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Abstract

In this paper we study dynamical systems based on IF-events. We define
a special type of the notion of the entropy on this systems and its Hudetz
modification.

Keywords: IF-events, IF-dynamical system, IF-partition, Hudetz entropy.

1 Introduction

We start with classical dynamical systems (2, S, P, T'), where (2, S, P) is a prob-
ability space and T : Q — ( is a measure preserving map, i.e. T-!(A) € S and
P(T71(A)) = P(A) for any A € S. The entropy of the dynamical system is de-
fined as follows (see [8], [9]). Consider measurable partition A = {41, ..., Ax},
k
where A; € S;i =1,...,k, AN A; = 0,1 # j, U Ai = Q. Its entropy is the
i=1

number
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where p(x) = —xlogz, if > 0, and ¢(0) = 0. If A = {Ay,..., Ay} and B =
{By,..,B;} are two nmeasurable partitions, then T ~!(A) =
= {T7Y(A)),..., T (Ax)} and AV B = {ANB;A € A, B € B} are mea-
surable partitions, too. It can be proved that there exists

hA,T)= lim H <n\_/1 T‘i(A)> .

n—00 )
=0

The entropy h(T') of (2, S, P,T) is defined as the supremum
h(T) = sup{h(A,T); A is a measurable partition}.

The aim of the Kolmogorov-Sinaj entropy was to distinguish non-
isomorphic dynamical systems. Two dynamical systems with different entropies
cannot be isomorphic.

The notion of the entropy has been extended using fuzzy partitions instead of
set partitions (see [8], [9]). Let 7 be a tribe of fuzzy sets on 2. Fuzzy partition is

k
a set of functions A = {f1,..., fr} € 7 such that }_ f; = 1. Then we define its
i=1

entropy
k

H(A) = o(m(f:). ¢))

i=1
Further

1 n—1 )
h(A,7) = lim —H (\/ T’(.A)) ,

1=
and, if G C 7 is an arbitrary non-empty set, then
ha(1) = sup{h(A,7); A is a fuzzy partition, A C G}.

We want to extend the notion of the entropy to dynamical systems based on
IF-events. An IF-event is a pair A = (p4,v4) of S-measurable function p 4,4 :
2 — [0, 1] such that

pa+rvag <1

If fa: Q — [0,1] is a fuzzy set, then the pair (fa,1 — fa) is an IF-event, of
course [F-events present a larger family. Denote by F the family of all IF-events.
On F we define partial binary operation + and binary operation - by the formulas

A+B=(pa,va) + (1B, vB) = (Ha + B, va + vp — 1), whenever pia + pp < 1
and 0 <vyg+rvg—1<1,
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and
A-B=(pa,va) - (1uB,vB) = (HapB, VA + VB — VAVB).
Further
An A= pa, / pa,va, \ va,

where A = (pa,v4), An = (pa,,va,) € F (n=1,2,...) and
A< B<= s <up,va>vp,

where A = (ua,va), B = (up,vp) € F.

2 IF-dynamical system

Definition 1 By a state on the family of all IF-events F we mean a mapping
m : F — [0, 1] satisfying the following conditions:

(i) m((1,0)) = 1;
(ii) If A, B,C € F and A+ B = C, then m(A) + m(B) = m(C);
(iii) If A, € Fin=1,2,...), A, /" A, then m(A,) / m(A).

Definition 2 Let m : F — [0, 1] be a state on the family of all IF-events F and
T : F — F be a mapping satisfying the following conditions:

(I) If A€ F, then 7(A) € F and m(A) = m(1(A)).
(Il) If A, B € F and there exists A + B, then T(A+ B) = 7(A) + 7(B).

Then a triplet (F,m,T) is an IF-dynamical system.

To any state on F there exists « € [0, 1] such that

ma(A) = m(A) = m((pa,va)) = (1 — ) /Q,,,Adp +a /9(1 —va)dP. (2)

See [5]. Following this result it is reasonable to consider the family F and a
mapping (state) m,, : F — [0, 1] defined by (2). Finally, let a mapping 7 : F —
F be defined by 7(A) = 7((1a,v4)) = (paoT,vaoT) = AoT. Since

ma(r((ava)) = (1= a) [ paoTdPta [ (1 -vyoTiP -
=(1—a)/gzﬂAdPoT”Jra(l—/QuAdPonl):
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=(1- a)/QuAdP + 04/9(1 —vA)dP = mqy((11a,v4))
and
7((na,va) + (uB,vB)) = 7((pa + pB,va + v — 1)) =
= ((pa+up)oT, (va+vp—1)oT) = (uaoT+ppoT,vyoT+vgoT —10T) =
— (40 T,va0T) + (up o T, 0 T) = (s va)) + (1, v3)),

then (F, mq, 7) is an IF-dynamical system.

