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Abstract: The concept of a fuzzy majority, expressed by a fuzzy linguistic quantifier (most,
almost all, much more than a half, ...}, is employed in group decision making (group DM) and
consensus reaching. Yager’s fuzzy-logic-based calculus of linguistically quantified propositions
is used as a formal tool. In group DM, taking additionally as a point of departure individual
and social fuzzy preference relations, new solution concepts are presented which are basically
those "best” accepted by, say, most of the individuals. In consensus reaching, a new concept of
a degree of consensus is shown which is basically a degree to which, say, mest of the important
individuals agree as to almost all of the relevant options.
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1. INTRODUCTION

The sence of group decision making (group DM) models, which can provide powerful tools for
the analysis of many real problems in the area of decision making, is that there are m indiv" ~ als
(1 sion makers) whose testimonies are assumed here to be indsvidual fuzzy preference retations
o  aset of n options, and the probl s to find an option (or a set of opt” ) best reflecting
the preferen  f the group of individuals as a whole.  nsensus reachingi  idently strongly
related to group DM.

" Tortunately, since its very beginning group DM has been plagued =~ negative results
(theorems on impossibility, m ~ ulability, instability of solutions, etc.) (cf. Nurmi, 1982,
1983, 1987, 1988; or Nurmi, Fearrzzi and Kacprzyk, 1990). They all can be summarized as that
no group DM proce™ satisfy all plausible conditions. An it  :diate idea is therefore
that ins  d of devising more sophisticated procedures, maybe we should modify some basic
underlying assumptions of the problem’s very setting; this line of reasoning is also assumed
here.

First, since the human preferences are inherently imprecise, individval and social fuzzy
preference relations will be assumed. Second, we assume that a crucial concept of majority
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may also be inherently imprecise as, e.g., in many cases an option | ‘erred by most, almost
all, much more than a half, ... individuals may be adequ : to a real human perce on of
the problem’s very essence. A good illustration is here (Loewer and Laddaga, 1985): ”...It can
correctly be said that there is a consensus among biologists that Darwinian natural selection
is an important cavse of evolution though there is currently no con  sus concerning Gould’s
hypothesis of speciation. This means that there is a widespread agreement among biologists
concerning the first matter but disagreement concerning the second ...”. Needless to say that
a crisp majority cannot reflect the very sense of this statement.

Natural manifestations of a fuzzy majority are linguistic quantifiers exemplified by: most,
almost all, much more than a half,.... They may be handled by fuzzy-logic-based calculi of
linguistically quantified propositions as, e.g., those due to Zadeh (1983) and Yager (1983). The
latter will be used here (for the use of the former, see, e.g., Kacprzyk, Fedrizzi and Nurmi,

1992).

2. A FUZZY-LOGIC-BASED CALCULUS OF LINGUISTICALLY QUANTIFIED PROPO-
SITIONS

A fuzzy set Ain X is equated with its membership function ps : X — [0,1}; pa(z) € [0,1] is the
grade of membership of £ in A. If X is finite, we write A = p4(z1)/21 + St palan)/zn, where
“palz;i)/x” is the pair "grade of membership — element” and "+” is meant in the set-theoretic
sense. Moreover: a A b = min(e, b), a V b= max(e, b), and ”=” stands for the implication.

A linguistically quantified proposition as, e.g., "most (Q) experts (y’s) are convinced (F'}”, is
generally written as Qy’s are F where Q is a (fuzzy) linguistic quantifier (most), Y = {y} is a set
of objects (experts), and F' is a (fuzzy) property (convinced). Moreover, different importances
of y's may be added, yielding QBy's are F, e.g., "most (@) of the important (B) experts (y’s)
are convinced (F')". The problem is to find truth(Qy’s are F') or truth(q _’s are F).

To briefly present Yager’s (1983) approach, we introduce the statements: P: "y, is F",
whose truth(#) =up(y:), 2 1,....p=cardY. We introduce the set V ={v} = {Pw,..., Pim}
= 2(P-BI Q. Then, pr(v) = truth(v) = AL, pely:).

The fuzzy linguistic quantifier @ is defined as a fuzzy set in V. For instance, if p = 3, then
Vi={P PPy, Ahand P,,...,FP; and P, P, and P, and B3}, and

1 for v € {P; and P, and P3}
V’"most”(v) = 0.7 for v c {P1 and Pg, P1 and P3, PQ and P3} (1)
0.3 forve {P, P, P}

The so-called monotonic quantifiers, defined as pqg(vi and v,) 2 pg(v1) V po(vs), for each
vy, vy € V, are the most relevant; such quantifiers mean basically "the more the better”, and
“most” (1) is evidently proportional.

