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Abstract

In this paper, is presented the ordering of the numbers of currently existing
intuitionistic fuzzy (non-parametric) negations. The ordering has been ob-
tained on the basis of intuitionistic fuzzy ordering relations. The forms of its
minimal and maximal elements are determined and some of their properties
are studied.
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1 Introduction

In a series of papers, different forms of Intuitionistic Fuzzy Negations (IFNs) have
been defined and their properties have been discussed. There, the complete list of
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these negations is given and for the set of all intuitionistic fuzzy (non-parametric)
negations the forms of its minimal and maximal elements are determined.
Initially, we give some remarks on Intuitionistic Fuzzy Logic (IFL, see, e.g.,
[1, 2]).
In some of the definitions below, we use the functions sg and Sg that are de-
fined by:

(z) 1 ifz>0 s2(2) 0 ifz>0

sg(x) = , 52(x) =

s 0 ifzx<0 . 1 ifz<0

In IFL, if = is a variable, then its truth-value is represented by the ordered pair

V(z) = (a,b),

sothata, b, a+b € [0, 1], where a and b are degrees of validity and of non-validity
of z.
Everywhere below, we assume that for the tho variables = and ¥ there hold the
equalities: V(z) = (a,b),V (y) = (¢, d), where (a,b,c,d,a +b,c+ d € [0,1]).
For the needs of the discussion below, we define the notion of Intuitionistic
Fuzzy Tautology (IFT, see [1, 2]) by:

x is an IFT if and only if @ > b,

while = will be a tautology iff a = 1 and b = 0.
For two variables x and y operations “conjunction” (&) and “disjunction” (V)
are defined by

V(z&y) = V(2)&V (y) = (min(a, ¢), max(b, d)),

V(zVy) =V(z)VV(y) = (max(a,c), min(b, d))

and the relation < is defined by
V(z) < V(y)ifand only ifa < cand b > d.
In Table 1, the existing currently 45 negations (by the end of 2013) are given.

Table 1: List of known negations

1 <3’,’, b7 a>

(o se@)
-3 (z,b,a.b+ a?%)

Continued on next page
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Table 1: List of known negations

-y (x,b,1 =)

5 | (o, 5e(1 = b),5g(l = b)

~ | (581 =b),5g(@)

—r | (@,5g(1 —b),a)

g (x,1—a,a)

9 <xv @(G)Jl)

10 <x,§(1 —b),l—b>

11 <x,sg(b),s_g(b)> i

=12 | (z,b.(b+ a), min(1,a.(b* + a + b.a)))

13 | (@,58(1 —a),5g(1 —a))

“1 | (o, 5g®), 51— a))

~is | (.51 — b),5(1 —a))

—16 | (z,58(a),58(1 — a))

—i7 | (#,5g(1 — b),5g(b))

—1s | (z,b.sg(a), a.sg(b))

1| (2,b5(a),0)

120 <:L‘,b,0>

—91 | (z,min(1 — a,sg(a)), min(a,sg(l — a)))

—92 | (x,min(1 — a,sg(a)),0)

123 <$, 1-— a, 0>

—94 | (@, min(b,sg(1 — b)), min(1 — b, sg(b)))

—95 | (z,min(b,sg(1 —b)),0)

-6 | (z,b,a.b+3g(1 —a))

—97 | (x, 1—aa(1—a)+sg(1—a)>

s | (2.5, (1= D)5+ 520)

-9 | (x,max(0,b.a +35g(1 — b)), min(1, a.(b.a +35g(1 — b)) +358(1 —a)

—30 | (z,a.b,a.(a.b+3g(1 —b)) +35g(1 —a))

—31 | (x,max(0, (1 —a).a +3g(a)), min(1,a.((1 — a).a +3g(a))
+5g(1 —a)))

—32 | (z,(1 —a).a,a.((1 —a).a+35g(a)) +358(1 —a))

—a3 | (@,b.(1—b) +5g(1 — b), (1 — b).(b-(1 = b) +5g(1 — b)) +32(0)))

—3a | (@,b.(1 =), (1= 0).(b.(1 - b) +5g(1 — b)) +58(b))

35 <i2)71_—5a>

o0 | (22

37 <2—3b, atl)

Continued on next page
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Table 1: List of known negations

38 <1ga’ 2J3ra>
b 3-b
39 (3,°3)
=40 <2—32a’ 1—32@)
2b 3—2b
a1 (5,°57)
R <b+2/\,\_17 a;,\/\>, where \ > 1
b
el <2';:717 ;,y—:_’yl>, where v > 1
Ta,B <bzigl, gig>, where a > 1,0 € [0, a]
“eyn  (min(1,va(x) + ¢), max(0, pa(z) — n))

2 Main results

Using D. Dimitrov’s program “IFS Tool” (see, [3]) we check for the existence or
non-existence of an ordering relation between every two IFNs and after this, we
construct the graph on Fig. 1.

