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Abstract

In the present paper an overview of the main definitions and results in the

area of intuitionistic logic is presented and new open problems are formu-

lated.

Keywords: Implications, intuitionistic fuzzy logic, negations

1 Introduction

The first researches, related to Intuitionistic Fuzzy Logics (IFLs) started in 1983

together with the researches on Intuitionistic Fuzzy Sets (IFSs), but the first publi-

cations in this area are dated to 1988-1990. In them, shortly, ideas for intuitionistic

fuzzy propositional calculus [1], intuitionistic fuzzy predicate logic [3], intuition-

istic fuzzy modal logic [2] and temporal IFL [4] are introduced. During the next

25 years, these areas were extended essentially. A lot of operations and operators

were defined, but up to now there has not been an overall and systematic descrip-

tion of the obtained results. The present paper contains some basic ideas and some

unsolved problems in the area of IFLs that will constitute development of this part

of fuzzy sets theory.
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2 Short remarks on intuitionistic fuzzy

propositional calculus

In classical logic, to each proposition (in the classical sense) we can assign its

truth value: truth – denoted by 1, or falsity – 0. In the case of fuzzy logic, this

truth value is a real number in the interval [0, 1] and may be called “truth degree”

of a particular proposition. Here, in IFL, we add one more value – “falsity degree”

– which is a real number in the interval [0, 1] as well. Thus, two real numbers,

µ(p) and ν(p), are assigned to the proposition p with the following constraint to

hold:

0 ≤ µ(p) + ν(p) ≤ 1.

Let this assignment be provided by an evaluation function V defined over a

set of propositions S in such a way that:

V (p) = 〈µ(p), ν(p)〉.

Hence, the function V : S → [0, 1]× [0, 1] gives the truth and falsity degrees

of all propositions in S.

We assume that the evaluation function V assigns to the logical truth T

V (T ) = 〈1, 0〉,

and to the logical falsity F

V (F ) = 〈0, 1〉.

Similarly to IFSs theory (see, e.g., [5, 12]), several geometrical interpretations

of the results of the function V will be discussed below. It is obvious, that the

ordinary fuzzy sets have only one geometrical interpretation, while in the IFSs

case, several geometrical interpretations are given.

The first one (which is analogous to the standard fuzzy set interpretation) is

shown on Fig. 1.
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Its analogue is given in Fig. 2.
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Fig. 2.

Therefore we can map to every proposition p ∈ S a unit segment of the form:
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Let a universe S be given and let us consider the figure F in the Euclidean

plane with a Cartesian coordinate system (see Fig. 3).

Then we can construct a function f (an interpretation of function V ) from S

to F such that if p ∈ S, then

x = f(p) ∈ F,

the point x has coordinates 〈a, b〉 for which: 0 ≤ a+ b ≤ 1 and these coordinates

are such that a = µ(p), b = ν(p).
We will note that there can exist two different elements p, q ∈ S for which

µ(p) = µ(q) and ν(p) = ν(q), i.e., for which f(p) = f(q).
About the form and the methods of determining the functions µ and ν we

must repeat the same as in [5, 12]: “everywhere below we will assume that these

functions are either pre-determined or obtained as a result of the application of

some operations or operators over pre-determined membership functions. In the

fuzzy set theory there are three basic ways to construct membership functions:

i) basing on expert knowledge;

ii) explicitly — on the basis of observations collected in advance and pro-

cessed appropriately (e.g., by statistical methods);

iii) analytically — by suitably chosen functions (e.g. probabilistic distribu-

tion).

Two latter cases are treated in much the same way as with ordinary fuzzy

sets; however these methods are now used for the estimation of both the degree

of membership and the degree of non-membership of a given element of a fixed

universe to a subset of the same universe. It is clear that a correct method must

respect the inequalities

0 ≤ µ(p) + ν(p) ≤ 1

for every proposition p.
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When the values V (p) and V (q) of the propositions p and q are known, the

evaluation function V can be extended also for the operations “&”, “∨” through

different (by the moment – two) definitions:

V (p&1q) = 〈min(µ(p), µ(q)),max(ν(p), ν(q))〉,

V (p ∨1 q) = 〈max(µ(p), µ(q)),min(ν(p), ν(q))〉

and

V (p&2q) = 〈µ(p).µ(q), ν(p) + ν(q)− ν(p).ν(q)〉,

V (p ∨2 q) = 〈µ(p) + µ(q)− µ(p).µ(q), ν(p).ν(q)〉.

Everywhere below we shall assume that for the two variables p and q there

hold the equalities: V (p) = 〈a, b〉, V (q) = 〈c, d〉, (a, b, c, d, a+ b, c+ d ∈ [0, 1]).
For the needs of the discussion below, we shall define the notion of Intuition-

istic Fuzzy Tautology (IFT, see [1, 12]) by:

p is an IFT if and only if a ≥ b,

while p will be a tautology iff a = 1 and b = 0.

In some definitions, we use functions sg and sg defined by,

sg(x) =











1 if x > 0

0 if x ≤ 0
,
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sg(x) =











0 if x > 0

1 if x ≤ 0

In a series of papers of the author, starting with [1, 2], 138 different intuition-

istic fuzzy implications and 34 different intuitionistic fuzzy negations, generated

by the intuitionistic fuzzy implications were defined and some of their basic prop-

erties were studied. Meantime, in [18, 19, 20], Lilija Atanassova introduced im-

plications →139, ...,→149 and negations ¬35, ...,¬41; and in [21, 22, 23], Piotr

Dworniczak introduced implications →150, ...,→152 and negations ¬42, ...,¬45.

