, 1] with some additional assumptions.

Lemma 1 (cf. [5], Lemma 5). Let * : [0,1]> — [0,1]. The following three
conditions are equivalent:

V. (b<e)=(axb<axec, bxa<bxc), Q)
a,b,ce[0,1]

V ax(bAc)=(axb)A(axc), (bAc)xa=(bxa)A (cxa), (6)
a,b,c€]0,1]

ax(bVe)=(axb)V(axc), (bVe)xa=(bxa)V(cxa). (7)
a,b,c€]0,1]

Example 1 ([9]). Typical binary operations * on interval [0,1] are triangular
norms and triangular conorms, especially

Tp(z,y) =x-y, Sp(x,y)=x+y—x-v, )

Tr(x,y) = (r+y—1)v0, Sp(z,y)=(r+y) Al (10)
_Jrnrny, xvy=1 _J vy, xAy=0

Tp(,y) _{ 0 for other ’ Sp(,y) _{ 1 for other ’ (D
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0, r+y<0,5
x ANy for other

1, z4+y>0,5
xVy forother

Trp(z,y) = { Skp(2,y) = {

(12)
forx,y €[0,1].

Lemma 2 ([9], Remark 1.5, 1.16). Operations from Example I have the following
ordering
Tp <T <Ty <Su<S<Sp, (13)

where T is a triangular norm and S is a triangular conorm.

Definition 1 (cf. [1], p. 327). An operation * is infinitely inf —distributive (dis-
tributive over arbitrary infimum) if

abt€01 /\bt /\a*bt /\bt *a—/\bt*a) (14)
teT teT teT teT

for arbitrary set T # () of indexes. The set of all increasing operations * with the
neutral element e = O will be denoted by D.

Definition 2 (cf. [4], Definition 1). Let a,b € [0, 1]. The following binary opera-
tion in [0, 1] is called the dual implication induced by the operation

a < b=min{t €[0,1]:axt>b} fora,bel0,1], (15)
if they exist.

Corollary 1. If binary operation * : [0,1]*> — [0, 1] is increasing with neutral
element e = 0, then we have

a —a=0 forac|01]. (16)

Lemma 3 (cf. [4], Lemma 2). If * : [0, 1]2 — [0, 1] is an increasing operation,
then the dual implication induced by the operation * is decreasing with respect to
the first variable and increasing with respect to the second variable.

Theorem 1 (cf. [10], Theorem 3, p. 186). Let * : [0,1]> — [0, 1] be increasing
operation and a,b,c,d € [0,1]. If dual implication exists for suitable arguments
then it has the following properties

a — (axb)<b<ax(a < b), (17)
(axc=b) e (c=a < b), (18)
(a < b)V(a —d)=a « (bVd). (19)
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Proof. From (15) we obtain b < a * (a < b) and
a « (axb)=min{ce [0,1]:axc>axb} <b,
thus we have (17). By monotonicity we obtain
c>a —b=axc>b.
According to the formula (17) and Lemma 3 we obtain
axcz2b=c>a < (axc)>a < b,
which proves (18). Let b,d € L where b < d. From this we get
—(bvd)=a < d<(a < b)V(a < d),
what gives (19). O

Definition 3 (cf. [14]). Ler A € [0,1]™*", B € [0,1]"*P and operation * :
[0,1]2 — [0,1] . The matrix Ao B is called min —x product of matrices A and B
if
n
(Ao B); /\azj*b]k i=1,2,....m, k=1,2,....p.  (20)

Lemma 4. If an operation x is infinitely distributive and associative, then product
(20) has the following properties

(AoB)oC =Ao(Bo(), (21)
a*x(AoB)=(axA)oB. (22)

Proof. From (20) and assumptions we obtain
n

(Ao B)o Oy = A A aij *bj) xcu) = A A (aig * (bji * cu)) =
k=1 j=1 j=1 k=1

(Ao (BoC))a,

which gives (21). Moreover we get

ax(AoB)ix =ax A (ay*bj) = N\ ax(ay*bj) =

j=1 j=1 J
((awx A) o B) i
what proves (22). O

((ax az’j) * bjk:) =
1

=

Lemma 5. If an operation * is increasing, then min —x* product is also increasing,
it means
(A< B)<(AoC<Bo(C, CoA<CoB). (23)
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Proof. Since * increasing operation then by (3) we get

