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Abstract

The goal of this work is to develop a thermodynamic setting for phase-field (diffused-interface)
models with conserved and nonconserved scalar order parameters in thermoelastic materials. Our
approach consists in exploiting the second law of thermodynamics in the form of the entropy
principle according to I. Miiller complemented by the Lagrange multipliers method suggested
by I.Shih Liu. Such method leads to the evaluation of the entropy inequality with multipliers,
known as the Miiller-Liu inequality. By a rigorous exploitation of this inequality, combined with
the application of the dual approach (with entropy or internal energy as independent thermal
variable), we obtain in Part I a general scheme of phase-field models which involves an arbitrary
7extra” vector field. For particular choices of this extra vector field we obtain known phase-field
schemes with either modified entropy equation or/and modified energy equation. A detailed
comparison with several well-known phase-field models, in particular models by Penrose and
Fife, Caginalp, Fried and Gurtin, Falk, Frémond et al., Umantsev et al., is presented in Part 1T
of this work.

Acknowledgements. 1 am grateful to professors H.W. Alt, A. Zochowski and W.M. Zajaczkowski
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1. Introduction

1.1. Motivation and goal. In classical thermodynamics phase boundaries are consid-
ered as singular surfaces. The corresponding models, usually referred to as free bound-
ary problems include in particualr one-and two-phase Stefan problems of parabolic or
parabolic-elliptic type, and the Muscat problem. They have been studied intensively in
the beginning of the eighties last century (see, e.g., [131], [120], [89], [122], [100]).

The concept of interfacial energy (or interface tension) does not follow from internal
properties of the system (such as the energy density function) but is added ad hoc to
the interface according to experimentally observed values. As pointed out by Falk [62]
this approach is most unsatisfactory when both phases contain the same material, as in
the case of a liquid-vapor interface or the interface between partially miscible fluids. To
improve this situation in 1893 van der Waals [144], and somewhat later in 1901 Korteweg
[91], included terms depending on the density gradient into the constitutive equation for
the energy. As a consequence not only the interface energy arises in a natural way but
also the interface becomes diffuse.

This type of gradient energy theory has been investigated for mixtures by Cahn and
Hillard [34], [35], Cahn [36], and for gas-liquid interfaces by Felderhof [63], Widom [147].
In elasticity the theory with the gradient of the deformation influencing the energy dates
back to Toupin [138]. The van der Waals-Korteweg theory has been reconsidered in
various aspects in Aifantis [1], [2], Aifantis and Serrin [3], [4], Alexiades and Aifantis [11],
Slemrod [135], [136], [137], Dunn and Serrin [49].

In the last three decades the gradient-type approach has become a popular tool for the
investigations not only in the liquid-vapour transitions but also in the theory of continuous
solid-liquid and solid-solid phase transitions. The corresponding model equations are
usually referred to as phase-field (or diffused-interface) models.

The phase-field dynamical models of solid-liquid type with conserved and/or noncon-
served order parameter are the concern of the present work.

Among the mostly known and broadly investigated we mention the Caginalp model
of solid-liquid phase transitions [21], [22], [23], Penrose-Fife models with conserved and
nonconserved order parameter [129], [130], models due to Fried and Gurtin [72], [73],
[74], [75], Gurtin [83], Frémond [70], [71], and Falk [57], [61], [62] for phase transitions
in solids, in particular phase separation, ordering in alloys, damage and shape memory
problems. We mention also phase-field models with nonconserved order parameter due
to Umantsev and Roitburd [141], Umantsev [139], [140], [142], and Umantsev and Olson
[143].
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8 1. Introduction

For overvew see, e.g., Carach, Chen and Fife [38], Chen [39], Umantsev [140], Em-
merich [51], Singer-Loginowa and Singer [134], Heida, Malek, and Rajagopal [86], and the
monograph by Brokate and Sprekels [20].

As noted by Penrose-Fife [129] the phase-field equations were apparently first sug-
gested by Langer [94] on the basis of a similar model, called ”Model C” by Halperin,
Hohenberg, and Ma [85]. Such equations were first studied analytically and numerically
by Fix [67], [68], Caginalp [21], Langer [94]. Independently, phase-field equations were
proposed by Collins-Levine [42] to model crystal growth.

The theory of phase-field models has been advanced by Caginalp and co-workers
in a series of papers [22], [23], [24], [25], [26], (28], [29], [30], [31], [32], [33] [27]. As
a matter of fact it was just the lack of a proper thermodynamic setting of the original
Caginalp’s model that gave rise in the neintieth of the last century to a number of so-
called thermodynamically consistent models of phase transitions, in particular models by
Penrose and Fife [129], [130], [66], [64], Alt and the author [5], [6], [7], [9], [10], Wang et
al. [145].

The phase-field (diffuse-interface) models postulate one or more quantities, named
order parameters, as indicators of the state of the material, in addition to the usual
ones such as temperature, elastic strain, etc. In models of this type — on the con-
trary to sharp interface ones — the order parameters vary continuously in the medium,
including the interfacial regions between the phases where they undergo large varia-
tions.

According to a postulate of a smooth phase transition the phase-field models are based
on a free energy functional, called Landau-Ginzburg functional, often called Ginzburg-
Landau functional, named after V. L. Ginzburg and L. Landau mathematical theory of
superconductivity. This functional accounts not only for a volumetric energy but also for
a surface energy of phase interfaces.

In most of the literature the derivations of phase-field models are based on variational
arguments and adapt concepts from classical equilibrium thermodynamics in nonequilib-
rium situations. In particular, the Penrose-Fife models with conserved and nonconserved
order parameters have been derived by means of variational arguments.

Having in mind several objections to variational derivations, in particular not suf-
ficient generality of postulated constitutive equations, E. Fried and M.E. Gurtin have
developed in a line of their papers [72], [73], [74], [75], [83] a thermodynamic theory of
phase transitions based on a microforce balance in addition to the basic balance laws
and a mechanical version of the second law of thermodynamics. Parallel to that theory
M. Frémond [70], [71] has proposed a theory based on microscopic motions as a tool of
modelling of various phase transitions, specifically shape memory and damage problems.
Despite of different ideas Frémond’s approach bears some resemblance to the Fried-Gurtin
theory.

Another approach to modelling phase transitions has beeen proposed by H.W. Alt and
the author in [9], [10] and applied further in [123], [124], [125], [126], [127], [128]. This
approach consists in exploiting the second law in the form of the entropy principle ac-
cording to I. Miiller [114], [115], [116], complemented by the Lagrange multipliers method
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: suggested by I-Shih Liu [96]. Such method leads to the evaluation of the entropy inequal-
{ ity with multipliers, known as the Miiller-Liu inequality. In [126] the multipliers-based

s

approach was applied for deriving generalized Cahn-Hilliard and Allen-Cahn models cou-
pled with elasticity with suppressed thermal effects. A comparison with the Fried-Gurtin

¢ theory based on a microforce balance showed coincidence of results and several interesting
" connections.

Various generalized isothermal Cahn-Hilliard and Allen-Cahn models based on a mi-

croforce balance have attracted a lot of mathematical interest, see, e.g., [101], [102], [103].

S

It should be pointed out that the above mentioned thermodynamic approaches allow
to obtain models with much more general structure than those introduced by variational
arguments.

The nonisothermal phase-field models based on the Fried-Gurtin concept of a micro-
force balance have been further developed and studied mathematically by Miranville and

; Schimperna [104], [105].

The phase-field and irreversible phase transitions models based on Frémond’s the-

* ory of microscopic motions (admitting nonsmooth thermodynamic functions) have been

- . studied by Bonfanti, Frémond, and Luterotti [17], [18], Bonetti et al. [16], Colli et al. [41],

Laurengont, Schimperna, and Stefanelli [95], Luterotti, Schimparna, and Stefanelli [99],
Schimperna and Stefanelli [132].
Recently several phase-field approaches to nonisothermal phase transitions with broad

" range of applications have been advanced by Fabrizio, Giorgi, and Morro [53], [54], [55],

! Pabrizio [62], Gentili and Giorgi [80], Giorgi [81], Morro [109], [110], [111], [112], [113].

The applications included in particular model for ice-water transition which allows for

; superheating and undercooling, model for the transition in superconducting materials,

materials with thermal memory, second-sound transition in solids, as well as Cahn-Hilliard

—

fluids.
We mention also diffuse interface model for rapid phase transfomation in nonequilib-

| rium system, proposed by Galenko and Jou [77].

The goal of the present work is to set up a general thermodynamic setting for phase-

_field models with conserved and nonconserved, scalar order parameters in thermoelastic

materials by means of the multipliers-based approach. Our ultimate aim is to obtain

> a general class of thermodynamically consistent schemes for the Cahn-Hilliard and the

Allen-Cahn models — two central equations in materials science — in the presence of defor-

: mation and heat conduction. This is presented in Part IT of this work where we discuss a

¢ general thermodynamic scheme in several special situations and compare the results with

the mentioned above well-known phase-field models. In particular, we shall consider there
the generalized Cahn-Hilliard and the Allen-Cahn models coupled separately either with
elasticity or with thermal effects. The latter case allows to enlighten a general question of

~ particular interest in phase-field modelling whether to modify the energy or the entropy

equation by "extra” terms (for related discussion see, e.g., [53] and [113]).
Let us note that to the class of models which involve an ”extra” entropy flux belong,

e.g., models by Penrose and Fife [129], [130], Caginalp [23]. Alt and the author [5], [7],

Falk [62], Fabrizio, Giorgi, and Morro [53], Morro [112].
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On the other hand, to the class of models which involve an ”extra” energy flux belong,
e.g., models by Aifantis [1], [2], Dunn and Serrin [49], Umantsev [139], Umantsev and
Roitburd [141], Fried and Gurtin [72], Frémond [70], Bonfanti, Frémond, and Luterotti
[17], [18], Miranville and Schimperna [104], and Benzoni-Gavage et al. [12].

In relation to models modified by extra energy or/and entropy fluxes, the answer
given by the present work is that both variants of the schemes with extra energy or/and
extra entropy fluxes are thermodynamically consistent. More precisely, we prove that one
can choose a nonstationary part (depending on the time derivative of the order parame-
ter) of the energy flux in an arbitrary way not restricted by the entropy principle. This
property, characteristic for models governed by gradient-type potentiales, was observed
firstly in [10] by a rigorous analytical exploitation of the second law of thermodynam-
ics in the form of the Miiller-Liu entropy inequality. Following the ideas in [9], [10], we
worked out in a number of papers [123], [124], [125], [127], [128] a special procedure of
exploiting the Miiller-Liu entropy inequality, combined with a dual approach. The dual
approach consists in choosing internal energy or entropy as independent thermal vari-
able for the exploitation of the entropy inequality, and afterwards applying the duality
relations (Legendre transformations) to formulate the resulting equations in terms of the
absolute temperature. Using such approach we derive here schemes involving an arbitrary
vector fleld. Clearly, a final selection of this field must follow from an additional analysis
of the resulting model equations.

What is of interest, extra energy and entropy fluxes are also allowed to appear in
phase-field models of Cahn-Hilliard fluids, proposed by A. Morro [113].

1.2. The multipliers-based approach. Prior to presenting a general scheme of phase-
field models we describe briefly the Miiller-Liu multipliers-based approach. The applica-
tion of this approach to phase transition models requires a special procedure based on a
dual approach. The procedure consits of three main steps.

In the first step we consider the system of balance laws with a set of constitutive
variables relevant for the phase transition under consideration. Distinctive elements in
this set are variables representing higher gradients of the order parameter and its time
derivative. The presence of such variables is characteristic for theories involving free ener-
gies of Landau-Ginzburg type. According to the principle of equipresence we assume that
all quantities in balance laws are constitutive functions defined on this set of variables.

The dual approach with internal energy or entropy as independent thermal variable is
valid under assumption of strict positivity of the specific heat (so-called thermal stability
condition). We have found such approach more straightforward in comparison with the
one using the absolute temperature as primary independent variable. Let us mention
that phase-field systems with internal energy as thermal variable have been introduced,
e.g., by Halperin, Hohenberg and Ma [85], Penrose and Fife [129], Galenko and Jou
[77]. Multicomponent systems with entropy as independent thermal variable have been
derived, e.g., by Falk [62]. To illustrate the role of the duality relations in evaluating the
entropy inequality, in this work we present both approaches with entropy and energy as
independent thermal variables.
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In the second step we postulate the entropy inequality with multipliers conjugated
with the balance laws. Again, we assume that all quantities in this inequality, including
multipliers, depend on the same constitutive set. Next, making no assumptions on the
multipliers, we exploit the entropy inequality by using appropriately arranged algebraic
operations. As a result we conclude a collection of algebraic restrictions on the constitutive
equations.

In the third step we presuppose that the multipliers associated with the equations for
the order parameter and the energy are additional independent variables. Then, regarding
algebraic restrictions obtained in the previous step, we deduce an extended system of
equations including in addition to the balance laws the equations for the multipliers.
Moreover, we require the resulting system to be consistent with the principle of frame
invariance, often referred to as frame indifference (see, e.g., [133, Sec. 9.3.2]).,

1.3. A general scheme of models. We summarize the main result of this work which
yields a general scheme of phase-field models with conserved and nonconserved scalar
order parameters, governed by the first order gradient free energy, in the presence of
deformation and heat conduction.

Let Q@ C R® be a bounded domain with a smooth boundary S, occupied by a two-
phase body in a fixed reference configuration. The motion of the body is denoted by
y(X,t) = X +u(X,t), where u = (u;) is the displacement vector; F' = Vy = I + Vu,
subject to the condition det F' > 0, is the deformation gradient.

We deal with the following quantities in the material representation:

00 = 00(X) > 0 — mass density given once and for all along with the body and the fixed
reference configuration,
S = (S;;) — referential stress tensor,
b = (b;) — specific body force,
X — scalar order parameter (phase variable),
j = (ji) — order parameter flux,
r — specific rate of produciton of the phase variable,
T — specific rate of supply of the phase variable from the exterior,
14— chemical potential,
6 > 0 — absolute temperature,
I = p/0 — rescaled chemical potential,
q = (gq;) — referential heat flux vector,
g — specific rate of supply of heat,
e — specific internal energy,
7 — specific entropy,
f =e—0n— free energy (Helmholtz) function,
¢ = f/0 — rescaled free energy,
o — specific entropy production,
¥ = (0,;) — referential entropy flux,
cr — specific heat at constant deformation.
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If elastic effects are suppressed or in case of fluids c¢r is denoted by ¢, and is called specific
heat at constant volume (see [133]).

We assume that there are given a free energy f = f (F,x, Dy, 0) which is strictly
concave with respect to 0 for all F', x, Dx, and a dissipation potential D = @(X ;w) with

X = (%’D%’ D%,x7t> — thermodynamic forces,

w:= (F,DF,x, Dx, D*x,0) — state variables,

which is nonnegative, convex in X and such that D(0;w) = 0. Above Dy, D?y, X,t, etc.
denote variables corresponding to Vx, V2x, X, respectively. Here and in what follows all
derivatives are material; V and V- are the gradient and the divergence with respect to
material point X, superimposed dot denotes the material time derivative.
A general scheme of phase-field models, denoted (PF), is as follows.

The unknowns are the fields u, x, /i := & and ¢ > 0 satisfying the following system of
differential equations in Q ¢ R? and time ¢ € [0,77], T > 0:

oottt — V- S = gyb,
00X+ V3%~ 0or® = oo,

B 6(eof/0) e ol 4 (1.1)
20 0 o +h V() + a”,
00é+V-(q*—xh*) - S -F =g,
subject to appropriate initial and boundary conditions. Here
e=&(F,x, Dx,0) = f(F,x, Dx,0) — 0f0(F,x, Dx,0), 12)

S = gof #(F,x, Dx,0), satisfying SFT = FS”,

~d
and 74 = #(X;w), §¢ = 7 (X;w), ¢ = §4(X;w), a® = a%(X;w) are subject to the
residual dissipation inequality
, 1
000 = —%Qon—D%'Jd'i'Dg'qd'i‘X,t'adZO (1.3)
for all variables {X;w} =: Z.
The quantity o is the specific entropy production. The superscript d indicates that the
quantity is dissipative, thus contributes to the entropy production. By the Edelen decom-
position theorem (see Section 4.2), the quantities r¢, 5, ¢%, a? are given by

4 oD .d oD d oD
- QOT = __——.—7 _J = -—7 q = —7
O(u/0) OD(n/0) oD(1/6) (1.4)
ad - _8‘2 -
8X,t‘

The subsequent equations in (1.1) represent correspondingly the linear momentum
balance, the balance equation for the order parameter, a generalized equation for the
chemical potential (equivalent to a microforce balance in the Fried-Gurtin theory, see
Chapters 9, 10), and the internal energy balance. Equation (1.1) combines various types
of dynamics of the order parameter:
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— mixed type if 7 # 0, rd # 0;
— conserved if ¢ # 0, r? = 0;

— nonconserved if ¢ =0, r¢ £ 0.
The exﬁression 8(00f/0)/6x denotes the first variation of the rescaled free energy f/6
with respect to x:
6(eof/0) _ (oof\ _ v. (2fpx) (15)
ox 0/ 0

The first equation in (1.2) represents the thermodynamic Gibbs relation assumed to be
valid in case of gradient type potentials. The second equation in (1.2) is the standard
constitutive equation for the stress tensor.

)

The characteristic nonstandard element in system (1.1) is the nondissipative extra
vector field h® = A’ (X;w) which contributes to the nonstationary energy flux (superscript
e indicates energy). The vector field h® is not restricted by the entropy principle. It
should, however, like all other constitutive quantities in (1.1), be consistent with the
frame invariance principle. This principle restricts the dependence on the deformation
gradient F'. In particular, the free energy should satisfy

f(F,x, Dx,0) = f(C,x, Dx,0),

where C' = FTF is the right Cauchy-Green strain tensor; other quantities should trans-
form appropriately (see Section 6.1).
Apart from this restriction the vector field h® is an arbitrary quantity that may be
selected, e.g., on a basis of an additional analysis of the resulting equations. We shall
present some physically realistic examples of vector h® which lead to phase-field models
well-known in the literature (see Chapters 9, 10 for a detailed discussion).

Prior to do this, let us summarize the main properties of model (PF)y, i.e., system
(1.1)—(1.3).

It will be proved (see Corollary 6.8 and Remark 7.1) that sufficiently regular solutions
of system (1.1)—(1.3) satisfy the following entropy equation and inequality

007+ V¥ = 000 — Eoor + L2 > Loy + 2 (1.6)
0 0 0 0

with the entropy production ggo given by (1.3), and the entropy flux admitting the
splitting

. 1 . — h® .
\I,:_%Jd+5qd+x_‘gﬂf’iz_z\lld+xhn. (1.7)

Above . . v
wid.— _Hgd, o 1.8
rERREL (1.8)

is the standard entropy flux associated with the dissipative fluxes, and
1
Xh" with  h7:= 2 (00f,px — h?) (1.9)

is an extra nonequilibrium entropy flux.
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It is of importance to note that according to the splitting (1.7), the extra nonequilib-
rium energy flux, —xh®, and the extra nonequilibrium entropy flux, xh", are linked by
the equality

x(h®+0R") = xo0f Dy, ie., h®+0R" = pof Dy. (1.10)

Another important property of model (PF)g (1.1)—(1.3) is the Lyapunov relation (see
Corollary 6.11 and Remark 7.1) which asserts that if the external sources vanish, i.e.,
b=0,7=0,g=0, and if the boundary conditions on the domain boundary S imply
that _

(Sn)-a=0, En.j=0 (1_€> (gt vhe) —
=0, i=0, g ) (@ —xh%) =0,

4 (1.11)

X
5n‘f7DX:07

where n denotes the unit outward normal to S = 89, and § > 0 is some constant, then
solutions of system (1.1)—(1.3) satisfy the inequality
%/go (e(F,x,Dx, 0) + %|u|2 — on(F,x, Dx, 0)) dr < 0. (1.12)
Q
This provides the Lyapunov relation.

One can see that the distinguishing elements in system (1.1)—(1.3) are nonstandard
energy and entropy fluxes, g and ¥ which contain extra nonstationary terms. The relation
(1.10) indicates that in phase-field models with the first-order gradient free energy (i.e.,
f.Dx # 0) at least one of the fluxes must include an extra nonstationary term with x.

We point now on model (PF)g with some physically realistic extra energy and entropy
terms h® and h":

(PF)(i) extra energy and extra entropy terms
h® = goe,py and h" = —0onDy;

(PF)(ii) zero extra energy term and extra entropy term
1
h*=0 and h"= EQOf,Dx;

(PF)(iii) extra energy term and zero extra entropy term

h®=p0fpy and h"7=0.

The corresponding systems (PF)g are formulated in Section 7.4. Here we point out that
with the above special choices of the extra term h®, assuming standard forms of the free
energy f = f (F,x, Dy, 0) and the dissipation potential D = D(X;w), we can derive from
system (1.1)—(1.3) several known phase-field models with conserved and nonconserved
order parameter, including the cases with suppressed either elastic or thermal effects.

1.4. Plan. Part I (Theory) consists of Chapters 2-7. In Chapter 2 we introduce basic
physical quantities, the balance equations, the state spaces relevant for phase-field models
under consideration and the constitutive relations. In Section 2.4 we present briefly the
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standard formulation of the second law of thermodynamics in the form of the Clausius-
Duhem inequality and the Coleman-Noll approach of exploiting this inequality. In Section
2.5 we introduce the entropy principle due to I. Miiller. This principle complemented by
the multipliers metod proposed by I-Shih Liu is considered as an important alternative to
the Coleman-Noll approach. In Section 2.6 we formulate the Miiller-Liu inequality with
multipliers for the system of our concern.

In Chapter 3 we present basic thermodynamic Gibbs relations formulated alternatively
either with respect to the free energy or the rescaled free energy. Moreover, we present
the Legendre duality relations for systems described by the gradient-type free energy
f = f(F,x, Dx,0), e.g., the Landau-Ginzburg free energy. Such relations — well known
for classical systems with volumetric free energies — in case of of gradient-type free energies
are not so common. Since in the present work they play a crucial role we present them
in a detailed way.

