


Modern Approaches in Fuzzy Sets,
Intuitionistic Fuzzy Sets,

Generalized Nets and Related Topics.
Volume I: Foundations



Systems Research Institute
Polish Academy of Sciences



Modern Approaches in Fuzzy Sets,
Intuitionistic Fuzzy Sets,
Generalized Nets and Related Topics.
Volume I: Foundations

Editors

Krassimir Atanassov
Michat Baczynski
Jézef Drewniak
Janusz Kacprzyk
Maciej Krawczak
Eulalia Szmidt
Maciej Wygralak
Stawomir Zadrozny

IBS PAN SRI PAS



© Copyright by Systems Research Institute
Polish Academy of Sciences
Warsaw 2014

All rights reserved. No part of this publication may be reproduced, stored in
retrieval system or transmitted in any form, or by any means, electronic, mecha-
nical, photocopying, recording or otherwise, without permission in writing from
publisher.

Systems Research Institute
Polish Academy of Sciences
Newelska 6, 01-447 Warsaw, Poland

www.ibspan.waw.pl

ISBN 83-894-7553-7



On intuitionistic fuzzy logics: results and problems

Krassimir Atanassov
Dept. of Bioinformatics and Mathematical Modelling
Institute of Biophysics and Biomedical Engineering,
Bulgarian Academy of Sciences,
Acad. G. Bonchev Str., Block 105, 1113 Sofia, Bulgaria
e-mail krat@bas.bg

Abstract

In the present paper an overview of the main definitions and results in the
area of intuitionistic logic is presented and new open problems are formu-
lated.

Keywords: Implications, intuitionistic fuzzy logic, negations

1 Introduction

The first researches, related to Intuitionistic Fuzzy Logics (IFLs) started in 1983
together with the researches on Intuitionistic Fuzzy Sets (IFSs), but the first publi-
cations in this area are dated to 1988-1990. In them, shortly, ideas for intuitionistic
fuzzy propositional calculus [1], intuitionistic fuzzy predicate logic [3], intuition-
istic fuzzy modal logic [2] and temporal IFL [4] are introduced. During the next
25 years, these areas were extended essentially. A lot of operations and operators
were defined, but up to now there has not been an overall and systematic descrip-
tion of the obtained results. The present paper contains some basic ideas and some
unsolved problems in the area of IFLs that will constitute development of this part
of fuzzy sets theory.
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2 Short remarks on intuitionistic fuzzy
propositional calculus

In classical logic, to each proposition (in the classical sense) we can assign its
truth value: truth — denoted by 1, or falsity — 0. In the case of fuzzy logic, this
truth value is a real number in the interval [0, 1] and may be called “truth degree”
of a particular proposition. Here, in IFL, we add one more value — “falsity degree”
— which is a real number in the interval [0, 1] as well. Thus, two real numbers,
w(p) and v(p), are assigned to the proposition p with the following constraint to
hold:

0 < u(p)+vip) <1

Let this assignment be provided by an evaluation function V' defined over a
set of propositions S in such a way that:

Hence, the function V' : S — [0, 1] x [0, 1] gives the truth and falsity degrees
of all propositions in S.
We assume that the evaluation function V assigns to the logical truth T°

V(T) = (1,0),

and to the logical falsity F’
V(F)={0,1).

Similarly to IFSs theory (see, e.g., [5, 12]), several geometrical interpretations
of the results of the function V will be discussed below. It is obvious, that the
ordinary fuzzy sets have only one geometrical interpretation, while in the IFSs
case, several geometrical interpretations are given.

The first one (which is analogous to the standard fuzzy set interpretation) is
shown on Fig. 1.
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Therefore we can map to every proposition p € S a unit segment of the form:
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Let a universe S be given and let us consider the figure F' in the Euclidean
plane with a Cartesian coordinate system (see Fig. 3).

Then we can construct a function f (an interpretation of function V') from S
to F' such thatif p € S, then

= f(p) € F,

the point x has coordinates (a, b) for which: 0 < a + b < 1 and these coordinates
are such that a = pu(p), b = v(p).

We will note that there can exist two different elements p,q € S for which
1(p) = p(q) and v(p) = v(q), i.e., for which f(p) = f(q).

About the form and the methods of determining the functions ¢ and v we
must repeat the same as in [5, 12]: “everywhere below we will assume that these
functions are either pre-determined or obtained as a result of the application of
some operations or operators over pre-determined membership functions. In the
fuzzy set theory there are three basic ways to construct membership functions:

i) basing on expert knowledge;

ii) explicitly — on the basis of observations collected in advance and pro-
cessed appropriately (e.g., by statistical methods);

iii) analytically — by suitably chosen functions (e.g. probabilistic distribu-
tion).