The author introduced also implication →153 and negation ¬46 in [8].

The list of all existing at the moment intuitionistic fuzzy implications and

negations are given in Tables 1 and 2, respectively. The relations between the

negations and implications are shown on Table 3.

Table 1: List of known implications

→1 〈max(b,min(a, c)),min(a, d)〉

→2 〈sg(a− c), d.sg(a− c)〉

→3 〈1− (1− c).sg(a− c)), d.sg(a− c)〉

→4 〈max(b, c),min(a, d)〉

→5 〈min(1, b+ c),max(0, a+ d− 1)〉

→6 〈b+ ac, ad〉

→7 〈min(max(b, c),max(a, b),max(c, d)),max(min(a, d),
min(a, b),min(c, d))〉

→8 〈1− (1−min(b, c)).sg(a− c),max(a, d).sg(a− c), sg(d− b)〉

→9 〈b+ a2c, ab+ a2d〉

→10 〈c.sg(1− a) + sg(1− a).(sg(1− c) + b.sg(1− c)),
d.sg(1− a) + a.sg(1− a).sg(1− c)〉

→11 〈1− (1− c).sg(a− c), d.sg(a− c).sg(d− b)〉

→12 〈max(b, c), 1−max(b, c)〉

→13 〈b+ c− b.c, a.d〉

→14 〈1− (1− c).sg(a− c)− d.sg(a− c).sg(d− b), d.sg(d− b)〉

→15 〈1− (1−min(b, c)).sg(a− c).sg(d− b)
−min(b, c).sg(a− c).sg(d− b),
1− (1−max(a, d)).sg(sg(a− c) + sg(d− b))
−max(a, d).sg(a− c).sg(d− b)〉

→16 〈max(sg(a), c),min(sg(a), d)〉

Continued on next page
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Table 1: List of known implications

→17 〈max(b, c),min(a.b+ a2, d)〉

→18 〈max(b, c),min(1− b, d)〉

→19 〈max(1− sg(sg(a) + sg(1− b)), c),min(sg(1− b), d)〉

→20 〈max(sg(a), sg(c)),min(sg(a), sg(c))〉

→21 〈max(b, c.(c+ d)),min(a.(a+ b), d.(c2 + d+ c.d))〉

→22 〈max(b, 1− d), 1−max(b, 1− d)〉

→23 〈1−min(sg(1− b), sg(1− d)),min(sg(1− b), sg(1− d))〉

→24 〈sg(a− c).sg(d− b), sg(a− c).sg(d− b)〉

→25 〈max(b, sg(a).sg(1− b), c.sg(d).sg(1− c)),min(a, d)〉

→26 〈max(sg(1− b), c),min(sg(a), d)〉

→27 〈max(sg(1− b), sg(c)),min(sg(a), sg(1− d))〉

→28 〈max(sg(1− b), c),min(a, d)〉

→29 〈max(sg(1− b), sg(1− c)),min(a, sg(1− d))〉

→30 〈max(1− a,min(a, 1− d)),min(a, d)〉

→31 〈sg(a+ d− 1), d.sg(a+ d− 1)〉

→32 〈1− d.sg(a+ d− 1), d.sg(a+ d− 1)〉

→33 〈1−min(a, d),min(a, d)〉

→34 〈min(1, 2− a− d),max(0, a+ d− 1)〉

→35 〈1− a.d, a.d〉

→36 〈min(1−min(a, d),max(a, 1− a),max(1− d, d)),
max(min(a, d),min(a, 1− a),min(1− d, d))〉

→37 〈1−max(a, d).sg(a+ d− 1),max(a, d).sg(a+ d− 1)〉

→38 〈1− a+ (a2.(1− d)), a.(1− a) + a2.d〉

→39 〈(1− d).sg(1− a) + sg(1− a).(sg(d) + (1− a).sg(d)),
d.sg(1− a) + a.sg(1− a).sg(d)〉

→40 〈1− sg(a+ d− 1), 1− sg(a+ d− 1)〉

→41 〈max(sg(a), 1− d),min(sg(a), d)〉

→42 〈max(sg(a), sg(1− d)),min(sg(a), sg(1− d))〉

→43 〈max(sg(a), 1− d),min(sg(a), d)〉

→44 〈max(sg(a), 1− d),min(a, d)〉

→45 〈max(sg(a), sg(d)),min(a, sg(1− d))〉

→46 〈max(b,min(1− b, c)), 1−max(b, c)〉

→47 〈sg(1− b− c), (1− c).sg(1− b− c)〉

→48 〈1− (1− c).sg(1− b− c), (1− c).sg(1− b− c)〉

→49 〈min(1, b+ c),max(0, 1− b− c)〉

Continued on next page
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Table 1: List of known implications

→50 〈b+ c− b.c, 1− b− c+ b.c〉

→51 〈min(max(b, c),max(1− b, b),max(c, 1− c)),
max(1−max(b, c),min(1− b, b),min(c, 1− c))〉