The exploitation of the entropy inequality always leads to the inequality type condition
on the constitutive functions, called the residual dissipation inequality. In Chapter 4
we record two results known in the literature on the representation of solutions to the
dissipation inequality. The first one is the decomposition theorem due to D.G.B. Edelen
and the second one is the theorem due to M.E. Gurtin. In subsequent chapters we shall
repeatedly make use of these representation results.

In Chapter 5 we are dealing with the evaluation of the entropy inequality introduced

in Section 2.6 to select a class of thermodynamically consistent phase-field models. The
applied procedure is combined with the dual approach. To illustrate the role of the duality
relations in this procedure we present two alternative approaches of evaluating the entropy
inequality which use either the entropy or the internal energy as independent thermal
variable. In Section 5.1 we use the state space with the entropy as the independent
variable and the internal energy density as a corresponding thermodynamic potential.
The obtained restrictions on the constitutive relations are stated in Theorem 5.1 in case
of mixed conserved-nonconserved dynamics of the order parameter, and in Theorem 5.4
for the nonconserved dynamics.
In Section 5.2 we present an alternative evaluation of the entropy inequality using the
state space with the internal energy as independent thermal variable and the entropy
density as a corresponding thermodynamic potential. The considerations parallel those in
Section 5.1. The obtained restrictions on the constitutive relations are stated in Theorems
5.5 and in Theorem 5.6 in the nonconserved case.

On the basis of the obtained results, in Chapter 6 we introduce two classes of
extended phase-field models (PF), and (PF)e, in which the multipliers corresponding
to the balance equations for the order parameter and the internal energy are treated as
independent variables. Then, on account of the duality relations, we give equivalent for-
mulations, (PF)y and (PF)y, of models (PF),, and (PF),, with absolute temperature 6
and inverse temperature ¥ = 1/6 in place of entropy 7 and internal energy e, respectively.
It turns out that models (PF)y and (PF)g are identical. The characteristic feature of
all presented models is the presence of an ”extra” nondissipative vector field h® which
contributes to the nonstationary (depending on the time derivative of the phase variable)
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energy and entropy fluxes as well as to the equation for the multiplier associated with
the balance equation for the phase variable (identified with the rescaled chemical poten-
tial). This extra vector field is nondissipative, that is not restricted by the second law of
thermodynamics.

It has to be selected in consitency with the frame invariance, but besides this it is an
arbitrary quantity.

In literature it is common to formulate models with the absolute temperature as the
independent thermal variable and the free energy as the corresponding thermodynamic
potential. For this reason in Chapter 7 we focus our attention on the extended phase-field
model (PF)y. We present physically realistic examples of this model which depend on
the specific choice of the extra vector field h®. These examples will be used in Part II to
dissuss relations of model (PF)g to well-known phase-field models with conserved and
nonconserved order parameters. Moreover, for further references we present separately
model (PF)y with suppressed elastic effects or with suppressed thermal effects.

Part II (Applications) consists of Chapters 8-10. Here our aim is to unify various
well-kown approaches to phase-field modelling by revising their arguments in the light of
the theory presented in Part I.

In Chapter 8, to set a stage for a comparision with known models, we collect some
typical examples of the free energies and dissipation potentials.

In Chapter 9 we discuss relation of our model (PF)y to well-known phase-field models
with conserved order parameter, in particular the Penrose-Fife model, the model with the
rescaled free energy, the Caginalp model, the Falk’s model, the Cahn-Hilliard-de Gennes
model for polymer phase separation, and the Gurtin model based on a microforce balance
for the Cahn-Hilliard system coupled with elasticity.

In Chapter 10 we perform similar comparison of model (PF)y with well-known phase-
field models with nonconserved order parameter. These include the Penrose-Fife model,
the Caginalp model, the Fried-Gurtin model based on a microforce balance and its ex-
tension due to Miranville-Schimperna, and the Frémond model based on microscopic
motions.

REMARK 1.1. In citing works we have tried to be objective as possible. Any omission of
due references is a personal shortcoming and certainly not intentional. We apologize if
we have not rendered justice to various significant contributions.

1.5. Notation. We generally follow the notation of the monograph by M.E. Gurtin [84].
Vectors (tensors of the first order), tensors of the second order (referred simply to as
tensors) and tensors of higher order are denoted by bold letters.

The unit tensor I is defined by Tu = u for every vector u; ST, trS, S7! and det S,
respectively, denote the transpose, trace, inverse, and determinant of a tensor S.

A dot designates the inner product, irrespective of the space in question: u - v is the
inner product of vectors 4 = (u;) and v = (v;), S - R = tr(STR) is the inner product of
tensors S' = (S;;) and R = (R;;), A™ - B™ is the inner product of the m-th order tensors
A™ = (A7 ; )and B™ = (B , ).

11 .elm
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In Cartesian components
(Su)i = Siju]', (ST)ij = Sji, trS = Siia u-v = Uuv;,
S R= Sinij, Am . Bm = A:?,LmBlem
Here and throughout the summation convention over repeated indices is used. The trans-
pose of a tensor is defined by the requirement that

w-Sv=(STu) for all vectors u and wv.

By A = (A;jri) we denote the fourth order elasticity tensor which represents a symmetric
linear transformation of symmetric tensors into symmetric tensors. We write (Ae);; =
(Aijkiert)ig-

The term field signifies a function of a material point X € R3 and time ¢.
The superimposed dot, e.g., f, denotes the material time derivative of the field f (with
respect to ¢ holding X fixed), V and V- denote the material gradient and the divergence
(with respect to X holding ¢ fixed).

For the divergence we use the convention of the contraction over the last index, e.g.,

We write f 4 = 0f/0A for the partial derivative of the function f with respect to
the (scalar or vector) variable A. Specifically, for f scalar valued and A™ = (A , )a
tensor of order m, f 4m is a tensor of order m with components f,’ﬁil

i

For a function f = f(F,x, Dy, 6) we denote by 0f /0 its first variation with respect
to x, defined by the identity
d )
E/f(F’X—!_ al,Vx + aV(, 0)dX | g=0 = /é(dX for all ¢ € CFP(Q).
Q Q

This gives the following representation

%=f,x(F7X7vX>6)_V'f,DX(F7XavXa0)" (113)
In situations that may cause confusion we shall distinguish between functions and their
values. Functions are then denoted by "hats”, e.g., f = f(F, x, Dx, 0).

Finally, let us add a comment on the numbering used in this work. Equations are
numbered sectionwise within each chapter. For example (2.3.1) stands for the first equa-
tion in the Section 3 of Chapter 2. If this equation is referred to within Chapter 2 itself,
it is simply cited as (3.1). Theorems, Lemmas, Corollaries, and Remarks are also num-
bered sectionwise within each chapter; typical examples are Theorem 5.1, Remark 2.1,
Corollary 6.11, and so on.
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2. Balance equations, state spaces, constitutive relations,
and the entropy inequality

2.1. Basic quantities. Let & C R3 be a bounded domain with a smooth boundary S,
| occupied by a two-phase body in a fixed reference configuration. The material particles
are identified with the positions X € Q they occupy in this fixed reference configuration.
The motion (deformation) of the body is denoted by

y(X, 1) = X +u(X,1), (1.1)
where u = (u;) is the dispacement vector. The motion velocity is v = 4. Further,
F=Vy=1I+Vu, (1.2)
subject to the condition det F' > 0, is the deformation gradient, and
OYm, O
C = FTF, in components Cj; = %}25’%,

is the right Cauchy-Green strain tensor corresponding to F. Above and hereafter the
summation convention is used. Moreover, let

1
e(w) = 5(Vu+ (Vu)")
denote the infinitesimal (small) strain tensor. The linear map
e(u) — Ae(u) := Xracee(u)I 4 2ue(u),

where X, p are the Lame constants satisfying g > 0, 3\ 4+ 2p > 0, I = (4;;) is the
unit matrix, represents the Hooke’s law for a homogeneous isotropic material. Here
A= (Aijkl) with

Asjer = MijOr + p(0irdjr + 6:djk)
is the fourth order elasticity tensor satisfying the symmetry conditions

Akt = Ajikt, Agiel = Aijik,  Asjit = Agisj-

In considerations of this work we follow the terminology of the monograph by M. Silhavy
[133]. More precisely, we deal with the following quantities in the material representation:

oo — referential mass density,
8 = (8,;) — referential (first Piola-Kirchhoff) stress tensor,
b = (b;) —specific body force (specific means the amount of the quantity per unit mass),
x — specific volume density of one of the two phases, referred to as an order
parameter or phase variable.

[21]
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In some theories order parameters are defined clearly in terms of concentrations or the
arrangements of the atoms on lattices; however other nonconserved order parameter fields
are often defined only in phenomenological terms. For various examples of conserved
and nonconserved order parameters we refer e.g., to the monograph by M. Brocate and
J. Sprekels [20];

J = (Ji) — referential flux vector of the phase variable, refferred also to as the referential
mass flux if x represents the concentration,
r — specific rate of production of the phase variable,
7 — specific rate of supply of the phase variable from the exterior,
0 > 0 — absolute temperature,
¥ = 1/6 — inverse temperature,
g = (¢;) — referential (Piola-Kirchhoff) heat flux vector,
g — specific rate of supply of heat,
e — specific internal energy,
n — specific entropy,
J = e—0n — free energy (Helmholtz function),
¢ = [/0 — rescaled free energy,
o — specific entropy production (dissipation scalar),
W — referential entropy flux,
1 — chemical potential,
I = /0 — rescaled chemical potential,
cr — specific heat at constant deformation.

In the case of fluids or if the elastic effects are suppressed, i.e., z = y(X,t) = X, v =0,
F =1, 0= pp/det F = go, then the specific heat at constant deformation is usually called
the specific heat at constant volume and is denoted by ¢,, where v = det F/go = 1/p is
the specific volume (see [133], Chap. 11).

Moreover, depending on the choice of independent thermal variable (see Chapter 3),
we denote:

e = é(0), & = &), &€ = &(n) — specific internal energy as a function of 6, ¢ and 7,
respectively;
n=17(0), 7 =7(9), 7 = 7(e) — specific entropy as a function of 8, ¥ and e, respectively.

2.2. Balance equations. Let us consider the local material forms of the balance equa-
tions for mass, linear momentum, angular momentum and total energy (cf., e.g., [133])

.(_-)0 = 07
20y — V- 5= gob,
SFT = FsT, (2.1)

1. 9) . .
g0<6+§|y|2> +V-(=S8"y+q) =00(b-§+9).
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The equation of balance of energy (2.1)4 admits the reduced form
006+V -q—8 F = pyg. (2.2)
The reduced form (2.2) follows by multiplying scalarly the linear momentum equation
(2.1)2 by v = ¢ and using the identity
v (V- 8) = v;0x,Si; = 0x, (S5v:) — Sij0x,vs
=V.-(8Tv)- S F,

to get the equation
1 ,
590(|v|2)- —V-(STv)+ 8- F = pyv-b. (2.3)

Now, subtacting (2.3) from (2.1)4 yields (2.2). We remind that V- denotes the material
divergence operator.

The system (2.1) is considered along with the local material form of the balance
equation for the phase variable

00X + V- j — oor = goT, (2.4)

where the quantities § and r represent the referential flux and the specific rate of pro-
duction of the phase variable. We assume that both j and r are constitutive quantities,
and one of them can be identically equal zero. The scalar 7 represents the specific rate
of supply of the phase variable from the exterior (not a constitutive quantity).

Equation (2.4) may describe various types of dynamics of the phase variable (see, e.g.,
[20]):

— mixed conserved-nonconserved when j # 0 and r # 0,
— conserved when j # 0 and r =0,
— nonconserved when j = 0 and r # 0.

In a common terminology due to Hohenberg and Halperin [87] equation (2.4) with a con-
served order parameter is referred to as Model B of phase transitions while in the case of
a nonconserved order parameter as Model A.

We shall assume that the referential mass density

00 = Qo(X) >0 (25)
is a positive function given once and for all along with the body and the fixed reference

configuration. Then system (2.1), (2.4), expressed in terms of the displacement u, takes
on the following reduced form:

o0t — V- S = pob,
SFT = Fs7,
00X+ V- j— oor = 00T,
006 +V-q—8-F = pyyg.
The system (2.6) is closed by constitutive relations for the quantities S, 7, r, e and ¢:
S=8(y), j=j), r=0Y), e=e(y), q=4(Y), (27)

(2.6)
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where Y denotes a set of independent constitutive variables (state space), and s , 3, 7, €,
g are smooth functions of their arguments.

The set Y has to be chosen so that to reflect the material properties. As common, we
do not assume constitutive relations for the external sources b, 7 and g.

2.3. State spaces. To derive phase-field models governed by a first order gradient free
energy

f = f(F,x, Dx,0),
one may use the following state spaces which differ by the choice of thermal variables as
0, n, or e:

Yy :={F,DF,...,DMF x,Dx,...,D¥x,0,D0,..., D*0,x,},

Y;[ = {F) DF7 A 7DMF7X7 DX7 e )‘DKX7 7]7 'D777 R DL’,’]’ X,t}? (3'1)

Y, :={F,DF,...,.DMF,x,Dx,...,D¥x,e, De,...,D"e, x +}
with integers M, K, L satisfying the conditions M, L > 1 and K > 2.

To avoid confusions above and hereafter we distinguish variables from functions by
a different notation. Thus, x ; is a variable corresponding to time derivative x evaluated
at (X,t), and
DFy = (Xyig.oin inyin=1,2,3, 0< k<K,

is the k-th order tensor of variables corresponding to the k-th order gradient of x with
respect to X

Vky = <L>
0Xiy - 0Xi, )4 =123

evaluated at (X,t); similarly D'6, D'e and D'n, 0 <1< L.
Finally,
D™ F = (Fijiy.. i )igin,sim=1,2,3, 0<m <M,

is the (2 + m)-th order tensor of variables corresponding to the m-th order gradient ot
tensor F' = (F};)

VF = (——amF” ) ,

0X;, ...0X, $,Jyi 1y tm=1,2,3
evaluated at (X, 1).
We use the convention
D% =x.

REMARK 2.1. Tensor F' and its gradients represent mechanical properties, x and its
gradients — structural properties due to material heterogeneity, 8, n, e and their gradients
— thermal properties, and x ; — viscous effects due to material heterogeneity.

The distinguishing elements in state spaces (3.1) are variables corresponding to higher
order space derivatives and the nonstationary varible x ;. It can be shown (see [123])
that in order to admit the free energy depending on DPx,p € N, the set of constitutive
variables has to include D? _1)(,,5‘ Since our goal is to construct models with free energy
depending at most on Dy we must admit x + as a constitutive variable.
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The kinetic constitutive variable  ; appears also in Fried-Gurtin’s theory based on
a microforce balance, see, e.g. [72], [83]. In this theory x . is related to the working of
internal microforces.

The higher gradients of F', x, @ (or 7, ) arise due to the first variation §f/dy which
appears in the model. In particular, in the case f = f (F,x, Dx,0), the formula

5f 3 3
Sx =fx—V-fpx="F x— Z(wa “Fi 4 foaXi T fixio) — Z Foxix X

i=1 ij=1
generates the variables DF, Dy, D?y, D6 in the state space Yy. However, for some
generality and the clarity of further presentation we do not restrict ourselves to M =1,
L=1, K =2, but admit M,L > 1 and K > 2.

" REMARK 2.2. The arbitrary choice of the state space Y, Yy, or Y, results from the

duality relations which will be presented in Chapter 3. We have found the choices of the
spaces Y7, and Y, more straightforward for the exploitation of the entropy inequality than
the space Yyp. Let us mention that in some particular situations the state space Y, has
been used in [124], Y, in [125] and Yp in [9].

REMARK 2.3. From the point of view of the axiom of frame invariance the appropriate
measure of the strain is for instance the right Cauchy-Green strain tensor C' as a constitu-
tive variable. However, as underlinded, e.g., in Gurtin [83], the exploitation of the second
law of thermodynamics is simpler using the deformation gradient F' as the constitutive
variable. The restrictions imposed by the frame invariance are then accounted for after
deriving consequences from the second law.

2.4. The Clausius-Duhem inequality and the Coleman-Noll procedure. The
Clausius-Duhem inequality is commonly used formulation of the second law of thermody-
namics of continua. According to rational thermodynamics interpretation the second law
is the requirement that the entropy production in any thermodynamic process must be
nonnegative. The requirement that a particular material satisfies the second law imposes
restrictions on the admissible constitutive relations. Within the field of rational thermo-
dynamics approaches of various degree of complexity have been developed to fulfill the
second law. Among them one finds the classical irreversible thermodynamics (cf. [45]),
the Coleman-Noll approach to the Clausius-Duhem inequality (cf., e.g., [40], [82], [133]),
and the Miiller-Liu approach which will be discussed in the next sections. For review
articles covering all these approaches we refer to Hutter [88], Muschik et al. [117], [118],
Papenfuss and Forest [121].

The commonly known local form of the Clausius-Duhem inequality in the material
description has the form (see Silhavy [133, Chap. 3.7])

on+V- % > Qo%, (4.1)

where it is postulated that there exist the absolute temperature 6 > 0 and the specific
entropy given by a constitutive equation n = 7(Y) with some state space Y, and that
the referential entropy flux, q/0, is determined as a quotient of the referential heat flux
vector g and the absolute temperature 6.
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The systematic procedure of exploiting the Clausius-Duhem inequality has been de-
vised by B. D. Coleman and W. Noll [40] and is widely known as the Coleman-Noll
procedure.

In case of a viscoelastic body with heat conduction, governed by the system of balance
laws (2.1), the Coleman-Noll approach to inequality (4.1) relies on assuming the state
space

Y :={F,6,D0, F .}, (4.2)

where F', 0, D@, F ; represent variables corresponding to F', 8, V0, F, evaluated at
a point (X,t), The important assumption in the Coleman-Noll approach is that the
body force b and the external supply of heat g can be chosen arbitrarily so that to admit
any deformation-temperature path (y,6) as a solution of system (2.1) with constitutive
equations

S=58(Y), q=4(¥), e=e(Y), n=n(Y), (4.3)

where the state space is given by (4.2).
The pair (y,6) is then called an admissible thermodynamic process. The form of consti-
tutive equations (4.3), (4.2) is determined by the requirement that system (2.1) must
satisfy the Clausius-Duhem inequality (4.1).

Since the state space (4.2) uses the absolute temperature as the independent thermal
variable, it is common to restate the Clausius-Duhem inequality (4.1) to the form of the
dissipation inequality

. . .1
Qof—S~F+Qon(9+{§q~V9§O (4.4)

as it contains the time derivative of 6, where f = e — 0n is the free energy. We refer
to Silhavy [133, Proposition 9.2.2], for the proof of consequences of the Clausius-Duhem
inequality on constitutive relations (4.3), (4.2).

2.5. The Miiller entropy principle and the multipliers method of its exploita-
tion. The entropy principle due to I. Miiller [115], [116] complemented by the multipliers
method proposed by I-Shih Liu [96], [97], [98] is considered as an important alternative to
the Coleman-Noll approach to the Clausius-Duhem inequality. The Miiller-Liu approach
has the same purpose as the Coleman-Noll procedure, namely to find restrictions on
the constitutive relations. It is, however, much less restrictive, thus designated for more
general classes of materials. In particular, it does not postulate a priori the structure of
the entropy flux as /6 (see (4.1)), and is formulated for supply-free processes. In the
present work we shall apply the Miiller-Liu approach combined with the duality method
to system (2.6), (2.7) with the purpose to find restrictions on the constitutive relations
(2.7) and this way to select a class of thermodynamically consistent models.

We formulate the local version of the entropy principle due to I. Miiller, specified to
system (2.6) in material form, with the constitutive relations (2.7).

The Mdller entropy principle states that there exist a specific entropy 7 and a refer-
ential entropy flux W, given by the constitutive relations

n=nY), ¥=¥(), (5.1)
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with smooth functions 7, \il, depending on the same set Y as S’, 5’, #, €, q, such that for
all solutions of the system of balance laws (2.6) with constitutive equations (2.7) (called
thermodynamic processes) defined in a space-time domain Q% = Q x (0, %), to > 0, the
following implication holds:

b=0, 7=0, g=0 in Q® = pgo =y +V -¥>0 in QF, (5.2)

where the scalar o denotes the specific entropy production. In other words, for supply-
free thermodynamic processes the local entropy production has to be nonnegative. We
point out that in the above formulation the entropy flux is a constitutive quantity and
all external sources are omitted.

For further discussion in Section 2.6 of a rigorous exploitation of the Miiller entropy
principle by means of the Lagrange multipliers method due to I-Shih Liu [96], we recall
two stronger versions of the implication (5.2) which have been firstly formulated in [10].
In a slightly stronger version (5.2) may be replaced by the following postulate:

For all thermodynamic processes and all points (X, ) € Q%, it holds

b(X,t) =0, 7(X,t) =0, g(X,t) =0= 0o(X)o(X,t) >0, (5.3)

where go(X) > 0 (see (2.5)).
One may formulate even stronger version of (5.2) as follows.

There exists a scalar field o with a constitutive equation og = 6¢(Y, b, 7, g), such that
for all thermodynamic processes defined in Q the following two conditions are satisfied

o>o0p in Q° and 5¢(Y,0,0,0)=0 for all variables Y. (5.4)

The latter version of the entropy principle describes the way it is used in the Coleman-
Noll procedure where, however, on the contrary to (5.4), it is assumed that the entropy
flux ¥ and the quantity o are given by the explicit formulas.

We notice, that obviously, the strongest version (5.4) implies the two weaker ones,
that is

(5.4) = (5.3) = (5.2).

2.6. The Miiller-Liu entropy inequality. The main step in the exploitation of the
entropy principle is based on introducing multipliers corresponding to the balance equa-
tions with the purpose of replacing the inequality in (5.2), which is required to hold only
for thermodynamic processes, by an inequality that is satisfied for arbitrary fields. This
idea is due to I-Shih Liu [96].