(A< B) & ¥ (a; <byg) = ¥ (aigx e <bigxep) = ¥ (N (a5 xej) <
1, K3 —

7]7 ) ‘771
n

A (bij x cji)) & (Ao D < Bo D),

j=1
and similarly we get the second part of (23). O
Corollary 2. Let A, B € [0,1]"*™, b, c € [0, 1]". If an operation % is increasing,
then
(A< B)< (Aoc< Boc), (24)
(c<d) <= (Aoc< Aod). (25)

3 Eigen fuzzy vectors
Letn € N, A € [0, 1]™*™.

Definition 4 ([8], Definition 4.2). A column (row) eigen fuzzy vector of matrix A
is a vector x such that Aox = \*xx (or x o A = \* x) for some \ € [0,1]. Such
number A is called eigen fuzzy value. The family of all such solutions is denoted
by Ex(A, %) for some \.

We look for solutions = € [0,1]", z = (z1,%2,...,7,)T of min —x system
Aox = A*xx, ie.

n
/\aw*xj =Axx;, t=1,...,n. (26)

Example 2. Let o, ® mean min —S)y; and min —S, composition, respectively.

We have
0.5 0.5 1
[OQ}A v—[o.g}_)\*v,fl@v—[l},

0.5 0.7
A= [ 109 }
v € Ex(A,Sn) for A € [0,0.5], but v ¢ E, (A, St) for pn € [0, 1].

Lemma 6. Let x be an operation with neutral element e = Q.

n
0€ Eog(A,%) & N (a;) = i=1,...,n. (27)
7j=1
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Proof. Knowing that e = 0 we get

n n
(aij x 0) = /\Gij =0 fori=1,...,n.
=1 j=1

J

It proves (27). O

Example 3. Let * be an operation with zero element z = 0. We have 0 € E)\ (A, %)
forany X € [0, 1].

Lemma 7. Let x be arbitrary t-conorm. If A\ > 0 then 0 ¢ E\(A,x) for any
matrix A.

Proof. Suppose that 0 € E\(A4, x) for A > 0. Using Lemma 2 we have
AoO0=Ax0=>AV0>0.

It gives contradiction with supposition 0 € E) (A, ). O

Lemma 8. [f « is increasing with e = 0 then 1 € E)(A, x) for X € [0,1].

Proof. Using increasing property we get
n n
/\(aij*l) > /\(0*1) =1, fori=1,...,n.
j=1 j=1

Moreover 1 = 0% 1 < A*x1 < 1. Thus we obtain 1 € FE)(A,x) for any
A€ 0,1]. O

Example 4. Let «+ =T, n = 3 and

0.2 09 05 0.2 09 0.5 1 0.2
A=|106 07 03 |,A®1l=|06 07 03 |® | 1 =] 0.3
1 05 09 1 05 09 1 0.5

Tr, ¢ D, because Ty, is increasing operation with e = 1. We can observe 1 ¢
E\(A, %), where X € [0,1].

We introduce the following vectors v! € [0,1]", v° € [0,1]™ and numbers
a, 0:

n
1 _ g —
v; = [\aj, a=
j=1

-

vil, v?\i:)\*a, 6:/\1)]1» fort =1,2,...n. (28)
1 j=1

(2
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Lemma9. Let 3 € [, 1]. If v = [B,. .., B]7, then x € E\(A,V) for A\ < 3.

Proof. Using (28) we have 3 = aV 3 > v} V3 > 0V = 3. From this it follows
that

n

N(ai; v 3) = (N\aij)vB=vivi=p.
j=1

j=1
Moreover AV z; = AV = B for A\ < 5. Thus z € E)(A, V) for A < 3. O

Corollary 3. Let v?\ as in (28). v?\ € E\(A,V) for A < 6.
Theorem 2. [fv! € E\(A,V), then v! = min Ey(A, V) for A < 6.