→52 〈1− (1−min(b, c)).sg(1− b− c), 1−min(b, c).sg(1− b− c)〉

→53 〈b+ (1− b)2.c, (1− b).b+ (1− b)2.(1− c)〉

→54 〈c.sg(b)) + sg(b).(sg(1− c) + b.sg(1− c)),
(1− c).sg(b) + (1− b).sg(b).sg(1− c)〉

→55 〈1− sg(1− b− c), 1− sg(1− b− c)〉

→56 〈max(sg(1− b), c),min(sg(1− b), (1− c))〉

→57 〈max(sg(1− b), sg(c)),min(sg(1− b), sg(c))〉

→58 〈max(sg(1− b), sg(1− c)), 1−max(b, c)〉

→59 〈max(sg(1− b), c), (1−max(b, c))〉

→60 〈max(sg(1− b), sg(1− c)),min((1− b), sg(c))〉

→61 〈max(c,min(b, d)),min(a, d)〉

→62 〈sg(d− b), a.sg(d− b)〉

→63 〈1− (1− b).sg(d− b), a.sg(d− b)〉

→64 〈c+ b.d, a.d〉

→65 〈1− (1−min(b, c)).sg(d− b),max(a, d).sg(d− b).sg(a− c)〉

→66 〈c+ d2.b, b.d+ d2.a〉

→67 〈b.sg(1− d) + sg(1− d).(sg(1− b) + c.sg(1− b)),
a.sg(1− d) + d.sg(1− d).sg(1− b)〉

→68 〈1− (1− b).sg(d− b), a.sg(d− b).sg(a− c)〉

→69 〈1− (1− b).sg(d− b)− a.sg(d− b).sg(a− c), a.sg(a− c)〉

→70 〈max(sg(d), b),min(sg(d), a)〉

→71 〈max(b, c),min(c.d+ d2, a)〉

→72 〈max(b, c),min(1− c, a)〉

→73 〈max(1−max(sg(d), sg(1− c)), b),min(sg(1− c), a)〉

→74 〈max(sg(b), sg(d)),min(sg(b), sg(d))〉

→75 〈max(c, b.(a+ b)),min(d.(c+ d), a.(b2 + a) + a.b)〉

→76 〈max(c, 1− a),min(1− c, a)〉

→77 〈(1−min(sg(1− a), sg(1− c))),min(sg(1− a), sg(1− c))〉

→78 〈max(sg(1− c), b),min(sg(d), a)〉

→79 〈max(sg(1− c), sg(b)),min(sg(d), sg(1− a))〉

→80 〈max(sg(1− c), b),min(d, a)〉

→81 〈max(sg(1− b), sg(1− c)),min(d, sg(1− a))〉

Continued on next page

30



Table 1: List of known implications

→82 〈max(1− d,min(d, 1− a)),min(d, a)〉

→83 〈sg(a+ d− 1), a.sg(a+ d− 1)〉

→84 〈1− a.sg(a+ d+ 1), a.sg(a+ d+ 1)〉

→85 〈1− d+ d2.(1− a), d.(1− d) + d2.〉

→86 〈(1− a).sg(1− d) + sg(1− d).sg(a+min(1− d, sg(a))),
a.sg(1− d) + d.sg(1− d).sg(a)〉

→87 〈max(sg(d), 1− a),min(sg(d), a)〉

→88 〈max(sg(d), sg(1− a)),min(sg(d), sg(1− a))〉

→89 〈max(sg(d), 1− a),min(d, a)〉

→90 〈max(sg(a), sg(d)),min(d, sg(1− a))〉

→91 〈max(c,min(1− c, b)), 1−max(b, c)〉

→92 〈sg(1− b− c),min(1− b, sg(1− b− c))〉

→93 〈(1−min(1− b, sg(1− b− c)),min(1− b, sg(1− b− c))〉

→94 〈c+ (1− c)2.b, (1− c).c+ (1− c)2.(1− b)〉

→95 〈min(b, sg(c)) + sg(c).(sg(1− b) + min(c, sg(1− b))),
(min(1− b, sg(c)) + min(1− c, sg(c), sg(1− b))〉

→96 〈max(sg(1− c), b),min(sg(1− b), 1− c)〉

→97 〈max(sg(1− c), sg(b)),min(sg(1− c), sg(b))〉

→98 〈max(sg(1− c), b), 1−max(b, c)〉

→99 〈max(sg(1− c), sg(1− b)),min(1− c, sg(b))〉

→100 〈max(min(b, sg(a)), c),min(a, sg(b), d)〉

→101 〈max(min(b, sg(a)),min(c, sg(d))),min(a, sg(b), sg(c), d)〉

→102 〈max(b,min(c, sg(d))),min(a, sg(c), d)〉

→103 〈max(min(1− a, sg(a)), 1− d),min(a, sg(1− a), d)〉

→104 〈max(min(1− a, sg(a)),min(1− d, sg(d))),
min(a, sg(1− a), d, sg(1− d))〉

→105 〈max(1− a,min(1− d, sg(d))),min(a, d, sg(1− d))〉

→106 〈max(min(b, sg(1− b)), c),min(1− b, sg(b), 1− c)〉

→107 〈max(min(b, sg(1− b)),min(c, sg(1− c))),
min(1− b, sg(b), 1− c, sg(c))〉

→108 〈max(b,min(c, sg(1− c))),min(1− b, 1− c, sg(c))〉

→109 〈b+min(sg(1− a), c), a.b+min(sg(1− a), d))〉

→110 〈max(b, c),min(a.b+ sg(1− a), d)〉

→111 〈max(b, c.d+ sg(1− c)),min(a.b+ sg(1− a),
d.(c.d+ sg(1− c)) + sg(1− d))〉

Continued on next page
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Table 1: List of known implications