For system (2.6) the entropy inequality with multipliers, which we shortly call the
entropy inequality, reads as follows: There are multipliers

A =M(Y)ER®, N, =A,(Y)ER, X =2A(Y)€ER, (6.1)

conjugated respectively with balance equations (2.6)1,3,4 for the linear momentum, the
phase variable and the internal energy, such that the inequality

007+ VW — Ay(00it — V- S) — M\ (00 +V-q—S-F)>0 (6.2)

is satisfied for all fields of independent variables w, Y, 6.
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The quantities Ay, Ay, Ae are usually called the Lagrange multipliers because the
replacement of the inequality in (5.2) by (6.2) is a reminiscent of the manner the Lagrange
multipliers are used in the analysis of extremal problems with constraints.

After inserting the constitutive equations and performing differentiation the inequal-
ity (6.2) becomes an algebraic condition on the constitutive functions. We shall refer
to such condition as the algebraic entropy inequality. Therefore, after establishing the
entropy inequality (6.2) the exploitation of the entropy principle reduces to algebraic
considerations.

It is of interest to notice that the entropy inequality (6.2) implies the entropy prin-
ciple with the strongest property (5.4). More precisely, it follows from (6.2) that for all
thermodynamic processes (i.e., solutions of system (2.6) with constitutive relations (2.7))
it holds ) . .

000 =001+ V- ¥ > go[Au(Y) - b+ A (V)T + Ae(Y)g]
=: 0060(Y,b,7,9)
with 6¢(Y,0,0,0) = 0.
This means that whenever the entropy inequality (6.2) holds then all three presented
versions of the entropy principle are satisfied.

(6.3)

REMARK 2.4. In a rigorous Miiller-Liu approach (cf. [96], [97]) one has to prove that
the entropy principle in the weakest version (5.2) implies the entropy inequality (6.2).
The proof requires a characterization of local solutions to the system of partial dif-
ferential equations under consideration and the verification of the Liu lemma [96]. For
some systems this hard problem has been addressed in [96] by employing the Cauchy-
Kowalewskaya theorem.

The local solvability via the Cauchy-Kowalewskaya theorem has been also used in
[10] in the study of phase-field models with a conserved order parameter. For more de-
tailed discussion concerned with the treatment of supply-free processes we refer to [133,
Chap. 9.5].

Since the rigorous derivation of the entropy inequality is in general a complicated
mathematical task, in literature (see, e.g., [148], [149], [150], [90]) it is common, however,
not always expressed explicitly, to take the validity of the entropy inequality for granted.
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In this chapter we present basic thermodynamic relations, in particular the Legendre du-
ality relations, for systems described by the gradient-type free energy f = f (F,x, Dx;,0).
Such relations-well known for classical systems with volumetric free energies — in case of
gradient-type systems are not so common, see, e.g., [129], [10]. Since in the present work
they play a crucial role in the rigorous derivation of the phase field models we present
them in a detailed way.

We remark that analogous duality relations are also true for thermoelastic phase-
field models governed by the free energy f = f (F,DF,0) involving first gradient of the
deformation gradient F' which plays the role of the order parameter.

For the corresponding theory related to modelling of shape memory alloys we refer to
[125].

To avoid possible confusions throughout this chapter we shall carefully distinguish

between functions and their values by using superimposed ” A” symbol in case of functions.

3.1. The inverse temperature and the rescaled free energy. Let

f = F(F,x,Dx,0) (1.1)
be a given gradient-type free energy.
Apart from the absolute temperature 6 > 0 we introduce the inverse temperature
1

Moreover, in addition to the free energy (1.1) we introduce the corresponding rescaled
free energy, defined by

- 2 1

¢(F7 X5 DXaﬂ) = 19f<F7X7 DX?E)y (12)
or equaivalently,

- 1 1. .

The rescaled free energy is commonly known as the Massieu function (see, e.g., Silhavy
[133], Chap. 10.2.2).

3.2. Thermodynamic relations with temperature and inverse temperature as
independent variables. We present equivalent formulations of the basic thermody-
namic Gibbs relations betwen gradient-type free energy, rescaled free energy, entropy

[29]
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and internal energy. In classical thermostatics such relations are expressed in the form
(see, e.g., Wilmanski [149], Appendix A)

f=e—0n n=—fg (2.1)

As common in the literature on phase-field models (see, e.g., [7], [20], [85], [129], [130],
[133]) we postulate the validity of the classical relations (2.1) in case of gradient-type free
energy (1.1).

LeMMA 3.1 (Equivalance of thermodynamic relations with temperature and inverse tem-
perature). Assume the thermodynamic relations with 6 > 0 as independent thermal vari-
able:

é(F,X,DX76) -f(F7X7DXa6) = 9777
n=—1o(F,x,Dx,0).

The relations (2.2) are equivalent to the following ones ezpressed in terms of 9 =1/6 as
independent variable:

(2.2)

$(F, x, Dx, 9) + ii(F, x, Dx, ) = 9,
e= (Z),ﬂ(FvX7DX7'L9>7
where ¥ = 1/0 is the inverse temperature, and €, 7] denote internal energy and entropy
as functions of the inverse temperature:

(2.3)

- 1
€= é(F7X:DX779> = é<F7X>DX7 5)7
N R 1 . 1
n=n(F,x, Dx,¥) = n(F,x,Dx, 5) with — =¢.
Proof. ”(2.2) = (2.3)": Multiplying (2.2) by ¥ = 1/0 gives
#f(F,x, Dx,0) + A(F, x, Dx, 0) = 9&(F, x, Dx, 0),

which by definitions of ¢, € and 7 proves (2.3);. Simultaneously, the equalities

&,19(F7X7DX7’L9) = <19f<F7X7DX7 %))

r

- f(F7X7DX7 %) +7-9f,9(F7XaDX79) : <_ %)

= ( JX7DX7 ) efB(F X7DX76)

= (F X7DX> )+ ( 7X7DX76) (bY (2'2)2)
:6( 5X7DX7 ) (by 1)
é(F,x, Dx,?) (by (2.4)1)

prove that (2.2) implies (2.3),.



3.3. The specific heat (heat capacity) 31

7(2.2) <= (2.3)”: The relation (2.2); results immediately from (2.3); by definitions of ¥,
¢, €, and 7. In turn the equalities

f,B(F>X7DX»0> = <0$<F>X7DX7%>> ,

B

u 1 N 1
¢<F7X7DX7 5) +6¢,9(F7X7DX719) : (_ ﬁ)
&(F XaDX719)_19$,19(F7X7DX719)

= &(F X7 » Xo 7-9) - ﬁé(F>X7 DX719) (by (23)2)
= —ii(F,x, Dx,¥) (by (2.31))
= —i)(F,x, Dx,0) (by (24)2)

prove that (2.3) implies (2.2)5. This completes the proof. m

3.3. The specific heat (heat capacity). According to the terminology of Silhavy
[133], Sect. 10.8, the specific heat (heat capacity) at constant deformation, associated
with free energy (3.1) is defined by

cr = ¢p(F,x,Dx,0) :=ég(F,x,Dx,0). (3.1)
On account of thermodynamic relations (2.2), cp admits the following equivalent forms:
cr = ép(F,x, Dx,0) = é4(F, x, Dx,0)
= (/(F,x, Dx, ) + 64(F,x, Dx,6)) 0 (by (2.2)1)

. (3.2)
= 0ij0(F, x, Dx,0) (by (2.2)2)
= _(9f,00(F>X7DX7 9) (by (22)2)
Further, let us dentoe
- . 1
Crp = EF(F,X, DX, 19) = Cp <F, X, DX, 5) (33)

the specific heat expressed as a functions of the inverse temperature. With the use of
thermodynamic relations (2.3) ¢r admits the following equaivalent forms:

- 1
CF = CF (F X)DX719)26F(F7X7DX75>

=éy (F, x, DX, %) (by (3.1))

= —9%¢ 9(F, x, Dx,9) (by (2.4)1)
L (3.4)

= —928,95(F, x, Dx,) (by (2.32)

—0(9€,5(F, x, Dx, "))
( 79( >X7DX719)+727,§(F7X7DX’19)_é(F7X7DX7’L9)) (by (23)1)
—97,6(1F, x, Dx, ") (by (2.32)).
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3.4. Thermal stability. As common in thermodynamics, we shall postulate that the
specific heat is stricty positive

cr = ¢ép(F,x,Dyx,0) >0 forallarguments (F,x, Dx, 0). (4.1)

Such postulate is known as thermal stability, see e.g. Woods [151], Chap. 2.7, 2.10. It
implies in particular the validity of the partial Legendre transformations which allow to
use alternatively the absolute temperature 6 > 0, the entropy n or the internal energy e
as independent thermal variables. Assuming (4.1) we derive in Section 3.6 the relations
corresponding to the passages from 6 to n and from ¥ = 1/6 to e.

The lemma below provides the equivalent statements of the thermal stability condi-
tion (4.1).

LEMMA 3.2 (Thermal stability). Assume that thermodynamic relations (2.2) (equiva-
lently (2.3)) haold true, and 6 > 0. Then the following statements are equivalent:

6F(F1X7DX7()) >0,

)
(i) é(F,x, Dx,0) is strictly increasing in 0,
(iii) H(F,x, Dx,0) is strictly increasing in 6,
(iv) f( F,x,Dy,0) is strictly concave in 0,
(v) e(F,x, Dx,) is strictly decreasing in 9,
(vi) 7(F,x, Dx,9) is strictly decreasing in 9,
(vii) ¢(F,x, Dx, V) is strictly concave in 0.

Proof. The equivalances between (i), (ii), (iii) and (iv) are direct consequences of the
equalities (3.2)1, (3.2)3, (3.2)4, and the fact that 8 > 0.

In turn, the equivalances between (i), (v), (vi) and (vii) follow from the euqalities (3.3)s,
(3.3)7, (3.3)4, and the fact that $ =1/0 > 0. m

3.5. Duality relations. Let us consider the free energy f = f (F,x,Dx,0), and assume
thermal stability conditions(4.1), that is strict concavity of f with respect to 6. Under
such conditon we derive the partial Legendre transform relations, referred to as the duality
relations.

We remark that in modelling of phase transitions the Legendre transformations have .
been used by Donnelly [47] in case of volumetric (not involving gradients) thermody-
namic potentials, and by Penrose-Fife [129] in case of volumetric internal energy and
gradient-type entropy.

It follows from Lemma 3.2 (iv), (vii) that under thermal stability condition (4.1) the
function

0+ —f(F,x,Dx,6) isstrictlyconvex, (65.1)
and the function

¥+ @(F,x, Dx,¥) isstrictlyconcave. (5.2)
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Therefore, the following conjugate functions are well-defined:
— the conjugate convex function

00d(F,x, Dx,1) == sup {0+ f(F,x,Dx,0)} < +oo (5.3)
0<f<+0c0
which is a lower semicontinuous strictly convex function of n € R, and
— the conjugate concave function

i(F,x,Dx,e) = inf {9e—§(F,x,Dyx,0)} > oo, (5.4)
9<I<+00

which is an upper semicontinuous strictly concave function of € € R.

We underline that the distinction in the notation € and e, is meaningless if the internal
energy is treated as a variable, not as a function. We write € to indicate the connection
with thermodynamic relations (2.3).

LEMMA 3.3 (Duality relations). Assume thermodynamic relations (2.2), (2.3) and
thermal stability condition cp = cp(F,x,Dx,0) > 0. Let the conjugate functions
é(F,x, Dx,n) and 7(F,x, Dx,€) be defined by (5.8) and (5.4). Then:

(i) The unique supremum in (5.3) is attained at
6 = 0(F,x, Dx,1) (5.5)

and is characterized by the following relations

eF, 2 Dx,m) = (F, x, D, 0) = 0, 56)
en(F,x, Dx,n) = 0.
(if) The unique infimum in (5.4) is attained at
¥ = 9(F, x, Dx, &), (5.7)
and is characterized by the relations
7?(F, X, Dx, ) + &(F, x, Dx, ¥) = ¥, 58)
n&(F,x, Dx,€) = 9.

Proof. (i) By Lemma 3.2 (iii), the map 0 — #(F, x, Dy, 0) is strictly increasing. There-
fore, there exists the inverse map

n— 6(F,x, Dx,n), (5.9)

and the property 0 < 6 < +o0 is equivalent to 7, < n < n* with 9. = 7, (F, x, Dx) > —c0
and n* = 7*(F,x, Dx) < 4o00. If 5. < n < n* then the supremum in (5.3) is uniquely
attained at 0 = 6(F, x, Dx,n), and then
E(F,x, Dx,n) = 61+ f(F, x, Dx, 0). (5.10)
This proves (5.5) and (5.6)1. To get (5.6)2 let us nde that the supremum in (5.3) implies
the condition
n= —f,()(F7X7DX,0)~ (511)
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Hence, from (5.6)1 and (5.9), (5.11) it follows that
En(F,x, Dx,1) +10,0(F, X, Dx,m) = 0 +16,5(F, x, Dx, 1),

which actually proves (5.6)s.
(ii) By Lemma 3.2 (v), the map @ — &(F, x, Dx, ) is strictly decreasing. Therefore there
exists the inverse map

g — O(F,x, Dx, &), (5.12)

and the property 9 < 9 < +oo is equivalent to e, < & < e* with e, = é,(F,x, Dx) > —oc0
and e* = &*(F,x,Dx) < +oo. If e, < € < e* then the infimum in (5.4) is uniquely
attained at ¥ = 9(F, x, Dx, €), and then

7(F, x, Dx, &) = 9& — (F, x, Dx, V). (5.13)
This proves (5.7) and (5.8)1. To conclude (5.8)2 we note that the infimum in (5.4) is
characterized by
&= d9(F,x, Dx,9). (5.14)
Hence, (5.8); and (5.12), (5.14) imply that
z(F,x, Dx, &) + é'&)g(F, x,Dx,e) =9+ 61575(F, X, Dx, €).
This provides (5.78)q and thereby completes the proof. m

We shall refer to (5.6) and (5.8) as the duality relations expressed respectively in terms
of entropy and energy as independent variables.

Our goal now is to prove that under thermal stability condition (4.1) all forms of ther-
modynamical relations (2.2), (2.3), (5.6) and (5.8) are equivalent. Moreover, we shall show
that the convex function é(F, X, Dx,n) represents in fact the internal energy expressed
as a function of entropy 7, and that the concave function ﬁ(F, X, Dx, €) represents the
entropy expressed as a function of the internal energy e.

LEMMA 3.4 (Equivalance between primary and dual relations). Assume thermal stability
condition cr = ép(F,x, Dx,0) > 0. Then:
(i) The dual relation (5.6), i.e.,
&(F,x, Dx,m) = f(F,x, Dx,6) = 6n,
&n(F,x, Dx,n) =0
are equivalent to the primary ones (2.2), i.e.,

é(F,x, Dx,0) — f(F,x, Dx,6) = 0n,
— fo(F,x,Dx,0) =n
with
é(F,x, Dx,0) = é&(F,x, Dx,7(F,x, Dx, ). (5.15)
(ii) The dual relations (5.8), i.e.,
A(F,x: Dx,€) + $(F, x, Dx, 9) = ve,
ne(F,x, Dx, &) =9
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are equivalent to the primary ones (2.8), i.e.,
$(F, x, Dx, ) + ii(F,x, Dx,9) = e,

¢A),19(F7X7DX>'L9) =€
with

7(F,x,Dx,9) =0(F,x, Dx,&(F,x, Dx,9)). (5.16)

Moreover, the identities (5.15), (5.16) indicate that the conjugate convez function
é(F,x,Dx,n), defined by (5.8), is the internal energy expressed as a function of
the entropy n, whereas the conjugate concave function f](F, X, Dx, ), defined by
(5.4), is the entropy exprssed as a function of the internal energy €.

Proof. The implications (2.2) = (5.6) and (2.3) — (5.8) result from Lemma 3.3 con-
versely, to prove the implication (5.6) = (2.2) let us note that setting n = 4(F, x, Dx, 6)
into (5.6)1 we get

&(F, x, Dx, 7(F, x, Dx,0)) — f(F,x, Dx,0) = 64(F, x, Dx,0). (5.17)
this provides relation (2.2); with

&(F, x, Dx,0) = &(F,x, Dx, 1(F, x, Dx, 1)),

and simulttaneously demonstrates that € is the internal energy expressed as a function
of the entropy 7. Futher, differentiating the equality (5.17) with respect to 6 gives

é,'r](F7Xv DX)W)ﬁ,e(F7X7DX79) - f,@(F>X7DX70)
= (F, x, Dx,0) + 07),(F, x, Dx, 0).
Hence, on account of (5.6)s, it follows that
TA](F7X7DX70> :_f,H(F7X7DX79)’ (519)
which is just relation (2.2)s. Hence, the implication (5.6) = (2.2) is proved.

Similarly, to check the implication (5.8) = (2.3) notice that setting & = &(F, x, Dx,9)
in (5.8)1 leads to
01(F,x, Dx, &(F,x, Dx,¥)) + §(F, x, Dx,9) = 9&(F,x, Dx,¥). ~ (5.20)
This yields relatoin (2.3); with
i(F,x, Dx, ) = i(F,x, Dx, &(F,x, Dx, ),

and simultaneously indicates that 7) is the entropy expressed as a function of the internal
energy €. Further, differentiating the equality (5.20) with respect to ¥ gives

(5.18)

e(F,x, Dx,e)és(F,x, Dx,9) + ¢,9(F,x, Dx,9). (5.30)
hence, in view of (5.8), it follows that
&(F, x, Dx,9) = ¢,9(D,x, Dx, ). (5.31)

which proves the relation (2.3), and thereby the implication (5.8) — (2.3). The proof is
now completed. =

COROLLARY 3.5 (Equivalance of thermodynamic relations). Lemma 8.1 assures the equiv-
alence of thermodynamic relations (2.2) and (2.8). Combining this facrt with Lemma 8.4
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we conclude that under thermal stability condition all thermodynamic relations, the pri-
mary (2.2), (2.3) and the dual (5.6), (5.8), are equivalent.

3.6. Change of independent thermal variables. The duality relations (5.6) and
(5.8) allow for changes of independent thermal variables from 6 to n and from ¢ = 1/6
to € = e. We remind that the distinction in the notation € and e is meaningless if the
internal energy is tieated as a variable.

As it will be proved in Chapters 4 and 5, the constitutive relations in phase-field
models with free energy f = f(F,x, Dy, 0) include the first variations

of

& =fx—V-fpy and
é¢

az‘ﬁ,x_v‘ﬁb,DX'

These relations, among the others, involve the first order space derivatives D@ or D?.
Therefore, in case of change of independent variable from 6 to n one has to insert into all
consitutive relations the equation
0 =0(F,x, Dx,n) (6.1)
together with the corresponding first order space derivatives
e,ié,F(F7 X DX1 77) ' F>i + é’x(Fv X DX7 77)X,i + é,Dx(F» X DXv 77) : DX (() 2)
+é>T7(F7X7DX777)77,i1 i= 17273'

Let us notice that due to the invertitility of the map n é(F, X, Dx,n) the equality
(6.2) is equivalent to
Mi= ﬁ,F(FaX7DX7 9) : F,i + ﬁ,X(FX7 DX, 9)X,z + ﬁ,DX(F7X7DX70) . DX,i
+ 77,9(F7 X DX7 0)0,1

Similarly, choosing € = e as the independent variable one has to insert into the

(6.3)

constitutive relations the equation
¥ = J(F,x, Dx, &) (6.4)

together with the corresponding first order space derivatives
V= 19,1:(F, X, Dx,€) - Fi + 9 x(F, x, Dx, e)x,i + 9, px(F, x, Dx,€) - Dx; (6:5)
+ 9 :(F,x, Dx,€)e,;.

In view of the invertibility of the map & — 1§(F, X, DX, €) the latter expression is equiv-
alent to

é,i = é,F(Fa X DX>19) : F,i + é’X(F7X7 DX/&)X,'L + éDX(F7 X DXa 19) : DX,z
+ éyﬁ(F: X DX: 19)"9,1
It os of interest to notice some important implications of the transformations (6.1), (6.2)

and (6.4), (6.5).
If the entropy

(6.6)

n=n(F,x,Dx,0) = —fo(F,x,Dx,0)
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does not depent on Dy, i.e., n,.py = —f 6Dy = 0, then the transformation between 7 and
0 doew not involve Dy, and the transformation between D7 and D@ does not involve
second space derivaives D?y.

In subsequent chapters we shall refer to such gradient-type free energy f as being of
energetic type, since then

f.ox = e,px — 0n,px = €.y, (6.7)
that is the gradient Dy contained in f fully contributes to the energy e = é(F', x, Dx, 0).
Similarly, if the internal energy

€= &(F,x,Dx,9) = ,9(F,x, Dx,?)

does not depend on Dy, i.e., € py, = ¢ 9Dy = 0, then the transformation between & and
¥ does not involve Dy, and the transformation between Dé and D does not involve
d*x. We shall refer to such gradient-type free energy ¢ = f /0 as being of entropic type,
since then

N,Dx = wé,DX - ¢,Dx = _¢,Dx7 (6.8)

that is the gradient term contained in ¢ = f/6 fully contributes to the entropy
n=n(F,x, Dx,?).

3.7. Dual forms of the specific heat. For further use we collect the expressions of
the specific heat cp in terms of entropy and internal energy as independent variables.

