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The Eighth International Workshop on Intuitionistic Fuzzy Sets and 
Generalized Nets (IWIFSGN-2009) has been meant to commence a new series 
of scientific events primarily focused on new developments in foundations and 
applications of intuitionistic fuzzy sets and generalized nets pioneered by 
Professor Krassimir T. Atanassov. Moreover, other topics related to broadly 
perceived representation and processing of uncertain and imprecise 
information and intelligent systems are discussed.

We hope that a collection of main contributions presented at the Workshop, 
completed with many papers by leading experts who have not been able to 
participate, will provide a source of much needed information on recent trends 
in the topics considered.
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Statistics with fuzzy data - a short overview

Olgierd Hryniewicz

Systems Research Institute

Newelska 6, Warszawa, Poland

hryniewi@ibspan.waw.pl

Abstract

Statistical data do not necessarily come from exact measurements. In many

practical cases they are imprecise or even vague. Thus, they are both ran-

dom and fuzzy. In the paper we present basic notions and methods which

have been proposed to cope with that kind of data. It is assumed that fuzzy

observations are the realizations of a fuzzy random variable. In this paper

we focus our attention on statistical methods when data are considered as

fuzzy perceptions of original non-fuzzy random data.

Keywords: fuzzy data, fuzzy random variables, fuzzy statistics

1 Introduction

When statistical methods are used for the analysys of data it is usually assumed

that these data precisely defined and come from precise measurements. Even if

we know that there exist measurements errors we often assume that such errors

do not influence the results of statistical analysis. The sources of statistical data

may be of different nature. Usually the data are collected from observations of

random experiments, i.e. experiments whose performance leads to an outcome

which cannot be predicted in advance with one hundred percent sureness. When

the knowledge about the nature of these random events, described by a stochastic

mathematical model, is available we can use the methods of mathematical statis-

tics and draw conclusions about the source of available data. Uncertainty being

Developments in Fuzzy Sets, Intuitionistic Fuzzy Sets, Generalized Nets and Related

Topics. Volume II: Applications (K.T. Atanassow, W. Homenda, O. Hryniewicz, J. Kacprzyk,

M. Krawczak, Z. Nahorski E. Szmidt, S. Zadrożny, Eds.), IBS PAN - SRI PAS, Warsaw, 2009.



intrinsic to random outcomes/events is properly described by using the formalism

of the mathematical theory of probability, and generally it is attributed to future

observations of these outcomes/events.

Traditionally, statistical experimental data are described by real numbers or

by vectors whose components are real numbers. These numbers are either ob-

served directly as results of measurements (e.g. height and weight of a person) or

represent observed counts of certain categories representing labelled events (e.g.

a gender of that person). However, in real life applications the results of measure-

ments, as we have already mentioned above, are never precise.

If the measurement error cannot be neglected statistical analysis of interval

data is recommended by specialists in metrology. However, when statistical data

come from observations made by human beings without using precise measure-

ment devices we need more sophisticated methods for the description of their lack

of precision. Therefore, there is a practical need to generalize traditional statis-

tical methods in order to make them applicable for handling imprecise data, e.g.

the data described in commonly spoken language (the so-called “linguistic data”).

There is a common agreement that uncertainty characterized by randomness

shall be described using the language of the theory of probability. Thus, tradi-

tional mathematical statistics is sufficient and proper tool for dealing with data

generated by random experiments and described by precisely defined numbers.

However, there also exist other types of uncertainty which are related to vague-

ness, imprecision, existence of only partial information about experimental out-

comes/events of interest, etc. In contrast to randomness, uncertainties of such

types are attributed rather to current perceptions/observations.

It has to be noted that the mathematical modelling of all these types of uncer-

tainty which are different from simple randomness is still the subject of contro-

versies. There exist different sources of such uncertainty. For example, when the

result of a measurement has been obtained without the usage of any meter (e.g.,

when we visually evaluate the distance between two points), or when we deal with

retrospective data recalled by human beings etc., the statistical data consist of im-

precise perceptions of actual real values. Thus, the description of such uncertainty

in terms of the theory of probability seems to be questionable.

Till now we have considered situations when actual values of measured quan-

tities exist, but they are imprecisely perceived. Hisdal [8] attributes this type of

uncertainty to anticipation of errors of observations under nonexact conditions.

There exist, however, situations when we have to analyze statistical data that rep-

resent imprecisely defined concepts. In such cases we could try to collect precise

statistical data, e.g., by either asking a respondent to a questionnaire to indicate

exactly one choice or coding it numerically. However, it seems to be more pru-
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dent, natural and informative to expect imprecise answers to questions pertained

to vague notions. If we do so, we may face imprecise statistical data for fur-

ther analysis. In all considered cases the lack of precision can be appropriately

described by using fuzzy sets introduced by Lotfi A. Zadeh (Zadeh [15]).

