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Asymmetric distances and fuzzy grouping
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Abstract

Given asymmetric distances are a hard problem to treat explicitly in any
context, including clustering. The usual way out is to somehow symme-
trise hem at some point of the procedure. Even though, for quite funda-
mental reasons, asymmetric structures can hardly be analysed “by inspec-
tion” for even modest dimensionality of problems, it is argued in this pa-
per that fuzzy clustering is one domain, in which asymmetric distances
can be accommodated in a quite natural manner. Following the previous
paper of the author, a procedure is proposed, here complemented with ad-
ditional analysis, emphasis being placed on the quality criterion (objective
function).

Keywords: asymmetric distances, fuzzy clustering, hierarchical grouping,
k-medoids, objective function for clustering.

1 Asymmetric distances and proximities

Asymmetric distances and proximities arise in a variety of situations. In the
majority of real-life cases they are given as original data. These are the cases
of, for instance, time-wise or cost-wise road, railway or air distances, trade and
financial flows, as well as traffic, migration and commuter flows. Definitely,
asymmetric distances may also arise from explicit distance calculations, based
on properties of (pairs of) objects, for which they are calculated, and additional
prerequisites, allowing for asymmetry. This case, though, has to be treated sepa-
rately, as open to a much wider choice and a rather specific perspective.

It is, namely, quite typical for the case, when distances are explicitly calculated,
that an a priori assumption has to be made, which, actually, is responsible for
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the asymmetry. This assumption takes, naturally, the form of the generally valid
distance definition, often stipulating quite strong properties, e.g. satisfaction of
the triangle inequality. This is the case of “gravity-based asymmetric distance”
and similar functions (see, e.g., [3] and [12] for the asymmetric location prob-
lems). In quite broad terms this kind of setting can be said to involve a degree of
regularity, which can be exploited when proving relevant properties of the prob-
lems, extrema and algorithms.

Asymmetric distance or proximity definitions are frequently based on what can
be referred to as containment or dominance. This is typical for the two impor-
tant domains, where definitions of distances or proximities are used that can
lead to asymmetry, namely in chemistry (for two compounds of particles with
highly different masses, is the similarity of the smaller one to the bigger one
symmetric with the reciprocal one?) and in text analysis (the same question for
texts of highly different lengths), see, in particular, [6] and [7].

There exists a wide class of problems, in which asymmetry of distance- or prox-
imity-like data does not constitute any problem whatsoever. These are the prob-
lems of maximum or minimum flow, shortest route, least cost route etc., which
are usually solved via some graph-theoretic methods (see, e.g., [8] and [9]). In
fact, the asymmetric distances, forming a matrix D = {d;};, with, therefore, d;; #
d;; for at least one pair (i,j), are most conveniently represented by directed
graphs between nodes 7,j € /, the latter denoting the set of nodes. In such prob-
lems the initial graph-based representation is kept throughout the solution pro-
cedure down to its successful end, consisting in specifying some (“best”) subset
of edges (i,7) along with their relevant characteristics.

In this paper, though, we deal with problems, in which the endpoint of the ana-
lytic procedure is constituted by a structure that differs significantly from the
initial directed graph representation, even if it still can be rendered via graphs.
We shall focus, namely, on clustering in the situation, where distances or prox-
imities are given, and no assumption can a priori be made, except for nonnega-
tivity, on their values and relations between them.

2 Clustering with asymmetric distances

2.1 Accommodating asymmetry in clustering

The issue with clustering is that the usual formulation of the clustering problem
somehow implies symmetry. Let us start with the generic formulation of the
clustering problem:
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having objects indexed i, i € I = {1,...,n}, for which distances d;; and/or
proximities s; can be or are specified, partition the set / into subsets A4,
q =1,2,..., in such a way as to have (indices of) objects that are close to
each other in the same A4,, and the (indices of) objects distant one from
another in different 4,.

Even though this “definition” leaves a lot to be made more precise, it certainly
appears to imply some sort of symmetry: two objects, i and j, either both belong
to the same cluster 4,, or are mutually separated in two different clusters.

This, indeed, is so, if we admit (only) crisp and disjoint partitions, i.e. 4,04, =
B, q#q’, and y(A,) € {0,1}, where 14(A,) is the membership of i in 4,. Should,
by necessity, either overlapping clusters (cliques) or fuzzy clusters be allowed,
as apparently admitting (some sort of) asymmetry? We shall yet return to this
issue.

2.2 Why, and how cluster?

Yet, the most important issue is the one of purpose and therefore of the ultimate
structure. In other words: what do we want to get? what can we get? how to get
this? In this context we shall quote here some examples, for which asymmetric
distances and clustering are of importance.

First, let us consider a case of importance in information retrieval. If for docu-
ments indexed i asymmetric distances are calculated (conform to the remark
before, see, e.g., [6] and [7]), it may be of interest to be able to group them in
such a way as to preserve (somehow) this asymmetry. This might enhance the
information retrieval process, when the inherent asymmetry is of importance
(for instance — for the efficiency of “directed” search in the document space).

