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A. Gosiewski
A. Zochowski
Institute of Automatic Control, Technical University of Warsaw

ON A NEW FREQUENCY-RESPONSE APPROACH TO THE
SYNTHESIS OF MULTIINPUT-MULTIOUTPUT LINEAR CONTROL
SYSTEMS

l. INTRODUCTION

In spite of various attempts and proposals devoted to the creaction of the
synthesis method of multivariable linear control systems there is still a lack
of relatively simple engineering method wich could be compared to the well-
-known methods being applied io the single-input-single-output systems.
The object of the paper is to present a new proposal concerned with such a me-
thod for multiinput -— multioutput systems based on the frequency-response
approach. Assuming the controller of the diagonal form the aim of synthesis
18 to ensure the system stability and sufficiently small steady-state control
errors in each loop (or sufficiently large disturbance dampings in the system)
over the prescribed frequency band. The idea of the method proposed is to
divide the system into a number of noninteracting loops equivalent to the
system under consideration and then to synthesize them sequentially by means
of simple, well-known frequency methods. It has been proved that the conirol
system synthesized in ihis way may, under some conditions, have better per-
formance than the noninteracting loops.

For the sake of simplicity and clarity, but with no loss of generality, all
considerations have been carried out for double-input-double-output system.

2. STATEMENT OF THE PROBLEM

Consider the double-input-double-output linear time-invariant plant de-
scribed by the transfer function matrix

[G11(s) Glz(SJ:i ()

L
LGy1(s)  Gaals)
Let the diagonal controller

R =[R® 0 ] (2)
- 0 Ry

G(s) =
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be applied to this plant. Let us assume that the disturbances act on the plant
outputs additively. Then we will obtain the feedback control system as shown
in Fig. 1. In the transforms domain this systems is governed by equations

Y (s) = (I+G(s) R()™'G(5) R(s) Yo(s)+ (I +G (5) R(s) "' Z(s) (3)
E(s) = Yo(s) =¥ () = (I+ G() R(5)) "' Yo(s) —(I+G(5) R(s)) ™' Z(5) @

where Yo(s)=(Yy,(s), Yo,(s)) — the references transforms, Z(s)=(Z;(s),
Z,(s)) — the disturbances transforms, E(s)=(E,(s), E,(s)) — the errors
transforms.

Let us assume as yet that the system under consideration is stable. Then it is
easy to see that in the frequency domain the performance of the system can be
represented by the functions matrix

Q(jw) = [qij(ja))]i,j=l,2 = (I+G(ja))R(ja)))—1 (5)

which can be interpreteted either as the error transfer functions matrix (if
Z(s)=0) or as the damping transfer functions matrix (if Y,(s) =0 (stabilizing
control)).

-
-}

“1
ol Y
0 > Gy(s)  Gyy(®) bl L
R(s) > Gyy(s) GZZ(S) — >
uy. Y5
Z2
Fig. 1

This the synthesis problem could be formulated as follows: determine the
diagonal controller R(s) so as the system shall be stable and the values of perfor-
mance functions g;;(jw) shall not be greater than the admissible (ie. prescribed)
values J,; >0 over the given frequency band [0, w,], i.e.

g (jo)=9,; for we[0,w,], i,j=1,2
J Jj

As we shall see later it is not possible to satisfy these requirements for all
|g:(jw)! — functions independently and the synthesis problem will be subject
to reformulation.

3. MAIN LOOPS

Consider the system in Fig. 1 in detail and represent it as in Fig. 2. We shall
refer to the transfer functions G, ;(s) and G,,(s) as the main transfer functions
of the system and the transfer functions G,,(s) and G,,(s) as the interaction
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Y1 Rl(s) . Gll{fﬂ
= Gyyls)
o G ,fs)
Y02 Ry} ] G5

Fig. 2

transfer functions. According to this we shall call the functions |g,,(jw)
and {g,,(jw)| the main performance functions (with respect to (¥, z;) and
(voz. z2) Tespectively) and the functions |g,,(jw) and |g,,(jw)| the interaction
performance functions (with respect to (g2, z2) and (ye,, z,) respectively).
It should be stressed however that, in general, the kind of cither pair of the
plant transter functions is subject to choice, i.e. the mputs and outputs of the

plant have been here paired arbitrarly.

