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1 Introduction

Generalized Nets (GNs) are defined as an extension of the ordinary Petri nets
and their modifications, but in a way that is principally different from the ways
of defining the other types of Petri nets. The additional components in the GN-
definition give more and larger modelling possibilities and determine the place of
the GNs among the separate types of Petri nets, similar to the place of the Turing
machine among the finite automata. On the other hand, the definition of GN is
more complex than the definitions of the rest Petri net modifications.

27 years since the introduction of GNs, a lot of open problems exist. One of
them is related to the conditions for GN stability. With the present paper, we start
a discussion on this theme.
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2 Short remarks on generalized nets

Following [2, 3], we shall introduce the concepts of GN-transition and a General-
ized Net (GN; for it see also [1, 4]).
Every GN-transition is described by a seven-tuple (Fig. 1):

Z:<L,7L,/7t17t27T7M7 D>7

where:

(a) L' and L" are finite, non-empty sets of places (the transition’s input and
output places, respectively); for the transition in Fig. 1 these are L' = {I,15, ..
I yand L = {17,15,...,1'};

(b) t1 is the current time-moment of the transition’s firing;

(¢) to is the current value of the duration of its active state;

(d) r is the transition’s condition determining which tokens will pass (or trans-
fer) from the transition’s inputs to its outputs; it has the form of an Index Matrix
(IM; see [2, 3]):

*

A

"
ll

11
_

Fig. 1: GN-transition

[ A 4
lll 1 j n
r= : "
l (ri,; — predicate )
|l (1<i<m,1<j<n)
l/
m

r;,; is the predicate which corresponds to the i-th input and j-th output places.
When its truth value is “true”, a token from 2-th input place can be transferred to
J-th output place; otherwise, this is not possible;
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(e) M is an IM of the capacities of transition’s arcs:

" " "
/ (A A
ll
mi?j

i

Il | (mi; > 0 — natural number )

(1<i<m1<j<n)

(f) O is an object having a form similar to a Boolean expression. It may
contain as variables the symbols which serve as labels for transition’s input places,
and is an expression built up of variables and the Boolean connectives A and V
whose semantics is defined as follows:

A(liyyligy -y 1i,) - every place l;,, Ly, - . ., l;, must
contain at least one token,
V(liyyligy-..,1;,) - there must be at least one token

in all places l;,, l;y,. . ., 1, ,
where {l;,,liy,...,l;, } C L.

When the value of a type (calculated as a Boolean expression) is “true”, the
transition can become active, otherwise it cannot.
The ordered four-tuple

E= <<A’ TA,TL,C, fv 91a02>a <K77TK79K>;

(T,t°,t%), (X, D, b))

is called a Generalized Net (GN) if:

(a) A is a set of transitions;

(b) w4 is a function giving the priorities of the transitions, i.e., m4 : A — N,
where N = {0,1,2,...} U{oo};

(¢) 7y, is a function giving the priorities of the places, i.e., 7y, : L — N, where
L = priAUpry A, and pr; X is the i-th projection of the n-dimensional set, where
n € N,n > 1and 1 < k < n (obviously, L is the set of all GN-places);

(d) cis a function giving the capacities of the places, i.e.,c: L — N;

(e) f is a function, which calculates the truth values of the predicates of the
transition’s conditions (for the GN described here let the function f have the value
“false” or “true”, i.e., a value from the set {0, 1};

(f) 01 is a function giving the next time-moment when a given transition Z can
be activated, i.e., 01(t) = t/, where pr3Z = t,t’ € [T, T + t*] and t < ¢’. The
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value of this function is calculated at the moment when the transition terminates
its functioning;

(g) 65 is a function giving the duration of the active state of a given transition
Z,i. e, Oo(t) = t', where pryZ =t € [T,T + t*] and ' > 0. The value of this
function is calculated at the moment when the transition starts functioning;

(h) K is the set of the GN’s tokens. In some cases, it is convenient to consider

this set in the form
K= U Kl7
e’

where K] is the set, of tokens which enter the net from place [, and QI is the set
of all input places of the net;

(i) 7k is a function giving the priorities of the tokens, i.e., 71 : K — N;

(j) 0k is a function giving the time-moment when a given token can enter the
net, i.e., O (o) =t, where « € K and t € [T, T + t*];

(k) T is the time-moment when the GN starts functioning. This moment is
determined with respect to a fixed (global) time-scale;

(I) t° is an elementary time-step, related to the fixed (global) time-scale;

(m) t* is the duration of the GN functioning;

(n) X is the set of all initial characteristics the tokens can receive when they
enter the net;

(o) ® is a characteristic function, which assigns new characteristics to every
token when it makes a transfer from an input to an output place of a given transi-
tion.

(p) bis a function giving the maximum number of characteristics a given token
can receive, i.e.,b: K — N.

A GN may lack some of the components, and such GNs give rise to special
classes of GNs called reduced GNs. The omitted elements of the reduced GNs are
marked by “*”.