Another example refers to the analysis of “influence areas”, be it of urban cen-
tres, or companies, or countries, based on flows of goods, money and/or com-
muters. The resulting information may be used for planning and strategy devel-
opment purposes. Here, individual objects may fall to different degrees within
the influence areas of different “centres”.

Yet another example is provided by the domain of social networks, of primary
interest in this work. Relations in such networks are obviously asymmetric (al-
though this is by no means easily admitted in the existing literature), and it is of
utmost importance in their analysis to be able to define the “core actors”, the
“local nextis”, or the “spheres of influence” (see, e.g. [3]).
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In these cases — and, indeed, in many others — asymmetry of distances is closely
associated with asymmetry of “positions” of the objects considered (like the
“big” and “small” chemical compounds) and/or the asymmetry of “meaning” of
the directions of edges (distances or proximities). Indeed, although, for instance,
fuzzy clustering does in no way depend upon or even refer to asymmetric dis-
tances (see, e.g., [15]), there is a problem in the reverse direction: what is the
significance (“epistemological status”) of the fuzzy clusters, which would try to
preserve the asymmetric nature of distances? and: how to obtain them?

If we admit the asymmetry of positions or directions, then the answers to both
these questions become somewhat easier.

2.3 The nature of “asymmetric” clusters

Whether clusters are crisp or fuzzy, overlapping or not, the structure imposed by
a partition P = {4,}, is symmetric with respect to particular objects. Indeed, if,
in quite a natural manner, we define by ¢ the distance between objects i and j,
resulting from the partition, e.g. &; = Zy|u(4y) - 1(A,)|, then, of course, 5, = J;.
There exists, however, a structure that relates to clustering and yet is capable of
implying asymmetry. It is, indeed, associated with the asymmetry of positions.

RN

I i i3 iy is is

Figure 1: An illustration for the structure with asymmetry of positions
Fig. 1, taken partly from [11], will be commented upon in deeper detail here.
Thus, we deal with a hierarchical structure of objects i € I, grouped consecu-

tively at a number of levels, in which groups are labeled by the leading objects,
and this applies to all levels. So, the first bottom-level group to the left in Fig. 1
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could be labeled L'(i,), where the superscript “1” denotes the bottom level
(leaves), while the entire set of objects in the figure would form the group L*(is).
Formally, we will write that L'(i,) = i, and L’(is) = is, i.e. L"(i) = i, while the
sets of objects, constituting respective groups, shall be denoted A"(i). If we use
the general indexing of nodes, without indication of levels, say, ¢ € I, then
¢q shall denote the cardinality of the respective group.

If a structure like this is established, we can also define a distance within it, by
introducing, first, the notion of choice-power-path as follows: denote by N(i,i")
the set of nodes (corresponding to group labels) separating objects i and i’ (with,
of course, N(i,i") = N(i’,i)"); and by s(g.i), where ¢ is a node label, the following
quantity: s(g,i) = 1, if ¢ # i, and s(g,i) = 1/q, if ¢ = i, then

8'i07) = Zgeniis(g-i)-

For the illustration of Fig. 1 we get from this definition the following values:

i—=>7 1 2 3 4 5 6
1 0 1 1 3 3 4
2 0.2 0 0.2 1.325 1.325 2.325
3 1 1 0 3 3 4
4 2.33 2.33 2.33 0 2.33 3.33
5 2.07 2.07 2.07 2.07 0 2.07
6 4 4 4 4 3 0

A variant of this definition could only refer to the number of levels, required to
pass from one object to another, similarly as in ultrametrics.

Let us note that while both structure of Fig. 1 and the definition of §7(i,i”) imply
crisp grouping. Yet, the definition of &(,i”) can be turned into the one, involv-
ing fuzzy association of objects, by appropriately defining ¢ and weighing s(q,i)
by respective membership values:

FG,1%) = Zgeniittdq)s(q.i),

with N(i,i”) taken, for simplicity, as the subset of /, determined by the nodes, for

which w(q), u(q’) attain maxima. (For establishment of respective principles,
see, for instance, [1],[4], [5], [16], [17]).

! Minimum number of nodes, invariant with respect to object and node numbering.
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It should be added that the definition, outlined here, is given mainly as an illu-
stration for a broader family of asymmetric output structure distances, which
could be applied in the context here considered.

3 A proposal

3.1 An outline for a procedure

Assume we consider whether an object i be (rather) associated in a structure of
the kind shown in Fig. 1 with another object, denoted g1, or (rather) a different
one, denoted ¢2. Actually, it does not matter whether g1 and ¢2 (are meant to)
represent proper clusters, potentially forming a partition P = {4,}, or “next
level” nodes in a tree, representing a hierarchy, or simply other objects of the
same status as i, as we consider whether to associate i with one of them.

When no “privileged direction” is defined, we deal with the following cases:

o g [T
1°.d’ g1 2d" i3

o ) ) s s » I
2°.d iql >d iq2s and d iql >d iq2» but d igl <d iq25
o g7 ’s ’ ’

3°.d iql >d iq2s and d iql <d iq2s

where d’;; = min{dj;,d;} and d’’; = max{d;,d;;}.