Proof. Letx € E)\(A, V), thus we have

AV ;= /\(Cbij\/fﬂjl-) > /\aij =v; =080V
jeI jel

It means that v! = min E) (A, V) for A < 4. O

Example 5. Let + = V, A = 0 and matrix A be from Example 4.Using (28) we
obtain v° and v'.

0.2 0.5
vl=1031], =105
0.5 0.5

Based on Theorem 2 we get that v' = min Ey(A, V) and using Corollary 3 we
know that v) € E(A,V). But exists vectors x € [v!,v°], such that x ¢ Fy(A, V).
Particularly,

0.3 0.4
x=| 04 | ¢ Eo(A,N), because Aox = | 0.4
0.5 0.5
T §é E()(A, V).
Lemma 10. Let * be an increasing, inf —distributive operation withe = 0, 3 €
0,1]. If
Y vl =4, (29)
el

then x = [3,03,...,0]7 is the eigen fuzzy vector and X = 5. Moreover if x = V
and 3 > 6, then constant vectors are eigen fuzzy vectors x for A < B X € [0, 3].
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Proof. Based on (28) and using assumption (29) we get

n n

/\am*ﬁ /\am —U}*ﬁ:&*ﬂ:)\*ﬁ fOIiE{l,Q,...,TL}.
j=1 j=1

Especially for * = V and 3 > § we obtain

f=BVEZ20VBZ0AE=p,
and thus A € [0, 3]. O

Example 6. Let « = Sy, and a matrix A be from Example 4. Matrix A does not
Sulfill (29). Based on (10) we can observe that for 3 < 1 constant vectors x are
not eigen fuzzy vectors. Only vector 1 is an eigen fuzzy vector for \ € [0, 1].

Corollary 4. Under assumptions of Lemma 10, vector 1° is an eigen fuzzy vector
and vector 0 is the least eigen fuzzy vector for X = 0.

Lemma 11. Let x € D. Ifexists | € {1,2,...,n} for which

'e{mv }vl-l =a; and ay =0, 30)
i 12,00

then v' = min Eg(A, *).

Proof. Based on assumptions we get

n

n n
N\ (@it = /\ /\ it * ay) = @i * ay = i * 0 = ay = 0% ag.
t= j=1

Thus v! € Ey(A, *). Moreover if exists another y € Eg(A, *) we obtain
n n n
= /\(aij *yj) > /\(aij *O) = /\aij = a;] = ’Uil for i € {1,2,... ,n}.
j=1 j=1 j=1

Hence we have v! = min Ey(A, *). O

Example 7. Let x = Ty, ¢ D. A matrix A fulfills condition (30)

0.7 03 0.4 0.3 0 0
A=105 0 08 |,z= 0 [,Aocx=Ax| 0| =10
1 09 09 0.9 0 0

We can see that x ¢ E\(A, ) for X € [0,1].
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Theorem 3. Let + € D. If A is an idempotent matrix, then min Fy(A, *) = v™.

Proof. From assumption, that A is an idempotent matrix we have

n

aij = /\(ait * atj).

t=1

Using inf- d13tr1but1v1ty we obtain

A fag +0t) = /\(aw*/\am A Al rai) = A A ) = A (a) =
1 =1 j=1t=1 t=1

Jj=1 Jj= j=1t=1
vjl- =0 vjl-.
foreachi € {1,2,...,n}. It means that v! € E(A, *). Moreover if exists another

y € Ey(A, *) we obtain
n n n

Yi = /\ aij * ;) /\ (aij % 0) = /\aij =ay=v forie{l,2,...,n}.
j=1 j=1 P

Since we have v! = min Fy(4, *). O

In the article [12] Sanchez gave the algorithm for min £ (A, A). In the same
way we get algorithm for calculating min Ey(A, V).