LEMMA 3.6 (Dual forms of the specific heat). Assume tharmodynamic relation (2.2),
(2.8) and the thermal stability condition cy = ér(F, x, Dx,0) > 0. Then the specific heat
cp admits the following forms:

(i) in terms of the independent variadle n

ep(F, x, Dx,n) = &r(F, X, DX, 0)|g_g . Dy
= —~0£00(F, %, DX, 0)|y_jr.1 Dymy (71)

N 1
= 6(F7 X’ DX7 n),’.‘,—’
e,'fm(Fa X DX7 77)

(ii) 4n terms of the independent variable € = e

2

er(F,x, Dx, @) = er(F, X, DX, 0)| y_grx py.0)

_ 2
=9 ¢,1919(F>X7 DX7 19)’19:1?(F,x,Dx,€) (72)
1

= _'lgg(FJ(vDX:é)A____'—_'
f],éé(Fv X DX7 é)

Proof. (i) In view of euqalines in (3.2), taking into account the strict monotonicity of the
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map 6 — A(F,x, Dx,0) and the dual relation (5.6); we infer that

er(F,x, Dx;,0) ‘0=5(F,x,Dxm)
= —0£00(F,x: DX, 0)|p_gpypry (0 (3:2))

07,0(F, %, DX O)lg_gip gy (Y (3:2)3)

n 1
=0(F,x,Dx,n)————— (bythemonotonicityof A(F', x, Dx,0) in 6)
9>77(F7X7 DX>77)
- 1
=0(F,x, Dx,n)z——————  (by (5.6)2),
€nn(Fyx, Dx,n)

which proves (7.1).

(ii) Similarly, by equalities in (3.3), the strict monotonicity of the map
9 = e(F,x, Dx,v), and the dual relation (5.8)2, we have
tr(F,x, Dx, ) I79=1§(F,><,D><,E)
— 92
= —v ¢,1919(Fa X DX7 19)‘19="§(F:X,DX,€) (by (33)4)
_ﬂzéyﬂ(F7 X DXa 79) |19=1§(F,X,Dx,é) (by (33)3)

~ 1 A
= —9*(F,x, Dx, &) ———— (bythemonotonicityof e(F,x, Dx,d) in ¥)
ﬂ,é(F, Xa DXv é)
N 1
= _192(F7X7DX7E):———T (by (58)2)

n,éé(Fa X DX: 6)

This demonstrates (7.2) and thereby completes the proof. m

COROLLARY 3.7. In view of the dual forms of the specific heat in (7.1) and (7.2), the
thermal stability statements (i)—(vii) in Lemma 3.2 are equivalent to the following ones:

) 8(F,x, Dx,n)

) e(F,X, Dx,n) is strictly convez in 7,
(x) 19( X, DX, €) is strictly decreasing in €,
) 7i(F,x, Dx;€)

is strictly increasing in 7,

is strictly concave in €.

3.8. Relations between derivatives of thermodynamic potentials with respect
to parameters. In changing thermodynamic variables one needs formulas relating
derivatives of the thermodynamic potentials f(F,x,Dx,0), &(F,x,Dx,?),
e(F, x, Dx,n), 1(F,x, Dx,&) with respect to the parameters F,x, Dy. In particular,
one needs formulas linking the first variations of the above gradient-type potentials with
respect to x. We have
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LEMMA 3.8 (Derivatives of thermodynamic potentials with respect to parameters). As-
sume thermodynamic relations (2.2), (2.3) and the thermal stability conditions cp =

ér(F,x,Dyx,0) > 0. Then the following relations are satisfied

f,F(F7X7DX10) = é,F(F7X>DX>77)7
f,X(FaX7DX>‘9) = é)X(F7Xa DXJ])’
f,DX(F7X7DX>6) = é,Dx(F7X>DX777),
5f 5é
_(S—;C'(F7DF7X7DX>D2X79,D9) = &(FDF7X7DX>D2X>"77D77):
and

¢,F(F’X7DX>19) = _ﬁ,F(F7X7DX7é)a

QE,X(F7X7 DX719) = —ﬁ,X(F7X>ChZ'>E)7

QAS,DX(F7X7DX7'L9) = _ﬁ,DX(F7X,DX7 é)y

5 5%
£(F,DF7 X.Dx, D1, DY) = ~5(F, DF,x, Dx. D*x.¢, Do)

where n, Dn and 0, DO are related by the formulas
n=H(F,x, Dx,0),
Ni = ﬁ,F(F7X7 DXa 9) : F,i + 'f],x(va’ DX7 H)X,z
+ ﬁ,Dx(Fa X»-DX7 9) : DX,Z' + 'f],O(F7 X DXv 0)9,1'7
while €, Dé and ¥, DY by
e=¢&(F,x, Dx,9),
é,i = é,F(F7Xa DX? 19) . Fﬂ' + é,X(Fv X DX7 ﬁ)x,i
+ é,DX(F7 X DX7 19) : DX,l + é,ﬂ(F7X7 DXy,ﬁ),ﬁ,i'

(8.1)

(8.4)

Proof. By Lemma 3.3 the duality relations (5.6) and (5.8) hold true. From (5.6); it follows

that
f(F7XaDX70) - H’f](F,X, -DX70) + é(F7X7DX,'f](F7X7 DX,(Q))
Hence, using (5.6)2, we deduce the relations

f#(F,x, Dx,0) = =00 (F, X, Dx,6) + ér(F, X, Dx,)
+&4(F,x, Dx,n),r(F,x, Dx,0) = € r(F,x, Dx,n),

Fx(F,x, Dx,60) = =07 3 (F,x, Dx,0) + & x(F,x, Dx,n)
+éq(F,x, Dx, M5 (F,x, DX, 0) = &5 (F,x, Dx,7),

F.ox(F,x, Dx,0) = =00, py (F, x, Dx,0) + &,px (F,x, Dx,n)
+én(F,x, Dx,n)0,px(F, x, Dx,0) = & py(F, x, Dx,7)

where n = 7(F, x, Dx, 6). This proves equalities (8.1)1_3. Further, by the definition of
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the first variation we deduce from (8.1), 3 that

é A
(. DF. x, D, D5, D0) = (F, . Dx,6) + 9 o, Do)

- 2 (FvaDX,n)+v’é,DX(F7X7DX777)
¢
T ox

where 1, Dn and 0, D0 are related by (8.3). This proves the equality (8.1)4.
Similarly, from the duality relation (5.8); it follows that

$(F, x, Dx,9) = 9&(F, x, Dx, %) — 1(F, x, Dx, &(F, x, Dx, 9))-
Hence, by (5.8)2 we have
¢ .r(F,x, Dx,9) = 9é p(F,x, Dx,¥) — 7,7 (F,x, D, €)
—1&(F, x, Dx,8)é r(F,x, Dx,9) = —1,r(F, X, Dx, €),
b (F,x, Dx,9) = V€ (F,x, Dx,9) — 11, (F, x, Dx, &)
—0.6(F, x, Dx, 8)é 5 (F, x, Dx,9) = —15(F, x, Dx;, &),
.05 (F, X, Dx,¥) = 9¢,py(F, X, Dx,¥) — 1,0 (F, X, Dx, €)
—16(F, X, Dx, €)é,px(F, x, Dx,9) = —1}, oy (Fx, Dx, €),
where & = e(F,x, Dy, ). This proves equalities (8.2);—3. From (8.2)3 3 it follows that
g?i(F,DF,x, Dy, D?*x,9,D%*9) = ¢ (F,x, Dx,¥) + V - -¢ py (F, x, Dx, )
= —)7x(F,x, Dx,€) = V - i px (F, X, Dx;, €)

52
=~ 5 s DF, X, Dx, Dx.€, De),

where €, Dé and ¢, DV are related by (8.4). This yields the relation (8.2)4 and thereby
completes the proof. m

— (F,DF,x, Dy, D*x,n, Dn),



4. Representation of solutions to a residual dissipation inequality

4.1. Residual dissipation inequality. The exploitation of the second law of thermo-
dynamics always leads to an inequality type condition on the constitutive functions. Such
condition is called the residual dissipation inequality. It has the fundamental form

o(X;jw): =X -J(X;w) >0 forall {X;w}, (1.1)

where X, w and J are elements of finite dimensional vector spaces. The form (1.1)
is standard in irreversible thermodynamics where J is identified with thermodynamic
fluxes, X their conjugate forces, w corresponds to a set of state variables, and the scalar
o, called dissipation scalar, denotes the rate of entropy production in the state w with
forces X, see, e.g., de Groot-Mazur [45].

We record two results known in the literature on the representation of solutions of
thermodynamical inequality (1.1).

The first one is the decomposition theorem due to Edelen [50] which represents a spe-
cial case of the Helmholtz theorem in vector analysis. This theorem asserts a splitting of
the solution to the dissipation inequality into a dissipative and a nondissipative part.

The second result by Gurtin [83] gives a representation of the solution to the dissipa-
tion inequality in terms of a linear transformation which satisfies in a certain sense the
semi-definiteness condition.

In our further considerations we shall repeatedly apply these representation results.
We point out that the application of the Edelen decomposition theorem for the phase-
field systems we are dealing with leads to interesting conclusions on the structure of the
constitutive quantities. It turns out that the nonstationary parts of some constitutive
quantities may in general contribute to nondissipative thermodynamic fluxes. In other
words, if not excluded by other arguments, such anomaly fluxes are not restricted by the
second law of thermodynamics. In the class of models with gradient-type free energy the
key role plays the nondissipative energy flux.

The free choice of the nondissipative energy flux together with a special relation
between energy and entropy fluxes (see eq. (7.1.9)) allows to enlighten a question of
particular interest in phase-field modelling whether to modify the energy or the entropy
equation, see, e.g., discussion in Fabrizio-Giorgi-Morro [563]. From the point of view of
the Edelen theorem both variants are admissible and arise due to particular choices of
the nonstationary energy flux.

[41]
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4.2. The Edelen decomposition theorem.

LEMMA 4.1 (Edelen’s decomposition). , Edelen [50, Corollary p.220] Let X stand for
elements of an N-dimensional vector space EN with inner product X - Y, let w stand
for an element of a p-dimensional vector space EP, and let J(X;w) : EN x EP — EN
be a mapping which is continuous in w and of class C' in X. There exists a scalar-
valued function D(X;w) that is unique to within an added function of w, and a unique
vector-valued function U(X;w) such that

J(X;w) = VaD(X;w) + U(X;w),

(2.1)
X -UX;w)=0, UOw)=0,
where Vx denotes the gradient with respect to X.
The mappings D(X;w) and U{X;w) are given by
1
D(X;w) = /./Y'J(Té‘(;w)dT7
0 (2.2)

Moreover, if J(X;w) is of class C% in X, then D(X;w) is of class C? in X, and the
symmetry relations

Va A(T(X;w) —UX;w)) =0, (2.3)
where "A” denotes the exterior product operation, are satisfied identically on EV x EP.

This lemma is a special case of a more general decomposition theorem proved by
Edelen [50]. For clarity we present here a direct, simplified proof of this special case.

Proof. Let D(X;w) be defined by (2.2);. Since J(X;w) is of class C* in X, D(X;w) is of
class C! in X as well. Further, let

J =TT X;w).
Then

gz fo (2.4

Since
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the integration by parts in I; gives

1
= d = =1
Il=-/{Ji+TEJi}dT=7—JiIO:Ji(X§w)' (2.5)
0
Thus, from (2.4) and (2.5) it follows that
oD
JZ(/Y,LL)) = B_Afl — I2
1 - ~
oD 0J; 0J;
= X; Lo — z .
3Xi + g ‘7{3(7’Xj) 8(7’X,) }dT

0
When substitution (2.2), is used, we obtain

Ji(X;w) = 92

%, + Ui(X;w)

which yields decomposition (2.1);.
It now follows directly from (2.2), that (2.1)5 is satisfied:

OJi(tX;w) BT (TX;w)
X -UX;w) = X; X5 - dr=0
ot = [ ST - 2 bar =
0
and
U(0;w) =0.
It remains to show the uniqueness of the decompostion. Clearly,
J =VaD1+U =VxDy+Us
with
X U =X -Uy=0,
imply that
Uy — Uy = Vx(D2 — D) (2.6)
and
X - (Ul—ug) :X-Vx(Dg—Dl)ZO. (2.7)

Since D; and Dy are C* functions of X, the difference D = D, — D; is a C! function of
X . However, the only C* solution of (2.7) is given by

Dg = Dl + D(O;w). (28)
Hence, D is unique to within an additive function of w. When (2.8) is substituted into
(2.6), we obtain
Uy =Us. (2.9)
This establishes the uniqueness of the decomposition (2.1);.

Finally, if J(X;w) is of class C? in X, then D(X;w) is of class C? in X as well. Then
exterior differentiation of (2.1); with respect to X gives (2.3). This completes the proof. =
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4.3. The dissipation potential. We note important implications and interpretations
of Edelen’s decomposition theorem in regard to the dissipation inequality. It is seen that
on account of (2.1), inequality (1.1) reduces to

oc(Xw) =X -J(X;w)=X -VxD(X;w) >0 forall {X;w} (3.1)

It is thus only the part VxD(X;w) of the thermodynamic fluxes J (X; w) that contributes
to the rate of entropy production. The function D(X;w) can thus be interpreted as
a dissipation potential.
In other words, Edelen’s theorem asserts that there exists a dissipation potential D(X;w)
for every system of constitutive relations that satisfies the dissipation inequality. In fact,
it follows directly from (2.2); and (3.1) that o(X;w) and D(X;w) stay in the relation
1
D(X;w) = / o(ra;w) 3 (3.2)
) T

Thus, (3.1) and (3.2) imply that D(X;w) is nonnegative, convex in X and achieves its
absolute minimum of zero at X = 0.

The vector U(X;w) can be interpreted as the nondissipative part of the thermody-
namic fluxes J(X;w) because X -U(X;w) = 0 and hence U makes no contribution to the
dissipation ¢ for any values of X and w.

The symmetry relations (2.3) assert that reciprocity relations are always satisfied by
any solution of the dissipation inequality, although it is 7 — U rather than just J that
satisfies them. In this sense (2.3) generalize the Onsager reciprocity relations of linear

theory of irreversible processes to the nonlinear case. More precisely, it follows from (2.3)
that

VAT =0, ie. (9‘71'/8951.:8._7]'/5;\{1., 4,7=1,...,N,

when and only when the nondissipative part U of the thermodynamic fluxes vanishes
identically on EV x EP.

REMARK 4.2. If it worth to remark that the notion of the dissipation potential has been
firstly introduced by Lord Rayleigh in 1873, see [152], in description of wave phenomena
with friction.

REMARK 4.3. The potential D(X;w) in the statement of Edelen’s decompositon theorem
represents a smooth version of a more general notion called pseudopotential of dissipa-
tton. Such object has been introduced by Moreau [108] and advanced in the theory of
non-smooth thermomechanics and phase transitions by Frémond [70] and co-workers
Bonfanti-Frémond-Luterotti [17], [18], Luterotti-Schimperna-Stefanelli [99], Colli-Lute-
rotti-Schimperna-Stefanelli [41], Bonetti [14], Bonetti-Bonfanti [15].

The pseudopotential of dissipation has the same properties as D(X;w) of being non-
negative, convex with respect to dissipative variables X, and achieving value of zero at
X = 0 but, more generally, is only required to be subdifferentiable, see Frémond [70,
Chap. 4].
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"4.4, The Gurtin representation lemma.

"LEMMA 4.4 (Gurtin’s representation, Gurtin). [88, Appendiz B] Let X be a generic ele-
~ment of an N-dimensional vector space EN with inner product X - Y, let w be a generic
i element of a p-dimensional vector space EP, and let J(X;w): EN x E? — EN be a smooth
‘ function satisfying the inequality

X-J(X;w) =0 forall (X;w)e EN x EP. (4.1)
; Then J is given by
J(Xw) = B(X;w)X, (4.2)
. with B(X;w), for each (X;w), a linear transformation from EN into EN, consistent with
fthe inequality
: X B(X;w)X >0 forall (X;w)e EN x EP. (4.3)
. The mapping B(X;w) is given by

1
B(X;w) =/V(TX)J(TX;w)dT, (4.4)
0

E where V x denotes the gradient with respect to X.
" For reader’s convenience we record the proof of the above lemma.
- Proof. According to (4.1), for A > 0 it holds
AY - TOAX;w) >0 forall (X;w)e BN x EP,

and hence
X-TJAX;w) >0 forall (X;w).
, iThus, letting A — 0, we have X - J(0;w) > 0 for all (X;w), which implies that
: J(0;w) = 0. (4.5)
In view of (4.5), denoting }
’ J =J(1X;w),
; it follows that

J (X w) =T (X;w) — T(0;w) z/%jdv'
0

1 - 1
0T
= X = X' XA
/ 5y {/ VeI ’w)dT}
é 0 0
- Hence, denoting

1
B(X;w) :/V(TX)J(TX;w)dT,
0

7 " which for each (X;w) defines a linear transformation from EY into EV, we have

J(X;w) = B(X;w)X forall (X;w). (4.6)
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A general solution J of inequality (4.1) is therefore given by (4.6) with B(X;w), for each
(X;w), a linear transformation from E¥ into EV, consistent with the inequality (4.3).
This proves the lemma. =

REMARK 4.5. Because of the dependence of B(X;w) on X, the inequality (4.3) is weaker
than positive definiteness of B(X;w). However, when J(X;w) is linear in X for each w,
then

J(X:w) = Bw)X forall (X;w)e BY x EF,

with B(w) positive semi-definite.



5. Constitutive relations for conserved and nonconserved
phase-field models via the evaluation of the entropy inequality

To illustrate the role of the duality relations we present two alternative approaches of
evaluating the entropy inequality which use either the entropy or the internal energy as
the independent thermal variable.

5.1. Evaluation of the entropy inequality. Dual approach with entropy as inde-
pendent variable. In this section we use entropy as the independent thermal variable.
In such a case, by the duality relations, the internal energy é = é(F, X, Dx,n) expressed
as a function of the entropy 7 represents the correspondign thermodynamic potential.

5.1.1. System of equations and the entropy inequality. Let us consider system of
balance equations (2.2.6) with constitutive relations (2.2.7) and the state space Y;, with
the entropy as the independent variable, viz.

oolt — V- § = oob,
SFT = FS7T,

. (1.1)
oox +V-j—por = goT,
00é+V - q— 8 F = gy,
where
S=58(Y,), i=i(), r=7,), =&Y, a=a¥y) (1.2)
and
Y, :={F,DF,...,DMF x,Dx,...,D¥x,n,Dn,...,D'n,x;} (1.3)

with integers M,L > 1, K > 2, and S , j L7 e q being smooth functions of their

arguments.

We remind that by assumption (2.2.5), oo = go(X) > 0 is a given referential mass density.
For later purposes we split the state space

Yy = (¥, 1) (1.4)
into two subsets
Y%.={F,DF,...,DMF,x,Dx,...,D¥x,n,Dn,..., D'n} (1.5)
and
Y= {xu}, (1.6)

which distinguish between stationary variables and the nonstationary one vanishing at
equilibrium.

(47]
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Because of the presence of tensors of order higher than one we supplement (1.4) by
the following convention:

Any constitutive function defined on the set Yy, say 3(Y77), is understood in the sense
of the following extension:

F(Fy, o AT+ (AT,
Bf 4 (BFyskev . n,...,C  (CHTFeY ) (1.7)
:j(Fij,...,AE,...,X,...,B’C,...,n,...,Cl,...),

where A%L with2 <m < M, 4,57 = 1,2, 3, stands for the m-th order tensor corresponding
to D™F;;, B* with 2 < k < K for the k-th order tensor corresponding to D*y, and C"
with 2 < [ < L for the I-th order tensor corresponding to Dln, and where (A;';)Ske“’,
(BF)yskew (Chyskew denote respectively the skew parts of AT, B" and C*.

Such extension is used for all other constitutive functions. Consequently, for instance
in the case of D%y, we can treat the variables X,i; and X ;; as independent despite of the
equality 8%x/8X,;0X; = 6%x/0X;0X;. This fact is used in applying the chain rule in all
further considerations.

To select a class of admissible constitutive relations we impose the entropy inequality
with multipliers (2.6.2) which in case of state space ¥, reads as follows.

There exists the entropy 7, considered as the independent thermal variable, and the
entropy flux ¥ given by the constitutive relation

¥ — ¥ (), (18)
as well as the multipliers
Ay = j‘u(Yn): Ax = 5\(Y,7), Ae = ;\e(Yn)v (1.9)
conjugated respectively with balance equations (1.1)1, (1.1); and (1.1)4, such that the
inequality
o0+ V- ‘1’ = Ay - (00t —.V - 8) = A leox + V-5 — oor) (1.10)
—Aelope+V-gq—S-F)>0

is satisfied for all fields u, x and 7.

5.1.2. Algebraic preliminaries. We prepare some simplifying notation. For f = f (Yy)
a smooth function of its arguments, we denote by 8 ° f,i=1,2,3, the algebraic version
of the spatial derivative 8f/0z; contracted to the set of variables Y (applying differen-
tiation by the chain rule):

M K L
0
33/ f= E f,DmF . DmF,i + E f,Dkx . Dkxﬂ‘ + E f’DI77 . Dl’n,i, (111)
m=0 k=0 1=0

and by VY’ f = 4 °f )i=1,2,3 the corresponding gradient Vf contracted to the set Y°.
The convention D% = ¢ is used.
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Similarly, for a smooth vector-valued function ® = ‘i'(Yn) with values in R3, we denote
by VY. & the algebraic version of the divergence V - & contracted to the set Y0, viz.