Two latter cases are treated in much the same way as with ordinary fuzzy
sets; however these methods are now used for the estimation of both the degree
of membership and the degree of non-membership of a given element of a fixed
universe to a subset of the same universe. It is clear that a correct method must
respect the inequalities

0<ulp)+rvp <1

for every proposition p.
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When the values V' (p) and V' (¢) of the propositions p and ¢ are known, the
evaluation function V' can be extended also for the operations “&”, “V” through
different (by the moment — two) definitions:

V(p&1q) = (min(u(p), u(q)), max(v(p), v(q))),
V(p Vi gq) = (max(u(p), u(g)), min(v(p), v(q)))

and
V(p&aq) = (u(p)-u(q), v(p) +v(q) — v(p)-v(q)),
V(pVaq) = (ulp) + plq) — p(p)-1(q), v(p)-v(q))-

Everywhere below we shall assume that for the two variables p and ¢ there
hold the equalities: V (p) = (a,b),V(q) = (¢, d), (a,b,c,d,a+b,c+d € [0,1]).

For the needs of the discussion below, we shall define the notion of Intuition-
istic Fuzzy Tautology (IFT, see [1, 12]) by:

pis an IFT if and only if a > b,

while p will be a tautology iff a = 1 and b = 0.
In some definitions, we use functions sg and Sg defined by,

1 ifz>0

sg(z) = ;
0 ifz<0
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0 ifz>0

sg(7) =
1 ifz<0

In a series of papers of the author, starting with [1, 2], 138 different intuition-
istic fuzzy implications and 34 different intuitionistic fuzzy negations, generated
by the intuitionistic fuzzy implications were defined and some of their basic prop-
erties were studied. Meantime, in [18, 19, 20], Lilija Atanassova introduced im-
plications —139, ..., —>149 and negations —ss, ..., 741; and in [21, 22, 23], Piotr
Dworniczak introduced implications — 150, ..., —152 and negations —42, ..., 745.
The author introduced also implication —153 and negation —y¢ in [8].

The list of all existing at the moment intuitionistic fuzzy implications and
negations are given in Tables 1 and 2, respectively. The relations between the
negations and implications are shown on Table 3.

Table 1: List of known implications

(max(b, min(a, ¢)), min(a, d))
(sgla —c),d.sgla —¢))
(1-(1—c)sgla—c)),dsgla—c))
—y4 émax( ¢),min(a, d))
(
(

min(1,b+ ¢), max(0,a +d — 1))
b+ ac,ad)

—7 min(max(b, ¢), max(a, b), max(c, d)), max(min(a, d),
min(a, b), min(c, d)))

—g (1 — (1 — min(b, c)).sg(a — ¢), max(a, d).sg(a — ¢),sg(d — b))

—9 b+ a’c,ab+ a?d)

—10 (c.5g(1 —a) +sg(l —a).(5g(1 — ¢) + b.sg(1l — ¢)),

dsg(l —a)+asg(l —a)sg(l—c)

S - (= se(a— o), dsgla—o)sgld—b)
—12 (max(b, c),1 — max(b, c))
—13 < +c—0b. C,a. d>
—14 (1—(1—-c).sg(a—c)—d.s5g(a—c).sg(d—>b),d.sg(d—"0))
—15 (1 — (1 — min(b,c)).sg(a — c¢).sg(d — b)
—min(b, ¢).sg(a — ¢).sg(d — b),
1 — (1 — max(a,d)).sg(5g(a — ¢) + 5g(d — b))
—max(a, d).5g(a — ¢).5g(d — b))
S [maxGE(a), o), min(sg(0), D)

Continued on next page
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Table 1: List of known implications

—17 (max(b, ¢), min(a.b + a*, d))

—18 (max(b, c), min(1 — b, d))

—19 (max(1 — sg(sg(a) +sg(1 — b)), c), min(sg(1 —b),d))

—20 (max(sg(a), sg(c)), min(sg(a),sg(c)))

—91 (max(b, c.(c + d)), min(a.(a + b),d.(c* + d + c.d)))

—99 (max(b,1 —d),1 — max(b,1 — d))

—93 (1 — min(sg(1 — b),5g(1 — d)), min(sg(1 — b),5g(1 — d)))

S R o= B se(a— Jseld—0)

—95 (max(b,58(a).58(1 — b), c.5g(d).58(1 — ¢)), min(a, d))

So | (max(sE(l = 0), o), min(sg(a), )

S| (max(e( =), 52(@)), minGoe(e), 50— D))

—98 (max(sg(1 — b), c), min(a, d))

S| (max(se(1 =), 521 — o)), min(@,5q(1 = A)))

—30 (max(1 — a,min(a, 1 — d)), min(a, d))

—31 (sgla+d—1),dsgla+d—1))

—32 (1—dsgla+d—1),dsgla+d—1))

—33 (1 — min(a, d), min(a, d))

—r34 (min(1,2 — a — d), max(0,a + d — 1))

—35 <1 — a.d, a d>

—36 (min(1 — min(a, d), max(a,1 — a), max(1l — d, d)),
max(min(a,d), min(a, 1 — a), min(1 — d, d)))

—37 (1 — max(a,d).sg(a+d— 1), max(a,d).sgla+d—1))