If there were G, (5) = G,,(s) =0 then we would obtain two noninteracting
control loops presented in Fig. 3. These loops we shall refer to as the main
leops of the sysiem. Denoting by W (s) the closed loopd transfer functions

21

Yoi Ej

Ri(s) — Gii(s)

Fig. 3
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and by ¢;(s) the error, damping or, generally, perfor ance transfer functions
for these loops we obviously have

_ Gii(s) Ri(s) .
M= Feore 87 ©
1 0
W= aorRe T2 2

It is worth notice that the functions g,(s) can be considered as the damping
transfer functions of interacting system (see Fig. 2) with respect to the distur-
bances z;,-+-v; where v; however are not independent variables (each loop
“disturbs” other).

4. REFORMULATION OF THE PROBLEM

Determine the inverse matrix (5). We shall obtain

Q(jw) = (I+G(jo) R(jw)) ' =

M (jw)
1 —G,(jo)Ry(jw)
1+G,,(jo) Ry (jw) (1 +G(jo) R, ]a))) (1 + Gzz(jw)Rz(jw)) 8)
—G,,(jo) Ry(jo) 1
(1 +G,(jo) Rl(iw)) (1 +Gy,(jw) Rz(iw)) 14 Gy,(jow)Ry(jw)
where
M(jo) = i WJGx 2(j0) Gy (jo)  Gyy1(jw) Ry (jw) G22(jo) Ry (jw) ©)
G11(jo) G22(jw) 1+ G (jo) R (jw) 1+ G,,(jo) Ry(jw)
Using Egs. (6) and (7) to the entries of matrix (8) we have
q1:(jo) = ]q\;((;z)
Lo _621(jw) . 42(jw)
4z(jo) = G(jo) W, (jw) M_(]w)
Gi,(jw) g1(je) (4o
R YA . 1
g1.(jw) = ) W, (jw) M(jo)
(jo) = g, (jo)
qd22\J M{jw)
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and

_ G2(jw) Gy (jw)
G, ,1(jw) G;,(jw)
‘We see that if both main loops are stable the term M(s) will decide on the

stability of interacting system. If one of interactions equals zero then M (s)=1

and the system will be stable. The same term, as it follows from Egs. (10),

plays decisive role in the system performance. Let us try to evaluate its mag-
nitude.

M(jw) =1 W (jw) Wy(jw) (11)

Alrn

. 2.
w-l{\‘m ’&go)
——
1- A] 1 1+ Ai Re
Fig. 4

Assume that both main loops are stable and they have been synthesized
in such a way that

|q,-(jco)| s4;,<€1 for we[l,w], i=1,2 (12)
where A; > 0 — the prescribed admissible values, Then the vector
Wijw) = 1—gjw) (13)

lies on the complex plane in the circle centered at the point (1, f0) and of the
radius 1—A; as shown in Fig. 4, Now rewrite the term M (jw) from Eq. (11)
in the form

G,(jw) Gy
M(jo) = 1—6,1—283 G“((j.—g Wi(joo) W) =
11 22
e detGGw) o
= (1—W(je) Wz(]@)""m@ Wy (jw) W(jw) (14)
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With regard to the assumption (12) for the first term in Eq. (14) we have

1= Wi (jw) Wy(jo)| = |g:(jo)+ g:(jw) — q:(jw) g, (jw)| <
4,44, for wef0,0,]

(15)

le. the vector 1—W;(jw) W,(jw) lies in the circle 4 centered at the origin
and of the radius 4,44, as presented in Fig. 5. The second term in Eq. (14)

can be presented as follows

At GUD) ey
G11(w) GGy IO
_ detG(jw) B . N .
= GG Gudia G“(jw)[l (91(jo)+g5(jo) — g, (jo) q,(jw))]