→112 〈b+ c− b.c, a.b+ sg(1− a).d〉

→113 〈b+ c.d− b.(c.d+ sg(1− c)),
(a.b+ sg(1− a)).(d.(c.d+ sg(1− c)) + sg(1− d))〉

→114 〈1− a+min(sg(1− a), 1− d), a.(1− a) + min(sg(1− a), d)〉

→115 〈1−min(a, d),min(a.(1− a) + sg(1− a), d)〉

→116 〈max(1− a, (1− d).d+ sg(d)),
min(a.(1− a) + sg(1− a), d.((1− d).d+ sg(d)) + sg(1− d))〉

→117 〈1− a− d+ a.d, (a.(1− a) + sg(1− a)).d〉

→118 〈1− a+ (1− d).d− (1− a).((1− d).d+ sg(d)),
(a.(1− a) + sg(1− a)).d.((1− d).d+ sg(d)) + sg(1− d)〉

→119 〈b+min(sg(b), c), (1− b).b+min(sg(b), 1− c)〉

→120 〈max(b, c),min((1− b).b+ sg(b), 1− c)〉

→121 〈max(b, c.(1− c) + sg(1− c)),
min((1− b).b+ sg(b), (1− c).(c.(1− c) + sg(1− c))) + sg(c)〉

→122 〈b+ c− b.c, ((1− c).b+ sg(b)).(1− c)〉

→123 〈b+ c.(1− c)− (b.(c.(1− c) + sg(1− c))),
((1− b).b+ sg(b)).(((1− c).(c.(1− c) + sg(1− c))) + sg(c))〉

→124 〈c+min(sg(1− d), b), c.d+min(sg(1− d), a)〉

→125 〈max(b, c),min(c.d+ sg(1− d), a)〉

→126 〈max(c, a.b+ sg(1− b)),min(c.d+ sg(1− d),
a.(a.b+ sg(1− b)) + sg(1− a))〉

→127 〈b+ c− b.c, (c.d+ sg(1− d)).a〉

→128 〈c+ a.b− c.(a.b+ sg(1− b)),
(c.d+ sg(1− d)).(a.(a.b+ sg(1− b)) + sg(1− a))〉

→129 〈1− d+min(sg(1− d), 1− a), d.(1− d) + min(sg(1− d), a)〉

→130 〈1−min(d, a),min(d.(1− d) + sg(1− d), a)〉

→131 〈max(1− d, (1− a).a+ sg(a)),
min(d.(1− d) + sg(1− d), a.((1− a).a+ sg(a)) + sg(1− a))〉

→132 〈1− a.d, (d.(1− d) + sg(1− d)).a〉

→133 〈1− d+ (1− a).a− (1− d).((1− a).a+ sg(a)),
(d.(1− d) + sg(1− d)).(a.((1− a).a+ sg(a)) + sg(1− a))〉

→134 〈c+min(sg(c), b), (1− c).c+min(sg(c), (1− b))〉

→135 〈max(b, c),min((1− c).c+ sg(c), 1− b)〉

→136 〈max(c, (b.(1− b) + sg(1− b))),
min((1− c).c+ sg(c), (1− b).(b.(1− b) + sg(1− b)) + sg(b))〉

Continued on next page
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Table 1: List of known implications

→137 〈b+ c− b.c, ((1− c).c+ sg(c)).(1− b)〉

→138 〈c+ b.(1− b)− c.(b.(1− b) + sg(1− b)),
((1− c).c+ sg(c)).((1− b).(b.(1− b) + sg(1− b)) + sg(b))〉

→139 〈 b+c
2 , a+d

2 〉

→140 〈 b+c+min(b,c)
3 ,

a+d+max(a,d)
3 〉

→141 〈 b+c+max(b,c)
3 ,

a+d+min(a,d)
3 〉

→142 〈3−a−d−max(a,d)
3 ,

a+d+max(a,d)
3 〉

→143 〈1−a+c+min(1−a,c)
3 ,

2+a−c−min(1−a,c)
3 〉

→144 〈1+b−d+min(b,1−d)
3 ,

2−b+d+min(b,1−d)
3 〉

→145 〈 b+c+min(b,c)
3 ,

3−b−c−min(b,c)
3 〉

→146 〈3−a−d−min(a,d)
3 ,

a+d+min(a,d)
3 〉

→147 〈1−a+c+max(1−a,c)
3 ,

2+a−c−max(1−a,c)
3 〉

→148 〈1+b−d+max(b,1−d)
3 ,

2−b+d−max(b,1−d)
3 〉

→149 〈 b+c+max(b,c)
3 ,

3−b−c−max(b,c)
3

→150,λ 〈 b+c+λ−1
2λ , a+d+λ−1

2λ , where λ ≥ 1

→151,γ 〈 b+c+γ
2γ+1 , a+d+γ−1

2γ+1 , where γ ≥ 1

→152,α,β 〈 b+c+α−1
α+β

, a+d+β−1
α+β

, where α ≥ 1, β ∈ [0, α]