Now
truth(Qy's are F) = I:}Ea‘g((pq(v) A pr(v)) (2)
or, with importance,
truth(QBy’s are F) = max(uq(v) A (A (45{vsi) = ur(us))) (3)
=1



e = is an implication whose most widely used formisa =1 1 —a)V & A (bigwedge)
max may be replaced by a {—norm or s—norm, respectively.

Since (2) and (3) are complicated, their simplifications are often used. For the case without
importance, under sime mild restrictions: (1) @ is a monotonic «  ntifier, (2) there is a finite
number of distinct values of pg(v) as, say, by < by < ... < by, (3) d; is the i—th largest element
of the set {uz(v1),..., #r(veardy ) then

truth(Qy’s are F') = X

}(d-‘ A by) (4)

A noteworthy simplification is also provided by Yager’s (1988) OWA (ordered weighted average)
operators.

3. GROUP DM UNDER FUZZY PREFERENCES AND FUZZY MAJORITY

The second relevant elements is an indiwidual fuzzy preference relation defined as pp, : S &
[0,1] where § = {31,...,8.} is a set of options; pr,(s:,3;) € [0, 1] is the intensity of preference
of of n s; over option s; as perceived by individual k: from 1 for definite preference of s, over
37 to 0 for a definite preference of s; over s; through all intermediate values (0.5 for indifference).
For a finite S, Ry is represented by a matrix {up,(si,s;)] = [rf;]. And similarly for a social
fuzzy preference relation representing preferences of the whole group.

Now, a solution of group DM is sought, i.e. an opti  ‘or a set of options) which is "best”
acceptable by the group of individuals as a whole. T'wo lines of reasoning may be used:

e a direct approach: {R,,..., R,} — solution, 1.e., a solution is found just from the indi-
vidual preference relations, and

e an indirect approach: {Ry,...,R.} — R — solution, i.e., first a social fuzzy prefer e
relati R is deter ~ dthat is = n used to find a solution.

The concept of a solution is not obvious (cf. Nurmi, 1983, 1987), and we will present some
of them under individual fuzzy preference relations and a fuzzy majority.

For the direct approach, a solution concept of much intuitive appeal is a fuzzy Q—core
(Kacprzyk, 1985, 1986). We start with

L[ 1 ifrt <05
hij = { 0 othejrwise (3)

and then .
1
& k
hi= =3 > b (6)
L ey
which is the  tenttow™ " ° " divi® " it tage option s;; we introduce the statements
P}: "individual k is pc st s truthl, ¥7 = k% Then, we construct the set V; =

{v;} = 27 ~P"} and define a linguistic quantifier Q as a fuzzy set in V}.

Ne:  we introduce the statements PjQ 1 ") individuals are not against option s,”, and
truth P = max, ev; (pr(vi) A pg(e;)).

Finally, the fuzzy Q—core is defined as a fuzzy set

Cq = truth P¥ /sy + -+ + truth P9/, (7)
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We introduce the propositions Pgl(kl, k2): "individuals k1 and k2 agree as to their prefer-
ences between (1 relevant (B) pairs of options”, and determine truth Pg,(kl, k2) due to (3) or
(4). Using the PF(k1, k2)’s, we construct the set W& (K1, k2) analogously as Wi;(k1, k2), and
determine truth PE (1, k2). :

We introduce the propositions Pé'foz: ”Q?2 important (I) pairs of individuals agree as to
their preferences between @1 relevant (B) pairs of options”, determine its truth Pé'foz.

This is the degree of @1/Q2/I/B—consensus sought, i.e. con(@1, @2,1, B) = truth PQI‘sz,
meant as the degree to which @2 pairs of important {/) individuals agree as to their prefer-
ences between @1 pairs of relevant (B) options. Moreover, one can consider the strength of
agreement in (10), and derive extensions of the ahove degree of consensus (cf. Kacprzyk and
Fedrizzi, 1989). The new degrees of consensus kave been used in an implemented DSS for
consensus reaching (cf. ~ drizzi, Kacprzyk and Zadrozny, 1989).

4. CONCLUDING REMARKS

We showed briefly how to account for a fuzzy majority in group DM and consensus reach
by using a fuzzy-logic-based calculus of linguistically quantified propositions.
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