3 M K L
VYO - P = Z |: Z (IDi,DmF . DmF’i + Z (I)i,DkX . Dkxﬂ' + Z (I)z',D‘n . Dln,i:l :
i=1 ~m=0 k=0 1=0

Moreover, to separate the highest order space derivatives { D™ F, DXy, D*n} we intro-
duce the following subset of Y0:

Y0 .= Y%\ {D™F,D*, D"}

1.12
={F,DF,...,DM7'F x,Dy,..., DX *x,n,Dn,..., D*p}. (-12)
Then, in particular, for a function & = @(Yn), the expression
o 3 M-1 K-1 L-1
Ve =) { > ®ipmp DTF i+ Y & pey Doyt > & pry- Dlm}
i=1 L m=0 k=0 1=0

does not exceed the set of variables Y,.
For a function f = f (F,x,Dyx,n) we introduce the algebraic version of the first
variation §f/6x = fx — V - f Dy contracted to the subset Y0, i.e.,
§7°f
dx

0
= fx—=V" - [y

3 (1.13)

3
=fx— Z {f,x.iF Fi+ Zf,x,ix,jX,ji + x| -
i=1 J=1
Note that since M, L > 1 and K > 2, the above expression coincides with the algebraic
version of the first variation (in this case the contraction to Y'° is meaningless). Thus, we
shall simply write

s7°f _of

—_ = . 14
Similarly, in this case, we write )

v =vr. (1.15)

5.1.3. The implications of the entropy inequality. To evaluate the entropy inequal-
ity (1.10) we impose three structural assumptions.

e The nondegeneracy condition for the internal energy
€n(Yy) >0 for all variables Y;,. (1.16)
e The relation between stationary entropy, energy and phase variable fluxes
W0 =205° + \q°, (1.17)

where W0, j 0 q°, /\?( and \J denote stationary quantities defined by setting x ; = 0
in the set Y7, ie.,

‘IJO = ®(Y07 Y1)|Y1={0}7

and similarly for other quantities. goodbreak
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e In addition, without loss of generality, we assume the following splitting of the

energy flux vector

q=q"—x:h°

(1.18)

where q° = QO(YO) is a stationary heat flux, and —x :h® is a nonstationary energy
,€e
flux with h® = h (Y},) some constitutive vector quantity.

We remark that in view of the duality relations (cf. (3.5.6)3) assumption (1.16) expresses
the strict positivity of the absolute temperature 6. The relation (1.17) is standard in
the classical thermodynamics theory where potentials do not involve gradients, see e.g.,

Miiller [116].

We prove the following

THEOREM 5.1 (Consistency with the entropy inequality). Let us consider balance laws
(1.1) with constitutive relations (1.2). Suppose that the entropy inequality (1.8)-(1.10)
is satisfied and assumptions (1.16)-(1.18) hold true. Then the following relations are

satisfied:

(i) multiplier of the linear momentum A, = 0;
(ii) internal energy & = &(F,x, Dx,7);
(ili) multiplier of the energy equation

(iv) stress tensor

(v) entropy fluz

1
W =MAJ+Aeq+ Xt {Aegoé,px - /(/\X'X‘tj)(YO,TX,t)dT ;
0

(vi) compatibility conditions

Xt

Xt

fori=1,2,3.

/\e =§\e(F7X:DX;77) =

1
— >
6,77 (F7X7 DX7 77)

S = 8(F,x,Dx,n) = 0oé,r(F,x,Dx,n);

o O O—

()\va,tj’;)(yo> Tth)dT + AX'DMFji = 07
1, DM

(/\Xx,tji)(YO,TX,t)dT +Ax p Ji = 0,
1 DKy

()‘X|x,tji)(YO7 TX,t)dT + )‘X,DL.,,ji =0
1,pry

Moreover, there ezists a scalar quantity a = &(Y,) such that

(1.19)

(1.20)

(1.21)

(1.22)
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(vii) multiplier Ay, = A\ (Yy) satisfies the equation

6 5 ~
—00Ay = Ae% — 00V e €Dy + v /(/\X)X,tj)(YO,Tx,t)d’r + Ve hf+a;

1

0
(1.23)

(vili) the quantities r = #(Yy), 5 = 7(Yy), ¢° = §°(Y°) and a = a(Y,) satisfy the residual
dissipation inequality

Ay 00T + V?D)\X FHV g+ x,ta >0 (1.24)
for all variables Yy,.

REMARK 5.2. By assertion (ii), the first variation 6é/6x depends on the variables
{F,DF,x, Dx, sz,n,Dn}. For that reason we have allowed for the higher gradient
dependence M, L > 1, K > 2 in the state space Y,,.

REMARK 5.3. In view of thermodynamic relation (3.5.6) assertion (iii) implies that the
energy multiplier A\, corresponds to the inverse of the absolute temperature
1

Ae < 7
Moreover, in view of thermodynamic relation (3.8.1)4, equation (1.23) for —\, resembles
the expression for the chemical potential in the classical Cahn-Hilliard theory which for
6 = const, po = const is given by p = §f/dx. Thus, the form (1.23) suggests that the
quantity —\, may be identified with a rescaled chemical potential
L
0
The above correspondences will be established rigorously in Subsection 6.2.1.

Ay & L=

Proof. of Theorem 5.1. By inserting constitutive equations (1.2), (1.8) and (1.9) into
entropy inequality (1.10) and applying the chain rule we arrive at the following algebraic
inequality

oont+¥y, - Dx+ VYW — gy g+ Au (S5, DX t)
A (VY7 8) = Aoxt = Md oy, - Dxe = M VY -5+ Aoor

Mo Ko . Lo , (1.25)
—Xe Y 00Epmr - D™F i —Xe Y 008 pry - DXt — e > 00E piy - D'y
m=0 k=0 =0
~ 0
- AEQOe,X,tX,tt - )\eq,x,t ‘ DX,t - /\evy 'q + /\cS - F,t Z 0
for all variables {W, Y, }. Here

W = {w i, X1t, (D™F )o<mens, (DX i) 1<k<ic, (D'n.1)o<i<n, DMTF,
D**lx, D" 'n}

denotes the set of variables (called higher derivatives) in which the left-hand side of (1.25)
is linear. The evaluation of (1.25) consists in deriving consequences from the linearity in
the variables belonging to W. The linearity permits to conclude that the coefficients
preceding these variables have to vanish identically. The proof will be divided into steps
1°—7°.
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By the linearity of the left-hand side of (1.25) in w4 it follows that the correspond-
ing coefficient has to vanish, that is A, = 0. This proves (i).
The linearity in 7 implies that
o0(1 — Xeépy) =0,
so in view of assumption (1.16) and the fact that g > 0, we infer that
1

Ae = — > 0. (1.26)
€n

By the linearity in the variables
(D™F icmens,  (D*x0)ach<r, (D'moicicr, X
bearing in mind that A, g > 0, we read off that
epnp=0forl<m< M, é,DkX_—‘OfOI'ZSkSK,
€piy=0for 1 <I< L, €x.=0.
Hence, the constitutive dependence of € is restricted to € = é(F, x, Dx,n) which
proves (ii).
Simultaneously, from the relation (1.26) it follows that the constitutive dependence
of ¢ is restricted to A\e = Ae(F, x, Dx,n) which proves (iii).
By the linearity in F',
)\eS - /\ggoé’p =0.
Hence, since A, > 0, assertion (iv) follows.
From the linearity in Dy ; we deduce that
‘iIOC,L - ij,x't - AEQOé,Dx - >\eq,x"5 =0. (127)
Let us define the vector
T=T—\j— \q. (1.28)
By virtue of assumption (1.17), we have
W0 =o. (1.29)
From (1.28), using (1.27) and (iii), we get

‘II,X,t = ‘I’,x,t - AX,)(,,ej - AXj,X,it - )‘eq,x,:

~ ) (1.30)
= Ae00€,Dy — Ax,X’tJ~
Hence, in view of (1.29) and (ii), (iii), it follows that
X,t
& = hogof prks - / Orin )Y, €10
(1.31)

1
=Xt { :':*QOe ,Dx — / X, x t Y »TX, t)dT
0

From (1.28) and (1.31) we conclude (v).
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6° It remains to examine the linearity in the variables DM+1F,DK+lx, D+t

view of the results obtained in the previous steps inequality (1.25) is reduced to

n. In

000y + X)Xt + Agoor + VY T A VY 5NV g>0  (1.32)

to be satisfied for all variables {DMT1F, DX*1y DLy v, ).
We rearrange now the sum of the last three terms on the left-hand side of (1.32) to
the form

VYA VY A VY g
=V (- A = Ae@) + VN GV A g (1.33)
=V 0+ VN 5+ VA g
Further, using (1.31) and the definition of the contracted divergence vy (see
notation in Subsection 5.1.2), we obtain
1
v .= X,t [V Yo - (Xe00€.Dy) / X“ Y L TX )T - (1.34)
0

By combining (1.33), (1.34), and using assumption (1.18) on g, inequality (1.32) is
transformed to the form

Xt l:_ QOAX - AeQOé,X + VYO . ()\eQOé,DX)

1
_ VYO . /(/\X,x,tj)(yovTX,t)dT _ VYD/\E . he (1.35)

FA00r + VY A G+ VY A g0 >0

for all variables { DM*1F, DX+1y DI+, Yo}

From (1.35), performing differentiation by the chain rule in terms involving diver-

gence VY° and gradient V¥* (contracting now to the subset ¥'°), the linearity in the

variables DM+ F , DX *1y and DL+177 implies that the coefficients preceding these

variables have to vanish. Hence, recalling assertions (ii) and (iii), we conclude (vi).
7° We shall derive conclusions from inequality (1.35) which remains after taking into

account (vi). It reads

Xt |: - QOAX - )\eQOé,x =+ VYO ' (AEQOE,DX)

B VY/O . ./(/\X.x,tj)(yov TX,t)dT - Vf/o)\e - h* (136)
0

+Fa00m + VA G+ VA g 20

for all variables Y,,.
Let us define now the scalar quantity a = d(Y;) given by the squared parenthesis
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in (1.36), i.e.,

a = —00M\y — Ae00€,x + V¥ - (Ac00€,Dy)
1
v / A 9 (Y0, m0)dr = V77N - 1
0 o (1.37)
= 00Mx — Aeleo€x — V" - (00€,Dx)]
1
+ ooV N Epy — VT / (e 3) (¥, ) = 970, - .
0
Bearing in mind that & = é(F,x, Dx,7n) and Ae = \(F, x, Dx,7), recalling nota-
tional convention (1.12)—(1.15), we have

V7 (002,px) = V- (00E,Dx), V¥ Ae = VA, (1.38)
5?0 Qoé) - 0 - . ~ 5(905)
5(—X =005 — V" - (00€,Dx) = 00€,x — V - (00€,Dx) = o
Thus, (1.37) takes the form
(o€ _
a=—gory — /\e(dg_ox) + 00V e - €Dy
o1 (1.39)
—v¥. / o) (Y0, X 0)dT — Ve - %,

0
which yields equality (1.23) in assertion (vii).

Finally, owing to (1.39), inequality (1.36) takes the form of the residual inequality (1.24).
This yields assertion (viii), which completes the proof. m

5.1.4. The implications in the nonconserved case. Theorem 5.1 simplifies in the
case of the nonconserved dynamics of the phase variable, i.e., 7 = 0, » # 0. Then,
assumption (1.17) is replaced by

W0 =20q°, (1.40)
and we have

THEOREM 5.4 (Consistency with the entropy inequality in the nonconserved case). Let
us consider balance laws (1.1) with constitutive equations (1.2) in the nonconserved case
J =0, 7 #0. Suppose that the entropy inequality (1.8)—(1.10) is satisfied and assumptions
(1.16), (1.18), (1.40) hold true. Then the following relations are satisfied:

(i) multiplier of the linear mamentum A, = 0;
(ii) internal energy é = &(F, x, Dx,n);
(ill) multiplier of the energy equation
1

e = Ae(F,x, Dx, 1) = &n(F,x, Dx,n)
\n » X ’

> 0; (1.41)
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(iv) stress tensor
S=S(F,X7DX,T]):Qoé’F(F,X7DX,T]), (142)

(v) entropy fluz
¥ = /\eq + X,t)\eQOé,Dx~ (143)

Moreover, there exists a scalar quantity a = a(Y,) such that
(vi) multiplier Ay, = A (Yy) satisfies the equation

6(oo€
—00)y = Ae (g’;e) — 00V - Epy + Ve - hE + a5 (1.44)
(vil) the quantities r = #(Y,), ¢° = G°(Y°) and a = a(Yy) satisfy the residual dissipation
inequality
Aeoor + Ve - q° + x,a > 0 (1.45)

for all variables Yy,.

Proof. Setting j = 0 the assertions result immediately from the proof of Theorem 5.1. =

5.2. Evaluation of the entropy inequality. Dual approach with internal energy
as independent variable. Here we use internal energy as an independent thermal vari-
able. In such a case the entropy 7 = 7(F, x, Dy, ¢) expressed as a function of the internal
energy e represents the corresponding thermodynamic potential. The considerations par-
allel those presented in Section 5.1.

5.2.1. System of equations and the entropy inequality. Let us consider system of
balance equations (2.2.6) with constitutive relations (2.2.7) and the state space Y. with
the internal energy as independent variable, viz.

oot — V- 8§ = gob,
SFT = FS7,

: . (2.1)
00X +V - J — oor = 0T,
00é+V-q—8-F = oy,
where gp = o(X) > 0 is a given referential mass density,
S:S(Yé)’ J :5(}2)’ r:f(YeL Q=fI(Ye) (2"2)

with smooth functions 8, j, 7, ¢, and
Y,:={F,DF,..., DMF x,Dy,...,D¥x,e,De,...,D"¢,x +} (2.3)

with integers M, K, L such that M,L > 1 and K > 2.
As in (1.4) we split the state space

Y, ={Y% v} (2.4)
into two subsets:

Y ={F,DF,..., DMF,x,Dx,...,D¥x e, De,..., D¢}
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and
Y= {x.t}
which distinguish between stationary variables and the nonstationary one.

To select a class of thermodynamically admissible constitutive relations we impose
the entropy inequality with multipliers (2.6.2) which in the case of state space Y, reads
as follows:

There exists the entropy n = 7 and the entropy flux ¥ given by the constitutive
relations

i=1nYe), ¥=¥(), (2.5)

as well as the multipliers
M= Aa(Ye), =M (Ye)s Ao =Ae(Ye), (2:6)
conjugated respectively with balance equations (2.1)1, (2.1); and (2.1)4, such that the
inequality
007+ V¥ =Xy (00 — V- S) = Ay(eoX + V- j — eo7)
— (006 +V-q—8-F)>0
is satisfied for all fields u, x and e. We remind that the notation 7 instead of n indicates
that the entropy is considered as a function of the internal energy e.

(2.7)

5.2.2. The implications of the entropy inequality. To evaluate the entropy in-
equallity (2.7) we impose three structural assumptions that parallel those in Subsection
5.1.3:

e The nondegeneracy condition for the entropy
7,e(Ye) >0 for all variables Ye. (2.8)
e The relation between stationary entropy, energy and phase variable fluxes
WO =205° + A\0q°, (2.9)
where W0, 5%, g% A0 and A0 denote stationary quantities defined by setting x,; = 0

in the set Y, i.e.,
‘I’O = ‘I’(YO,Yl)Iyl___{O},

and similarly for other quantities.
o Without loss of generality, we assume the splitting of the energy flux vector

q=q"—x:h% (2.10)

where q° = qO(YO) is a stationary heat flux, and —x :h® is a nonstationary energy
~e
flux with h® = h (Y.) some constitutive vector quantity.

We remark that in view of the duality relations (cf., (3.5.8)) assumption (2.8) expresses
the strict positivity of the inverse temperature ¥ = 1/6. As already mentioned in Subsec-
tion 5.1.3 the relation (2.9) between stationary fluxes W0, 4°, and q° is standard in the
classical thermodynamics.
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We prove the following

57

THEOREM 5.5 (Consistency with the entropy inequality). Let us consider balance laws
(2.1) with constitutive equations (2.2). Suppose that entropy inequality (2.5)-(2.7) is sat-
isfied and assumptions (2.8)—(2.10) hold true. Then the following relations are satisfied:

(vii)

(viii)

multiplier of the linear momentum A, = 0;
entropy 1 = ﬁ(Fv X, Dx, 6),‘
multiplier of the energy equation

Xe = Xe(F, x, Dx, €) = 71, (F,x, Dx,€) > 0;

stress tensor
. 1
=S8(F,x,Dx,e) = ———————007,7(F,x, Dx,e);
S = S(F,x,Dx,e) N (F . Dx.c) 00, (F,x, Dx;e)
entropy fluz .
W= XJ+Aeq— Xt {Qoﬁ,Dx + /(/\X,X,,j)(YO, TX,¢)dT |5
0
compatibility conditions
1 ]
Xt { - /(/\x,xltji)(yoa TX,t)dT + Ay, pMpJi =0,
B DMF
2 ,
1 -
Xt I: - /(Ax,x,,j'i)(yov TX,t)dT + )‘x,DKxji =0,
i vDKX
0
1 -
x|~ [OundWomxdr]| +a b=
9 ' 1,DLe

fori=1,23.
Moreover, there eizsts a scalar quantity a = a(Y.) such that

multiplier Ay, = :\X(Ye) satisfies the equation
S(o 1
oM = “% o / M, DY, 7x0)dT + VA - B +a,
0

where, according to notation in Subsection 5.1.2,
Y0 .= v°\ {DMF,D¥\, D"¢}

={F,DF,..., DM7'F x,Dx,..., DX"'x ¢, De,..., D' 1},

0(00) . _
o~ Ox V- (00fi,px);

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

the quantities r = #(Y,), 5 = 7(Y2), ¢° = §°(Y°) and a = a(Y,) satisfy the residual

dissipation inequality
oor + VY Ay G+ Ve - q® + xea > 0

for all variables Y.

(2.16)
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Proof. We use the same algebraic notation as in Subsection 5.1.2. By inserting constitu-
tive equations (2.2), (2.5), (2.6) into entropy inequality (2.7) and applying the chain rule
we arrive at the algebraic inequality:

M K L
Z oofi,pmr - D™F ¢ + Z 0071, pry - DFx .t + Z 0ofi pte - D'ey
m=0 k=0 1=0
~ 0
+ 00T Xttt + oy - DXt + VYW — oAy - U 1t (2.17)

+ A (Sx, Dx,t) + Au - (v’ 8) - Ax00X,t — Axd ., - DXt
AV G A00r = A8t = Aelly, - DXt — AVY @+ NS F >0
for all variables {W,Y,}. Here

W o= {uu, Xt (D™F )osmenr, (D*x1)1<k<r, (D'eoci<r,
DM+1F7 DK+1X, DL+16}
denotes the set of variables in which the left-hand side of (2.17) is linear. Further proof

consists in deriving consequences from the linearity in the variables belonging to the
set W. The proof will be divided into steps 1° — 7°.

1° By the linearity of the left-hand side of (2.17) in w4 it follows that the coefficient
preceding this variable has to vanish, i.e., A, = 0. This yields (i).

2° By the linearity in the variables (D™F 4)1<m<m, (Dkx,t)gngK, (Dle,t)lslgL, X, tt
we read off that

fpmp=0for 1<m<M, fpe, =0for 2<k<K, fp,=0for 1<I<I,

and 7,y, = 0.
Hence, the constitutive dependence of 7 is restricted to 7 = 7(F, x, Dx, e) which
proves (ii).

3° Since gg > 0, the linearity in e implies that

ﬁ,e —Xe =0.

Hence, in view of (ii) and assumption (2.8) we conclude (iii).

4° By the linearity in F' 4,
QOﬁ,F + /\eS = 0)

so, by virtue of (ii) and (iii) we infer (iv).

5° From the linearity in Dy ; we deduce that
00M,Dx + ¥ x, = Ad x, — Ael,x, =0 (2.18)
Next, let us define the vector

V=W - )\j—Agq. (2.19)

By virtue of assumption (2.9),
w0 = 0. (2.20)
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From (2.19), using (2.18) and (iii), we get

Vo = Wox = A d — Axd iy — Aely,

(2.21)
= —007,Dx — Axx . J-
Hence, in view of (2.20), (ii) and (iii), it follows that
Xt
T — 00— [ O Y €0
0 (2.22)

1
=X [Qoﬁ,Dx + /(/\x,xytj)(YO:TX,t)dT :
0

From (2.19) and (2.22) we conclude (v).

It remains to examine the linearity in the variables DM +1F, DEH x and D¥tle.
On account of the results obtained in the previous steps, inequality (2.17) is reduced
to

00(fin — M) Xt + Ayoor + VY T = A VY A VY g >0 (2.23)

for all variables { DM ' F, D¥ 1y, DI *1e v,}. We rearrange now the sum of the
last three terms on the left-hand side of (2.23) to the form

\ARI DA VA S v2 S
=V (-G = 2e@) + VY A G+ VY N g (2.24)
S VARRE IR 2 GO WY B LSS V)

Next, using (2.22), recalling the definition of vYe. (see Subsection 5.1.2), it follows
that
1

= —X.t vYe. (00, py) + vYe. /()\X,thj)(YO,TXYt)dT} . (2.25)
0

0

vY

By combining (2.24), (2.25), and using assumption (2.10) on g, inequality (2.23) is
transformed to the form

1
Xt | = 00Ax + Qof]x — v (e0f,px) — v ./(Ax,x,tj)(yofx,t)dT —V e he}
0

F a0+ VYA G+ VN g° >0
(2.26)
for all variables { DM F, D¥¥1y, DI *le Y.},
From (2.26), performing differentiation by the chain rule in terms involving vY©.
and VY’ (contracting now to the subset ¥0), the lineartiy in the variables DM+1p,
DE*1y and DI le implies that the coefficients preceding these variables have to
vanish. Hence, recalling (ii) and (iii), we conclude (vi).
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7° On account of (vi) inequality (2.26) becomes

1
~ % ~ ’ . 0 e
X,t| = oAy + Coflx — VYO‘ (QOU,DX) - vyo ‘/()‘x.x,ﬂ)(YOJX,t)dT -vr Ae - h
0

a0 VA G+ VA ° 2 0
(2.27)
for all variables Y.
Now, let us define the scalar quantity a = a(Y.) given by the squared parenthesis
in (2.27), viz.