Alm
1-W () W(iw)
‘(A,+A2) A Aﬁ'Az 4R>C
Fig. 5

Taking into acount the inequality (15) we obtain
det G(jw) ¢

G0 iy U+ 02i) ~ a1(0) g5 <
| detG(jw)
S o Gae)| @it for wel0, 0]

Now it follows from Egs. (16) and (17) thet the vector
det G(jw)

G11(jo) G, s(jw)

detG(j det G(i 4
—e.——(Jw)_— and of the radius _e.—G(]wl._
G11(jo) G,(jw) G11(jo) Goo(jw)
in Fig. 6.
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- Wi(jw) W,(jw) lies in the circle B centered at the point

(4,+4,) as it is shown



Generally, the circles 4 and B in Fig. 6 may intersect or not but, what
should be stressed, their locations on the complex plane depend only upon
the plant dynamics and the prescribed values 4, and A, (assuming that they
are satisfied by controllers R, and R,)

Denote
det G(j
L= min —e—& (18)
wero,o0 |G11(jw) Ga(jew)
detG(j
K = max ‘-(_}L (19
wer0,1|Gr1(jo) Gaaljw)

o detG o)

W (47 Gea - 0y

det G (jea) { Ay

’c,”\ GG, ()

Py
-
c

R

—m,mz,w\

Now we are already able to evaluate the magntiude of M{jw):
i} under the assumption that the circles 4 and B do not intersect we have
the estimation from below

Fig. 6

(M (jo)| < L(1—(4,+4))—(4,+4,) for oe[0,w,] (20)
1) in any case we have the estimation from above
|M(jo)| 2 K(1+(4+ 4+ (4 4+ 4,)  for  wel0, o] (21

From now on we shall be interested only in the case when the circles A4
and B do not intersect. It is easy to show that the condition of the circles
nonintersecting has the form

L
s A, 44 22
Ly1 o BT (22)

which can always be satisfied by assuming sufliciently small admissible values
A4, and 4,.
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Having the evaluations (20), (21) one is able to evaluate the performance
functions (10). We obtain from below and from above

4; . q{jo)
< |qii(.lw)l = — <
K(l+4,+4,)+4,+4, M (jw)
4;
i=1,2 for wel0,n] (23)

<
L(].—Al_Az)_Al —Az
and with regard to the assumption (12) we get

Gifjo) |adio) | e | Giyjw) |,
G;(jw) M (jo)| ~ | G, (jo)|
(i,)=(1,2), 2,1) for wel0,w,] (24)

la:(jo)| = ‘ . |Wiio)| g

The estimations (23) shows the relations between the values of main per-
formance functions and the admissible values 4, refered to the main (noninte-
racting) loops. On the other hand the relations (24) point out that once the
requirements to the main performance functions have been fulfilled then by
means of the diagonal controller we are not able to impose independent re-
quirements on the interaction performance functions. The ratio of either
main performance function to the corresponding interaction performance
function depends only upon the properties of the plant and does not depend
on the controller. This can be refered to as the domination of diagonal and
Gyi(jeo)

leads to the conclusion that the ratios should be small over the in-

Ji
terval [0, «,] in the sense of criterion selected. For instance, there may be
required that

min| max
w e [0,00]

< min| max
we[0,w,]

Gi.(jw)
Gr(jo)

G, (jw) :} <
G(jw)
Gy(jw) Gy, (jw) J
G (jw) G, (jo)

otherwise the inputs and the outputs of the plant can be considered as to be
paired incorrectly.

Thus we can reformulate the problem of synthesis stated in sec. 1:
determine the diagonal controller R(s) so as the system shall be stable and the
values of main performance functions g;,(jw) shall not be greater than the admis-
sible values 6, > 0 over the given frequency band [0, w,], i.e.