3 Entropy of IF-partition

We want to define the entropy of the dynamical system (F,m, 7). The crucial
point in the definition is the notion of an IF-partition. We shall consider a family
of all couples of fuzzy sets

M ={(f,g): 2 —[0,1]; f, g are S-measurable}.

On M we define partial binary operation & and binary operation ® by the formu-
las

(f,9)® (h,k) =(f+h,g+k—1),whenever f+h <land0<g+k—1<1,

and

(f,9) © (hk) = (fh,g + k — gk).
See [6]. Of course, if (f, g), (h, k) € F are [F-events, ie. f+g < 1,h+k <1,
then

(f,9) ® (h,k) = (f,9) + (h,k) and (f,g9) © (h,k) = (f,g) - (h, k).
Recall that

oo () o)

and operations @, ® fulfill the commutative, associative and distributive law.

Definition 3 An IF-partition is any set A = {(pa,,v4,), - (ba,,v4,)} C M
such that

(/’LAUVAI) D (:U'A27VA2) D...OD (:LLAk7VAk) = (170)'

If A= {(MA1’VA1)’""(HAk’VAk)} and B = {(IU’BI’VBI)”"’(IU’BZ’VBZ)} are
two IF-partitions, then we define

AV B = {(ua,;,va,) © (uB;,vB;);i =1, k, 5 =1,...,1}.
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Proposition 1 If A = {(pa,,v4,),..., (1A, va,)} and B = {(1B,,VB,), .-
o (uB,,vB,)} are two IF-partitions, then T(A) = {7((pa,,va,)),-.
7((pa,,va,))} and AV B are IF-partitions, too.

Proof.
T<~A> = {T<(MA1a VAl))a ~-~>7—(<:UJA1¢’ VAk))} =
= {(th oT, Vg, © T)a ) (/‘I’Ak oT, VA, © T)}
Then
k k
D r((wai,va,) = Pua, 0 Tova, o T) =
=1 i=1

k
:<<ZMA1'> (ZVA - 1>OT>:(10T,OOT):(1,0).
i=1

Further, AV B = {(pa,,v4,) © (uB;,vB,);i = 1,...,k,j = 1,...,1}. Therefore

k1 k1
@@ A5 VA;) MB]aVB @@(MAiﬂijVAi +vp; — VAiVBj) =

i=1j=1 i=1j=1

kool kool kool kool
= ( HARB, Y > v, + .Y ve, =3 Y vavp, — (kl — 1)) =
=1 j=1 i=1 j=1 i=1j=1

A i=17=1

) (5em) ) 5 (i%) *

B (g %) (jzi:lvB,) — (kl — 1)) =

= (LLE(I—1) +1(k—1)— (1 —1)(k—1) — (kl — 1)) = (1,0).

Proposition 2 If A = {(pa,,v4,), -, (A, ,va,)} is an IF-partition, then A° =
{pays o pia, } and A = {1 — va,, ..., 1 — va, } are fuzzy partitions.

Proof. Let A = {(ptA,,v4,), ---» (144, VA, )} be an IF-partition. Since

k
@MANVA (Z/‘LANZVA - 1) :(170)7
=1
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we have

k
ZﬂAi =1
i=1
and
k k
(U —va)=k—=> va=k—(k—1)=1.
i=1 i=1

Indeed, A° = {1, ..., jta, y and A* = {1—vy,, ..., 1—v4,} are fuzzy partitions.