~ _0 ~
a = —00\y + 007l — V¥ - (007, D)

o ] oo (2.28)
-y -/(AX‘X’tj)(Yomx,t)dT—V Ae - h°.
0

Let us note that on account of (ii) and (iii), recalling notation (1.12)—(1.15), we
have

V?O . (QOﬁ,Dx> =V- (QOﬁ,Dx)y V?OAE - V)‘ev

Yoo = .
. (eof) 5(5077) = ooflx — V- (0of],px) = 5(2)—;77)‘
Consequently, (2.28) becomes
~ 1
a=—pphy + 5(51”) —v¥. / o J) (YO, Tx )T — Ve - . (2.29)

This yields assertion (vii). Finally, by (2.29), inequality (2.27) takes the form of the
residual inequality (2.16). This implies (viii) and thereby completes the proof. u

5.2.3. The implications in the nonconserved case. As in Subsection 5.1.4 it is of
interest to distinguish thermodynamic restrictions in the nonconserved case j = 0. Then
assumption (2.9) reduces to

W0 = \0g0, (2.30)

and Theorem 5.5 specializes to

THEOREM 5.6 (Consistency with the entropy inequality in the nonconserved case). Let
us consider balance laws (2.1) with constitutive equations (2.2) in the nonconserved case
J =0, r#0. Suppose that the entropy inequality (2.5)-(2.7) is satisfied and assumptions
(2.8), (2.10), (2.50) hold true. Then the following relations are satisfied:

(i) multiplier of the linear momentum A, = 0;

(

entropy i = (F, x, Dx;e);

(il) multiplier of the energy equation

Xe = Ae(F, x, Dx,€) = ij,o(F,x, Dx,€) > 0; (2.31)
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stress tensor

. 1 .
S =8(F,x,Dx,e) = —W&)?LF(F,X, Dy, e); (2.32)
e b b b}

entropy flux
W = Acq — X,t007],Dx- (2.33)
Moreover, there exists a scalar quantity a = a(Y.) such that
multiplier A, = A, (Y.) satisfies the equation
5(00)
ox

the quantities r = #(Y.), ¢° = §°(Y°) and a = a(Y,) satisfy the residual dissipation
inequality

—00Ay = — + VA -h® +a; (2.34)

Axoor + Ve - q° + x>0 (2.35)

for all variables Y.

3 Proof. The assertions follow immediately from the proof Theorem 5.5 by setting j = 0. w

—



6. Extended conserved and nonconserved phase-field models with
multipliers as independent variables

On the basis of Theorems 5.1 and 5.5 we introduce two classes of extended phase-field
models, (PF), and (PF)., in which the multipliers A\, and A, are in addition to wu, x,
n, and to u, x and e, respectively, treated as independent variables. Then, due to the
duality relations, we give equivalent formulations, (PF)y and (PF')y, of models (PF),
and (PF)., with absolute temperature § and inverse temperature ¢ = 1/6 in place of 7
and e, respectively.

6.1. Phase-field model (PF), with multipliers and entropy as independent
variables.

6.1.1. Structural postulates. Regarding Theorem 5.1 (and Theorem 5.4 in the non-
conserved case) we introduce the extended model in which the multipliers A, and X,
are in addition to u, x and 7 treated as independent variables. Such idea is admissible
because theorem has been proved under no assumptions on X, and A.

Our claim on the structure of the extended model is based on the following two
modifications of the statements of Theorem 5.1:

e We replace the state space Y, in (5.1.3) by
2, = {F,DF,x, Dx, D*x,n, D1, Ay, DAy, Ae, DAc, X1} (1.1)
This set includes all variables which will appear in the extended model. In fact, since
é = e(F,x, Dx,n), the first variation 6(go€)/6x depends only on F,DF,x, Dx,
D?y, 1, Dn. Thus, the higher derivatives DmF,DkX7 Dln for m,l > 2, k > 3
become irrelevant.
As for Yy, we introduce the splitting

Z,={2,2}}
into the stationary part
22 .= {F,DF,x, Dx, D’x,n, Dn, Ay, DAy, Ae, D).},
and the nonstationary one
Zh= Xt
e Regarding ), as an independent variable we set all expressions involving its deriva-

tives with respect to x4, DMF, DX X Dt 7 identically equal zero and consequently
replace the gradient 2 A, contracted to variables Y0 by the gradient V.

(62]
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- Formally, with such modifications the statements (i)—(iv) of Theorem 5.1 remain un-
= changed, (vi) is automatically satisfied and (v), (vii), (viii) are respectively replaced by
the following:

( ) T = >‘x.7+/\eq+XtQO/\ eDx7
(W) —oohy = Ao 228 — ov,\e‘eDXer “h®+a;

. (vii) the quantities r = #( 2),i=3(2), ¢ =4q (ZS) and a = (Z,) satisfy the residual
i dissipation inequality

Axeor + DAy -+ DXe-¢° + x40 >0
for all variables Z, in (1.1).

"Tn Subsection 6.1.3 it will be proved that the above mentioned modifications lead to
.8 model which is consistent with the second law of thermodynamics.

6 1.2. Formulation (PF),. The extended phase-field model, further referred to as
(PF)m is based on the following postulates (i)—(iv):

: (PF), (i) The unknowns are the fields u, x, 1, Ay and e > 0.
- (PF), (ii) The state space is given by (1.1), i.e.,, Z, = {20, Z]}.
A thermodynamic potential is the internal energy

: &= &F,x, Dx,n) (1.2)

satisfying (in consistency with assumption (5.1.16)) the nondegeneracy condition

. en(F,x,Dx,n) >0 for all arguments (F,x,Dx,n). (1.3)

(PF), (iii) The fields u, x, 7, Ay and ). satisfy the system of differential equations
oot — V- 8§ = gob,

goX +V J— oor = goT,

— 000y = Ae 5((?;6) Ve - (008,0x) + Ve - B +a ”
= 5(/\§—§06)-+V>\5‘he+a,
20€ + V- (¢° —%h?) = S - F = 009,
\ Ay =1
where S is given by
S = o0&, r(F,x, Dx,n), (1.5)
‘ iconsistent with the condition
o SFT = ps7. (1.6)

- Moreover, the quantities 7 = #(2,), § = 7(2,), ¢° = QO(ZS) and a = a(Z,), with the
“state space Z, given by (1.1), are subject to the residual dissipation inequality

Axoor + DXy -5+ DX - q° + x40 >0 (1.7)
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to be satisfied for all variables Z,, of equivalently for all fields u, x, 17, Ay and A.. The
vector h® = EE(ZT,) is an arbitrary quantity.

(PF), (iv) In addition, according to the principle of frame invariance, the constitutive
equations

é=¢&(F,x, Dx,n), 8 =8(F,x,Dx,n),
¢ = €(F,x, Dx,n) = &px(F, x, Dx;n),
i=3(Z), =02, R =h(Z) r=i(Z), a=i(Z)

are assumed to be invariant under changes in observer, i.e., under transformations
g—é S—RS, £€-¢ j—7, =4 hR*—=h® r—r, a—a,
{F,DF,x, Dx,D*x,n,Dn,\y, DAy, Ae, DAc, x,¢}
—{RF,D(RF),x, Dx, D*x,1n, D1, Ay, DXy, Ae, D¢, X ¢}

for all proper orthogonal tensors R (RRT = R"R = I with det R > 0). This leads to

the following restrictions (see, e.g., Gurtin [83, Sec. 4.2], Silhavy [133, Chap. III. 9]):

e(F, x, Dx,n) = &(C, x, Dx,n),

(F,x, Dx,n) = FS(C,x, Dx,n),

(F,x, Dx,m) = &(C, x, Dx;), (1.8)

(Z) =32y, @) =48"(2)), h(Z)=h

P(2g) =1(2), a(Zy) =a(Zy),

Uy

&(F
(2

where

271 = {Cv DC, X DX7 D2X7 7, DT], /\xv D/\X7 /\ez D>\e7 X,t} = Z'g U {X,t}7
with C' = FTF the right Cauchy-Green strain tensor. We note that by virtue of (1.8),
condition (1.6) is automatically satisfied (see, Gurtin [83]).

6.1.3. Thermodynamical consistency. We shall prove that the phase-field model
(PF), is consistent with the second law of thermodynamics. More precisely, we shall
prove that it satisfies the Miiller-Liu entropy inequality with multipliers.

THEOREM 6.1. System (1.4)-(1.6) with inequality constraint (1.7) satisfies the following
entropy inequality with multipliers

007+ VW — Ay - (00t — V- 8) — Ay(oox + V-5 — oor)

— A/\x [Qo/\x + /\eQOé,X -V ()\ggoéypx) + Ve -h®+ a]

A ) . _ _ (1.9)
—Aefooe + V- (¢° —xh®) =S - F] — Ay, (M€ — 1) — Ag - (S = 00E,F)
:)\XQOT+V)\X-j+V)\e~qO+)'<aZO
for all fields w, x, n, Ay, Ae. The corresponding multipliers are given by
Ay=0, A, =), Ay, = —x
u ) X X Ax X (110)

Ae = >\ey AAE = _9077: AS = A5F>

s
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and the entropy flux is
W = Ayj + Aed + XAe00€,Dx
= Axd + Xe@” + XAe (008, Dy — R°).
Proof. Let u, X, 1, Ay, Ae be any fields and Ay, Ay, Ay, Ae, Ay,, As be defined by
(1.10). Then, after simple rearrangements, one arrives at the following identities:
Ay (00tt =V - 8) + Ay(00X + V- 5 — oor)
+ Ay, [eoAx + Xe00€x — V- (Ae00€,Dy) + Ve - B + a
+ Aelooé + V- (q° — xh®) — 8- F] 4+ Ay, (Aefpy — 1)
+Ag - (58— 0oé,r)
= Ax(oox + V-5 — eor)
— X[00Ax + Ac00€x — V - (Ae00€,Dx) + VA - B +a
+ Xe[008,F - F + 008X + 008,Dx - VX + 087+ V - (¢° — k) — S - F]
— 00M(Nebpy — 1) + A F - (S — 008 )
=007+ V - [Ayd + Ae@” + XXe (00, Dy — h°)]
—Ag00" — Vg § = VA -q° — ya.

(1.11)

This proves the equality in (1.9). The inequality in (1.9) results on account of the residual
dissipation inequality (1.7). The proof is completed. m

COROLLARY 6.2. From (1.9) it follows that the solutions of system (1.4)—(1.6) with in-
equality constraint (1.7) (called thermodynamic processes) satisfy the following entropy
equation and inequality
000+ V- W = Myoor + VA -5+ Ve - @° + Xa + AyooT + Aeoog
> )\xQOT + /\5909
with the entropy flur ¥ given by (1.11).

We point out that the structure of ¥ remains in compatibility with assumption (5.1.17)
postulated in Theorem 5.1.

(1.12)

6.2. Phase-field model (PF)y with multipliers and absolute temperature as
independent variables. In this section we shall express model (PF), in terms of ab-
solute temperature 6 > 0 as independent thermal variable and the Helmholtz free energy
f = f(F,x, Dx,0) as a thermodynamical potential. To this purpose, under an additional
assumption on the internal energy €(F, x, Dx,n), we apply the duality relations (3.5.6).

6.2.1. Transformation relations between entropy and absolute temperature.
To apply the duality relations we assume the thermal stability condition, that is the strict
positivity of the specific heat cp = ép(F, x, Dx,0) > 0 for all arguments (F,x, Dx,0).
Then, by virtue of Lemma 3.6 on dual forms of the specific heat,

CF = éF(Fa X DX7 77) = _‘9‘]2,99 (F7 X DX7 0)]9=é(F1X,DX{'7)

A 1 (2.1)

6,nn(F7X1 DX777)
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for all arguments (F', x, Dx,n). This shows explicitly that

the map 1 — &(F,x, Dx,n) is strictly convex, (2.9)

so the map n +— éy,,(F, X, Dx,n) is strictly increasing. .
Thus, from now on we shall assume that the internal energy é(F', x, Dx,n) satisfies (2.2)
in addition to the requirement (1.3), that is

& = &(F,x, Dx,n) is strictly convex as a function of 7, (2.3)
and such that &, (F,x, Dx,n) > 0 for all arguments (F,x, Dx,7). .

Under such assumption Lemma 3.3 yields the duality relations
&(F, x, Dx,n) = f(F,x, Dx, ) = tn,
é,"](F7X7DX7 77) =0.

Hence, (2.4)2 together with equality (1.4)s imply that

1 1

>‘62~_:_7 2.
" (2.5)

(2.4)

which means that the energy multiplier can be identified with the inverse temperature.
Clearly, the assumption é,n(F, X, Dx,6) > 0 is equivalent to 6 > 0.
Moreover, the requirement (2.2) means that
the map n — 6(F, x, D, 7) is strictly increasing,

2.6
so there exists a well—defined inverse map 6 — 7(F, x, Dx, 0). (2.6)

Further, in view of equalities (2.1), the strict convexity of & = &(F, x, Dx, n) with respect
to 7 is equivalent to the strict concavity of f = f(F,x, Dx,8) with respect to 6. Hence,
the assumption (2.3) expressed in terms of the free energy f reads:
f = f(F,x, Dx,0) is strictly concave with respect to 6 > 0. (2.7)
By virtue of Lemma 3.4, duality relations (2.4) are equivalent to
é(FaX7DX70)_f(F)X7DX79)=6na (28)
n=1(F,x, Dx,0) = —fs(F,x, Dx,0)

with
&(F,x, Dx,6) = &(F, x, Dx,1(F, x, Dx, ))-
Further, due to Lemma 3.8, the following equalities hold true:
¢r(F,x, Dx,n) = f,p(F,x, Dx,0),
Ex(F,x, Dx,n) = [ (F,x, Dx,0),
&px(F,x, Dx.n) = .ox(F,x, Dx, ), (2.9)
de

5= (F,DF,x, Dx, D*x.n, D) = %(F’ DF, x, Dy, D*x, 6, Df),

where 1, Dn and 6, D@ are related by the formulas
n=7(F,x, Dx,0),
Ni=70F - Fi+ 10X+ 00 Dxi+hels i=123

(2.10)
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Hence, the stress relation (1.5) transforms to
8 = pof.r(F,x, Dx,0). (2.11)

* Let us transform now equation (1.4)3 for the multiplier \,. As already mentioned
1n Remark 5.3, we shall identify —A, with the quantity i, deﬁned as a quotient of the
" chemical potential y over absolute temperature 6:

A\ =0= %. (2.12)

%We call i the rescaled chemical potential.
- - Then, in view of (2.5) and (2.9), equation (1.4)3 transforms to

_ 1 J(QOf) - 1 1 e
WE=G gy T WIe VgtV R
1 11,
E[Qof,x “(eof,px)] — 00f,Dx - V—é + VE -h®+a (2.13)
e _S@l0) gl e
5X 0 '

;?Finally, let us note that on account of relations (2.5), (2.6), (2.10)5 and (2.12), the state
i space
Zy = {F,DF, x, Dx, D*x,n, D1, A, DAy, Ae, D, X,1}

§in model (PF), transforms to

1
Z0 = {F7DF7X7DX7D2X70:D57/1:D/]7X¢}7 /*L_%
“in model (PF)y expressed in terms of absolute temperature ¢ in place of entropy 7.

.6.2.2, Formulation (PF)s. The presented relations allow to transform the phase-field
imodel (PF), into the following form (PF), expressed in terms of 6 as independent
“thermal variable:

(PF)p (i) The unknowns are the fields u, x, i = x/6 and 6 > 0.
{(PF)p (ii) The state space is given by

1 _
Zy = {F,DF,X, Dy, D%y, 0, Dg,ﬂ,D,u,X’t} = Z0 U {x+} (2.14)

A thermodynamic potential is the free energy f = f (F,x, Dx,8) which is strictly concave
with respect to 8 > 0.

(PF)y (iil) The fields u, x, i = 11/6 and 0 satisfy the system of differential equations

\ oott — V - § = gob,

cox+ V-3 — oor = 0T,

) 0 1 2.15
00 =M+V—'he+a, ( )
dx 6

00é+ V- (q° = xh®) — S - F = pog,
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where .
€= é(F,X,DX,@) = f(F7X7DX>6) +‘9'F/(F7X7DX70):
77277(F>X,DX»9)="f,0(F7X»DX79), (216)
0(eof/0) _ eofx _ . (2ofx
dx 0 6 ’
and S is given by
S = oofr(F,x,Dx,0), (2.17)
consistent with the condition
SFT = FsT. (2.18)

The functions gg = 0o(X) > 0 and b = b(X,t), 7 = 7(X,t), g = g(X,t), representing
referential mass density and specific external sources, are given.

Moreover, the quantities r = #(24), § = 7(Zp), ¢° = §°(22) and a = 4(Zp) are
subject to the residual dissipation inequality

i 1
—figor = Dji- j + D5 - q° + X0 = 000 > 0 (2.19)

for all variables Zy, or equivalently, for all fields u, x, iz and 6 > 0. The vector h® = R (Z9)
is an arbitrary quantity.

(PF)g (iv) The constitutive equations have to be invariant under changes in observer, as
in (1.8).

REMARK 6.3. The characteristic feature of both models (PF'),, and (PF') is the presence
of an "extra” nondissipative vector field h® which contributes to the equations for the
chemical potential and the energy balance but not to the residual dissipation inequality.
In other words, the presence of such vector field does not change the entropy production
but influences the structure of the model equations. In Chapter 7 we introduce some
physically realistic examples of such vector field. These examples will be used in Part II
to discuss relations of the presented models to other phase-field models well-known in
the literature.

REMARK 6.4. It is seen that in both presented phase-field models (PF),, and (PF)g the
fundamental problem is that of obtaining all solutions to the residual dissipation inequal-
ities (1.7) and (2.19) and thereby all possible constitutive relations for the quantities r, 7,
g° and a. In particular, in the case of inequality (2.19) let us define the thermodynamic
forces X and the thermodynamic fluxes J by

X = (ﬂa D,E7D%7X,t>u J = (—QOT’ _jvqova)7 (220)

and identify the remaining variables from the set Zy, not belonging to X, with the state
variables
w:= (F,DF,x, Dx, D*x,0), sothat {X;w}= 2. (2.21)

Then (2.19) takes on the form of the standard thermodynamical inequality
. 1
000 = —figor = Di- j + D7 - ¢" + xa
=X -J(X;w)>0

(2.22)
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for all variables {X;w} = Zy, or equivalently, for all fields u, x, & and 8 > 0; ¢ is the
- specific entropy production.
The question of solving inequalities like (2.22) is addressed in Chapter 4 (see also
Remark 6.6 below).

REMARK 6.5. The vector field q¥ in dissipation inequalities (1.7) and (2.19) depends only
on stationary variables Zg and ZJ, respectively, but not on x ¢+. By the Curie’s principle
(see, e.g., De Groot [45, Chap 6]), for isotropic media tensors of rank differing by an odd
integer cannot be coupled. Therefore, inequalities (1.7) and (2.19) exclude the case of
anisotropic systems. It should be pointed out, however, that the presented models (PF),
and (PF)g can be generalized to the anisotropic case where the above mentioned coupling
is allowed, that is vector g° is replaced by g% = f]d(Z,,) in (PF), and q% = q*(Zy) in
(PF)g. The superscript d means that the quantity is dissipative.

To be specific, we explain this for model (PF)y. Let us assume that h® = h] + hj,
where h; = fli(Zg), 1 = 1,2, are arbitrary vector fields. Now let us define the quanti-
ties

rti=1(2), §1=13(2), a'=a"(2) = q" — x.hi,
1 (2.23)
7
With the use of (2.23) system (2.15) reads as follows

0oit —V - 8 = gob,
o0x + V- 3% — 0or® = 0o,

) 0 1
.Qoﬁ:M—)—I-V—-hg—l-ad,
ox 0
00é+ V- (g% - %h5) — S - F = ogg.
We see that (2.24) has the same structure as (2.15) except that now the quantities j¢, r¢
and a® can depend on the variables 2y that admits anisotropic situation. Moreover, the
dissipation inequality (2.19) remains unchanged, since

a? =a%(2p) :=a+h$-D

(2.24)

o1
000 = —figor = Dfi- j + D5 - @° + xz0

. 1
= —ficor’ = D j* + D5 - g + x 0

. ) (2.25)
+ DE (=xthT) + x (hi Dg)}
. 1
= —ﬂQOTd—Dﬂ‘Jd'*'DE'qd"’X,tad = 0.

In conclusion, since h§ = ﬁ;(Zg) is arbitrary, (2.24) and (2.25) prove the claim.

REMARK 6.6. It is of interest to relate the equalities in (2.25) to the Edelen decomposition
theorem (see Lemma 4.1). Recalling (2.22), we have

oo =X - J(X;w) >0, (2.26)

where X and J are defined by (2.20). By Edelen’s decomposition theorem it is possible
to substract from a vector field J a vector field ¢/ which does not contribute to the
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scalar product X - J in such a way that the resulting vector field J¢ = J — U has
a potential.

In the case of inequality (2.26) this implies that one may decompose each of the
constitutive functions 7, j , ¢ and & into two parts

= 79(2Z9) + 7"%(Z),

(2.27)

Ad g . - . .
in such a way that the quantities #¢, 5 , qd, a?, referred to as dissipative, have a dis-
sipation potential while #7¢, 5n , Qnd, an?, referred to as nondissipative ones, do not

contribute to the entropy production. In particular, in (2.23) we set
1

=0, j"=0, ¢"=—x:hf o™ =hs- Dg. (2.28)

Consequently, the dissipation inequality (2.26) is transformed to the following decom-
posed form
000 =X - J(X;w)
. 1
= —fieor’ = Dfi+ j* + D7 - g + x40
1 1
+|D3- (=x,thi) + Xt (hi 'Dgﬂ (2.29)
=X (X w) +UX;w))
=X JYX;w),
where
7% 1= (~or®, ~5%, a*, o)
is the dissipative part of the thermodynamic fluxes 7, and
1
U:= (0707_X,th'§7h‘i . D@), (230)
satisfying
X -UX;w)=0 and U(O;w)=0,
is the nondissipative part. By Edelen’s decomposition theorem J¢ is characterized by
JHX;w) = VaD(X;w), (2.31)
where D(X;w) is a dissipation potential which is nonnegative, convex in X and such that

it achieves its absolute minimum of zero at X = 0.

6.2.3. Thermodynamical consistency. Thermodynamical consistency (compatibil-
ity with the second law of thermodynamics) of model (PF)y can be deduced from the
thermodynamical consistency of model (PF),, proved in Theorem 6.1.