2 Fuzzy random variables

When fuzzy vagueness or lack of precision is mixed with stochastic randomness,

either in the sense that available fuzzy data are supposed to come from the percep-

tion of real- or vectorial-valued data generated by a random mechanism, or in the

sense of they are directly generated by a random mechanism, a convenient tool to

use is that of the notion of a fuzzy random variable. Historically, the first widely

accepted definition of the fuzzy random variable was proposed in (Kwakernaak

[12],[13]). Kruse [10] proposed an interpretation of this notion, and according

to this interpretation a fuzzy random variable Z may be considered as a fuzzy

perception of an unknown true real-valued random variable Z0 associated with a

random experiment, and referred to as ‘the original’ of Z .

Definition 1 (Kruse and Meyer [11]). Let (Ω,A, P ) be a probability space,

where Ω is the set of all possible outcomes of the random experiment, A is a

σ-field of subsets of Ω (the set of all possible events of interest), and P is a proba-

bility measure associated with (Ω,A). A mapping X : Ω → Fc(R), where Fc(R)
is the space of all fuzzy numbers, is called a fuzzy random variable if it satisfies

the following properties:

i) {Xα(ω) : α ∈ [0, 1]}, where Xα(ω) = (X (ω))α is a set representation of

X (ω) for all ω ∈ Ω;

ii) for each α ∈ [0, 1] both XL
α : Ω → R and XU

α : Ω → R, with XL
α (ω) =

inf Xα(ω) and XU
α (ω) = supXα(ω), are usual real-valued random vari-

ables associated with (Ω,A, P ).

The fuzzy random variable defined according to this definition has been intro-

duced to model fuzzy perceptions of existing real-valued values of a traditional

random variable (the values of the unknown original). Puri and Ralescu [14] in-

troduced another concept of the fuzzy random variable as a generalization of the

concept of random set or set-valued random element (and hence, as a general-

ization also of the concept of the random variable). According to this definition

a fuzzy random variable Z may be considered as a random element associating

with each experimental outcome a value which is intrinsically fuzzy.
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Definition 2 (Puri and Ralescu [14]). Given a probability space (Ω,A, P ), a

mapping X : Ω → Fc(R) is said to be a fuzzy random variable (also referred

to as random fuzzy set) if for each α ∈ [0, 1] the set-valued mapping Xα :
Ω → Kc(R), where Kc(R) is the class of the nonempty compact intervals and

Xα(ω) = (X(ω))α for all ω ∈ Ω, is a compact convex random sets (that is,

a Borel-measurable mapping with respect to the Borel σ-field generated by the

topology associated with the Haussdorf metric on Kc(R)).

Although motivation to introduce fuzzy random variables was different in the

approaches by Kwakernaak/Kruse and Meyer and by Puri and Ralescu, one can

prove that the notion introduced in the second definition implies the notion intro-

duced in the first one. As a consequence, probabilistic ideas and results for the

notion described in the second definition (or for its even more general version)

apply to the notion introduced in the first one, and the same happens when we

apply them in the statistical analysis of fuzzy random data. However, many prob-

abilistic conclusions, and most of the statistical procedures introduced according

to the definition by Kwakernaak/Kruse and Meyer are based on the assumption

of having an unknown but existing original, and considering Zadeh’s extension

principle, so that these conclusions and procedures are not usually applicable to

deal with data coming from fuzzy random variables defined by Puri and Ralescu.

3 Basic statistical methods for fuzzy perceptions

When imprecise statistical data correspond to fuzzyperceptions of unobserved/un-

known precise (i.e. crisp) statistical data we can treat them as observed values of

fuzzy random variables in the sense of Kwakernaak/Kruse and Meyer. In such a

case we can analyze imprecise data in terms of probability distributions of their

unobserved originals in a similar way as in the case of precise statistical data,

i.e. using methods of traditional mathematical statistics. The only difference

stems from the fact that having imprecise input information in the form of fuzzy

data we cannot precisely evaluate the characteristics of the underlying probabil-

ity distribution. Therefore, instead of finding precise values of the estimators of

the ‘parameters’ describing the underlying probability distribution (the one of the

original), it seems more coherent to find their imprecise fuzzy perceptions.
Assume that we observe a fuzzy random sample X1, . . . ,Xn which is viewed

as a fuzzy perception of an unobserved random sample X1, . . . ,Xn generated
by the original random variable X. Let F (x; θ) be the cumulative probability
function of the original random variable X characterized by a crisp parameter θ ∈