—38 (1-a+ (a*>.(1—4d)),a.(1 —a)+a*.d)

Se [ (0= D5l =) + sl = @) (2@ + (1= @) 2@,
d.sg(l —a) + a.sg(l — a).sg(d))

—40 <1—sg(a+d—1>1—sg(a+d—1)>

S0 | (max(e(@), 1= ), min(sg(@), )

S| {max(se(a), sa(l ), min{sg(a),SE1 )

S5 | (max(e(a), 1 - 4, min(sg(a), )

—44 (max(sg(a), 1 — d), min(a, d))

S5 | (max(e(@),5g@), min(a, 521 — D))

—46 (max (b, min(1 — b,¢)),1 — max(b, c))

—47 (sg(l—b—c),(1—c)sg(l—b—2c))

—48 (I—(1—c¢)sg(l=b—c),(1—c)sg(l—>b—rc))

—49 (min(1,b + ¢), max(0,1 — b — ¢))

Continued on next page
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Table 1: List of known implications

—50 <b+C—b.C,1—b—C+b.C>
—51 (min(max(b, ¢), max(1 — b,b), max(c, 1 — ¢)),
max(1 — max(b, ¢), min(1 — b, b), min(c, 1 — ¢)))
—52 (1 — (1 —min(b,c)).sg(l —b—rc),1 —min(b,c).sg(l —b—c))
—53 <b+(1—b) C(l—b)b+( b) .(1—0))
e R O (R (O N = o e
(1 —c¢)5g(b) + (1 —b).sg(b).sg(l — ¢))
S5 [ (I—se—b—o,T—sg(l-b-1)
—56 <max(@(1 — b)7 C), min(sg(l — b)? (1 — C) >
S5 | (max(sE(I =), 52(@)), min(se(l — 5),52(0))
—58 (max(sg(1 — b),58(1 — ¢)), 1 — max(b, c))
—59 (max(sg(1 — b), ), (1 — max(b,c)))
Se | (max(se(l = 8),52(1 = ), min((1 — 5), 58]
—61 (max(c, min(b, d)), min(a, d))
Se | (Ed-Dased—0)
—63 (1—(1—0b).sg(d—b),a.sg(d — b))
—64 <C +b.d, a.d>
—65 (1 — (1 —min(b,c)).sg(d — b), max(a,d).sg(d — b).sg(a — ¢))
—66 <C+d2b bd+dz.a>
Ser | G — ) + el — @) Ge0 — 5 T eI =0,
as5g(l —d)+d.sg(l —d).sg(l —10))
—68 (1—(1—0b).sg(d—b),asg(d—b).sgla—c))
— 69 (1 —(1—0).sg(d—0)—asg(d—b)sgla—c)asgla—c))
—70 (max(sg(d), b), min(sg(d), a))
—71 (max(b, ¢), min(c.d + d?, a))
—79 (max(b, c), min(1 — ¢, a))
—73 (max(1 — max(sg(d),sg(l —¢)),b), min(sg(1l — ¢),a))
Sr | (max(s2 (), 52@), mn ), 52 (D))
—75 (max(c, b.(a + b)), min(d.(c + d), a.(b* + a) + a.b))
—76 (max(c,1 —a), min(1l — ¢, a))
—77 ((1 — min(sg(1 — a),sg(1 — ¢))), min(sg(1 — a),sg(1 — ¢)))
—78 (max(sg(1 — ¢),b), min(sg(d), a))
—79 (max(sg(1 — ¢),sg(b)), min(sg(d),sg(1 — a)))
—80 (max(sg(1l — ¢),b), min(d, a))
—81 (max(sg(1 — b),58(1 — ¢)), min(d,sg(1 — a)))

Continued on next page
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Table 1: List of known implications

—82 (max(1 — d,min(d, 1 — a)), min(d, a))

—83 (sgla+d—1),asg(a+d—1))

—84 (1 —asgla+d+1),asg(a+d+1))

—85 <1 d—i—dz(l —(I),d.(l —d)+d2>

—>86 (1 —a)sg(l —d) +sg(1 — d).5g(a + min(1 — d, sg(a))),
a.5g(1 —d) +d.sg(l —d).sg(a))

S (maxGe@), 1 — o), min(sg(d), @)

S | (max(ed), 521 — @), min(sg(d), 581 = )

—89 (max(sg(d),1 — a), min(d, a))

—90 (max(sg(a),sg(d)), min(d,sg(1 — a)))

—91 (max(c, min(1 — ¢, b)), 1 — max(b, c))

—92 (sg(1 —b—c),min(1 —b,sg(1 —b—c)))

—93 ((1 = min(1 —b,sg(l —b—c¢)),min(1 — b,sg(l —b—c)))

—r94 (c+(1—=0¢)%b,(1—c)c+ (1 —0c)*(1-0))

o | (mim(b,52(c)) + 5e(0)-(e(1 = b) + min(e, sg(l B,
(min1 — b, 5g(c)) + min(1 — ¢, sg(c), sg(1 — b))