Figure 1: Ordering of relations between the IFNs
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We see that the graph consists of 9 levels. If vertex x stays in the first (highest)
level, then there is no vertex y, such that V(z) < V(y). If vertex x stays in the
ninth (lowest) level, then there is no vertex y, such that V(y) < V' (z). If vertex z
stays in the i-th level (2 < ¢ < 8), then there is a vertex y, such that V(z) < V(y).

Now, we can construct two new negations: —yax and —i,. They have the
forms:

_‘max<a7 b> = 713 (CL, b) V 793 <a’ b>
= (max(sg(l —a),1 — a), min(sg(1 — a),0))
= (sg(1—a),0),

because for each a € [0,1]: sg(1 —a) > 1 — q;

_‘min<ay b>
= —|5<a, b>&—|18<a, b>&—\21 <a, b>&—\24<a, b)&—'30 (a, b)&—'32 (a, b>
&=34(a, b)&—z9(a, b)
= (min(sg(1 — b), b.sg(a), min(1 — a, sg(a)),
min(b, sg(1 — b)), a.b, (1 —a).a,b.(1 —b), g),
max(sg(l — b), a.sg(b), min(a, sg(1 — a)),
min(1 — b,sg(b)),a.(a.b+35g(1 — b)) +35g(1 — a),

a.((1 —a).a +5g(a)) +5g(1 — a), (1 = b).(b.(1 — ) +52(1 — b)) +52(b),

3—b
K

= (min(sg(1 — b), b.sg(a), 1 — a,sg(a),b,sg(l —b),a.b,(1 —a).a,b.(1 —b),
b

§)’ max(sg(l — b), a.sg(b), min(a, sg(1l — a)), min(1 — b, sg(b)),

a.(a.b+35g(1 - b)) +32(1 —a),a.((1 —a).a +5g(a)) +5g(1 — a),
b

3 —
(1=0).(b.(1 —b) +35g(1 — b)) +58(b), ——))-
It is directly checked that
a.b < b.sg(a),

ab<1-a,
a.b < sg(a),

a.b <b,
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a.b <sg(l—10),
a.b < (1-a).a,
a.b<b.(l1-0)
sg(1 —b) > a > min(a,sg(l — a)),
sg(1 —b) > 1—b>min(1l — b,sg(b)).
The validity of the inequalities
sg(l1 —b) > a.(a.b+35g(1 —b)) +358(1 —a),
se(1—b) > a.(1 - a).a +58(a)) + 521 — a),
se(1—b) > (1—b).(b.(1 - b) +5g(1 — b)) +52(b)
is checked, e.g., in the following way. Let
X =sg(1—5b) —a.(a.b+35g(1 —b)) —5g(1 — a).
Ifb=1,thena = 0and
X=0-0.(0+1)-0=0.
If b<1landa < 1, then
X=1—-aab—-0>0.
Ifa =1, then b =0 and
X=1-1(040)—-1=0.

Therefore, in all cases X > 0. The two other inequalities are checked analo-
gous.
Hence,
3—0b

“ina,B) = (min(Sg(1 - ), a.b, ), max(sg(1 ~ b), a.s8(6), ).

But, we see thatif b = 1, then ¢ = 0 and

min(sg(1l — b), a.b, g) =0,
— 2
max(se(1 — b), asg(b), =) = =
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if b < 1, thensg(l —b) =0,sg(l —b) =1and

min(sg(1 — b), a.b,g) =0,

max(sg(1 — b), a.sg(b),g—;b) _1

Therefore, finally, we obtain that

2+sg(l—-0)

“'min ab = 07
fa,) = (0, 2L

).

Now, we calculate

2 1-0
T'min " 'min <a7 b> = T'min <07 %>

ENAE (e AR ()
= 3 =0
The following three properties of the negations are important are they are
studied for all IFNs (see, e.g., [2]):
Property P1: z — ——x,
Property P2: ——z — =,
Property P3: ———z = —z.
Now, we must check these properties for the new IFNs (—,ax and —pyiy,), too.
For each of these properties, we must use some implication. Here, we introduce
four implications, generated by the two new negations, using the schemes:

X = Y=-XVY,
X =Y =-XV-Y.
Therefore, we construct the implications
(a,b) =max,1 (¢, d) = (max(sg(1 —a),c),0),