→153,ε,η 〈x,min(1,max(µB(x), νA(x) + ε)),
max(0,min(νB(x), µA(x)− η))〉
where ε, η ∈ [0, 1] and ε ≤ η

Table 2: List of known negations

¬1 〈x, b, a〉

¬2 〈x, sg(a), sg(a)〉

¬3 〈x, b, a.b+ a2〉

¬4 〈x, b, 1− b〉

¬5 〈x, sg(1− b), sg(1− b)〉

¬6 〈x, sg(1− b), sg(a)〉

¬7 〈x, sg(1− b), a〉

¬8 〈x, 1− a, a〉

¬9 〈x, sg(a), a〉

¬10 〈x, sg(1− b), 1− b〉

Continued on next page
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Table 2: List of known negations

¬11 〈x, sg(b), sg(b)〉

¬12 〈x, b.(b+ a),min(1, a.(b2 + a+ b.a))〉

¬13 〈x, sg(1− a), sg(1− a)〉

¬14 〈x, sg(b), sg(1− a)〉

¬15 〈x, sg(1− b), sg(1− a)〉

¬16 〈x, sg(a), sg(1− a)〉

¬17 〈x, sg(1− b), sg(b)〉

¬18 〈x, b.sg(a), a.sg(b)〉

¬19 〈x, b.sg(a), 0〉

¬20 〈x, b, 0〉

¬21 〈x,min(1− a, sg(a)),min(a, sg(1− a))〉

¬22 〈x,min(1− a, sg(a)), 0〉

¬23 〈x, 1− a, 0〉

¬24 〈x,min(b, sg(1− b)),min(1− b, sg(b))〉

¬25 〈x,min(b, sg(1− b)), 0〉

¬26 〈x, b, a.b+ sg(1− a)〉

¬27 〈x, 1− a, a.(1− a) + sg(1− a)〉

¬28 〈x, b, (1− b).b+ sg(b)〉

¬29 〈x,max(0, b.a+ sg(1− b)),
min(1, a.(b.a+ sg(1− b)) + sg(1− a))〉

¬30 〈x, a.b, a.(a.b+ sg(1− b)) + sg(1− a)〉

¬31 〈x,max(0, (1− a).a+ sg(a)),
min(1, a.((1− a).a+ sg(a)) + sg(1− a))〉

¬32 〈x, (1− a).a, a.((1− a).a+ sg(a)) + sg(1− a)〉

¬33 〈x, b.(1− b) + sg(1− b), (1− b).(b.(1− b) + sg(1− b)) + sg(b))〉

¬34 〈x, b.(1− b), (1− b).(b.(1− b) + sg(1− b)) + sg(b)〉

¬35 〈 b2 ,
1+a
2 〉

¬36 〈 b3 ,
2+a
3 〉

¬37 〈2b3 ,
2a+1
3 〉

¬38 〈1−a
3 , 2+a

3 〉

¬39 〈 b3 ,
3−b
3 〉

¬40 〈2−2a
3 , 1+2a

3 〉

¬41 〈2b3 ,
3−2b
3 〉

¬42,λ 〈 b+λ−1
2λ , a+λ

2λ , where λ ≥ 1

¬43,γ 〈 b+γ
2γ+1 ,

a+γ
2γ+1 , where γ ≥ 1

Continued on next page
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Table 2: List of known negations

¬44,α,β 〈 b+α−1
α+β

, a+β
α+β

, where α ≥ 1, β ∈ [0, α]

¬45,ε,η 〈min(1, νA(x) + ε),max(0, µA(x)− η)〉
where ε, η ∈ [0, 1] and ε ≤ η

Table 3: Relations between negations and implications

¬1 →1,→4,→5,→6,→7,→10,→13,→61,→63,→64,→66,→67,

→68,→69,→70,→71,→72,→73,→78,→80,→124,→125,→127

¬2 →2,→3,→8,→11,→16,→20,→31,→32,→37,→40,→41,→42

¬3 →9,→17,→21

¬4 →12,→18,→22,→46,→49,→50,→51,→53,→54,→91,→93,

→94,→95,→96,→98,→134,→135,→137

¬5 →14,→15,→19,→23,→47,→48,→52,→55,→56,→57

¬6 →24,→26,→27,→65

¬7 →25,→28,→29,→62

¬8 →30,→33,→34,→35,→36,→38,→39,→76,→82,→84,→85,

→86,→87,→89,→129,→130,→132

¬9 →43,→44,→45,→83

¬10 →58,→59,→60,→92

¬11 →74,→97

¬12 →75

¬13 →77,→88

¬14 →79

¬15 →81

¬16 →90

¬17 →99

¬18 →100

¬19 →101

¬20 →102,→108

¬21 →103

¬22 →104

¬23 →105

¬24 →106

¬25 →107

¬26 →109,→110,→111,→112,→113

Continued on next page
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Table 3: Relations between negations and implications

¬27 →114,→115,→116,→117,→118

¬28 →119,→120,→121,→122,→123

¬29 →126

¬30 →128

¬31 →131

¬32 →133

¬33 →136

¬34 →138

In [7], the following forms of the De Morgan’s Laws

¬(¬x ∨ ¬y) = x ∧ y

¬(¬x ∧ ¬y) = x ∨ y

and

¬(¬x ∨ ¬y) = ¬¬x ∧ ¬¬y

¬(¬x ∧ ¬y) = ¬¬x ∨ ¬¬y

and the following forms of the Law for Excluded Third (Middle)

x ∨ ¬x

¬¬x ∨ ¬x

are discussed.