—96 (max(sg(1 — ¢),b), min(sg(1 —b),1 —¢))

Sor | maxtse(l = o), 5g®), minGse(1 — 7,52 0))

—98 (max(sg(1 — ¢),b), 1 — max(b, c))

—99 (max(sg(1 — ¢),58(1 — b)), min(1 — ¢,58(b)))

—100 (max(min(b, sg(a)), ¢), min(a, sg(b), d))

—101 (max(min(b, sg(a)), min(c, sg(d))), min(a, sg(b), sg(c), d))

—102 (max(b, min(c, sg(d))), min(a, sg(c), d))

—103 (max(min(1 — a,sg(a)),1 — d), min(a, sg(1 — a),d))

—104 (max(min(1 — a,sg(a)), min(1 — d,sg(d))),
min(a,sg(l —a),d,sg(l —d)))

—105 (max(1 — a, min(1 — d, sg(d))), min(a, d, sg(1 — d)))

—106 (max(min(b,sg(1 — b)), c), min(1 — b,sg(b),1 — ¢))

—107 (max(min(b, sg(1 — b)), min(c, sg(1 — ¢))),
min(1 — b,sg(b), 1 — ¢,sg(c)))

—108 (max(b, min(c,sg(1 — ¢))), min(1 — b, 1 — ¢,sg(c)))

—109 (b + min(sg(l — a), c),a.b + min(sg(1 — a),d))

—110 max(b, ¢), min(a.b +5g(1 — a),d))

—111 ax(b,c.d +5g(1 — ¢)), min(a.b +5g(1 — a),

(m
d.(c.d+5g(1 —c)) +52(1 —d)))

Continued on next page
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Table 1: List of known implications

—112 (b+c—b.c,ab+3g(l —a).d)
—113 <b +c.d— b(Cd + @(1 — C)),
(a.b+73g(1 —a)).(d.(c.d+5g(1 —¢)) +58(1 — d)))
—114 (1 —a+ min(sg(l —a),1 —d),a.(1 — a) + min(sg(1 — a),d))
—115 (1 — min(a,d), min(a.(1 — a) +5g(1 — a),d))
—116 (max(1 —a, (1 —d).d +5g(d)),
min(a.(1 —a) +35g(1 — a),d.((1 — d).d +5g(d)) +58(1 — d)))
—117 <1—a—d+ad(.(1—a)+sg(1—a))d)
—118 (I-—a+(1-d).d=(1-a).((1-d).d+sgd)),
(0.1 — ) + 52(1 — a)).d.((1 - d).d+ 5p(d)) + 52(1 — )
—119 (b + min(sg(b), ¢), (1 — b).b + min(sg(b), 1 — ¢))
—120 (max(b, c), min((1 — b).b +35g(b),1 — ¢))
—191 (max(b,c.(1 —¢) +5g(1 —¢)),
min((1 — b).b+ 5g(b), (1 — &)-(c.(1 = &) + 5(1 — ) + 52(c))
—192 (b+c—b.c, ((1—c)b+5g(b)).(1—0)
— 193 (b+c.(1—c)—(b(c.(1—=¢)+73g(1—-10))),
(1 —0).b+5g(0)-((1 = ¢).(c.(1 — ¢) +5g(1 — ¢))) +52(c)))
—1924 (¢ +min(sg(1l — d),b), c.d + min(sg(l — d), a))
—195 (max(b, ¢), min(c.d +35g(1 — d), a))
—1926 (max(c,a.b+35g(1 — b)), min(c.d +5g(1 — d),
a.(a.b+3g(1—b)) +35g(1 —a)))
—197 (b+c—b.c,(cd+3g(l —d)).a)
—198 (c+ab—c(ab+35g(1l—0)),
(c.d+58(1 —d)).(a.(a.b+5g(1 —b)) +58(1 —a)))
—129 (1 —d+min(sg(l —d),1 —a),d.(1 —d) + min(sg(l — d), a))
—130 (1 — min(d, a), min(d.(1 — d) +5g(1 — d),a))
—131 <max(1 — d (1 — (I) a—+ sg( ))
min(d.(1 —d) +5g(1 — d),a.((1 — a).a +5g(a)) +52(1 — a)))
—132 <1—ad (d ( d)—+—sg(1 —d) >
—133 (1-d+(1—-a)a—(1-d).((1 —a).a+53g(a)),
(d.(1—d) +35g(1 —d)).(a.((1 — a).a +5g(a)) +58(1 — a)))
—134 (¢ +min(sg(c),b), (1 — ¢).c + min(sg(c), (1 — b)))
—135 (max(b, c), min((1 — ¢).c +3g(c),1 — b))
—136 <max( (b (1 — b) + sg(l — b))

);
min((1 —¢).c +5g(c), (1 —b).(b.(1 — b) +5g(1 — b)) +52(b)))

Continued on next page
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Table 1: List of known implications