(@,b) Zmax2 (¢, d) = (max(sg(1 — a),5g(1 - ¢)), 0),

2+4sg(l—10)
—s
2 1 _

(0,5) minz (¢, d) = (0, 2 + zmin(sg(1 - ), 5E(1 - d))).
Theorem 1. Negation — .y satisfies Properties 1, 2 and 3 as tautologies (and,
therefore, satisfies them as IFTs, too) with each of the two implications —ax 1

(a,b) = min1 (¢, d) = (¢, min(
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Figure 2: Extended ordering of relations including —ax and —pyin

and —ax,2 generated by it.
Proof. Sequentially, we check that

<a> b> _>n1ax,1 _‘max_‘max<a7 b>

= <a7 b) —7max,1 _‘max<Sg(1 — a), 0>
= <a” b) —7max,1 <Sg(1 - CL), 0>
= (max(sg(1l — a),sg(1l —a)),0) = (1,0);

<CL, b> _>n1ax,2 _‘max_‘rnax<aa b>
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= (a,b) < max2 (58(1 — a),0)
= (max(sg(1 — a),5g(1 = 5g(1 — a))),0) = (1,0),

because, if a = 1, then max(sg(1 —a),5g(1 —5g(1 — a))) = max(0,1) = 1 and
if a < 1, then max(sg(1 — a),5g(1 —5g(1 —a))) = max(1,0) = 1;

“Tmax ! max<a b> —?max,1 <a7 >
= (sg8(1 — a),0) = max1 (a,b)
= (max(sg(1 —5g(1 — a)),a),0) = (1,0),

because, if a = 1, then max(sg(1 —35g(1 —a)),a) = max(0,1) = landifa < 1,
then max(sg(1 —sg(1 — a)),a) = max(1l,a) = 1;

_‘max_‘max<aa b> —max,2 <a7 b>
= (5g8(1 — a),0) —maxz2 (a,b)
= (max(sg(1 —5g(1 — a)),35g(1 — a)),0) = (1,0),

because, if a = 1, then max(sg(1 —35g(1 —a)),5g(1 — a)) = max(0,1) = 1 and
if a < 1, then max(sg(1 —5g(1 — a)),5g8(1 — a)) = max(1,0) =1

_‘max_‘max_‘max<aa b> = _‘max_‘max<sg(1 - a)> O>
= _‘max<@(1 - CL), 0> = <Sg(1 - a)v O> = _'rnax<a7 b>

Therefore, all properties are valid as tautologies and, therefore, are valid as IFTs.
Theorem 2. Negation —,,;;, does not satisfy Properties 1 and 2 as IFT (and, there-
fore, does not satisfy them as regular tautologies, too) with each of the two impli-
cations —min,1 and —min 2 generated by it. It satisfies only Property 3.

Proof. Sequentially, we check that

<a7 b> _>min,1 “min 'min <CL, b>

2+sg(l—0)
3

2 +5g(1 —b)

—s )

2+sg(l—0b) 2+5g(1—-0)
3 ’ 3

)

= <CL, b) —min,1 T'min <0a

= <a7 b> ~—?min,1 <07

= (0, min( ))

2
= (0, =

3 + émin(sg(l —b),58(1 - b)) = (0, =
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<a7 b> _>min,2 'min 'min <a7 b>
2+73g(1-0)
—s )

= (0.2 gminGse1 - )55 B 0.2,

3 3

= <CL, b> _>min,2 <07

“min 'min <a7 b> _>min,1 <a7 b>

24+3g(1—0»
= <07 $> _>min,1 <a7b>
2+Sg(1-b)
2 1-—= =
= (o, min 2L T ) )

3
(0,3), ifb=1andhencea =0

(a,b), ifb<1

min~ 'min <a) b> _>min,2 <CL, b>

2 +5g(1 -
=0 2D, ety

1 —75g(1-0) 2

= (0,2 + s minGse (-2 L) g1 - 0) = (0,2).

Therefore, the negation —,i, does not satisfy Properties 1 and 2 as IFTs and,
therefore, as tautologies. On the other hand,

2+sg(l-0
min” 'min” 'min <a7 b> = T'min” 'min <O7 %>
2+73g(1-0) 2+sg(l—-0)
= ﬂmin<0’ 3 > = < 3 > = ﬁmin<ay b>7

i.e., the negation —,;, satisfies Property 1.

3 Conclusion

We showed that the number of all (non-parametric) IFNs generates a (discrete)
lattice with a maximal element —,,,x and a minimal element —;,.

In a next research, we will study the lattice generated by the set of all (non-
parametric) intuitionistic fuzzy implications.
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