Open problem 1. Having in mind the above modified formulas, modify the Law

of contraposition and study which implications and the respective negations sat-

isfy the standard and modified forms of this Law.

If some implication ⊃ and negation ¬ satisfy the Law of contraposition in its

standard (modified) form, we call that pair (⊃,¬) is respectively compatible with

the standard (modified) Law of contraposition.

Open problem 2. Which pairs (⊃,¬) are respectively compatible with the stan-

dard (modified) Law of contraposition?

In [13], it is proved for the first time that the axiom

(¬A ⊃ ¬B) ⊃ ((¬A ⊃ B) ⊃ A)
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is an IFT, when ⊃ is →4, while it is not valid for implication →3.

Having in mind the new forms of the De Morgan’s Laws and the Law for

Excluded Third, the above axiom can be modified to the form

(¬A ⊃ ¬B) ⊃ ((¬A ⊃ ¬¬B) ⊃ ¬¬A).

In [13], we introduced the four theorems given below and proved one of them.

Now it is clear that this proof had to be given some 25 years ago.

Theorem 1. For every two variables A and B, the expression

(¬A ⊃ ¬B) ⊃ ((¬A ⊃ B) ⊃ A) (1)

is an IFT for implications →1, →4, →5, →7, →9, →13, →18, →20, ..., →23,

→25, →27, ..., →29, →61, →66, →71, →74, →76, →77, →79, →81, →100, ...,

→102, →104, →105, →107, →109, ..., →113, →118, →124, ..., →128, →133 .

Theorem 2. For every two variables A and B, the expression

(¬A ⊃ ¬B) ⊃ ((¬A ⊃ B) ⊃ A)

is a tautology for implications →20, →23, →74, →77.

Theorem 3. For every two variables A and B, the expression

(¬A ⊃ ¬B) ⊃ ((¬A ⊃ ¬¬B) ⊃ ¬¬A)

is an IFT for implications →1, ..., →5, →7, ..., →9, →11, ..., →38, →40, ..., →43,

→45, ..., →53,→55, ..., →57,→61,→66,→71,→74, ..., →77,→79,→81, ..., →83,

→85, →88, →91, →94, →97, →99, ..., →119, →121, →124, ..., →137 .

Theorem 4. For every two variables A and B, the expression

(¬A ⊃ ¬B) ⊃ ((¬A ⊃ ¬¬B) ⊃ ¬¬A)

is a tautology for implications →2, →3, →8, →11, →14, ..., →16, →19, →20,

→23,→31,→32,→37,→40, ..., →43,→45,→47,→48,→52,→55, ..., →57,→74,

→77, →83, →88, →97, →99 .

Open problem 3. Which pairs (⊃,¬) are compatible in respect with the standard

(modified) Law from (1)?

Let F be a set of formulas with the property that for all 〈a, b〉 ∈ [0, 1]× [0, 1]
such that a + b ≤ 1, there exists a formula f ∈ F such that V (F ) = 〈a, b〉. In

[6, 9], the following assertion is proved for the cases of implications →3 and →4

Theorem 5. Let F and G be different formulas in F and let F → G be a tau-

tology. Then there exists a formula H ∈ F different from F and G, such that

F → H and H → G are tautologies.
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Open problem 4. Check for which other implications a similar (as in Theorem 5)

result is valid.

The most important problem is related to T- and S-norms, defined for intu-

itionistic fuzzy case. In the present moment, they satisfy the standard De Morgan

Laws and therefore, they are based on the classical negation ¬1.

Open problem 5. Develop a new theory of T- and S-norms for intuitionistic fuzzy

case, that are based on the modified forms of De Morgan’s Laws.

3 Short remarks on IF predicate logic

Let x be a variable, obtaining values in set E and let P (x) be a predicate with a

variable x. Let

V (P (x)) = 〈µ(P (x)), ν(P (x))〉.

The IF-interpretations of the quantifiers for all (∀) and there exists (∃) are

introduced in [14] by the formulas:

V (∀xP (x)) = 〈sup
y∈E

µ(P (y)), inf
y∈E

ν(P (y))〉,

V (∃xP (x)) = 〈 inf
y∈E

µ(P (y)), sup
y∈E

ν(P (y))〉.

Their geometrical interpretations are illustrated in Figs. 4 and 5, respectively,

where x1, ..., x5 are the possible values of variable x and V (x1), ..., V (x5), their

IF-estimations.

The most important property of the two quantifiers is that each of them juxta-

poses to predicate P a point (exactly one for each quantifier) in the IF-interpreta-

tional triangle.

In [11], we introduced the following six quantifiers and studied some of their

properties.