—137 (b+c ¢, (1 —¢).c+35g(c)).(1—-0))
—138 (c+0 (1_5)—0(5-(1_@*’@(1_5))7
(1 —c).c +58(e))-(1—b)-(0(1— 1) +52(1 b)) + 5EL))
139 <"”52 >
—140 <b+c+mm(b ,C) ’ a+d+n:liax(a d)>
N <b+c+max(b ,C) ’ a+d+n§1n(a ,d) >
140 <3 a— d max(a d) a+d+n3ax(a d)>
e <1 a+c+Igun(1 a c) TFa—c— n;m(l a, c)>
N <1+b d+mln(b 1- d) 2— b—|—d+II§1n(b I— d))
— 145 <b+c+mm(b ) 3— b c— mm(b c)>
Coiae <3 a—d— 3n11n(a )] a+d+n§1n(a d)>
147 <1 a+c+11:1))ax(1 a, c)’ 2+a—c— n;ax(l a,c)
s <1+b d-i-max(b — d) 2—bFd— n;)ax(b — d)>
149 <b+c+max(b ,c) 3— b c— Hld.X(b c)
=50 | (SR a+d2’t\’\ I where > 1
— 151~ <b2ff:1'y, % where v > 1
152,06 | (g, T, where a > 1, 8 € [0, o
— 1536 | (¢, min(l, max(pup(z), va(z) + ¢€)),
max (0, min(vp(z), pa(x) —
where ,1 € [0,1] ande < g
Table 2: List of known negations
-1 (x,b,a)
—2 (z,5g(a), sg(a))
-3 (z,b,a.b + a?)
- (x,b,1 —10)
5 (z,5g(1 —b),sg(1 — b))
6 (z,5g(1 —b),sg(a))
-7 <.’E,@<l B b)v a>
-8 (,1—a,a)
-9 <x7@(a ,a>
10 (SC,S_(l — b), 1-— b)

33
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Table 2: List of known negations

[ @050
12 (,b.(b+ a),min(1,a.(b* + a + b.a)))
—13 (z,sg(1 —a),5g(1 — a))
—14 (x,sg(b),5g(1 — a))
15 (,5g(1 —b),5g(1 — a))
s [{& @) - a))
(.50
s [ (b asg®)
19 (@, b Sg(@) 0)
=120 (x,b,0)
91 (x,min(1 — a,sg(a)), min(a, sg(1 — a)))
=199 (x, mm(l —a,sg(a)),0)
—23 (z, ,0)
—94 (x, mln(b sg(1 — b)), min(1 — b,sg(b)))
—95 (x,min(b,sg(1 — b)), 0)
—96 (x,b,a.b +35g(1 — a))
—97 (x, 1—aa(1—a)+s_(1—a))
-8 (x,b, (1 —b).b+5g(b))
=199 (x,max(0,b.a +5g(1 — b)),

min(1,a.(b.a +35g(1 — b)) +52(1 — a)))
—30 (z,a.b,a.(a.b+5g(1 —b)) +58(1 —a))
=31 (x,max(0, (1 — a).a +5g(a)),

min(1,a.((1 —a).a +35g(a)) +58(1 — a)))
—39 (x,(1 —a).a,a.((1 —a).a+35g(a)) +52(1 —a))
—33 (x,b0.(1 —b) +5g(1 —b),(1 —b).(b.(1 —b) +5g(1 — b)) +3g(b)))
—34 (x,0.(1 =0),(1 —b).(b.(1 —b) +5g(1 — b)) +5g(b))
~3 | (3,57)
136 <%7 %)
— (2 2aFTy
138 (lg—av H—Ta>
39 <%7 d§b>
—40 <‘2732a7 ‘igza>
. <%7 d—3£b>
42,0 (Pt &2, where A > 1
43 (;;fl, 2“;;1 where v > 1

Continued on next page
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Table 2: List of known negations

(bal 9%0 where a > 1,8 € [0, a]

44,a,8 “otB  atpB’
a5 | (min(L,va(@) + &), max(0, ra(x) — )
where e, € [0,1] ande <
Table 3: Relations between negations and implications

1| TP, 74y, 75, 776, 77, ~7105 7135 761, ~763, 7645 7665 767,
768, 7769, 7705 771, T?725 ~7735 778, —780, 71245 ~7125, 7127

T2 | 72,773, 778, —711, 716, 720, 731, ~732, ~737, ~740, — 741, 742

73| 79, 17, 21

T4 | 7712, 718, 7722, ~746, —749; —750, ~751, 7535 — 754, ~791, 793,
—294, —795, ~796, —798, —7134, 7135, 7137

75| 714, 715, 719, 723, 747, 748, ~752, ~755, ~ 7565 757

76 | 7245 7265 727, 765

7| 7725, 7728, 729, ~762

78 | —730, 733, 734, 735, 736, 738, 739, 7765 782, 784, 785,
—7865 7875 ~789, ~7129, 7130, —7132

