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Abstr•ct:This paper will deal with the problem of making decisions under conditions of 
uncertainty. Often, however,we must make a choice and are naturally concerned about 
whether it is a best or optimal choice. In the paper, the concept of multiple attribute(criteria) 
decision making will be extended under uncertain conditions. The comparative and 
subcomparative factor will have been defined. Some algebraic properties of the comparative 
and subcomparatve factor as well as corresponding theorems will have been obtained. The 
method of comparative factor will have been proposed on the basis of the properties and 
theorms of the comparative and subcomparative factor. 
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1. lntroduction 
Much of life, of coursc,involves making choices under uncertainty, that is, choosing from . 

some set of alternative courses of action in situations where we arc uncertain about the actual 
consequences that will occur for cach course of action being considered. Thus, all of decision 
problems have certain and uncertain generał characteristics. These characteństics constitute 
the forma] description of the problems and provide the structure for solutions. The decision 
problem under study may be represented by a model in terms of the following definition. 

Definltion 1. 1 Lct Ft (k = 1, 2, ···, n) be the set of the programme of the attribute k of 
decision malcing, ordeńng 

V= fa:(0) I a:(0}= [0(X 1 ),0(X2 },·--,0(X.)],0(Xł} = [Xł(a),Xł(b}] 

eFł,Xł(a},Xt(b)eR,k= 1,2,·••,n} 

so call VfO} programme space of the uncertain multiple attribute(criteria) decision making. 
Denoted the programme in VfO} by a:(O), a:(0) is the interval vector. Then, the programme 
space js composed of all programmes under the decisional rule. 

Delmltion 1. 2 Lct a:(O }, P(O )E Vf0 }, a:(0 )=[0 (X1), O (X2), ···, O (X0 )] , O 
CXt}=[Xt(a), Xt<b)], k=l, 2, ···, n; P(0)=[0(Y1), 0(Y2), ···, O(Y0 )], O(Yt)=[Yt(a), 
Yt(b)], k= 1, 2, ···, n; then, (1) a: (0)= P(O), if and only if Xt(a)=Yt(a), Yt(b)= XtCb), k = I, 
2, ···, n; (2)a: (0)<P(0), if and only ifXt(b)<Y t(a), k= I, 2, ···, n, (3) a: (O)<P(O), if and 
only ifXt(b)~YtCa), k= 1, 2, ···, n, but 11 (0)=#:p(O); (4) a: (0)~P(0), ifand only ifXt(b)~ 
Yt(a), k= 1, 2, •··, n. 

Definltion 1. 3 Lct a: (0)0E Vf0}, then, (I) a: (0)0 is the inferior programme in Vf0} , if 
and only if at least exists one programme 11 (0)1 E Vf0}, subject to a: (0)0<a: (0)1; (2)a (0 
)o is the noninferior programme in VfQ}, ifand only ifthere is no programme a (0) in Vf O 
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· } , subjcct to ex (0)0<ex (0); (3) ex (0)0 is the weak noninferior pogramme in VfO} , if and 
only if there is no prgramme ex(O) in VfO}, subjcct to ex (0)0 <ex (0); (4)cx (0)0 is the optimal 
programme in Vf0} , if and only if to any programme ex (0)(=,!=ex (O)o) in VfO} , there be ex( 
O)<ex(O)g; (5) ex(0)0 is the strong optima! programme in VfO }, if and only if to any pro­
gramme ex(O) (=,l=ex(O)g), there be cc(O) < ce (O)g. 

2. The Method of Comparatlve Factor Under Untertaln Condltlons 
Deflnltlon 2. 1 Lct the intcrval factor cc(O) E VfO}, ex (0) = [0(X1), 0(X2), ···• OCXn)J,0 

CXt)=CXt(a),Xt(b)], k= 1,2,•··, n · 

{
o whenXk(a)>O 

ą,ł(cc(O)J= 
1
1 /2 whenXk(a)Xt(b)~O,k= 1,2,•••,n; 

whenXk(b)<O 

, {o 
. ą,ł[ex(O)J = 1 . 

whenXk(a) > O or Xk(a)X k(b) ~ O,k = 1,2,··•,n; 

. . 
then, cl>[cc(O)J = L q, k [cc(O)J and cl>'[cc(O)J ~ L ą,' ł[cc(O)J 

l:•1 l•I 

arc callcd the comparative and subcomparative factor of the interval vector ex(O) . . 
Deflnitlon 2. 2 Let ex(O), ;1(0) in VfO}, (1) The sum of «(O) and P(O} is defined by 

«(O}+ P<O> = rocx1} + O(Y1},0(X2 } + O(Y2},·--,0cx.> + O(Y.}J 

(2) The pr~duct of scalar l E R and intcrval vector cc(O) is-0efincd by 

lcc(O) = [l0(X1),l0(X2 ),•·•,l0(X.)] 