Proposition 3 If A = {(pa,,v4,), -, (A, va,)} and B = {(1B,,VB,), -
... (B, s vB,) } are two IF-partitions, then

(AVBY = A VB
and

(AV B)f = A% v B

Proof. Since A = {(pa,,v4,), (ta,,va,)} and B = {(uB,,vB,), ...
.., (tB,svB,) }, then we have

AV B ={(pa,,va,) © (pB;,vB,)ii =1,k j =1,..,1} =
= {(na, 1B, va, +vB, —vavB;)ii =1,k j=1,..1}

By [9]
(AVB) = {puaup;i=1,..kj=1,.1}=

={pazi=1,. k}Vi{up;ji=1,..0} =L VB
and
(AVB)F = {1 —vy, — v, tvavB;i =1,k j=1,..,1} =
—{(1—va)(1—vp,)ii=1,.kj=1,..,1} =
={l-vazi=1,. .k} V{l—vp;j=1,.,1} = AV B

Theorem 1 Ler m : F — [0,1] be a state, @ : M — |0, 1] defined by the
equality m((pa,va)) = m((pa,0)) + m((0,v4)) — m((0,0)). Then m is state
and m|F =m. If s : M — [0, 1] is another extension of m, then s = .

Proof. See [3].

Definition 4 If A = {(pa,,va,), ..., (1a,,va,)} is an IF-partition, then we de-
fine its entropy (with respect to a given state mg,)

Ho(A) = (1 — a)H(A”) + aH (A,

where H is the entropy of fuzzy partition (see equation (1)).
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4 Entropy on IF-dynamical system

Proposition 4 For any IF-partition A there exists
1 n—1 )
nlgroloﬁHa <\/0 Tl(A)> .
1=

Proof. Let A = {(pa,,va,), .., (b4, ,v4,)} be an IF-partition. By [9], there
exist limits

lim LH <n\/1 Ti(.Ab)> and lim LH <n\/: Ti(Aﬂ)>.

n—00 i=0 n—00
Hence there exists

' 1 n—1 ;
i, 7 Ha <\/ T <«4>> =

1=0

=(1-a) lim lH (n\/lTi(.Ab)> + a lim lH (n\/lTi(Aﬂ)> .

n—oo n, ) n—oo n )
i=0 =0

Definition 5 For every IF-partition A we define

ha(A 1) = lim L0, (71\_/1 Ti(A)>

1=

and, if G C M is an arbitrary set, then the entropy of IF-dynamical system
(Fymea,T) is

¢hao (1) = sup{ha(A, 7); A is an IF-partition, A C G}.

Since

then we have
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Theorem 2 Ler C = {C4,...,C;} be a measurable partition of € being
oo

a generator, i.e. o(J 7(C)) = S. Then for every IF-partition A =
=0

{(1a,,va,)s ..., (a,,va,)} there holds

k
hoz(AvT) < hOc(C’T) +/Q <Z(1 - O‘)(p(:uAi) + O“P(l - VAi)) dP.

Proof. Put C = {(xcys1 — x¢y), - (Xcy, 1 — xc,)} instead of C =
{C4,...,C¢}. By Theorem 10.3.4 in [9]

WA, 7) < h(Cb,TH/Q( @(MAJ) dp
i=1

and

k
h(A?,7) < h(CF,7) +/Q <Z (1 — uAi)) dP.

i=1

This implies

k
hoz(AvT) < hOc(C’T) "i_/Q <Z(1 - O‘)(p(:uAi) + O“P(l - VAi)) dP.

Of course this IF-entropy has the following defect.
Proposition 5 If G = {(u,1 — p); u € [0,1]}, then
Gha(T) = 00.

Proof Put A={(5,1— 1), ....,(%,1— £)}, where k € N. Then A’ = A’ =
{1/k,...,1/k} and

AV (A = APV T (AY) = {1/K2, .. 1)K,

hence

k}2
H(AV 7(A%) = H(APV 7(AD) = -3 % log % — 2logk,
=1

and
Hy(AVT(A)) =2logk.
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Similarly

H, <n\_/1 Ti(.A)> =nlogk,

i=0
hence
ho(A,T) =logk.

Since & € N was arbitrary, we obtain gh,(7) > logk for every k. Therefore
Gha(T) = 00.

To eliminate this defect we used the Hudetz modification of the notion of
entropy (see [9]).
S Hudetz entropy on IF-dynamical system

If we want to define the Hudetz entropy on an IF-dynamical system
(F,mq,T), we must define the value p(A) for any A € M, where p(z) =
—zlogx,if x > 0,and ¢(0) = 0.

Definition 6 For any A = (ua,va) € M we define
e((pa,va)) = (o(pa), 1=p(1=va)) = (—palog pa, 1+(1-va)log(1-va)).