In the above context it appears intuitively obvious that in case 1° above, object i
be associated with ¢2 in the degree £4(i,q2) = 1 and with g1 in the degree 4(i,q1)
= 0, as comparison leaves no doubt as to which “distance” is smaller of the two
(pairs). For the two remaining cases the values of the degrees of association can
be calculated as the functions of the corresponding distance values, appearing in
the above inequalities. We shall not propose any concrete form of such func-
tions, but only will stipulate some exemplary “boundary conditions”, including
the one stated above, namely (assuming, in addition, quite arbitrarily, for this
stage of consideration, that z(i,q1) + (i,g2) = 1):

1. whend’j; >d"p then u(i,gl) =0 and w(i,q2) = 1;

when d”i1 =d " ipp, and d’iy1 = d’ipp then p(i,ql) = (i,q2) = V5;
3. whend” iy >d"ipandd’yyi = d’ip,

then w(i,ql) =(d"ipp - d’ip)/(d " i1 - d’in +d"'igp - d’ip2), and

wi,q2)=(d" i - d'ig)(d iy - d'ip +d " igp - d'ip) = 1 - u(igl);
4. when d”,‘ql =d’ ’iqz, and d,,'ql < d,,*qz,
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then (vice versa): u(i,gl) = (d" iy - d’ig)/(d i1 - d’igp +d g2 -
d’ipp), and p(i,g2) = (d " igp - d'i2)/(d i1 - d'iy +d iy - d i) = 1 -
u(iql).

In this manner we can compare association of an i with any object in the set
considered, whether this object is a “cluster representative” or not. The simple
association rules, given above, can be then appropriately extended over all ob-
jects in /, leading to the matrix {g(i,i")},;, with preservation of the condition
Y (i,i)=1 Vi € I. (Here, again, we refer to [1], [4], [5], [16], [17] for respec-
tive basic principles.)

The above procedure appears numerically cumbersome, even if, by definition, it
consists of a “single pass”, since it requires O(n’) comparisons, where n = card/,
with yet a number of additional arithmetic operations. This, indeed, would be
prohibitive, if it were not so that in the domain of main interest to us the respec-
tive matrices of distances, or rather proximities (existence of any relation) are
either relatively sparse (down to below 10% or even less) or relatively small
(hundreds of objects at most).

This procedure has been first presented in [11], and referred to as a simile of the
k-medoids algorithm. Actually, it resembles this algorithm only slightly, not
like the clustering procedures for asymmetric distances, proposed in [13] and
[14], which, indeed, directly draw upon the classical k-medoids. The procedure
here proposed: (i) is deterministic, (ii) does not specify directly (unambiguous-
ly) a partition of the set /, but a fuzzy hierarchy with a priori undefined number
of “levels” (in principle, it can be taken to be equal card/-1).

3.2 An objective function

Following the principles, formulated in [10], we shall now introduce an objec-
tive function, calculated for the structure, resulting from the procedure, outlined
in Section 3.1, and using the distance function, proposed in Section 2.3, defined
for such a structure:

0"({8wi ")} i) =
qulzi,i’el éH(l,l, | i,i’ EAh(q)) + Zq,q’el, q#q’zi,i’e[ Oj{(lal, | iEAh(q)a i, EAh(q’))

where o”(i,i”), corresponding to proximity, as opposed to distance, is defined
analogously to 67(i,i”), with 1-(q) replacing u(q) and 1-s(q,i) replacing s(q.i).

This objective function is minimized (possibly small distances within groups
and possibly small proximities between groups). Yet, the deterministic proce-
dure proposed leaves, indeed, in principle, no room for choice and optimization.
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Still, the values of the objective function, calculated along with the realization
of the procedure, can serve the purpose similar to that of the criteria used in
classical agglomerative algorithms of cluster analysis, namely: selection of the
hierarchy level, at which partition is defined. It is, namely, obvious, that as car-
dinalities of 4”(q) forming the partition get bigger, the respective increments to
0"({8"(i,i")} i) get smaller, so that, in general, the optimum number of hie-
rarchy levels is lower than the maximum. This means that the structure, consti-
tuting the output from the procedure, is cut at a certain height, according to the
sequence of values of O"({&(i,i ’)}..r) along the cardinalities of A"(q) generated.

4 Conclusions

This paper presents outlines an approach to grouping of objects, for which dis-
tances or proximities are given that are asymmetric. The procedure proposed
tries to preserve the asymmetric nature of data through the establishment of a
tree-like structure, in which objects are associated one with another in fuzzy
degrees. This procedure is composed of the association rules, the distance /
proximity definitions and the objective function, serving to determine the opti-
mum height of the tree-like structure. Not being numerically effective, the ap-
proach can either be used to pre-processed sparse data matrices, or to relatively
small data sets. The approach proposed shall be first tested on the data sets per-
taining to local networks, as observed through connections, announced via web-
sites.
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