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University of Bergamo S - :

GENERALIZED SEPARATION IN PQI;TF_OLIO "I‘HEOR,.YI*)"’-“‘- |

1. INTRODUCTION

We shall be concerned with some problems ansmg in the mathematical
theory of portfolio selection i.e. in the problem, given: n risk investments and
a capital W, of finding an allocation of the capital among the » investments
which maximizes the expected utility of the investor..

One of the most pecuhar propertles which have been found is the so-called
separation property, i.e. the separation of the original set of # investments
intoa certain number of “portfolios” which are linear combinations of certain
nonintersecting subsets of the original sets of investments and are such that
the original set of investments can be replaced by these portfohos
The classical result is the followmg .

Consider the boundary of the region of admissible portfohos in the (o, 1|:),
plane, where

o=(xTVx)r=1? (1.1)
T=x"r e 1.2)

in which we have denoted by o—the standard deviation of the portfolios, by ©
its expected return, by r the expected return vector of the set of mvestments,
and by V—the variance-covariance matrix*>.

‘The region of admissible portfolios includes, in the plane (v m), or (g, m)
the set of all points which can be reached by dividing the given unit capital
in all possible ways among the given n-investments. Notice that in this formu-
lation we allow a negative value of some competent x; of the allocation vector,
in this case the economiic interpretation that a certain  quantity x, of the m-
vestment i has been borrowed.

*In this case the: boundary of the region of adm1551ble portfohos is deﬁned
by the followmg mmmlzatlon problem :

s . S

*) This research has been partlally supported by CNR Comltato per le scienze econonfuche,
socrologlche e statistiche.

* V,; =0, 0, 0;; where g;; is the correlatlon coefﬁcrent between the r-th and the ]-th in-
vestment.
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mino = x"Vx s T 1.3)

subject to-. . T R .
T=xTe sy

where e is the unit vector. : '

The last equality constraint 1.5. shows that x is 1ndeed an allocatlon vector
i.e. obtained by dividing the glven unit capital 1.

It is easy to solve the minimization problem analltlcally and to obtain the
following [2]. :

Theorem (1.6)

If rank V= n, and there does not exist any real number 5 with x =de, in
the plane (v, ) the boundary of the region of admissible portfolios is given
by the following parabole

v=(m 1_—_»\2371‘4'05)/(057—!32) o , _ 1.7)
where .
Ca=rTVlr, B=r"Vle, y=€Vle : : (1.8)

The parabola 1.7. is the locus of all and only points of the plane (v, m) to
which there corresponds a unique allocation vector x, vector which is glven
by the equation

x=[y—P)V 'r+(@—zf) V™ e]/(ay— B ' (1.9

which is linear in 7. -

The vertex of the parabola is given by the values:

' V' ir

1
v=1fy, =n=BF, x, =.; V_de=

The vertex of the parabola has the important property.

Theorem (1 11)

All portfolios on the boundary 1.9. are positively llnearly correlated w1th
the vertex portfoho x, (1.10). * :

In the case in which instead of the plane (v, m) one is 1nterested in com-
puting the boundary in the plane (J, ), where o= (v)‘/z th1s boundary is glven
by the followmg branch of hyperbola

a_ _ [(yn _2ﬁn+a)/(ay ﬁz)] /2 R - . . R P TL I L B v (1.12)
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2. CLASSICAL RESULTS ON SEPARATION™

Assume now that one of the investments, say the n-th is riskless, i.e. gy =0.

In this case the variance-covariance matrix V is singular since its- n—th TOW
and’ column are identically zero.

If the matrix V has rank n—I, and again there does not exists any .real
number & with x = de, in the plane (g, ) the boundary of the region of admis-
sible portfolios, degenerates into the following two straight lines: .. .

n=r,+a(r§—2r, F+&) L (24
through ‘the pomt ro the return of the rlsklcss mvestment ' ‘
. In 2.1. we have used the following notations: _ Lo
PNt F=FP 8, §=eP @Y
in which 7 denotes the expected return vector of the first (n—1) risky invest-
ments, with ¥ the non- singular #-1 — minor of V W1th é the n- 1 dlmensmnal

_umt vector.
Under these assumptlons we have the followmg theorem_:

Theorem (2.3)

If r,#8/? one of the two straight lines 2.1. is tangent to the branch of hy-
perbola

vy =[G =2fr+ay@ -1 (24

which .is the boundary of the regmn of attraction correspondmg to the first
n-1 investment. :
The tangency point is given by