9 | 743, 744, 745, 783

10 | 7585 —?59; —760, —792

711 | 774, 97

-2 | 75

13 | 77, 788

714 | 779

15 | 781

16 | ~790

17 | 799

18 | —100

719 | —101

20 | —7102, 7108

21 | —103

722 | —7104

23 | 7105

24 | 7106

25 | 7107

726 | —7109, 7110, —7111, —7112, —7113

Continued on next page
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Table 3: Relations between negations and implications

27 | 7114, 7115, —71165 —7117, 7118
28 | 7119, 7120, —7121, 7122, —7123
729 | 126
30 | 128
731 | —131
732 | —133
733 | —136
34 | 7138

In [7], the following forms of the De Morgan’s Laws

and

~(naV oy =a Ay

(-rA-y) =z Vy

ﬁ(ﬁ{]) V ﬁy) = A Yy

and the following forms of the Law for Excluded Third (Middle)

xV x

X \/ X

are discussed.

Open problem 1. Having in mind the above modified formulas, modify the Law
of contraposition and study which implications and the respective negations sat-

isfy the standard and modified forms of this Law.

If some implication D and negation — satisfy the Law of contraposition in its
standard (modified) form, we call that pair (D, =) is respectively compatible with

the standard (modified) Law of contraposition.

Open problem 2. Which pairs (D, —) are respectively compatible with the stan-

dard (modified) Law of contraposition?

In [13], it is proved for the first time that the axiom

(—AD-B)D>((wAD>DB)DA)
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is an IFT, when D is —4, while it is not valid for implication —3.
Having in mind the new forms of the De Morgan’s Laws and the Law for
Excluded Third, the above axiom can be modified to the form

(wA D -B) D ((mA D —-=B) D> ——A).

In [13], we introduced the four theorems given below and proved one of them.
Now it is clear that this proof had to be given some 25 years ago.
Theorem 1. For every two variables A and B, the expression

(—AD-B)D((mADB)DA) (1)

is an IFT for implications —1, —4, —5, —>7, —>9, —>13, —>18, —>20 - —>23,
P25, TP2T; s T229, 7615 TP66, ~PTLy 774y TPT6, 277y 779 ~781y ~71005 -+

71025 71045 —71055 71075 —7109 =+-» 7113, 71185 ~71245 ---» —7128, —7133 -
Theorem 2. For every two variables A and B, the expression

(—AD>-B)D((mADB)DA)

is a tautology for implications —92g, —>23, —>74, —77.
Theorem 3. For every two variables A and B, the expression

(mA D> -B) D ((nA D> —-—=B) D -A)

is an IFT for implications —1, ..., =5, =7, ey =9, —>115 «ves 2385 —>40, «=-» —>43,
T4y vees P53y TP55y wees 25Ty 761y 7665 “7TLy TPT4y wees 2Ty T7T95 8Ly s 783,
7855 7885 ~791, ~794, ~797; ~ 7995 wes 7119, ~71215 ~71245 «oey ~7137 -

Theorem 4. For every two variables A and B, the expression

(wA D> -B) D ((nA D> —-=B) D> ~-4)

is a tautology for implications —o, —3, —>g, —>11, —>14, --» —>16, —>19, —20,
23, 7315 ~732, ~737, ~740; -+ ~ 7435 7455 74T, “748, T752, TP55; s P57y 274,
277, ~783, —788; —797, —799 -

Open problem 3. Which pairs (D, —) are compatible in respect with the standard
(modified) Law from (1)?

Let F be a set of formulas with the property that for all (a, ) € [0, 1] x [0, 1]
such that a + b < 1, there exists a formula f € F such that V(F) = (a,b). In
[6, 9], the following assertion is proved for the cases of implications —3 and —4
Theorem 5. Let F' and G be different formulas in F and let F* — G be a tau-
tology. Then there exists a formula H € F different from F' and G, such that
F — H and H — G are tautologies.
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Open problem 4. Check for which other implications a similar (as in Theorem 5)
result is valid.

The most important problem is related to T- and S-norms, defined for intu-
itionistic fuzzy case. In the present moment, they satisfy the standard De Morgan
Laws and therefore, they are based on the classical negation —.

Open problem 5. Develop a new theory of T- and S-norms for intuitionistic fuzzy
case, that are based on the modified forms of De Morgan’s Laws.

3 Short remarks on IF predicate logic

Let x be a variable, obtaining values in set £ and let P(x) be a predicate with a
variable x. Let

V(P(z)) = (u(P(x)), v(P(x)))-

The IF-interpretations of the quantifiers for all (V) and there exists (3) are
introduced in [14] by the formulas:

V(VaP(z)) = <§ggu(P(y)),yiggV(P(y))>7

V(BzP(z)) = (inf u(P(y)), sup v(P(y))).
yeE yeEE

Their geometrical interpretations are illustrated in Figs. 4 and 5, respectively,
where z1, ..., x5 are the possible values of variable x and V' (z1), ..., V(x5), their
IF-estimations.

The most important property of the two quantifiers is that each of them juxta-
poses to predicate P a point (exactly one for each quantifier) in the IF-interpreta-
tional triangle.