Θ. Suppose now that an estimator of θ is given by a statistic θ̂ = φ(X1, . . . ,Xn).
By using Zadeh’s extension principle we can consider as a fuzzy estimator of θ
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based on X1, . . . ,Xn (or, alternatively, as a fuzzy estimator of the induced fuzzy
parameter ϑ = θ(X ) with θ(X )(t) = supX∈E(Ω,A,P ) | θ(X)=t infω∈Ω µX (ω)X(ω)

and E(Ω,A, P ) being the class of all possible originals of X ) the one associating
with each fuzzy sample information (x̃1, . . . , x̃n) the fuzzy estimate φ(x̃1, . . . , x̃n)
given by

µφ(x̃1,...,x̃n)(t) =

=







sup
(x1,...,xn) | t=φ(x1,...,xn)

min{µx̃1
(x1), . . . , µx̃n

(xn)} if t ∈ Im(φ(X1, . . . , Xn)

0 otherwise

(1)

In many practical cases, when φ(x1, . . . , xn) has a simple form, the calcu-

lation of (1) is straightforward. For example, when φ(x1, . . . , xn) describes the

sample mean expressed as (x1 + . . .+xn)/n, the α-levels (α-cuts) of the estimate

of its expected value θ are expressed as

(φ(x̃1, . . . , x̃n))α =

[

1

n

n
∑

i=1

(x̃i)L(α),
1

n

n
∑

i=1

(x̃i)U (α)

]

, (2)

where (x̃i)L(α), (x̃i)U (α) are, respectively, the lower and upper limits of the α-

cuts of observed fuzzy data. Analogously, whenever the estimator of θ is given

by a continuous function or an injective function, the calculation of α-levels be-

comes also rather simple. In other cases, the limits of the α-levels should often be

found by solving nonlinear mathematical programming problems defined previ-

ously. Similar approach may be applied when we try to construct fuzzy versions

of other statistics such as e.g. the confidence intervals of the unknown parameter θ.

4 Statistical tests for fuzzy perceptions

Testing statistical hypotheses is the second main branch of mathematical statis-

tics. Tests of statistical hypotheses have to be applied if we want to make deci-

sions based on the analysis of random data. When our decisions depend on the

values of the parameters of probability distributions that describe observed statis-

tical data we use parametric statistical methods. In such a case we test statistical

hypotheses about the values of the parameters of probability distributions utilizing

a well known equivalence between the set of values of the considered probabil-

ity distribution parameter for which the null hypothesis is accepted and a certain

confidence interval for this parameter. Kruse and Meyer [11] have shown that the

same equivalence exists in the case of statistical tests with fuzzy data.
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Let X1, . . . ,Xn denote a fuzzy sample, i.e. a fuzzy perception of the usual

random sample X1, . . . ,Xn, from the population with the distribution Pθ . Let δ

be a given number from the interval (0, 1). In (Grzegorzewski [7]) one can find

the following definition of the fuzzy test for vague data:

Definition 3 A function ϕ :
(

Fc(R)
)n

→ F({0, 1}) is called a fuzzy test for the

hypothesis H , on the significance level δ, if

sup
α∈[0,1]

P {ω ∈ Ω : ϕα(X1(ω), . . . ,Xn(ω)) ⊆ {1} |H } ≤ δ, (3)

where ϕα is the α−level set (α-cut) of ϕ(X1, . . . ,Xn).

The fuzzy test defined above can be regarded as a family of classical tests

{ϕα : α ∈ (0, 1]} for which the significance level is given as the upper bound of

type I error for the whole family {ϕα : α ∈ (0, 1]}.

Grzegorzewski [7] has shown that the membership function of the fuzzy test

for the hypothesis H against K is given by

µϕ(t) = µΠ(θ0)I{0}(t) + µ¬Π(θ0)I{1}(t)

= µΠ(θ0)I{0}(t) + (1 − µΠ(θ0))I{1}(t), t ∈ {0, 1},
(4)

where Π is a fuzzy acceptance region depending on the considered hypotheses.

Thus, the fuzzy fuzzy test defined above, contrary to the classical crisp test, does

not lead to the binary decision – to accept or to reject the null hypothesis – but to

a fuzzy decision.

One may get ϕ = 1/0 + 0/1 which indicates that we should accept H , or

ϕ = 0/0 + 1/1 which means the rejection of H . However, one may also get

ϕ = µ0/0+(1−µ0)/1, where µ0 ∈ (0, 1), which can be interpreted as a degree of

conviction that we should accept (µ0) or reject (1−µ0) the hypothesis H . Thus, in

situation when µ0 is neither 0 nor 1, a user must decide using other criteria whether

to reject or to accept the considered hypothesis. There exist several approaches

that are suitable for solving this problem.