3
we[0,0/]

(25)

b
w e[0,0.]

|qii(jw)l €9, for well,0,], i=1,2
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5. OUTLINE OF THE SYNTHESIS PROCEDURE

The considerations above would imply as yet the following synthesis pro-
cedure:

i) pair the inputs and outputs of the plant with respeci Lo the criterion of
pairing, e.g. to the criterion (25)

11) set the admissible values ¢, and &, according to performance requirements
having in mind the relationship (24)

det G (jw)

Gy 1(jo) Gzz(jw)‘
the values L and K according to egs. (18) and (19)

iv) taking the admissible values for interacting system d; and §, compute
the admissible values for main loops 4, and 4, following from the right-
-hand inequalities (23), i.e. from the formulas

4 B
L(1—A,—A)—A,—A4,

iii) examine the function over the interval [0, w,] and find

§y (26)

A, .
L(l=A4,—A)—A4,—4,

9, (27)

v) synthesize the main loops independently in such a way as to achieve the
performance values 4, and A, obfained from (26) and (27) keeping in
mind that the interacting system (3) has to be stable.

It should be mentioned that achieving in the main loops the performance
values 4, and 4, is, in general, according to (23), (26) and (27), sufficient
{not necesseary) condition to achieve in the interacting system the perfor-
mance values J, and 4J,.

The steps (i) through (iii) are clear enough and there is no need to discuss
them but the points (iv) and (v) of this procedure require the discussion in
detail. '

It follows from eqs. (26) and (27) that, in general, we shall not obtain the
unique solution for 4, and 4, but the set of solutions (4, , 4,) to choose from.
Denoting

A A
& ==, ¢ = -5—"‘ (28)
2

we get this set, the closed set €, on the plane (¢,, £,) constrained by the lines
ENL+DE)+E(L+1)é, = L
E(L+Do+EI(L+Dd,+1] =L (29)
¢,=0, &§=0

6 — Materialy... g1




as it is presented in Fig. 7. Rewriting the condition (22) of nonintersection of
the circles 4 and B from Fig. 6 in the form

L
L+1>¢f151+¢252 (30)

we can easily obtain the set of points (&,, &,) which this condition is satisfied
for. This set (})) is constrained by the lines

L
$16,+8,0, = ——

f1=0’ éz=0

b,

L ) g _ Ai
8,(L + 1) \KW i~ 7y,
N
v D
82(L + 1) +1 \N\

: =
L L 5
§(L+ 1) &(L+1)+1
Fig. 7

and obviously 2 C ), i.e. for any point (¢;, &,) €2 the condition (30) is
fulfilled automaticly. It is interesting to notice that if the point £, =1, &, =1
belongs to the set Q i.e. if

1,DHeQ (32)

then there is a subset comprising the points (¢; > 1, £, > 1) for which the per-
formance of the interacting system considered may be better than the cor-
responding performance of the noninteracting loops. Putting &,=1, {,=1
in egs. (29) we find that this condition (32) holds if

0;+6, = Z?f-_i (33)
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In general, the greater L the more flexible and easier to be realized the
procedure of synthesis. Of course, the situation is worst when L=0, e.g.
when the matrix G(jw) is singular (det G(jw)=0). In such a case the set £
is reduced to the unrealizable point (&; =0, &, =0)1,

6. STABILITY

The considerations above are valid, of course, under the assumption that
after the synthesis is made the interacting system will be stable. Although
the system performance is related to the lower-frequency band [0, ,] and the
systemn stability - to the upper-frequency hand [e,, oo} and either can be
treated almost independently, it would be useful to combine both features in
one approach. To do this we shall use the Mayne’s method of return diffe-
rences. Applied to 22 — system this method is as follows.

Let’s denote

. R(s) O , _ Ry(s) ]
R(S)=[ ], R(S)—R(S)—[ ] (34)
0 0 0 Ry(s)

The controller R'(s) corresponds to the situation when the first control
foop in the interacting system is closed and the second — is open. The con-
troller R*(s), of course, corresponds to the normal operation, i.e. when both
loops are closed. Consider the free responses ¥(s) and Y3(s) refered to the
systems with controllers R*(s) and R?(s) respectively. It is easily to check that
we shall obtain the equations

VL) [14 Gy1() Ry(5)] = Hy(s) for  RY(s) (35)
Y2(s) [1+Gha(s) Ry(s)] = Ho(s)  for  R¥(s) (36)

where H,(s) and H,{s) represent the initial conditions and G},(s) denotes the
expression