For clarity we prove this fact directly.
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%THEOREM 6.7. System (2.15)-(2.18) with inequality constraint (2.19) satisfies the fol-
L lowing entropy inequality with multipliers

00+ V-¥—A, - (opts—V-85)
= Ay(ooX +V -5 — oor)

_ . 00fx 00 Dx 1 .

—Aelooé+ V- (q@° — x¥h®) — S - F]—Ag- (S — 0o f.r)

. 1 .
= —ieor = Vji-j+Vz-q"+xa >0
i;for all fields u, x, i = /0 and 0. The multipliers are given by

Au = 07 AX = *-/7/, Aﬁ = “‘X: Ae - 57 AS - ?7 (233)
t and the entropy fluz s
i .1 .0
U= —fj + 9q+x OJ;D‘
(2.34)
=~m+6q += (QofDx—h ).

fProof. Let u, x, I and 0 be any fields and Au, Ay, Ap, A and Ag be defined by (2.33).
Then

L Au- (00l — V- 8) 4+ Ay(oox + V- 5 — oor)

1
+Aﬁ(—90ﬂ+%~v- <QO];’DX> +V5‘he+a>

+ Aclooe+ V- (¢° — xh®) — S F|+ As- (S — oof,F)

. . . 0 1 .
“ﬂ(QOX'i'V'J—QoT)—X(—Q u+g0f’x -V (—Oféﬂ>+v5.h +a>

. F
[goé+v.(q0~5<h6)—s-F]+5-(S—gof,F)ER

D

+
(2.35)
; Taking into account that by (2.16)1 2,
é=(f+0n)
= fp - F + fuX+ fox - VX + fo0 + 60+ nd
: =00+ frF+ fxX+ f.ox VX,
“the right-hand side of (2.35) is after simple rearrangements transformed to the form

QOf,DX

gOf Dx ‘
) - Vx

. . o1
R:—ﬂV-g+ﬂgor—|—xV~< >—XV(T)'hE—X&+QOT]+
1
19 (a" - ih)
. _ _ 1 .
=00n+V: [ uj+5q +Z (Qofux—h )} + heor + V- g —Vg-tha.
This proves the equality in (2.32). The inequality in (2.32) is a consequence of (2.19). m
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Now we collect some important, immediate implications of the above thorem.

COROLLARY 6.8. The solutions of system (2.15)—(2.19) satisfy the entropy equation and
inequality

007+ V - T = go0 — figoT + ?—;ﬁ > oo + % (2.36)
with the entropy fluz

1 X
U=—[j+-¢"+ K(Qof,px - h?),

0 0
and the entropy production (dissipation scalar)
. 1 .
000 = —fieor = V- j+V5-q° +xa > 0.

COROLLARY 6.9. The solutions of system (2.15)—(2.19) satisfy the following free energy
equation and inequality

o0f +V - (uF — x00f Dx) — S - F + 0onf + ¥ - V4 .
(2.37)
= —lp00 + pooT < peoT,
where
f:e-—ena /'4:910“7 S:QOf,Fz

and W, o are as in (2.56).

Proof. The equality results by summing up energy equation (2.15)4 and entropy equation
(2.36) multiplied by —0. =

COROLLARY 6.10. The solutions of system (2.15)-(2.19) satisfy the so-called availability
identity

1. =\ . =
go(e+§[u|2—6n> + V- [-8Tiu+ q— 6]
, (2.38)
=—e<—§gor—vg-j+v5-q°+>'<a)+gou~b+gog~égo<—§v+§>,
where § = const > 0, g = q° — xh®.

Proof. Multiplying (2.15); by & we obtain the balance equation for the kinetic energy
1 ’ .
00 (E“”'Z) ~ V- (STu)+ 8- F = pous - b. (2.39)

Summing up (2.39), energy equation (2.15)4 and entropy equation (2.36) multiplied by
—6 we obtain (2.38). »

e

[



6.3. Phase-field model (PF). with multipliers and internal energy ... 73

COROLLARY 6.11. The solutions of system (2.15)-(2.19) satisfy the Lyapunov relation.
Namely, integration of availability identity (2.38) over Q gives

d 5
dt 00 (6 + -IUI - 977>d$

+/[—(Sn)'“+n'q—5n~ <—%J+9¢I+XQOJ;DX>}CZS’

H B 1 .
=—/9<—5@07‘—V§'J+V5-q°+xa>dw (2.40)
go[ﬁ'bﬁ-g—é(—%T—f—%)}dm

S/Qo{a-b—l—g—é(—g—T—i—g)}dm,
Q

where n denotes the unit outward normal to S = 0Q). Hence, it follows that if the external
sources vanish, i.e.,

+

D\b

b=0, g=0, 7=0,
and if the boundary conditions on S imply that
. . 6 : '
(Sn) - =0, %n~g =0, (1 - 5>n~ (¢° — xh) =0, %n fpy=0, (2.41)

then solutions of system (2.15)-(2.19) satisfy the inequality

d 1. =

& [ oo(etFx Dx0) + 3li? ~Bn(F D) Jas <0, 242

Q

This is the Lyapunov relation asserting that the function f 00 (e + %[ul2 - 977) dz, called
equilibrium free energy, is nonincreasing on solutions paths.

6.3. Phase-field model (PF), with multipliers and internal energy as indepen-
dent variables.

6.3.1. Structural postulates. On the basis of Theorem 5.5, following the same proce-
dure as in Section 6.1, we introduce an extended model in which the multipliers A, and
Ae join u, x and e as independent variables. Such idea is admissible because theorem has
been proved under no assumptions on A, and A.

The extended model is based on the following two modifications of the statements of
Theorem 5.5:

e The state space Y, in (5.2.3) is replaced by
Z.:={F,DF,x,Dx, D*x, e, De, Ay, DAy, Ae, DAc, X 1} (3.1)

This set includes the relevant variables for the extended model. In fact, since
i = n(F,x, Dy, e), the first variation 6(go7)/6x depends only on F, DF,x, Dy,
D?y, e, De. Thus, the higher derivatives D™F, Dkx, D'e for m,1 > 2, k > 3
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are irrelevant. As for Y., we split Z, = {Z9,Z'} into the stationary part
29 .= {F,DF,x, Dx, D*x,¢, De, A\, D)y, \e, D).} and the nonstationary one
Zh = {x}.

e Regarding ), not as a function but an independent variable, all expressions involv-
ing its derivatives with respect to X, DMF D%y, D¢ are set to be equal zero,
and the gradient vY° Ay contracted to the variables Y0 is replaced by the gradient
V.

Formally, with such modifications the statements (i)—(iv) of Theorem 5.5 remain un-
changed, (vi) is automatically satisfied and (v), (vii), (viil) are respectively replaced by
the following:

(’5) U= )‘xj + Aeq_— X,tQOﬁ,Dx§
(Vi) —oohy = =240 4+ V), - h® + a5
Vi) the quantities r = #(Z.), § = 7(Z.), ¢° = §°(20) and a = a(Z,) satisfy the residual
e
dissipation inequality
)\xQO"' + D)\x 3+ DA qo + Xt >0
for all variables Z, in (3.1).

In the next subsection we shall prove that such structural midifications lead to a model
which is consistent with the second law of thermodynamics.

6.3.2. Formulation (PF).. The extended phase-field model, referred further to as
(PF)e, is based on the following postulates:

(PF)e (i) The unknowsns are the fields u, x, €, Ay, and A, > 0.
(PF). (ii) The state space is given by (3.1). A thermodynamic potential is the entropy

7 :ﬁ(F7X7DX76) (32)
subject to the condition (in consistency with assumption (5.2.8))
N,e(F,x,Dx,e) >0 for all arguments (F,x, Dx,e). (3.3)

(PF), (iii) The fields u, x, €, Ay and A, satisfy the differential equations
ootk — V- S = gob,
ooX + V- j—por = oo,

6 (o)

— 00Ay = — 5 + Ve -h®+a, (3.4)
006+ V- (q° — xh*) — 8- F = gog,
)\e = 77,67
where S is given by
1
8§ = —+o0i,r(F, x, Dx; ), (3.5)
€

consistent with the condition
SFT = FsT, (3.6)
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: Moreover, the quantities r = #(Z.), 5= 3(2.), ¢° = §°(Z0) and a = &(Z,) are subject
fto the residual dissipation inequality

Ax0or + DAy -5+ DX q° + x40 >0 (3.7)

to be satlsﬁed for all variables Z,, or equivalently for all fields u, yx, €, A, and A.. The

svector h® = B (Z.) is an arbitrary quantity.

(PF) (iv) In addition, according to the principle of frame invariance, the constitutive

3

" equations

i =1(F,x,Dx,e), S=S8(F,x,Dx,e),
&ZE( 7X7DXa ).:ﬁDX(F7X7DX7e)7
i=3(2), @ =¢"20, h=h"(Z.), r=#Z), a=alZ)

are assumed to be invariant under changes in observer, similarly as in (1.8).

16.3.3. Thermodynamical consistency. We shall prove that phase-field model (PF),

is consistent with the second law of thermodynamics.

| THEOREM 6.12. System (3.4)-(8.6) with inequality constraint (3.7) satisfies the following
entropy inequality with multipliers

o0[7(F,x,Dx,e)] + V-V —Ay- (00ts — V- 5) — Ay (00X + V- 5 — oor)
— Ay, [00Ay — 00Ty + V - (007,Dx) + Ve - h® + a]

; ) e . _ 1 (3.8)
—Acleoe+ V- (q° ~ Xh%) = 8 F] = Ay, (Ae = fie) — As - <S+ —Qon,F>

Ae
= XA00T + VAy -5+ Ve - ¢ +xa >0

‘for all fields u, x, €, Ay, Ae. The corresponding multipliers are given by

A’u, = 0, A, =) N A _— "
o S (3.9)
AB = )‘67 A)\E = _QOé7 AS = AcFv

i and the entropy fluz is

¥ = /\xj + Aeq — XQOf/,DX

3.10
= AJ + Aeq® — X (007, Dy + h). (810)

Proof. Let u, x, e, Ay, A be any fields and Ay, Ay, Ay, A;, Ag be defined by (3.9).
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Then simple rearrangements lead to the following identities:
Ay - (00t — V- 8) + Ay(00x + V- 5 — cor)
+ A [eoAy — eoflx + V- (07, px) + Ve - A + d
+ Aclooé + V- (¢° — Xh%) = S - F]

1
+Ax,(Ne = Tle) + As - (S + /\—9077,1«">

= Ax(eoX +V - J — oor)
= x[ooAx — 0oflx + V- (007,Dx) + VA - h® + d]
+ Acleoé + V- (¢° — xh*) — § - F|
— 00€(Ae —Tl,e)
+AF- (S + )\iegoﬁ,p>
= 0ofl,p - F + eofl X + 007l,0x - VX + eofl,e€
TV (A + Ae@ — X0ofi,px) — Axeor = VA - § = VAc - g — Xa
= 0olii(F, x,Dx,€)] + V- ¥ = Ayoor — VAy - j — Ve - ¢° — xa.
This establishes the equality in (3.8). The inequality in (3.8) is a consequence of residual
dissipation inequality (3.7). The proof is completed. m

COROLLARY 6.13. From (8.8) it follows that solutions of system (8.4)-(3.7) satisfy the
following entropy equation and inequality

QO['F/(F>X>DX76)T +V. ¥ = AXQOT + VAX . .7 + v>\e . qO + XCL + AxQOT + ABQOQ
Z Ax00T + Xe0og,
(3.11)
where the entropy fluz ¥ is given by (3.10).

6.4. Phase-field model (PF)y with multipliers and inverse temperature as
independent variables. In this section we shall express model (PF). in terms of the
inverse temperature ¥ = 1/6 > 0 as independent thermal variable and the rescaled free
energy (see (3.1.3))

N N 1
¢ = ¢(F7X7DX’Q9) = ﬁf(-F)XvDX:E)

as a thermodynamical potential. This will be accomplished with the help of the duality
relations (3.5.8) under additional assumption on the entropy potential 77(F, x, Dx; €).

6.4.1. Transformation relations between internal energy and inverse temper-
ature. To apply the duality relations we shall assume the thermal stability condition,
that is strict positivity of the specific heat

. . 1
ﬁF:Z’F(F7X7DX719) = ’F<F7X>DXa5> >0
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for all arguments (F,x, Dx,¥). Then, due to Lemma 3.6, this condition admits the
following form in terms of the internal energy é = e as independent variable (we remind
that the distinction between € and e is meaningless if energy is treated as a variable; we
use € in consistency with the notation in Chapter 3):

éF(-F>X7 Dy, é) = éF(-Flv X, DX, ﬁ)'ﬂ:ﬁ(F,X,DX,é)

oy
= —9"¢90(F, X, DX>19)|19=1§(F,X,DX,§) (4.1)

. 1
= —0*(F,x,Dx, &) x——————>0
n,éE(F7X7DX, é)

for all (F, x, Dy, €). This demonstrates explicitly that

the map &+~ 7(F,x, Dx,&) is strictly concave, (42)
so the map &+ ﬁ,g(F, X, Dx,€) is strictly decreasing. .
For notational consistency with Chapter 3 let us set now € in place of e everywhere
in the formulation of phase-field model (PF),.
Let us assume that the entropy 7(F,x, Dy, €) satisfies (4.2) in addition to the re-
quirement (3.3), viz.

N = ﬁ(F7 X, Dx, &) is strictly concave as a function of &,

and such that 7z(F,x, Dx,€) >0 for all arguments (F,x, Dy, é€). (43)
Under such assumption Lemma 3.3 yields the duality relations
7?(F, x, Dx,€) + ¢(F, x, Dx,v) = ve, (4.4)
ns(F,x, Dy, &) = 7.
Hence, (4.4) together with equality (3.4)s imply that
Ae =Tz =1, (4.5)

which means that the energy multiplier can be identified with the inverse temperature.
Clearly, then the assumption 7,z > 0 is equivalent to ¥ > 0.
Moreover, the requirement (4.2) means that
the map & 9(F,x, Dx,&) is strictly decreasing,

. 4.6
so there exists a well—defined inverse map 9+ e(F,x, Dx,?). (4.6)

From the equalities (4.1) it follows that the strict concavity of 7 = 7(F,x, Dx, &) with
respect to € is equivalent to the strict concavity of ¢ = ¢(F, x, Dx,?) with respect to 9.
Hence, assumption (4.3) expressed in terms of the rescaled free energy ¢ reads as follows:
¢ = $(F,x,Dx,d) is strictly concave with respect to 9 > 0. (4.7)
By virtue of Lemma 3.4, duality relations (4.4) are equivalent to
#(F,x, Dx,9) +(F, x, Dx, #) = 2, 48)
€= &(F,x,Dx,9) = ¢,9(F, x, Dx, )
with
i(F,x, Dx,8) = 7i(F, x, Dx, &(F, x, Dx, 9)).
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Further, due to Lemma 3.8, the following equalities hold:
— 7.0 (F,x, Dx,€) = $,r(F, x, Dx,9),
- ;],X(F>XaDX? é) = q;’X(F, X DXa"S‘)>
— 7,05 (F, X, DX, €) = $,0x(F, x, Dx, ), (4.9)

o7
ox
where €, De and ¥, D¢ are related by the formulas

e= A(‘IT' X7 DX719)?
€, —eF Fl+6)XX~L+€DX Dx ; —i—em?z, 1=1,2,3.

By (4.5) and (4.9)1, stress tensor equation (3.5) transforms to

1 ~
Let us turn now to equation (3.4)s for the multiplier A, . Similarly as in Section 6.2
(see (2.12)) we shall identify —X, with the rescaled chemical potential:
Ay = [ =Y. (4.12)
Then, on account of (4.9) and (4.5), equation (3.4)3 transforms to
__ (e
00 = (50¢)
X

o
20 (F, D, x, Dy, D*x,¢, Dé) = 5 (F, DF, x, Dx, D9, D),
X

(4.10)

+ VY- R +a. (4.13)

Finally, note that in view of relations (4.5), (4.6), (4.10)2 and (4.12), the state space
Z; = {F,DF,x,Dx,D%x,& D¢, \y, D\, Xe, DAe, X1}

in phase-field model (PF'), transforms to
Zy ={F,DF,x,Dx,D*x,9,DV,,Dji, x+}, p="u,

in model (PF)y expressed in terms of inverse temperature 1 in place of energy é.

6.4.2. Formulation (PF)y. On account of the presented transformation relations pha-
se-field model (PF), takes on the following form (PF)y in terms of the inverse temper-
ature ¥ as independent thermal variable:

(PF)y (1) The unknowns are the fields u, x, i = ¥y and ¥ > 0.
(PF)y (ii) The state space is given by

Zy = {FDF,x,Dx, D*x,9, D9, i, Dfi, x,:} = Z9 U {x¢}- (4.14)
A thermodynamic potential is the rescaled free energy ¢ = qg(F,X,Dx,ﬂ), which is

strictly concave with respect to 9.
(PF)y (iii) The fields u, x, & = Yu and ¥ satisfy the system of differential equations

oot —V - § = gob,
ooX + V- J — oor = 00T,

4.15
oo = (Qo¢) (4.15)

+VY-h®+a,

goe+V~(q —xh?) — 8- F = gy,
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where

$(F, x, Dx, %) +i(F, x, Dx,9) = V&(F, x, Dx, ") (4.16)
6(§;¢) = 00¢,x — V- (e04,0x)
and S is given by
S = %Qofﬁ,F(F;X,DXﬂ?); (4.17)
consistent with the condition
SFT = Fs”. (4.18)

The functions go = go(X) > 0, b = b(X,t) and 7 = 7(X,t) are given. Moreover, the
quantities 7 = #(Zy), 7 = 7(Z9), ¢° = §°( 0

dissipation inequality

) and a = @(Zy) are subject to the residual

—fgor —Dfi-j+D9-q° +x4a>0 4.19)

for all variables Zy, or equvalently, for all fields u, x, i and ¥ > 0. The vector h® = fLa(Zg)
is an arbitrary quantity.

(PF)yg (iv) The constitutive equations have to be invariant under changes in observer, as
in (1.8).

6.4.3. Thermodynamical consistency. In analogy to Theorem 6.7 we have

THEOREM 6.14. System (4.15)-(4.19) with inequality constraint (4.19) satisfies the fol-
lowing entropy inequality with multipliers

007+ VW — Ay - (0ots — V- §)
= Ay(eox +V -3 —eor)
— Apl—00fi + 00b,x — V - (009, D) + VI - h® + d]
— Acfooé + V- (¢° —xh®) — S - F| (4.20)

—As- <S - %roﬁ,F)
=—fgor —Vi-j+ V- -q°+xa >0
for all fields w, x, i = Y and ¥. The multipliers are given by
Au=0, Ay=—f, Ap=-% A.=19, Ag=0F, (4.21)
and the entropy flux is

U = —pj +9q + X00,Dx

4.22
=~ + 94" + %(00¢,px — UR°). 2

Proof. Let u, x, i and ¢ be any fields and Ay, Ay, Az, A, and Ag be defined by (4.21).
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Then
Ay - (00t — V- 8) + Ay(00X + V- — oor) + Apl—00fi + 000 — V - (00¢,Dx)

. . . 1
+ VO h®+a] + Aclooe + V- (¢° = xh®) — S - F]+ Ag - <5~ EQOQS,F)
: , . (4.23)
= —p(eoX + V- — oor) — X[~ 00l + 009 — V - (00¢,Dx) + VI - h° + a
e . r r 1
+ o0 +V-(¢° — xh®) — S - F]+9F - <S~ 5QO¢,F> =R.
Taking into account that by relations (4.16)1 2,
Ve = ¢ +17j — &’
=65 F+ o0+ dpx Vit a0 +i—2
:ﬁ+¢,F'F+¢,xX+¢,Dx'VX7
the right-hand side (4.23) is transformed to the form
R =iV -j+ foor +xV - (e0d,px) — XV¥ - h® = xa+ 0ol + 00d,px - VX
+9V - (¢° — xh°)
= 007+ V - [~[i] + 94" + X(009,px — ¥h)] + Boor + V- j — V¥ - ¢° — xa.
This proves the equality in (4.20). The inequality in (4.20) is a consequence of the residual
dissipation inequality (4.19). =
6.4.4. Equivalance of models (PF)y and (PF)g.
LEMMA 6.15. Formulations (PF)s and (PF)g are equivalent.
Proof. The equivalance results immediately on account of the following statements:
— the definitions of ¥ and ¢

1 . 1
9= F,x,Dy, >
3 ¢< % DX, 5

— the strict concavity of ¢(F,x, Dx,®) in ¢ is equivalent to the strict concavity of
f(F,x,Dx,0) in 0 (by Lemma 3.2);

— the relations (4.16) 3 between &(F,x, Dx, ), 7(F,x, Dx,9) and ¢(F,x, Dx,V) are
equivalent to relations (2.16)s 3 between é(F', x, Dx, 0), 7(F, x, Dx, 0) and F(F,x, Dx,0)
(by Lemma 3.1);

— the equalities

) i 0(oof/6
(g;@ — 06y — V- (006.p) = Qog,x V. <QO]:9,D><) _ (Qgi/ )

) = 37Fx,Dx.0)

?

1
5= 5¢,F(F7X7DX>Q9) = f,F(F7X7 DX? 6)»
e(F,x, Dx,¥) = e(F,x, Dx,0), 0=1/0. .
6.4.5. Concluding remarks.
1° We have presented four phase-field models, (PF)y, (PF)e, (PF)g and (PF)y expressed

correspondignly in terms of entropy 7, internal energy e, temperature 6 and inverse
temperature ¥ = 1/6 as independent thermal variables.
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The remaining independent variables in these models are the fields of displacement
u, phase variable x, and the multipliers A¢, A, conjugated with equations of balance of
energy and phase variable. In models (PF)y and (PF)y the multiplier A, is identified
with the inverse temperature, A\, = 1/6 = 1, and negative of the multiplier A, with the
rescaled chemical potential, —\y, = i = p/6 = Yu, where yu is the chemical potential.