3 On the stability conditions for generalized nets

One of the hitherto unsolved problems from the GN theory is related to the condi-
tions for stability of GN-functioning. Here we shall discuss some of these condi-
tions and search for them on two levels of the level of GN-transitions and on the
level of the whole GN.

It is important to note that some GN-tokens can unite, while other — can split
during the GN-functioning, i.e., their number may change. In the present paper we
will discuss the case when tokens neither merge, nor split (this can be guaranteed
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if we use some dynamical operators (see [2, 3]). In the next authors’ research, the
more complex cases will be discussed, as well.

Let a fixed transition Z be given. Therefore, we know the characteristic func-
tions ¥y, Uy, ..., ¥, of each of the m output places of Z. Let us fix one of its
input places (7) and let us know the tokens that will enter it — they generate the set

T ={ou, a9, ..., 04}

Let us know the current characteristic %7 of the i-th c-token. Without restriction
we can assume that this characteristic can be estimated by some function V. Of
course, if ¥ is some number (natural, integer, real, etc.) V' can be an identity,
but when z$i does not have numerical nature, e.g., if %7 is some element of a
data base, string, object, etc., we will assume that V' assigns some number to the
characteristic.

Let the set of all possible characteristics of token « in place [ be S(«, ). Now,
we can determine some element of S(«,!) that according to a given criterion
possesses an average value. For example, it can be the element x with estimation

V (z) that is the one closest to the arithmetic mean

LY vem,

Varithm (o, 1) = 1S(a, 1) z€S(a,l)

where | X| is the cardinality of set X.

First, we formulate a criterion for the stability of functioning of transition Z
with respect to a fixed input place [, an output place m and token «. This criterion
can have the form:

Ci(a,l,m) = (Vo € Tj)(Ve > 0)(36 = o(a,e) > 0)
(Vzg, € S(a,x) = p(V(22,), Varithm (1)) <6
= p(V (¥ (), Varithm (a, m)) < €)).

Let us assume that

, the criterion is valid
, otherwise '

Ci(a,l,m) = { é
Let
T;.m = {a|(a € T;)&( from place [ token « enters place m)}.
Second, we construct a criterion for the stability of functioning of transition

Z with respect to a fixed input place /, an output place m and set 1} ,:
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Collym) =« A Cy(al,m) =17

O{GTl?m

Third, we construct a criterion for the stability of functioning of transition Z:
Cs3(Z) =« A Cy(l,m) =17,

lepri1Z,mepraZ

Finally, we construct a criterion for the stability of functioning of a given GN
E:

CuE)=% A  C3(2)=1".
ZepripriE

In all these cases, the respective criterion C; () will be valid if its truth-value
is 1 (or true).

When the GN has to be trained with particular values of its token character-
istics, then we can determine the intervals I7, and I,, in which all values V' (z%,)
and V (U, («)) will be collected, for each token « € T; and for each output place
m of transition Z. So, we can change the first condition to

Ci(a,l,m) = (Va € T;)(V22, € S(a,x))

(V(zgw) € I(T1) — V(¥Y(a)) € Iin).

The three other conditions will keep their previous forms.

4 Generalized net registering satisfying of the
stability conditions for generalized nets

Let a GN E be given and let us be interested to understand whether it works in
a stable way. Then, we can add to it special components that will register the
moments when the given GN will satisfy the stability conditions.

First, to each GN-transition Z of E (see Fig. 2) we add a new place [ that
is input and output of the transition and in which one new token (different from
all other tokens of the net) stays. In this place no other tokens enter. The special
token (let us mark it by oz) obtains as a current characteristic

Oy __ «,,0Z ”
xlZ = “atl .C5(Z)",

where mgj_l is the previous characteristic of oz. If the final characteristic of oz is
equal to 0, then in some time-moment of the GN-functioning the transition Z has
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not been stable. If the final characteristic of oz is equal to 1, then the transition
has been stable all the time.

~

S

lz

086 ¢

Fig. 2: The modified GN-transition

If we would like to have more information about the process, for instance,
the time-moments when the GN has been unstable, we can modify oz’s current
characteristic to the form:

:L,UZ — « UZ 03( ) t”,

cu Leoy—1-

where ¢ is the time-moment when the characteristic has been obtained.

Now, we will extend the GN E adding one new transition Zg (see Fig. 3)
that contains only one (simultaneously input and output) place [ in which perma-
nently stays only one token o that on each step obtains as a current characteristic

Taw = “Toy—1-Ca(E)”

or (if we like to have more detailed information) a current characteristic

ZL’OE o« UE 04( ) .

cu Leu—1-

As we mentioned above, if the final og’s characteristic is equal to 1, then the
GN has permanently functioned in a stable way; while in the opposite case, there
has been at least one moment when the GN had not worked stably.
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Fig. 3: Transition Zp

5 Conclusion

The so-constructed criteria give information about the behaviour of a given GN
whose tokens do not unite or split. In next papers we will discuss some more
complex cases and will formulate other criteria for GN stability.
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