G o(8)G,(s) Ry (s
GLE) = Gyofs)— 2D ORI (37)
14+Gy {s) Ry(s)
The expressions in brackets in egs. (35) and (36), i.e.
Fi(s) = 14 Gy4(s) Ry(s) (38)
1t is worth notice that the quantity det G{jw) can be considered as one of the

. Gy (jo) G2z ()

interaction measures and for qp=0 it is called the indesx of structural instability (ISU).
There exists the theoram saying that if all entries G;; (s} of the matrix G (s) and the main loops
are stable then the interacting closed-loop system with PTD controllers is structurally and
det G(0)

monotonously unstable if and only if —— —— 7
G (jO)G2:(jO)

<2 (). This poinis out the significance

of ISU for considerations above,

o 23




4

yOl El yl
R 1(3) > G 1 l(s) >
1
G22 (s)
’—’ G,x(8)
- Y2
Y02 €, %2
Glz(s)GZI(s)R l(s)
1 +G“(s)Rl(s) 2,
o Fig. 8
and
Fy(s) = 14 G35(s) Ry(s) (39

are called the return differences. The Mayne’s theorem says in this 2 X 2-case
that the interacting system is stable if and only if both free responses Y9(s)
and Y2(s) so considered will be stable, i.e. iff the functions Fi(s) and F,(s)
will not have the zeros in the closed right half-plane. In other words the system
is stable if and only if two separate loops equivalent to the system under
consideration will be stable: the first one of the OLTF (open loop fransfer
function) G,,(s)R,(s) which is identical with the first main loop and the
the second loop of OLTF = G4 ,(s) R,(s) where G3,(s) — see (37)-takes account
of the second main loop and interaction of the system (Fig. 8).

7. PROCEDURE OF THE SYNTHESIS

Now we are able to proceed to the synthesis procedure outlined in sec. 4
where the system stability was just assumed with no justification.
Following the Mayne’s method and comparing (38) and (7) we see that

1
F(s)

4:(s) = (40)
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what leads to the synthesis of the stable first main loop, i.e. to the determina-
tion of controller R,, according to an admissible value A, = |g,(jw)|. This
value corresponds to a point (4., 4,) chosen in a way from the set @ descri-
bed by eqs. (26) and (27). Let us denote this point as (49, 4%) whence 4, = AY.
Subsequently, taking into account the performance function ¢.,(jw) from
(10) and the expression (11) for jor—=s, it is easily to show that we have the
relationship
g:(s) 1
J’VI(S) Fz(s)
The function Fy(s) depends on both controllers R (s) (through G3.(s)) and
R.(s) but once the controlier R,(s) was set in the previous step the function
F5(s) will depend solely on the controller R,(s). This allows us to synthesize
the stable second loop of OLTF = G1,(s) R,(s) with respect to the controller
R,(5) and, as it turns out from eq. (41), directly according to the prescribed
admissible value d, 2 |g5.(jw)|. But, in consequence, once A was fixed, the
insquality (27), i.e.

4,
€0 42

L(l—AS—a)—A%-4,  * (42)
may be satisfied in general for 4, < 43 and not only for 4, < 43 where 43 =
= ALz 4Y as it shown in Fig. 9. On the other hand the inequality (26), i.e.

47
L

L(t=4,—dy)—4,—4,
is in any case satisfied only for 4, < 43, In the result the point (42, 43) may
be found off the set £ and this would mean that |g,,(jw)| > &, at Jeast for
a frequency band [w;, w,] < [0, w,] that contradicts the requirements assu-
med. It is werth of note that whichsoever point (49, 43) € Q was chosen
the substantial role in considerations actually will be played by the point
(A3, 43).