Deflnitlon 2. 3 Lct O(Xt)=CXt(a}, Xt(b))J, O(Yt),.;.[Yt(a), Yt(b)], lE R, there are the foJ. 
lowing operation: (I) addition operation, O CXt>+O <Yt)=[Xt(a)+Yt(a), XtCb>+Yt(b)J; (2) 
subtration operation, O cYt>--0 CXt)=[min(Yk(a}-Xt(a), Yt(b}-Xt(b)), max(Yt(a}-Xt(a), 
YtCb>--Xt(b)}]; (3) mutiplication op_eration, .m CXt}=[min(AXt(a), AXt(b)), max (AXt(a), 
,ffk(b})]. 

Evidently therc arc the comparative and subcomparative factor for evcryonc intcrval 
vector. In other words, everyone programnie has the~mparative and subcomparative factor 
in the uncertain multiple attribute(criteria) decision marking. According to Definition 2. 1, we 
got the following theorem 2. 1. 

Tbeorem 2.1 Lct cc(O), P(O) in VfQ}, then, (l)O~cl>[cc(O)J~n. O~cl>'[ex(O)J~n; (2) cl>(cc( 
0)-cc(O)J =n/ 2, cl>'[cc(O}-cc(O)J = O; (3) cI>[«(O)+p(O)J~ cl>[cc(C)J+cl>[P(O)J; cl>'[cc(O)+p(O)J 
~ cl>'[cc(O)J+cl>'[P(O)J; 

(4) cl>[lcc(O)] = { 4>[«(0)], when l in R + , cl>'[lcc(O)J = { 4>'[«(0)], when l in R + 

cl>[ - cc(O)],when l in R - cl>'[ - cc(O)J,when l in R -
Tbeorem 2. 2 Lct cc(O), P(O) in VfO}, then (I) cc(O)<P(O), if and only if cl>[P(O}-ex(O 

)J=O; (2) If cc(O)<p(O), then 4>[P(0}-«(0)l~(n-1)/ 2 and 4>'[P(0}-cc(O)J=O; (3) If cc(O) 
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~P(O), then 4Y[P(0)-«(0)J=O. 
ProofSuppose a(0)=[0(X1), 0(X2), ••·, O(X.)], O(Xk)=[Xk(a), Xk(b)] 
P(O) = [O(Y 1), O(Y 2), ·••, O(Y .)], O(Y k) = [Y k(a), Y ib)), 
y(O}=P(0)-«(0}= [O(Y1)-0(X,), O(Y2)-0(X2), •··, O(Y .)-O(X.)J 
= [0(Z1), 0(X2), •••, O(Z.)l, O(Zk)= [ZtCa), ~(b)], k = 1, 2, ···, n 
From Definition 1.2, 2.2, 2.3, thcte ~{l) IX(0)<P(0), ifand on:ly if Xlb)<Y k{a), lt = 1, 

2, ... , n if and only if Zt(a)>O, where y(O)= P(O)-a(O), then ll>[P(0)-«(0)]=0. 
(2) a(O)<p(O), ifand only ifXk(b)~Yk(a), k= 1, 2, •··, n and a(O)=;=p(O), ifand only if 

~(a)~O and at least one Zto(a)>O, k= 1, 2, •••n, k4'ko, where y(O)= P(O)-a(O), then ll>[P( 
· 0)-a(O)J ~ (n-1) / 2 and 4Y[P(0)-a(0)] = O. 