V (∀µxP (x)) = {〈x, inf
y∈E

µ(P (y)), ν(P (x))〉|x ∈ E},

V (∀νxP (x)) = {〈x,min(1− sup
y∈E

ν(P (y)), µ(P (x)), sup
y∈E

ν(P (y))〉|x ∈ E},

V (∃µxP (x)) = {〈x, sup
y∈E

µ(P (y)),min(1− sup
y∈E

µ(P (y)), ν(P (x))〉|x ∈ E},

V (∃νxP (x)) = {〈x, µ(P (x)), inf
y∈E

ν(P (y))〉|x ∈ E},

V (∀∗νxP (x)) = {〈x,min(1− sup
y∈E

ν(P (y)), µ(P (x)),
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min(sup
y∈E

ν(P (y)), 1− µ(P (x))〉|x ∈ E},

V (∃∗µxP (x)) = {〈x,min(sup
y∈E

µ(P (y)), 1− ν(P (x)),

min(1− sup
y∈E

µ(P (y)), ν(P ((x))〉|x ∈ E}.
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V (x4)
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✟✟✟✟✙ q

✡
✡
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V (∃xP (x))

Fig. 5.

Let the possible values of variable x be a, b, c and let their IF-estimations

V (a), V (b), V (c) be shown on Fig. 6. The geometrical interpretations of the new

quantifiers are shown in Figs. 7-12.
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Now, we see that we can change the forms of the first two quantifiers to the

forms

V (∀xP (x)) = {〈x, inf
y∈E

µ(P (y)), sup
y∈E

ν(P (y))〉|x ∈ E},

V (∃xP (x)) = {〈x, sup
y∈E

µ(P (y)), inf
y∈E

ν(P (y))〉|x ∈ E}.

Obviously, for every predicate P ,

V (∀xP (x)) ⊆ V (∀µxP (x)) ⊆ V (∀νxP (x)) ⊆ V (∃νxP (x))

⊆ V (∃µxP (x)) ⊆ V (∃xP (x))

and

V (∀xP (x)) ⊆ V (∀νxP (x)) ⊆ V (∀∗νxP (x)) ⊆ V (∃∗µxP (x))
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⊆ V (∃µxP (x)) ⊆ V (∃xP (x)).

The axioms of the logical system K (see, e.g., [25]) related to quantifiers, are:

(A4) (∀x)(B(x) ⊃ B(t)) is a well-formed formula and t is a term that is free for

x in B(x)
(A5) (∀x)(B ⊃ A) ⊃ (B ⊃ (∀x)A) if B contains no free occurrences of x.

Open problem 6. Which implications satisfy axioms (A4), (A5)?

4 Short remarks on IF modal logic

For a proposition x for which:

V (x) = 〈a, b〉

the following analogues of the classical modal operators are defined:

V ( x) = 〈a, 1− a〉,

V (♦x) = 〈1− b, b〉.

Let the truth value function V be defined:

V (x) = V ( x),

♦V (x) = V (♦x).

For them is proved that following assertions are tautologies (24.0 and 24.1 in

[24]):

(a) ¬ A ≡ ♦¬A,

(b) A ≡ ¬♦¬A,

(c) ¬♦A ≡ ¬A,

(d) ♦A ≡ ¬ ¬A.

(e) A ⊃ A,

(f) A ⊃ ♦A,

(g) A ⊃ ♦A.

Let A be a fixed propositional form and α, β, γ, δ, ε, η ∈ [0, 1]. We define

operators Dα, Fα,β (for α+β ≤ 1), Gα,β , Hα,β , H∗
α,β , Jα,β , J∗

α,β and Xα,β,γ,δ,ε,η
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by:

V (Dα(A)) = 〈a+ α.(1− a− b), b+ (1− α).(1− a− b)〉,

V (Fα,β(A)) = 〈a+ α.(1− a− b), b+ β.(1− a− b)〉, for α+ β ≤ 1,

V (Gα,β(A)) = 〈α.a, β.b〉,

V (Hα,β(A)) = 〈α.a, b+ β.(1− a− b)〉,

V (H∗
α,β(A)) = 〈α.a, b+ β.(1− α.a− b)〉,

V (Jα,β(A)) = 〈a+ α.(1− a− b), β.b〉,

V (J∗
α,β(A)) = 〈a+ α.(1− a− β.b), β.b〉,

V (Xα,β,γ,δ,ε,η(A)) = 〈α.a+ β.(1− a− γ.b), δ.b+ ε.(1− η.a− b)〉,

for α+ ε− ε.η ≤ 1, β + δ − β.γ ≤ 1 and β + ε ≤ 1. We must mention, that the

latest inequality is omitted in [5, 12] and it is added to the definition of operator

Xα,β,γ,δ,ε,η in [10].

Obviously,

A = D0(A),

♦A = D1(A),

Dα(A) = Fα,1−α(A),

and

A = X1,0,r,1,1,1(A),

♦A = X1,1,1,1,0,r(A),

Dα(A) = X1,α,1,1,1−α,1(A),

Fα,β(A) = X1,α,1,1,β,1(A), for α+ β ≤ 1,

Gα,β(A) = Xα,0,r,β,0,r(A),

Hα,β(A) = Xα,0,r,1,β,1(A),

H∗
α,β(A) = Xα,0,r,β,0,α(A),

Jα,β(A) = X1,α,1,β,0,r(A),

J∗
α,β(A) = X1,α,β,β,0,r(A),

where r is an arbitrary real number in [0, 1].

Open problem 7. Construct an axiomatic system of the IFML.