In such a case we have two ways to overcome the difficulties occured,
The first one is to introduce the correction with respect to the value d, so
that the inequality (42) shall be satisfied only for 4, < 4%. Thus having 49
we have to decrease &, and the corrected value 61 < 8, will obviously satisfy
the equation

45
L(1— 47— a5~ 43— 4]
But before to compute 43 we have to compute 431 as the second coordinate
of the point (49, 43). To avoid this we can proceed otherwise and compute

directly the value 85 < &% for which the inequality will hold only for 4, < 49.
This value will satisfy the equation

4]
43 o

=5 (45
L(1—4%—A%—4%—48 2 )

d22(s) = (41)

8, {43)

=8} (44)
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L+1+ Y65
1

TAY

0

A;

Al L L A
L+ 1+ Y5, L+1

Fig. 9

However either issue presented above leads to suppresing the admissible
value d, compared to the required one that is unnecesseary and makes the syn-
thesis of second loop with OLTF = G3,(s) R(s) more difficult. Yet there exists
another and simple possibility that allows to pass over all these troubles.

Denote by (4%, 4%) the coordinates of the “corner” of set 2. They are the
intersection of lines

L(—4,~4)—4;—4; (46)
4,
=4,
L(1—4,—4;)—4,—4,
Let ©Q* be the following subset of £
Q" ={(4,,4,)eQ: 4, < 47} (47)
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i.e. consisting of these points of Q for which A, < A%, It is easy to see that
if the point (49, 49) is chosen from the set Q% ie. if (49, 49) e 2%, then
the inequalities (42) and (43) will be satisfied for 4, < A3%) only and the point
(49, 4%y will actually belong to the set £2 as it should be according to the idea
of synthesis (compare Fig. 9 and 10). Since the values A} and, particularly,
A5 play auxiliary role in the procedure we can always choose them from the
substet 2%, 1t is evident herewith that the greater 49 the easier the synthesis
of the first main loop. This leads to be assumed A% = 4%.

Furthermore, it is clear too that whatever value A2 was chosen (at 4% assu-
med) only the corresponding bonduary value A3 is essential. All this imply
finally that the “best” point (4%, 49) to be chosen from the set 2% ¢ Q2 is
the “corner” of set £, i.e. the point (4%, 4%).

In the result of considerations above the ready-to-use procedure of synthesis
consists of six steps as follows;

i) pair the inputs and outputs of the plant with respect to the criterion of
pairing, e.g. to the criterion (25)

ii) set the admissible values 4, and §, according to the performance require-
ments having in mind the relationship (25)

L+ 1+Y%, L+1

Fig. 10
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det G(jw)

G11(jw) G1x(jw)
the value of L and, eventually, of K according to eqgs. (18) and (i9)

iv) given d,,d, and L from the steps ii) and iii) compute the coordinates
(4%, 4%) of the corner of set £ as the solution of equations system (46)

v) synthesize the first main loop of OLFT =G, ,(s) R (s) in such a way as
to achieve the performance value 4% obtained from the step iv)

vi) given R,(s) from the step ») and G,,(s) from eq. (37) synthesise the second
loop of OLTF = GL,(5) R»(s) in such a way as to achieve the performance
value &,.

These six steps guarantee to obtain the desired performance of the control
system with respect to the values 4, and &,.

iii) examine the function over the interval [0, w,] and find

8. EXAMPLE

Let
2 —1

Gu(s) G |G+D? s+l
G(s)= [ ] = {(E.])
Gyi(s) G(8) 1 2

s+1 0 (s+1)?

be the “initial” transfer function matrix of the plant to be controlled and
[0, @] =10, 1] be the frequency band to be considered.

Following the consecutive steps of synthesis procedure we obtain:
1) Inputs-outputs pairing as above yields

Go(jw 1
ax 12(J- ) = max ———(1+jw)‘ = 0,7
wer0,11/G22(jw) wel0,1] 2 |
G, (jor 1 :
max L(J_) = max |— (1+jw)| =07
wef0,11/G1;(J®)]  wero11]2
G,0jw G .(jow
min[ max !-E(J_f), x |Gl )}=0,7 (E.2)
wer0,11|022(J0)| wero.11|Gr1(jo)
Change of this pairing to the converse yields
G5, (jw) -2
max — | = max i
ws(0,11|Go(J®)  weroay|l+]
i ‘G“(ja))‘ ) 2
max - = max ——| =2
@el,1] GZl(Jw)l wero,13{1- J
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G, 2(j(“)1