(3) a(O)~P(O), if and only ifXk(b);li;Yt(a), k= 1, 2, ···, n, if and only if ZtCa)~O, k = I, 2, 
•••, n, where y(O) = P(O)-a(O), then <V[P(0)-a(0)] = O. · 

Tbeorem 2. 3 Let a(O), P(O) in VfO}, then, (1) If a(O)<P(O), therefore ll>[y(O)-o:(0)] 
~ ll>[y(O)-p(O)J and ll>'[y(O)-o:(O)J~ ll>'[y(O)-p(O)J, for everyone y(O) E Vf 0}; (2) If o:(0) 
<P(O), therefore ll>[y(O)-o:(O)J ~ ll>[y(O)-p(O)J+(n-1) / 2 and <V[y(O)-a(O)J ~ ll>'[y(O)-P( 
O)J, for everyone y(O) E Vf0}; (3) If o:(O)~P(O), therefore ll>'[i'(0)-o:(O)J~ll>'[i'(0)-p(O 
)], for everyone y(O)E VfO}. 

Proof (1) From Theorem 2. 2(1) and o:(0)</1(0), know ll>[P(O)-o:(0)]=0. So using The­
orem 2. 1(3), there is 

ll>[y(O)-a(O)J ~ ll>[i'(0)-p(O)J+ll>[P(0)-a(O)J 
~ ll>(),(0)-p(O)J 

Ukewise <V[y(0)-o:(0)J~ll>'[y(0)-p(O)J for everyone y(O) E Vf O} 
(2) From Theorem 2. 2(2) and o:(O)<p(O), know ll>[P(O)-a(O)J~(n-1)/ 2 and <b-'[p(O 

)-a(O)J = O. So using Theorem 2. 1 (3), tłiere arc 
ll>[y(0)-o:(0)J ~ ll>(y(O)-p(O)J+ll>[P(O)-a(O)J 

~ll>[y(O)-p(O)J+(n-1) / 2 
<VMO)-o:(O)J :i,; <V[1(0)-p(O)J+41'[P(0)-«(0)J 

~ll>'f1(0)-p(O)J for everyone y(O)E VfO} 
(3) The demostration is so similar to the proof ofTheorem 2. 3(2) that we omit it. 
Deflnltlon 2. 4 Let a(O), P(O) E VfQ} ' 

Hfa(O)J = :E ll>[JJ(O) - oc(O)J 
IIC>.,'ICI 

so call H[o:(0)] the optima! ordered number of the programme a(O) in VfO}. 
Obviously, since Definition 2. 4, we got the desired following result. 
Theorem 2. 4 If o:(0 )0 is the (strong) optima! programme in VfO }, then H[o:(0 

)J=maxfH[o:(O)oJ Iany o:(0) E Vf0}}. 
Tbeorem 2. 5 If H[a(O )oJ=maxfH[a(O )] I any a(O )E VfO }}, then o:(0 )0 is the 

noninfeńor programme in VfO}. 
Corollary 1 Suppose tl}ere arem programmes in VfO}, then, (1) If a(0)0 is the strong 

optima! progrmme in VfO }, ·if and only if H[a(O )0]=(m-l)n+n / 2; (2) If o:(0 )0 is the 
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optimal programme in VfO}, ifand only if n(m+l)/2~H[a(O)ol~n(m-J). 
Corollary 2 Supposc the (strong} optima! programme exists in VfO } and H[1Z(O 

)ol=maxfH[a(O)J Iany a(O) E Vf0}}, then a(0)0 is the (strong) optimal progFamme. 
Tbeorem 2. 6 If «(0)0, a(0)1 E VfO}, H[a(O)ol=maxfH[a(O)J Iany a(O)E Vf0}} and 

H[a(O)i]=maxfH[a(O)J Iany a(O)E VfO}/ fa(O>o}}, thcn, (1) a(0)1 is the noninferior 
programme in VfO} / f a(O>o}; (2) Ir a(O).;ł>«(0)1 , therefore «(0)1 is also the noninferior 
programme in VfO}; (3) rr·«(0).;ł>a(0)1, therefore «(0)1 is also the weak noninferior pro-
gramme in V{O}. · 

Tbeorem 2. 7 If a(0)0 is not the noninferior programme in Vf0}, so therc III.ust exist the 
noninferior programme a(0)0 in Vf0}, subject to H[a(O)J> H[a(O)o]. · 

The proccss of the proof of the abovc Thcorems and Corollarys is too long to have to omit 
it becausc oflimitcd space. 

Pay attentlon to:Thcorem 2.6 (3) provides the possibiliiy and the way of sceking which may 
(weak) noninfcrior programme. Theorcm 2. 7 actually is a mcthod of arranging in order ac­
cording to the big and small of the optimal ordcrcd number, so , from the proof conclusion 
abovc, the noinferior programme gcnerally is put in the front, the inferior programme gcneral-
ly is put in after. -
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