(r,e—#HTP 1§

L SR 2.5
(rn6—F)V " '& } (2-5)
o BRI ER) 26
C [ne-pTVTRE | '
The corresponding allocation vector has the form:
I"/‘—l & .
x* (a2 1) Q.7

Now, due to the linearlty of the vector x as a function of =, which still holds
on the boundary 2.1. it is easy to see that the followmg theorem holds:
_ Theorem (separatlon) (2.8)

The original set of » investments is equivalent to the combination of the
riskless investment x, and of the “optimal portfolio of risky investments” x*
2.7). : e
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Notice that in this case “separation” i.e. the equivalence between the set
of the: given n investments and a certain number of portfolios each of which
containing different assets, coincide with the property of “return to scale”:
i.e. linearity of the boundary, which as shown by Stone [1] depends entirely
on the homogenity of ¢ as a function of x.

3. SEPARATION WITH ONLY RISKY ASSETS THE SINGULAR
CASE

In the case in which the matrix ¥ is singular, without any null rows (no
riskless mvestments) and there does not exist any investment which is a mutual
fund, i.e. which is a linear combination of other investment then v in the
plane (o, n), boundary is still defined by two strajght lines

n = +0(FHj—2F, f+a+7,)"? . -(3-.1)

Trough the point ¥, which is the return of a particular riskless portfolio
(equivalent- riskless asset). Indeed the problem can be formally reduced to
the same problem 1nvest1gated in §2.

In 3,1. we have denoted by &, B -and y the same constants as in 2 2. where
now ¥ denotes a non singular #-1 — minor of the matrix V.

The value of the equivalent riskless portfolio x, can be easily computed.

Notice however that even the boundary is a straight line (return to scale),
it does not necessarily follow that there exists separation and in particular
that the investments contained in the equivalent riskless portfolio are comple-
tely different from those contained in the portfoho x* (2.7 correspondlng to
our problem i.e. to the portfolio

*_ VvV i(F,e—r)
(Fe—1)V e

»(3.2)

4. SEPARATION WITH ONLY RISKY ASSETS, SOME GENERAL
RESULTS

Since separation is completely independent from the linearity of the boun-
dary of the region of admissible portfolios it is worthwhile to 1nvest1gate some’
conditions’ which ensure separation.: )

We can make first the. following preliminary remark:

Remark @.1)

If at the boundary of the reglon of admissible portfohos the allocation
vector-x is a linear function-of =, then if it exist separation it must be among
exactly two portfolios. Then, since the two portfolios must define the whole

i
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boundary, in-the plarie (¢, ) the boundary must be a branch- of hyperbola
(poss1b1y degenerated its asympfotes) and one of the tWO portfohos must Iay
in the vertex. -

‘From the expressions 1.10 it 1mmed1ately follows

Theorem (4.2)

A necessary condition for separation s thar i )
(V-le,=0 R | @43)
.for some i=1, ..., n.

.Theorem (4 4) .

A sufficient condition for separatlon is that

(Ve =0 . S 4.5)

for n-1 values of the index i.

For the poss1b1hty constructing cases of separa‘uon in wh1ch the sufficient:
condition 4.4, is not met we are still forced to investigate conditions under
which more then one components of the vector x simultaneously vanish
at the same point of the boundary of the region of admissible portfolios.

For that we shall rewrite the expression 1.9 in the form:

x=1[n (W“lr—ﬁV‘1e)+(ai"‘1e—ﬁV“r)]/(av—ﬁZ) (4.6)

The conditions under -‘which the components i and j of the vector x vanish-
at the same point of the boundary are then the following:

a(V=le)—p(V'r), a(V 'r),—py "
YV i —B(V ), y (V™ 'r);~B(V 'e),

which shows that the sufficient condition 4.4, is not necessary.

(4.7)

5. CONCLUSIONS

The possibility of separation between assets is one of the main problems
in portfolio selection.

Beside the problem which we have treated in this paper it is of interest in
the case in which the risk is not measured by an homogeneous function of
the allocation vector x. In this case the whole structure of the problem changes,
and it is in general impossible to find the analytical expression for the boundary
of admissible portfolios.

. In certain cases [3] however even in these more general models separatron
can still be proved. : : :
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SUMMARY

The work concerns some problems arising in the mathematical theory
of portfolic selection i.e. in the problem, given » risk investments and a capital
w, of finding an allocation of the capital among the » investments which ma-
ximizes the expected utility of the investor.

One of the most peculiar properties which have been found is the so-called
separation property, i.e. the separation of the original set of » investments into
a certain number of “portfolios” which are linear combinations of certain
nonintersecting subsets of the original sets of investments and are such that
the original set of investments can be replaced by these portfolios.
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