1. Calculate z := v'.
2. While A oz # x, we place x := Ao z.
3. If Aoz = x, then we have min (A, V) :=

Example 8. Let x = A and

1 04 05 0.4 0.4
A=105 08 1 |,o'=]05],2=A00t=| 04
1 06 05 0.6 0.4

We can observe that v? € E(A, x), but 0 = min E(A, ¥).

4 Properties of the set of matrices with the same eigen
fuzzy vector

The set of all matrices for which v is an eigen fuzzy vector with an eigen fuzzy
value ) is denoted by EF) (v, *).
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Theorem 4. Let v € [0,1)" and * € D be a commutative, infinitely
inf —distributive operation.If matrix W = (w;;) has the following form

wij =vj < v, fori,j €{1,2,...,n}, (1)
then W = min EFy(v, ).

Proof. According to the formula (17) and by using commutativity of operation
we obtain

>-

I
N

n n n
(wij * vj) /\ ) kvy) = /\(vj ¥ (v; « v)) = /\vi = ;.

J

From Corollary 1 we have

>-

(wij * v;) v; = 0% v;.

|| > 3
T
S
*

h@

Il
>
=)

*

h@

/AN
>
h@

N\

1

J

It means that v is an eigen fuzzy vector of W with an eigen fuzzy value A = 0.
Suppose that A € EFy(v, ). Based on (18) we have

(aij * U = Ui) 54 (aij = Vj Py Ui) fori,j € {1,2,... ,n}.

It proves that W < A.
Finally, we obtain W = min E'F (v, *). O

Theorem 5. Let v € [0,1)" and * be an increasing operation.
If A€ EFy\(v,*) and B € EF,(v,*), then

AN B € EFyp,(v, %). (32)

Proof. For given A € Ej(v,*) and B € E, (v, ), based on the Lemma 1, we
obtain

(AANB)ov=(Aov)A(Bov)=(A*xv)A(u*xv)=(AApu)*v
It means that AA B € EFy5,(v, ). O

Corollary 5. Let v € [0,1)" and * be an increasing operation.
If A,B € EF)\(v,%), then AN\ B € EF)(v, *).

Theorem 6. Ler v € [0,1)" and * be a triangular a triangular conorm. If A €
EF\(v,*) and B € EF,,(v, ), then

Ao B e EF)\,(v,*). (33)
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Proof. According to (21), (22) and using commutativity of operation * we obtain
(AoB)ox =Ao(Box)=Ao(pu*x)=(Aox)sxpu=A*x*pu=N*pu*x.
In consequence we get (33). O

Theorem 7. Let v € [0,1)™ and * be an increasing operation with e = 0.
IfA< Band A,B € EF)(v, %), then [A, B] € EF)(v, *).

Proof. Let A < C < B. Using (23) we have
Az =Aox<Cox<Box=Axzx.

It means that for arbitrary matrix C' € [A, B], C € EF)\(v,*). In consequence
we obtain [A, B] € EF)\(v, *). 0

Corollary 6. Let v € [0,1)" and * be an increasing operation with e = 0.
IfA< Band A,B € EFy(v, %) then CV D € EF) (v, %).

Example 9. Let A € [0,0.3), n =2, x = V and

0.3 0 0 0.3 1 0.3 1
3:[0.4]’W:[ }’C:[l 0.4]’D_{0.4 1]’

We have EF\(s, ) = [W,C] U [W, D]
ormeen 88 3522

03 1 0.3 0.3
(C’\/D)os—[1 1]0[0.4}_[1}7&3.
Moreover, we can observe C N D € [W,C] and C N D € [W,D], but
CV D ¢ EFy\(v,V). Weuse v = 2101y = 921392 10 j[lystrate it.

07 C~D

W
0.2 035 0.65
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The Eighth International Workshop on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGN-2009) has been meant to commence a new series
of scientific events primarily focused on new developments in foundations and
applications of intuitionistic fuzzy sets and generalized nets pioneered by
Professor Krassimir T. Atanassov. Moreover, other topics related to broadly
perceived representation and processing of uncertain and imprecise
information and intelligent systems are discussed.

We hope that a collection of main contributions presented at the Workshop,
completed with many papers by leading experts who have not been able to
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in the topics considered.
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