One of these approaches which is formulated in the language of the possibil-

ity theory has been proposed by Hryniewicz [9] who used the results of Dubois

et al. [3] who proposed to use statistical confidence intervals of parameters of

probability distributions for the construction of possibility distributions of these

parameters. According to their approach, the family of two-sided confidence in-

tervals

[πL (x1, . . . , xn; 1 − δ/2) , πU (x1, . . . , xn; 1 − δ/2)] , δ ∈ (0, 1) (5)
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forms the possibility distribution ϑ̃ of the estimated value of the unknown parame-

ter ϑ. In a similar way it is possible to construct one-sided possibility distributions

based on one-sided nested confidence intervals. Hryniewicz [9] proposed to com-

pare this possibility distribution with a hypothetical value of the tested parameter.

For this purpose he proposed to use the necessity of strict dominance measure

(NSD index) defined in (Dubois and Prade [2]) as

NSD = Ness
(

Ã ≻ B̃
)

= 1− sup
x,y;x≤y

min {µA (x) , µB (y)} . (6)

for measuring the necessity of the strict dominance relation Ã ≻ B̃, where Ã and

B̃ are fuzzy sets described, respectively, by their membership functions µA and

µB .

Hryniewicz [9] has shown that in the classical case of precise statistical data

and precisely defined statistical hypotheses the value of the NSD index is equal

to the p-value of the test which is commonly used by statisticians for decision

making.

In case of fuzzy data the confidence intervals used for the construction of

the possibility distribution of the estimated parameter θ can be replaced by their

fuzzy equivalents presented in the previous sections of this article. In his pa-

per Hryniewicz [9] assumes that the value of the significance level of the cor-

responding statistical test δ is equal to the possibility degree α that defines the

respective α-cut of the possibility distribution of θ̃. He also assumes that in the

possibilistic analysis of statistical tests on the significance level δ we should take

into account only those possible values of the fuzzy sample whose possibility is

not smaller than δ. Thus, the α-cuts of the membership function µF (θ) denoted

by
[

µ
(α)
F,L, µ

(α)
F,U

]

are equivalent to the α-cuts of the respective fuzzy confidence

intervals on a confidence level 1 − α. Having the possibility distribution of the

test statistic we can use the NSD index for the calculation of the degree on ne-

cessity that the considered statistical hypothesis has to be accepted. When we set

a critical value for this characteristic we arrive at unequivocal (crisp) decisions.

It is worthy to note that this approach has been generalized in [9] to the case of

testing imprecisely defined hypothesis using fuzzy statistical data.

5 Statistical methods for genuine fuzzy data

When imprecise statistical data correspond to observed fuzzy-valued data

we can treat them as observed values of fuzzy random variables in the

sense of Puri and Ralescu. In the literature these data are often treated as
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categorical/ordinal/interval-valued ones. It should be emphasized that the model

given by fuzzy random variables allows us to describe and handle these data in a

more expressive scale and way (in contrast to just ranking or stating simply the in-

terval support of the values). Thus, many statistical developments for real-valued

data are based on distances/deviations between values rather than on the diver-

sity of these values. The use of the fuzzy scale allows to consider metrics with a

meaning similar to that for the real-valued case (i.e., distinguishing not only the

ranks of variable values w.r.t. a certain criterion, but a physical distance between

them).

The distance which is often considered in this context is the one stated by

Bertoluzza et al. [1], so that if A,B ∈ Fc(R)

D
ϕ
W (A,B) =

√

∫

[0,1]

[

∫

[0,1]
[fA(α, λ) − fB(α, λ)]2 dW (λ)

]

dϕ(α) (7)

with fA(α, λ) = λ · AU (α) + (1 − λ) · AL(α), where

• W and ϕ are normalized weighted measures on [0, 1] formalized as proba-

bility measures on ([0, 1],B[0,1]),

• W is associated with a non-degenerate distribution,

• ϕ is associated with a strictly increasing distribution function on [0, 1].

Several developments have been made in connection with both estimation and

testing of fuzzy- and real-valued parameters associated with the distribution of a

fuzzy random variable in Puri and Ralescu’s sense. More information on statistical

methods for dealing with genuine fuzzy data can be found in overview papers such

as [4] and [6].

However, nearly all of them are related to the problem of the analysis of a

mean value. Moreover, statistical properties of estimators and tests in such cases

can be usually obtained only via bootstrap-type Monte-Carlo simulations (see [5]).
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