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CHAPTER 1
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KRIGING APPROXIMATION: ALGORITHMS, PROGRAM
AND CALCULATION RESULTS

Lucyna BOGDAN, Jan STUDZINSKI

Systems Research Institute, Polish Academy of Sciences
<bogdan,studzins@ibspan.waw.pl>

Abstract: In the paper the development of the computer program
KRIPOS for approximating such meteorological data as temperature,
rain and snow falls and soil erosivity is described. The calculation al-
gorithms and mathematical models implemented into the program are
presented and their usefulness and effectiveness by approximating the
yearly rain falls for the whole area of Poland are tested.

Keywords: Kriging algorithms, approximation of meteorological data,
environmental monitoring,.

1. Introduction

The kriging algorithms have been developed and are commonly used
to approximate in space and time environmental variables such as rain and
snow falls, soil composition, soil erosivity etc. as well as to develop contour
line maps of the above variables. In current situation there is impossible
to develop such the maps for Poland with the data which are got only from
the measurement points located at the national monitoring stations. The net-
work of these measurements points is too rare and irregularly divided to get
the maps with sufficient good accuracy and because of that the approxima-
tion of the values of these variables must be done in many new points.

The aim of this work is to check the usefulness of kriging approxima-
tion for solving this problem and to do it an own computer program has been
developed and tested on some real measurement data.

2.  The algorithm

Kriging approximation means the estimation of unknown values
of a variable in some selected points of an area (called calculation points)
on the base of the known values of this variable which have been collected
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in other points of this area (called measurement points). Investigation of
kriging algorithms belongs to the geostatistics research area.

The main function of geostatistics is the following variogram function

D*[Z(x+h) — Z(x)] = E[Z(x+h) - Z(x)}’ = 2 D(h)

with: Z(x) -- the variable investigated, D, £ — variance and the average value
of Z(x), 20(k) — variogram function, [1(4) — semivariogramm function and
Z(x), Z(x+h) — variable values in points x and (x+#) for 4 € [0,+].

The calculation algorithm of the kriging approximation consists of 4 follow-
ing steps:

Step 1: Calculation of the semivariogram on the base of the measure-
ment data.

1 ™A 2
7(h) = — X (zp41 — 2§)
2ny =

where z,, z;1, are the values of the variable investigated in the points which
are outlying up to the distance / from each other and »,, is the number of the
pairs of points outlying up to 4 from each other.

Step 2: Modeling of the semivariogram with different analytical functions
using the methods of static optimization.

Step 3: Calculation of the weight coefficients on the base of the conditions
of the unbiaseness and maximal effectiveness of the variable estima-
tor.

E(zi—m)=20
6° = E[(z; - m)*] = min
As the result of the conditions the equations system follows
N
y(x;.xp) = Elii}’(xi:x 0)+ K

for j=1,2,...,N, and in the matrix form
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from which the weight coefficients can be calculated.

Step 4: Calculation of the value of the variable investigated in the new se-
lected point.

N
zg = X Ajzj
i=1
where B, are the weight coefficients and z; are the variable values in the

known measurement points.

3.  The computer program

On the base on the above calculation algorithm the computer program
Kripos has been developed in the computer language C++. Into the program
8 analytic functions for semivariogram modeling have been implemented.
The identification of the coefficient values in the modeling functions occurs
with the Marquardt algorithm of static optimization.

The following modeling functions have been implemented:

1. Exponential function: y(#) = C(1 — exp( —B#h))

2. Gauss function: (1) = C (1 — exp( ~B?p? )

3. Square function: y(k) = CBZh2 1+ Bzhz)

4. Wave function: ¥(h) = C(1—sin( Bh)/ Bh)

5. Spherical function: y (k) = CBh (1,5- 0,58 2p2 )
6. Power function 1: y (4) = C (Bh )}/ 4

7. Power function 2: y (k) = C(Bh )1 /2

8. Linear function: y(h) = CBh
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been defined and the kriging approximation in the node points of this net has
been realized (see Figures 5 and 6).