In [11], we introduced the following six quantifiers and studied some of their
properties.

V(VuzP(z)) = {(z, inf u(P(y)),v(P(z)))|z € E},

yekr
V(Y2 P(z)) = {(z,min(1 — sup V(P(y)),M(P(w)),SEEV(P(y)»Iw € B},
V(EuzP(z)) = H%;gg#(P(y)),min(l - Ztelgu(P(y)), v(P(z)))lz € E},

V@EaP(@)) = {(z, n(P(2)), inf v(P(y)))le € E},

V(v,xP(x)) = {{z, min(1 — SEEV(P(?J)% p(P(x)),
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min(sup v(P(y)), 1 — u(P(2)))|e € E},
yeE

V(E,xP(x)) = {<$,min(zggu(1"(y)), 1 —v(P(z)),

min(1 — SEEM(P(Z/)% v(P((x)))|x € E}.

(0,1)

Let the possible values of variable x be a, b, c and let their IF-estimations
V(a),V(b),V(c) be shown on Fig. 6. The geometrical interpretations of the new
quantifiers are shown in Figs. 7-12.
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(0,1)

Fig. 6.
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(0,0)

Fig. 11. Fig. 12.

Now, we see that we can change the forms of the first two quantifiers to the
forms

V(VzP(z)) = {<ﬂfayingu(P(y))a2161};”(1’(?;)))@ € E},

V(3zP(x)) = {(z, 22@#(1’(3/)), Inf v(P(y)))lz € B}

Obviously, for every predicate P,
V(VzP(z)) CV(VzP(z)) C V(VyzP(z)) C V(IzP(z))

CV(3uxP(x)) C V(IzP(x))

and
V(VzP(z)) CV(V,zP(x)) CV(V,zP(zx)) C V(EIZJ:P(JU))
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C V(3uxP(x)) C V(IzP(x)).

The axioms of the logical system K (see, e.g., [25]) related to quantifiers, are:
(A4) (Vz)(B(z) D B(t)) is a well-formed formula and ¢ is a term that is free for
x in B(z)

(AS) (Vz)(B D A) D (B D (Vx)A) if B contains no free occurrences of z.
Open problem 6. Which implications satisfy axioms (A4), (A5)?

4 Short remarks on IF modal logic
For a proposition = for which:
V(z) = {a,b)

the following analogues of the classical modal operators are defined:

V(oz) = {(a,1—a),

V(Qx) =(1—10b,0b).
Let the truth value function V' be defined:

oV(z) =V(ox),

OV (z) = V(Oa).

For them is proved that following assertions are tautologies (24.0 and 24.1 in
[24]):
@@ —-OA=4-4,

(b) DA=-0-4,
© -~0A=0-4,
d SA=-o-A.

e) TmADA,
0 ADOA
(g OAD A

Let A be a fixed propositional form and «, 3,7, d,e,m7 € [0,1]. We define
operators D, Fy, g (fora+8 < 1), Gy g, Hy g, HC*M’B, Jo.85 J;,B and X, g~.6¢n
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by:

V(Do(A) =(a+a.(l1—a—1b),b+ (1 —a).(1 —a—0b)),
V(Fap(A) =(a+a.(l—a—b),b+p.(1—a—0b)),fora+ <1,
V(Gap(A)) = (a.a, B.b),

V(Hap(A)) = (ea,b+ B.(1 —a—1b)),

V(H 4(A)) = (a.a,b+ B.(1 — a.a — b)),

V(Jap(A) = (a+a.(l —a—b),B.b),

VI(J; 5(A) = (a+a.(l —a—B.b),B.b),

V(Xawgm(;’gm(A)) =(a.a+B.(1—a—~.b),0b+e.(1—n.a—0»)),

fora+e—en<1,+d—B.y<1land S+ ¢ < 1. We must mention, that the
latest inequality is omitted in [5, 12] and it is added to the definition of operator
Xa,ﬁy%&&’? in [10]'

Obviously,
0A = Do(A),
OA = Di(A),
Da(A) = Fa1-a(4),
and

0A=Xi10r111(4),

s bty

CA=X11110-(4),

1
Fop(A) = Xia1181(A), fora+p <1,

Ga,ﬁ(A) aOrﬁOT(A)a
Hoz,,é’(A) aOr,l,ﬁ, (A)7
H, 5(A) = Xa,0,,80,a(A),
J,

a,B(A) = Xl,a,l,B,O,r(A)a
ap(A) = X1.0,860r(4)

where 7 is an arbitrary real number in [0, 1].

)

Open problem 7. Construct an axiomatic system of the IFML.

Such axiomatic system will contain special axioms related to the new modal-
type of operators (D, F, G, H, H*, J, J*). Some of the first order axioms must be
changed with axioms, related to some of the above operators.

For example, the axiom =——A D A (see [25]) can be changed with the the ax-
iom

43



H, 3(A) O Aor with the axiom H} B(A) D Aforevery 0 < a < 1 and for every
B> 0 We must note that V' (H O(A)) = V(Hio(A)) = V(A) = V(--A) and
V(Hi,(A)) =(0,1) = “FALSE”.