Definition 7 If A = {Aq, ..., Ax} is an IF-partition, then we define its Hudetz
entropy (with respect to a given state my,) by the formula

k
Ha(A) = Hoz<~’4> - Zmoe((p(Ai»a

where T, is the extension of state m.,.

Proposition 6 If A = {Ay,..., Ay} is an IF-partition, then

n—1 n—1 k
H, (\/ Ti(.A)> = H, (\/ Ti(.A)> — N, (EB cp(Al-)) ,
i=0 i=0 i=1
hence there exists
1 — n—1 ) k
T}LH(%O EHQ (\/ TZ(A)> = ha(AvT) — Mq (@ (P(Az)> :
i=0 i=1
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Proof. Let A = { Ay, ..., A} be an IF-partition. Since
AV T(A) ={A; ©71(4;);4,5 =1,....k},

we have

k k
Ho(AV 7(A)) = Ho(AV 7(A)) — Z Zm ((4s ©7(45))).

Since A; = (pa,,va,);i =1,...,k, we have

k k k k
> S ma(@(Aior(45)) = 323 ma (14, va) @ (ua, 0T, va,oT)) ) =
k k
= >3 ma(e((a,(na, 0 T)va, + (va, 0 T) = va,(va, 0 T))) ) =

kok
=M, <€9 B (—ra, (14, 0 T)log(pa, (114, 0 1)),
I+ (1—=va, —(va;0T) +va,(va;0T)) log(1—va, —va; 0T Hva, (va; oT)))) —
k
:ma<(ZZ( pia;(pa; o T)(log pua, + log(pia, oT)))

kK k
ZZ(1+(1Z/Ai)(lz/AjoT)(log(lVAi)Jrlog(lz/AjoT)))(k:21))> —
i=1j=1

- (35 o (jiWT)+

(3 - oot o) (S )

k(3711 vaptstt ) (S0 -
@1 1quT>1og(1onT><;1yA>k2 >>:
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k k k k
= T ((Z @(MA1)+Z P(paoT), 1*2 90(1*”141)*2 (p(lVAiOT))> =

=1 7j=1 =1 j=1
k
—(1-) [ 3" plua)dP+ (1 - ) / @(1a, o T)dP+

k
+a/Zg01qu dP+oz/Z (1 —vy, 0oT)dP =
j:

Zk: ( (1-a) /so HAi)dpﬁL/(l(lgo(lVAi)))dP) _
=1 Q

Q
k

=2 ((plua). 1~ o(1 —va)))=
k k
= 227’% (@((MA“ VAi))) = 2.1, (EB 90(141’)>

Therefore

k
Ho(AV 7(A)) = Ho(AV 7(A)) — 2., (EB @(Ai)> :

Similarly
- n—1 n—1 ) k
H, (\/ Tl(A)) =H, (\/ Tl(A)) — NNy, (@@(A,)) ,
1=0 1=0 i=1
hence

n—1 k
A %HA ( V r"(A)) = ha(A,7) =T, (@ so(A») :

1=0

Definition 8 For any IF-partition A define

n—1
(A7) = Jim L, (v Ti<A>> ,

and for arbitrary G C M the Hudetz entropy of an IF-dynamical system
(F,me,T) by the formula
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Gha(7) = {ha(A,7); Ais an IF-partition, A C GY.

Theorem 3 Let C = {C1,...,C} be a measurable partition of §) being a gener-
ator, C C G. Then . .
Gha(T) = ho(C,7) = ho(C, 7).

Proof. We have to prove that i/L;(.A, 7) < ha(C, 1) for every IF-partition A.
Of course, by Theorem 2

k
ha(A,7) < ha(C,7) +/Q <Z(1 — a)p(pa,) + ap(l — VAi)) ap, (3
=1

where A = {(p1a,,v4,), ..., (11, ,v4,)}. Since
k k
T <@ w(&-)) = /Q <Z(1 —a)p(pa;) + ap(l - VAJ) dp,
i=1 i=1
then by Proposition 6
. k
fa(A,7) = ha(A,7) — /Q (Z o((1 = a)pua, +a(l — VAZ.))> dP. (&)
i=1

Combining (3) and (4) we obtain the assertion.

6 Conclusions

We have presented the definition of Kolmogorov-Sinaj type of the entropy of dy-
namical systems based on the family of all IF-events. Also, we have defined the
Hudetz modification of this notion of the entropy, which eliminate infinity prob-
lem with this entropy.
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