The verification of the quality of kriging approximation regarding the
rain falls variable was made by sequential removing of single measurement
points from the whole data table containing the data from 106 monitoring
stations and by subsequent calculation of the rain falls value at the points
removed. For the right values were known at the points removed then getting
the approximated values for the same points the quality of approximation
could be done by the simple comparison of measured and calculated values
(see Figure 7). After such calculation is made the quality of approximation
realized can be assessed by computing the average absolute error and the
average percentage error computed for the variable values at all measure-
ment points (see Table 1).

Unfortunately such the assessment of the approximation is not univo-
cal in every case of calculation what is to see in Table 1 by comparing the
results got for model 1 and model 3 (square function): the approximation
made with the use of model 3 is better than this one made with model 1 re-
garding their average percentage errors but at the same time it is worse re-
garding their average absolute errors. However there is consoling that the
differences between the both approximation runs are not big and practically
negligible.

On Figures 8-10 and also in the bottom part of Table 1 the results got
from the directional kriging approximation made for two angle segments and
with the use of model 2 (Gauss function) are presented (example 2). While
combining two directional variograms into one combined variogram the
anisotropy ratio of 2,5 was settled (see Figures 9 and 10). This means that
the directional variogram oriented horizontally weighs essentially more by
creating the compound variogram than the second directional variogram
oriented orthogonally.

The results of calculation received with the directional approximation
are worse than the previous ones and this conclusion is obvious now: both
assessment criteria computed for the best model 2 are worse than in the case
of the omnidirectional approximation realized with the best model 1 or with
the second best model 3 (see Table 1). These results mean that the direc-
tional kriging approximation gives no better results than the directionless
one by approximating the rain falls variable but this conclusion can not be
generalized for other kinds of environmental variables.
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Table 1. Comparison results for examples 1 and 2 of kriging approximation.

No. | Model Residuum Absolute error | Percentage error
Example 1: Omnidirectional kriging

1 Model 1 12.242 129,351 16,041
2 Model 2 12.259

3 Model 3 12.239 129,527 15,939
4 Model 4 18.674

5 Model 5 12.259

6 Model 6 17.573

7 Model 7 25.208

8 Model 8 35.997

Example 2: Directional kriging

9 Model 1 18.781

10 Model 2 18.779 143,962 17,881
11 Model 3 18.819

12 Model 4 25.285

13 Model 5 18.779

14 Model 6 26.074

15 Model 7 33.307

16 Model 8 42.702

On Figures 11 and 12 the structures of the measurement data files for the
approximation runs made in 2D and 3D spaces are shown (examples
3 and 4). The calculations have been made with the data transformed and the
coordinates of the measurement points are given now in kilometers and not
in degrees as before. The calculation results are presented in Table 2.
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By the 3D approximation another kind of data transformation is made
consisting in multiplying the x and y coordinates of all points considered in
the area investigated by a multiplier value in order to normalize all compo-
nents of distances between these points. In our case the x and y coordinates
are measured in kilometers while the z coordinate is measured in meters and
this resulted in settling the multiplier value equal to 0,01.

By comparing the appropriate numbers in Tables 1 and 2 one can see
that the kriging approximation made with distances measured in kilometers
gives better results than this one with distances measured in degrees
(see upper parts of Tables 1 and 2). On the other side there are no big differ-
ences between the approximation results while making the calculation in 2D
or 3D space (see the upper and bottom parts of Table 2). The reason for this
phenomenon can be the fact that the distances between the measurements
points along the x and y coordinates are much bigger than these ones along
the z coordinate and there is rather small and negligible influence of z on the
calculation of distances between the points considered.

On Figures 13-17 and in Table 3 the results of rain falls approximation
made for separated and limited regions of the area investigated are shown
(example 5). For the whole Poland three regions have been selected concemn-
ing North, Middle and South Poland. The reason for such the selection was
that the height differences of the ground levels are quite large between these
regions and they are quite small inside of them: the area of North Poland
is the coast of the Baltic See and in the area of South Poland several moun-
tain chains are located. After the closed regions are defined using the com-
puter mouse the approximation runs are made using only the measurement
points which are located inside these regions.

Comparing the results obtained for three regions big differences in the
quality of approximation can be observed. The best results have been got for
Middle Poland where the ground is almost flat and the measurement points
are located on quite the same height level. These results are nearly two times
better than these ones when the approximation was made for the whole
Poland (sec the Tables 2 and 3). A little worse results were obtained for
North Poland but nevertheless they are better than the results of the whole
Poland approximation. The worst results of approximation have been got for
South Poland where the measurement point heights are very differentiated
and these results are not only worse than the previous two ones but also they
arc worse than the got for the whole Poland.