Gn(jw)1
— ', max |——-—
G21(j0)| wero.11

G1o(jm))
Thus the initial pairing was correct and it is subject to the next steps of

procedure.
iy Let us require to be

i‘ln(fw)i =02

] =207 (E.3)

min| max
we[0,1]

} (E4)
'qn(ja))| =04 for wel0,1]
i.e. the admissible performance values ¢, and &, are
51 = 0,2] (E.SJ
52 == (),4
o . | det & (jw) :
iii} Examination of the function ——— | yields
|G1(Jw) G,,(jw)
dei G (jeo 1 ) i
max |—2GUW) | —(5—-mz+2jm)1 — 1,25 (E.6)
wer0,11{011030) Ga2(3w))  wego1 |4 ’
det G (jo) | L
_dGUw) K — e gje)| = 1t (E.7)
we0,11|G11(Jw) G22(jw)|  wepo.i1|4 k
Thus we have
L=110
} (£.8)
K =125
iv) Computation of the solution of cquations system
S i____ = 0,21
1,1(1—4,—A4,)—A4,—A4
1 2, 1 2 (EQ)
4,
iy
LI(t—A,—A)—A,— A4, :
yields the coordinates (A%, A4%) of the corner of set Q. We obtain
AT = 0,1
1% } (E.10)
A3 ~ 0,2
v} Synthesis of the first main loop of OLTF =G, ,(s) R;(s)= (Tj—l)le(S)
with requirement that |g,(jw} < 4% =0,1 for we[0,1] yields the P-con-
troller
Ry(s)=k, =5 (E1D)
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vi) Transfer function Gi,(s) takes the form

G15(5) G2,(s) Ry(s) 2

. B _ — =
G2.(8) = G,,(s) 14+G1,(s)R(s) (s+ 1)2

1 1.
;—I's+1 s% 425+ 3,86
- =7 Slnolh B (E.12)
n 2 s s+ 1D (s“+2s+11)
(s+1)?

Synthesis of the second loop of OLTF = G, R,(s) with requirement that
|q22(jw)| € 6,=0,4 for we[0,1] yields the P-controller

Rz(S) = kpz = 3 . (E.13)
This ends the synthesis with the result
Ry(s) = kpy =5, Ry(s)=kp, =3 (E.14)

9. CONCLUSIONS

As it was stated in the introduction to this paper, all consideration presented
have been carried out for double-input-double-output system. This has been
done just because of geometrical aspect of the method which could be clearly
illustrated on (4,, 4,) — plane. However the idea is quite general and does
not depend on the number either of inputs or outputs. In principle the method
is restricted to the symmetrical system when the number of inputs and outputs
are equal. But even if it is not the case the asymetrical system can be symme-
trized by putting appriopriate transfer functions equal to zeros. This general
approach has been carried out yet and will be presented in next paper. There
also will be presented the same synthesis method but refered to the control
system with the “full” (nondiagonal) controller. Such controller enables to
impose all admissible performance values J;; independently what is not possi-
ble in the case of diagonal controller (see eq. (24)).

It should be stressed at the and that the synthesis procedure presented is
easily programable provided the subroutine of synthesis procedure for single-
-input-single-output control systems is available,
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SUMMARY

In spite of various attempts and proposals devoied to the creation of
the synthesis method of multivariable linear control systems there is still
a lack of relatively simple engineering method which could be compared to the
well-known methods being applied to the single-input — single-output systems.
The object of the paper is to present a new proposal concerned with such
a method for multiinput — multioutput systems based on the frequency
response approach. Assuming the controller of the diagonal form the aim of
synthesis is to ensure the system stability and sufficiently small steady-state
control errors in each loop (or sufficiently large disturbance dampings in
the system) over the prescribed frequency band. The idea of the method
proposed is to divide the system into a number of noninteracting loops equi-
valent to the system under consideration and then to synthesise them inde-
pendently by means of simple, well-known frequency methods. It has been
proved that the control system synthesized in this way may, under some
conditions, have better performance than the noninteracting system.
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