S Temporal Intuitionistic Fuzzy Logic (TIFL)

Let p be a proposition and V' be a truth-value function, which maps the ordered
pair:
Vip,t) = (ulp,t),v(p,t))
to the proposition p and to the time-moment ¢ € T (where 7T is a fixed set which
we shall call “time-scale” and it is strictly oriented by the relation “<”).
Let
T ={t'/t' e T&t < t}

T ={t"/t" e T&t" > t}
In [4], the author defined for given p and ¢ the operators P, I, H, G, for which:

V(P(p,t)) = (u(p,t), v(p, 1)),

where ¢’ € T satisfies the conditions:
(a)
w(p, t') —v(p,t') = mazx (u(p, tx) — v(p, tx)),
txcT"’

(b) if there exists more than one such element of 7”7, then ¢ is the maximal;

V(F(p.t)) = (up,t"),v(p,t")),

where ¢ € T" satisfies the conditions:
(a)
,U’(p7t//) - V(p7t//) = max (/’L(p7t*) - V(pat*)>7
txeT”

(b) if there exist more than one such element of 7", then ¢’ is the minimal;

V(H(p7 t)) = <M(p7 t,), V(pv t/)>7

where t' € T satisfies the conditions:
(a)

wp,t') — v(p,t') = tﬂziTT} (u(p, tx) — v(p, tx)),
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(b) if there exis more than one such elements of 77, then ¢’ is the maximal;

V(G(p.t)) = (up,t"), v(p,")),

where ¢/ € T" satisfies the conditions:
(a) .
:U(pat”) - V(p7t”> = nuan (M(p,t*) - V(p7t*))7
txeT"

(b) if there exist more than one such elements of 7", then t” is the minimal.

Theorem 6. For every proposition p and for every time moment ¢:
(@)V(H(p, 1)) = V(=(P(=p),1));
OV (G(p, 1) = V(=(F(-p),1)).

A geometrical interpretation of the temporal IFL is given on Fig. 13.

t1

to

t3

T
Fig. 13.

Let sets Z1, Zo, ..., Zy, be fixed and let foreach ¢ (1 < ¢ < n): z € Z;.

By analogy with intuitionistic fuzzy multi-dimensional sets, introduced in
[15, 16, 17], here for a first time, we define intuitionistic fuzzy multi-dimensional
evaluation function V' in the form

V(x, 21,22, .y 2n) = (&, pa(x, 21, 22, .., 2n), vA(T, 21, 22, ...y 2n)),
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where z is a variable, 21, 29, ..., 2, are additional arguments,
WA(T, 21, 22, ooy 2n) +v4(T, 21, 22, ooy 2n) < 1,
and pa(x, 21, 22, ..., 2n) and v4(x, 21, 22, ..., 2, ) are the degrees of membership

and non-membership, respectively, of the element x € F in respect of the addi-

tional arguments 21, 29, ..., Zn.
In the particular case, when n = 1, we obtain the case of temporal IIFL.

Open problem 8. Which are the forms of the temporal operators P, F, H, G,
whenn > 1?

Having in mind the results from [15], we can define for the (n + 1)-dimensio-
nal predicate P, the (partial) ¢-quantifiers

V(Ji(x, 21, 22, ..y 2n) P(x, 21, 22, ..., 2n)
= (sup p(x, 21, 22, «oey Zie1s Liy Zit1, s Zn),
t,€Z;

inf u(x, R19 Ry eeey Zi—1, tz‘, Zidgly eees Zn)>,
t,€Z;

V(Vi(x, 21, 22, vy 2n) P(2, 21, 22, +vy Z1,)

= < 1n£ ,LL(SL’, Z15 Ry eeey Zz;l,tl', Zidlyeees Zn),

(3 7

SUD V(T 21, 22y wovy Zie1s Liy Zidt 1y -vs Zn))
t,€Z;

and the general quantifiers
V(3(x, 21,22, .oy 2n) P(x, 21, 22, ..., 2n)

= (max sup (T, 21, 22, oy Zie1, Liy Zit 1y -oes Zn)s
1§1§”tieZ¢

1r§nllélntllggl V<$7 21522 -y Zi—1, L, Zit1y ey Zn)>7

V(¥(x, 21,22, ..., 2n) P(x, 21, 22, ..., 2n)

= {(min inf p(xz, 21,29, ..., 2i—1,ti, Zid1, .-y 2
<1§i§nti€Z¢'u( 9 9 g oeeey A—15 Uiy R4415 «vey n)v

max Sup V(Z, 21, 22, «e, Zie1, Liy Zit1y ooy Zn))
I<i<n t,€Z;

It can be directly proved, that both quantifiers have similar properties as the
quantifiers of the predicate IFL, but it will be interesting to find their specific
properties.

Open problem 9. Construct an axiomatic system of the temporal and multi-
dimensional IFLs.
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