While realizing the calculation for the Middle Poland region some
troubles with the choice of the best model for the continuous kriging ap-
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proximation appear once again as they were noticed while discussing the

results of example 1.

Table 2. Comparison results for examples 3 and 4 of kriging approximation.

No. Model Residuum Absolute error | Percentage error
Example 3: 2D space calculation
1 Model 1 14.309
2 Model 2 14.346
3 Model 3 14.197 125,390 15,487
4 Model 4 21.551
5 Model 5 14.346
6 Model 6 13.737 108.203 12.769
7 Model 7 19.828
8 Model 8 30.419
Example 4: 3D space calculation
9 Model 1 13.185
10 Model 2 13.269
11 Model 3 13.036 120.495 15.054
12 Model 4 20.732
13 Model 5 13.269
14 Model 6 12.089 109.689 13.098
15 Model 7 17.881
16 Model 8 28.883

Under six models shown in Table 3 model 4 is best regarding its residuum
value and in spite of that its approximation results are worse than these ones

got with the use of models 1, 2 and 3.
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sen regarding only the model residuum value. The kriging approximation
shall be done rather by using several models with similar residuum values
and the assessment of approximation results shall be then done by comparing
the error figures got for different approximation runs.

Table 3. Calculation results for example 5 of kriging approximation.

No. Model Residuum Absolute error | Percentage error
Example 5: North Poland

1 Model 1 2.200

2 Model 2 2.204

3 Model 3 2.174 89,379 15,487

4 Model 4 3.284

5 Model 5 2.204

6 Model 6 2.237

Example 5: Middle Poland

Model 1 1.935 55,244 8,944
8 Model 2 1.909 55,486 8,992
9 Model 3 1.939 56,286 9,118
10 Model 4 1.801 93,675 15,558
11 Model 5 2.053
12 Model 6 2.230

Example 5: South Poland

13 Model 1 22.073
14 Model 2 22.090
15 Model 3 22.022 169,667 18,930
16 Model 4 34.388
17 Model 5 22.090

18 Model 6 29.634
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There is also very helpful to assess the results of approximation quali-
tatively and not only quantitatively by comparison of the contour lines maps
drawn for different approximation runs for qualitative evaluation is some-
times more reliable than this quantitative one.

The above observation has more general meaning and concerns not
only the rain falls approximation and even not only the kriging calculation
but it counts in the main for all cases of mathematical modeling and model
identification of nonlinear systems. While modeling the kriging variograms
mainly the nonlinear analytical functions are used and to identify their coef-
ficients the Marquardt method of nonlinear gradient optimization is applied.
This makes the modeling task really complicated and requires a big careful-
ness and also experience of the program operator by the evaluation of the
obtained results.

5. Conclusions

After the test computation of the new developed KRIPOS program us-
ing the real rain falls data have been made some general conclusions con-
cerning the kriging algorithms and also their applying to approximate envi-
ronmental measurements could be done. They are as follows:

o There is reasonable to develop own programs for solving complex envi-
ronmental tasks even if there are some ready tools on the market designed
for the same problems.

¢ The own developed programs make possible to apply and test own nu-
merical methods and algorithms what is not able with outside completed
products.

e Kriging approximation is commonly useful to estimate the rain fall val-
ues.

» Kriging approximation is not quite right at the areas where the variables
investigated have their values very differentiated and extreme.

¢ By very differentiated variable values there is useful to divide the whole
investigated area into zones in which the variable values are more homo-
geneous.

o In the case of the rain falls approximation:
— the omnidirectional kriging is more exact than the directional one,

— the 3D kriging is more exact than the two dimensional one,
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— the point coordinates given in kilometers are more suitable for calcula-
tions than these ones given in degrees.

e By the choice of the best variogram model for the subsequent variable
approximation the residuum value is mostly a useful criterion but some-
times it is not.

e By the choice of the best approximation run there is always recom-
mended to make the calculations using several variogram models and to
make also a qualitative evaluation of results by comparing the diagrams
drawn.

A more detailed description of the theory of kriging algorithms is presented
in the literature given below.
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