Such axiomatic system will contain special axioms related to the new modal-

type of operators (D,F,G,H,H∗, J, J∗). Some of the first order axioms must be

changed with axioms, related to some of the above operators.

For example, the axiom ¬¬A ⊃ A (see [25]) can be changed with the the ax-

iom

43

• 

• 



Hα,β(A) ⊃ A or with the axiom H∗
α,β(A) ⊃ A for every 0 ≤ α ≤ 1 and for every

β ≥ 0. We must note that V (H1,0(A)) = V (H∗
1,0(A)) = V (A) = V (¬¬A) and

V (H∗
0,1(A)) = 〈0, 1〉 ≡ “FALSE”.

5 Temporal Intuitionistic Fuzzy Logic (TIFL)

Let p be a proposition and V be a truth-value function, which maps the ordered

pair:

V (p, t) = 〈µ(p, t), ν(p, t)〉

to the proposition p and to the time-moment t ∈ T (where T is a fixed set which

we shall call “time-scale” and it is strictly oriented by the relation “<”).

Let

T ′ = {t′/t′ ∈ T&t′ < t}

T ′′ = {t′′/t′′ ∈ T&t′′ > t}

In [4], the author defined for given p and t the operators P, F,H,G, for which:

V (P (p, t)) = 〈µ(p, t′), ν(p, t′)〉,

where t′ ∈ T ′ satisfies the conditions:

(a)

µ(p, t′)− ν(p, t′) = max
t∗∈T ′

(µ(p, t∗)− ν(p, t∗)),

(b) if there exists more than one such element of T ′, then t′ is the maximal;

V (F (p, t)) = 〈µ(p, t′′), ν(p, t′′)〉,

where t′′ ∈ T ′′ satisfies the conditions:

(a)

µ(p, t′′)− ν(p, t′′) = max
t∗∈T ′′

(µ(p, t∗)− ν(p, t∗)),

(b) if there exist more than one such element of T ′′, then t′′ is the minimal;

V (H(p, t)) = 〈µ(p, t′), ν(p, t′)〉,

where t′ ∈ T ′ satisfies the conditions:

(a)

µ(p, t′)− ν(p, t′) = min
t∗∈T ′

(µ(p, t∗)− ν(p, t∗)),
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(b) if there exis more than one such elements of T ′, then t′ is the maximal;

V (G(p, t)) = 〈µ(p, t′′), ν(p, t′′)〉,

where t′′ ∈ T ′′ satisfies the conditions:

(a)

µ(p, t′′)− ν(p, t′′) = min
t∗∈T ′′

(µ(p, t∗)− ν(p, t∗)),

(b) if there exist more than one such elements of T ′′, then t′′ is the minimal.

Theorem 6. For every proposition p and for every time moment t:

(a)V (H(p, t)) = V (¬(P (¬p), t));

(b)V (G(p, t)) = V (¬(F (¬p), t)).

A geometrical interpretation of the temporal IFL is given on Fig. 13.
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Fig. 13.

Let sets Z1, Z2, ..., Zn be fixed and let for each i (1 ≤ i ≤ n) : zi ∈ Zi.

By analogy with intuitionistic fuzzy multi-dimensional sets, introduced in

[15, 16, 17], here for a first time, we define intuitionistic fuzzy multi-dimensional

evaluation function V in the form

V (x, z1, z2, ..., zn) = 〈x, µA(x, z1, z2, ..., zn), νA(x, z1, z2, ..., zn)〉,
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where x is a variable, z1, z2, ..., zn are additional arguments,

µA(x, z1, z2, ..., zn) + νA(x, z1, z2, ..., zn) ≤ 1,

and µA(x, z1, z2, ..., zn) and νA(x, z1, z2, ..., zn) are the degrees of membership

and non-membership, respectively, of the element x ∈ E in respect of the addi-

tional arguments z1, z2, ..., zn.

In the particular case, when n = 1, we obtain the case of temporal IIFL.

Open problem 8. Which are the forms of the temporal operators P, F,H, G,

when n > 1?

Having in mind the results from [15], we can define for the (n+1)-dimensio-

nal predicate P , the (partial) i-quantifiers

V (∃i(x, z1, z2, ..., zn)P (x, z1, z2, ..., zn)

= 〈 sup
ti∈Zi

µ(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn),

inf
ti∈Zi

ν(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn)〉,

V (∀i(x, z1, z2, ..., zn)P (x, z1, z2, ..., zn)

= 〈 inf
ti∈Zi

µ(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn),

sup
ti∈Zi

ν(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn)〉

and the general quantifiers

V (∃(x, z1, z2, ..., zn)P (x, z1, z2, ..., zn)

= 〈max
1≤i≤n

sup
ti∈Zi

µ(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn),

min
1≤i≤n

inf
ti∈Zi

ν(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn)〉,

V (∀(x, z1, z2, ..., zn)P (x, z1, z2, ..., zn)

= 〈 min
1≤i≤n

inf
ti∈Zi

µ(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn),

max
1≤i≤n

sup
ti∈Zi

ν(x, z1, z2, ..., zi−1, ti, zi+1, ..., zn)〉

It can be directly proved, that both quantifiers have similar properties as the

quantifiers of the predicate IFL, but it will be interesting to find their specific

properties.

Open problem 9. Construct an axiomatic system of the temporal and multi-

dimensional IFLs.
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