The thermodynamic potentials in models (PF),, (PF)., (PF)s and (PF)g are cor-
respondingly the internal energy & = &(F',x, Dx,n), the entropy 7 = 7(F, x, Dy, e), the
free energy f = f(F,x, Dx,6) and the rescaled free energy ¢ = G(F, x, Dx,9).

2° Models (PF'), and (PF), are more general than (PF)g and (PF)y in the sense of the
imposed assumptions on the thermodynamic potentials.

The potentials in models (PF), and (PF), are required to satisfy the nondegeneracy
conditions:

e in model (PF),

én(F,x,Dx,n) >0 forall (F,x,Dx,n);
e in model (PF),

fe(F,x,Dx,e) >0 forall (F,x,Dx,e).

The potentials in models (PF)y and (PF')y are required to satisfy in addition to
the nondegeneracy conditions the concavity assumptions which ensure the validity of the
duality relations, namely:

e in model (PF),

f,ae(F,x, Dy,0) <0 forall (F,x,Dx,0) and 6> 0;
e in model (PF)y

b.99(F,x,Dx,9) <0 forall (F,x,Dx,9) and o> 0.

Models (PF), and (PF) are equivalent to (PF)g and (PF)y provided the potentials
é(F,x,Dx,n) and 7(F, x, Dx, €) satisfy the following conditions:

e in model (PF),

emn(Fyx,Dx,n) >0 and é,(F,x,Dx,n) >0 forall (F,x,Dx,n);
e in model (PF),

Nee(F,x,Dx,e) <0 and 17.(F,x,Dx,e) >0 forall (F,x,Dx,e).

3° The presented models are thermodynamically consistent in the sense of satisfying the
second law of thermodynamics. The characteristic feature of all models is the presence
of an "extra” nondissipative vector field h® which contributes to the nonstationary (de-
pending on the time derivative of the phase variable) energy and entropy fluxes, g and
W, as well as to the equation for the multiplier A, (identified with the rescaled chemical
potential). This vector field h® is nondissipative, that is not restricted by the second
law of thermodynamics. Thus, it can be selected arbitrarily in consistency with frame
invariance and other physical requirements.
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In all models the entropy flux ¥ contains an extra nonequilibrium term associated
with the gradient part of the corresponding thermodynamic potential and the vector h®:
e in model (PF),

W = Ay J + Aeq@ + XA 00€ Dy
= A + Ae@’ + XAe(008,Dx — h),
where A, and ), are the multipliers conjugated with the equations of balance of energy
and the phase variable, given by

6(00 . e
— 00 = Ae (g);e) = Ve (00€,px) + VA - h* +q;

e in model (PF),
W = AyJ + Aeq — X007),Dx
=AJ + /\aqo — X(eofl,px + h®),
where
Ae =Tl

S(on
—00Ax = — (55);77) + Ve - h® +a;

e in model (PF)y
W = A\yJ + Aeq + X Ae00f Dx
= Ad + 2@’ + XX (00f,Dx — %),
where the multipliers A, and X, are identified with the inverse temperature and the
rescaled chemical potential

1 B
de=g TMNER=T

1) 0
Q0ﬁ=—(ggi/)+V5~he+a;

e in model (PF)y
U = AyJ + Aeq + X000, Dx
= A + 2@ + X(009, D — 9RE),
Ae =1, =M= [h=7Pp,

QO[L (00¢) LV he+a

In all models the quantity a in the equations for the multiplier A, (correspondingly
for the rescaled chemical potential i) represents an additive dissipative part, determined
by the residual dissipation inequality

Aoor + DXy G +DXe-q° +x:a>0

to be satisfied for all corresponding independent variables.
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4° According to the choice of the independent thermal variable the referential stress
tensor S admits the following forms:

e in model (PF),
S = QOé,F<F7X7DX7 77)7

¢ in model (PF),
1
S = ———————00f,r(F,x, Dx,¢);
.e(F,x, Dx; €) 2of.r (% Dxse)
e in model (PF)y
. S:QOf,F(F7X7DX79);
¢ in model (PF)y

1
S = EQOQS,F(FvX: Dx,9).



7. Physically realistic examples of model (PF),. Special cases

In literature it is common to use the absolute temperature as the independent thermal
variable. For this reason in this chapter we shall focus our attention on the extended
phase-field model (PF)y. We present physically realistic examples of this model which
depend on the specific choice of the extra vector field h®. These examples will be used
in Part IT to discuss relations of model (PF)y to well-known phase-field models with
conserved and nonconserved order parameters. Moreover, for further reference we present
separately the model (PF)g with suppressed elastic effects and with suppressed thermal
effects.

7.1. Phase-field model (PF)y in anisotropic case. Taking into account Remark
6.5 let us give the formulation of model (PF)y admitting anisotropic situation, that is
admitting that tensors of rank differing by an odd integer are allowed to be coupled.
We note that the corresponding field equations have been already given by (6.2.24) with
h® = h®(Zy) an arbitrary vector field.

Here let us express the model explicitly.
The state space is specified by
1

2= {F.DF.x.Dx. D"x,0,D;

7:L_1'7D/17X,t}7 (11)

where 6 > 0 and fi = p1/6. The model is governed by two thermodynamic potentials, the
free energy f = f(F,x, Dy, 0) which is strictly concave with respect to 6 for all F', x, Dx;,
and the dissipation potential D = D(X;w) with

1
X = (ﬁ:DﬂaD@X,t)

w = (FaDF>X>DX7D2X70)7 {X,UJ}-_—ZQ7

(1.2)

which is nonnegative, convex in X and such that D(0;w) = 0. The set X is identified
with thermodynamic forces and the set w with state variables.

The unknowns are the fields of displacement wu, the order parameter y, the rescaled
chemical potential i = 11/0 and the absolute temperature 8 > 0 satisfying the system of

(84]
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differential equations:
oot —V - 5 = gob,
00X+ V - % — oor? = por,

Qop = ~———5<Q§£/6) +h V% +a’, 19
00é+ V- (g% - xh%) — S - F = 0og,
where e = é(F, x, Dx,8) and § = S(F, x, Dx,6) are determined by the relations
e=f(F,x,Dx,0)—0fq(F,x,Dx,0), (1.4)

S = oof r(F,x, Dx,0), satisfying SFT = FST,

d
and 74 = #4(X,w), ¢ = 5 (X,w), ¢* = f]d(X,w), a® = a%(X,w) are subject to the
residual dissipation inequality

, 1
000 = —figor® = Dfi- j* + D5 - g* + xa® > 0 (1.5)

for all variables {X;w} = Z4.

The quantity o is the specific entropy production. The superscript d indicates that the
quantity is dissipative, i.e., contributes to the entropy production. By the Edelen’s de-
composition theorem the quantities 7, 7%, g% and a® are given by

—00r* =Dy, —3*=Dps, ¢*=Dpamy, a’=Dy,. (1.6)

We remind the simplified notation
oD oD
’”:6_/1’ ’DﬁZEBE’ and so forth.
The vector field h® = HE(X ;w) is not restricted by the entropy principle, thus can be
selected arbitrarily in consistency with the frame invariance and other physical require-
ments.
The functions go = go(X), b= b(X,t), 7 = 7(X,t) and g = g(X, t) are given data.

REMARK 7.1. The statements of Theorem 6.7 and Corollaries 6.8-6.11 remain valid for
the phase-field model (PF)g (1.1)—(1.6). More precisely, in view of the decomposition

q=q"—xh", (L.7)
it follows that solutions of system (1.1)—(1.6) satisfy the entropy equation and inequality
(compare (6.2.36))

oo+ V - ¥ = goo — igor + L& > ~igor + 22 (18)
with the entropy flux admitting the splitting
\P:_ﬂjd+%qd+xgo.f,Dz—h .
= ¥? 4+ xh",
Here
v .= —pjd+ lqd (1.10)

g
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is the standard entropy flux (associated with dissipative fluxes), and
1
xh" with A7 := g(gof,px —h®) (1.11)

is the extra nonequilibrium entropy flux.
Let us note that according to the splitting (1.9), the extra nonequilibrium energy flux,
—xh®, and the extra nonequilibrium entropy flux, xyh", are linked by the equality

x(h® + 0h™) = X00f,Dx> (1.12)
that is
h® +0h" = oo f Dy- (1.13)

For further purposes let us recall the equivalent formulation of the entropy inequality
(1.8) expressed in terms of the free energy (dissipation) inequality. It results by summing
up energy equation (1.3)4 and entropy equation (1.8) multiplied by —6.

In result it follows that solutions of system (1.1)—(1.6) satisfy the free energy equation
and inequality

oof — conf + V - (E05¢ — %00 f.Dx)
—ﬂVQ-jd—i—%Vé)-qd—f—xve’h”—‘goﬁp.iﬂ (1.14)
= —0oo0 + OpooT < OLeoT,
where
) [=e—0n, p=0p,
W is given by (1.9)-(1.11), and the dissipation scalar ggo is given by (1.5)
7.2. Equivalent forms of equations for the chemical potential and internal

energy balance. For further discussion we collect here equivalent forms of equation
(1.3)3 and (1.3)4.

LEMMA 7.2. Let us consider system (1.8). Then

(i) the chemical potential equation (1.3)s admits the forms:

Copt = (s(gg—f/e)jthe.v%jtad
;5(5;;]0) n Ghn VO 4+ ol o
:)5(‘?;6) - 5%)(77_) — (eoe,px = ) V% + a4,
or, equivalently, in terms of u = 0f,
oopt = (OOf) + RV + fac
2.2
} %_Q%jﬁ(goeﬂx—he) - V0 + ba’. 22
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(ii) the energy balance equation (1.3)4 admits the forms:
00é+ V- (g% = %h%) — oo fr - F = ooy,
beo + V - (a7 = Xh%) + cof X + cofDx - VX = 209,
gocrl +V - (¢ = %h*) + 0o(f = 0f,0) 5 + 00(f — 056) D - VX
— 000 for - F = gog,

(2.3)

where
CF = 679(F7X7DX76) = _efﬁ@(F7X7DX79)
is the specific heal at constant deformation.

Proof.

(i) The equalities in (2.1) follow directly from the definition of the first variation and
the thermodynamic relations (see Lemma 3.1)

f(F7X7DX79) = 6(F7X>DX70) _077(F7X7DXu9)7

(2.4)
77(F7X>DX79) = —f,(?(F>X>DX79)'
In fact,
__6(eof/9) 14 oofx 00f,Dx 1 4
=" 7 L Re. V= = X . Z2DTX he V=
Qof ox + V@ +a 7 \Y 0 + Ve +a
1 1
= gleofx =V (e0f,p:)] = (e0f,px = h°) - V5 + o
_16(eof) [ 1., d
= 95_)(— + Qh Vo +a”,
which proves equality (2.1)s. Further, using (2.4), we obtain
1) [% 1
oofh = (QOf/ )+he~v_+ad
ox 0

[ eo(e,px — 0n,0x)
0

1
= Blex—m) -V +ht Vgt

1 o1
= gleoex =V - (eoe,x)] = [00m,x =V - (e0m,D)] — (00¢,x — h%) - Vot a

_ 16(eoe)  d(0on) .
=9 ox 5x (ooe,Dy — h®) Vg—l—a,

which yields equality (2.1)3.
(if) The entropy form (2.3)s follows immediately from (2.3); on account of the identity

e=(f+0n)=f+0n+00=00+fr F+[xX+fpx VX
The temperature form (2.3)3 results from (2.3); on account of the identity
E=ep- F+ exX+epy-Vx+ eygé,
which leads to
00e,60 + V - (g% = Xh®) + ooe X + 00€,Dx - VX — 00(f — €),p - F' = 00g.

Then the use of thermodynamic relations (2.4) provides (2.3);. =
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7.3. Model (PF)g in case of infinitesimal deformations. In applications it is often
of interest to consider models within the linearized elasticity theory appropriate to situ-
ations in which the displacement gradient Vu is small. The corresponding model can be
deduced by repeating the considerations of Chapters 5 and 6 assuming from the outset
that the deformation gradient is infinitesimal.

We follow the same procedure as used e.g. in Gurtin [83, Sect. 4.4], Fried-Gurtin
[72, Sect 6]. Namely, in consistency with the frame invariance we redefine F to be the
infinitesimal strain tensor

e=¢elu)= %(Vu + (V) ™), (3.1)

and replace the angular momentum balance (2.2.1)3 by the requirement that S is sym-
metric
s =2s8T. (3.2)
The arguments leading to the formulation of phase-field model (PF)g with extra flux h®
remain unchanged. In result we get the following statement appropriate to the situation
of infinitesimal deformations.
The state space is given by

1
Zé = {€7D57X7DX>D2X>9:D5>ﬂ>Dﬁ:X,t}7 (33)

where 8 > 0 and i = u/6.
There are two thermodynamic potentials, the free energy f = f(e, x, Dx,8) which is
strictly concave with respect to 6, and the dissipation potential D = D(X; w) with

1
X = </ijﬂ7D§:X,t>>
w = (¢, De,x, Dx, D*x,0), {X;w} =2,
which is nonnegative, convex in X and such that D(0,w) = 0.
The unknowns are the fields u, x, & and 0 > 0 satisfying the sytem of differential

(3.4)

equations:
oot — V- S = pob,
20X+ V - 5% = eor® = gor,
5(o0f /0 1 (3.5)
Qoﬂ: (QOJL/)+he_v_+ad7
dx 0
00é+ V- (g%~ %h®) = S - & = ooy,
where .
e=é(e,x,Dx.0), 8=8(e,x,Dx,0), r*=7(X;w),
. ~d N N
=7 (Xw),  ¢*=a'Xw), a? = a(X;w)
are determined by the relations
e=[f—0f0
S =opofe, satisfying S = ST, (3.6)

- Qord = D,ﬂ.? 7jd = D,Dﬁ7 qd = D,D(l/9)7 a‘d = D,X,u

e e

e
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and h® = fze()( ;w) is a vector field not restricted by the entropy principle.

One can see that in case of infinitesimal deformations the formulation (3.3)—(3.6)
follows directly from the general one (1.1)—(1.3) after replacing deformation gradient F
by the infinitesimal strain tensor & = e(u).

7.4. Physically realistic examples of extra vector field and corresponding
model equations. The phase-field model (PF)y (cf. (1.1)—(1.6)) involves an extra un-
specified vector field h = h® = fze(X ;w). The solutions of this model satisfy the entropy
inequality (1.8) with the entropy flux involving the extra term

1
0

We discuss here four physically realistic examples of the extra terms h®, h", and
present the corresponding field equations. The examples include the following:

h7 (00f,Dx — h°).

(PF)g (i) extra energy and extra entropy terms
h® = ope,py and h" = —pon Dy;

(PF)g (ii) extra entropy term

h®=0 and A" = %ngyDX,
(PF)p (iii) extra energy term

h® = 00f Dy | and h"7=0;
(PF)g (iv) Combination of models (ii) and (iii)

1
h®=(1—a)oofpy and h"= 7@00/,Dx

where o € [0,1] is an arbitrary number. This yields a one-parameter family of thermo-
dynamically consistent phase-field models. Model (ii) is achieved with o = 1 and model
(i) with & = 0.

Such extra terms appear in the phase-field models known in literature, see Part II.

(PF)g (i) Model with extra energy and entropy terms
In view of thermodynamic relations (2.4) the equality (cf. (1.13))

h®+0h" = o0 f Dy
suggests that
h® = h"(F,x, Dx,0) = goe,px(F, X, Dx,0)
= 00f,px(F,x, Dx,0) — 000 f,opx (F, X, Dx,0)

and
h" = A"(F,x, Dx,0) = —0on,0x(F, x, Dx, 0)

= oof,6epx(F, X, Dx,0),
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so that the corresponding energy and entropy fluxes are

4= q" — Xooe,ny;

1, (4.2)
g7

Recalling Lemma 7.2, one can see that in such a case the phase-field system (1.3) takes

on the following form:

O =0 — younpy, with ®¢=_fj%+

o0t — V- (gof,F) = 00b,

00X +V - 54 = oor* = 0o,

e0é+ V- (g% — xooe,pyx) —0ofr - F =g,
where f = f(F,x,Dx,0) e = &(F,x,Dx,6) and n = /(F,x, Dx,6) are linked by
thermodynamic relations (2.4), and the quantities

rf=(Xw), §P=j'%w); ¢ =t (Xw), ot =at(X;w)
are given by
—r4 =D, —j*=Dpu a*=Dpusy, a®=Dy,.
It is of interest to note that the corresponding temperature form of equation (4.3)4 is

oocrf +V - g + (QO ),

——X+0oonp-F=g (4.4)
with cp the specific heat at constant deformation.

The solutions of system (4.3) satisfy the entropy inequality

00 + V- (B4 — %001,Dx) = 000 — fiooT + @ﬁ
0 (4.5)

with the entropy production

, 1
ooo = —figor® — D+ % + D= - q* + x1a”.

0

REMARK 7.3. We underline an important property of the rescaled chemical potential &
given by (4.3)s3 and the corresponding chemical potential p = 6f. Namely, their main
(nondissipative) parts

ool — af = 1[8(00e) _ ,6(eon)
ok 0| ox Tox

and

—fa? = -6
Qo a 3x

are independent of temperature gradient V6.
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Indeed, on account of thermodynamic relations (2.4), the following identities hold true
6(ooe€) _ 65(9077)
ox ox
= 00fx =V (0of,px) — 00n,Dy - VO
= 00f,x =V (00f,px) + cofepy - VO
=00fx = 00f x,ir  Fi = 00f xix Xoi — 00f x,i%,5 X 54>
which demonstrates that the expression in question is actually independent of V0.
This property has not only a physical importance but is also favorable from the point
of view of the mathematical analysis of the corresponding phase-field models.
Another remarkable property of the discussed example is the fact that extra energy
flux, xooe,py, comprises just the contribution from the internal energy, and the extra
entropy flux, —xo7,py, the corresponding contribution from the entropy.

(PF)y (il) Model with extra entropy term
In this case

h®=0 and h"=h"(F,x,Dx,0)= %go F.ox(F,x, Dx,0), (4.6)

= goe,y — V- (00e,Dx) — O00m, + 6V - (007,Dx)

so that the energy and entropy fluxes are

q=d,
1 1 (4.7)
U=04 EXQof,Dx with 0% = —pj¢ + qu-
The energy flux is standard (dissipative) whereas the entropy flux is modified by the

extra gradient term. In view of Lemma 7.2 the corresponding system reads
00t — V- (00 f,r) = 0ob,
oX + V- 5% — gor® = gor,

__ 8leof/0) | 4 (48)
oopf = ———+a’,
0 Sx
006+ Vg% = oof. - F = 0og.
The temperature form of equation (4.8)4 is
00crd +V - g% + 00(f —=0F0)xx+ 00(f —0f6).Dx VX (4.9)
— 000f6r - F = 0og.
The solutions of system (4.8) satisfy the entropy equation and inequality
. 1, _
oon+V- (‘I’d + 5XQOf,Dx> = 000 — figoT + —Q%g
(4.10)
> —pgor + 22,

0
with the specific entropy production ¢ as in (4.5).

REMARK 7.4. Tt is of interest to notice that if the free energy f is of entropic type (see
Section 3.6), that is its gradient-energetic contribution is zero,

e,DX(F7X7 DXa 6) =0,
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then, according to thermodynamic relations (2.4),
Fox(Fyx, Dx,0) = —0npy(F,x,Dx,0) = 0f spy(F, x, Dx,0). (4.11)

Thus, in such a case

1
h® = 00€,Dx = 0 and A"= —00",Dx = 590f,Dx7 (412)

so that the version (PF)g (ii) coincides with (PF)g (1).
In particular, the rescaled chemical potential i defined by (4.8)3 enjoys the property that
its nondissipative part 6(pof/0)/dx is independent of temperature gradient V4.
Basides, in such a case the temperature equation (4.9) simplifies to
oocrb + V- g%+ 00(f — 0£,6) xX — 000F or - F = 00g. (4.13)
(PF)g (iii) Model with extra energy term
In this case

h® = h°(F,x, Dx,0) = 0of py(F,x,Dx,6) and h" =0, (4.14)

so that the energy and entropy fluxes are

a=q"—%eof,px

1
U =0¢ with @¢=—pj¢+ @-qd.
The energy flux contains the extra gradient term and the entropy flux is standard (dis-

sipative). On account of Lemma 7.2 the corresponding system reads

(4.15)

oot — V - (0o f 7) = 0ob,
00X + V3% — oor® = oo,

16 4.16)
ofi = = (Qof)+ad7 (
0 by
00¢+V - (g% — Xx00f.Dx) — 00f.7 - F = 00g.

The temperature form of equation (4.16)4 is

00cpb +V - (g% ~ %00 f,Dx) + 00(f — 6,0) X + 00(f —676),0x - VX (117)

—0o0for  F = 00g.
The solutions of system (4.16) satisfy the entropy inequality
oo+ V- ¥ = oo — igor + 2 > —figor + X (418)

with the standard entropy flux
1
‘I,d — 7 -d p: 1
g+ (77q )
and the specific entropy production o as in (4.5).

REMARK 7.5. If the free energy is of energetic type (see Section 3.6), that is its gradient-
entropic contribution is zero,

n,0x(F,x, Dx,0) = —fopx(F,x, Dx,0) =0,
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then by thermodynamic relations (2.4),
f,Dx(FaXaDX76) =e,DX(F7XaDX>6)' (419)
Hence, in such a case
h® = ooe,px = 0ofpxy and h"= —pon,py =0, (4.20)
so that model (PF)y (iil) coincides with (PF), (i).
Then, in particular, the chemical potential (4.16)3 enjoys the property that its nondissi-
pative part 6(gof)/dx is independent of temperature gradient V.

Moreover, it is of interest to notice that in such a case the temperature equation (4.17)
admits the form

(.Qof)

00crl+V - g + =222% — 000 f oy X — 000f 0 - F = 00g. (4.21)

(PF)y (iv) Combination of models with extra entropy and energy terms
In this case

h® = ﬁe(F,X,Dx, 8) = (1 —a)oof px(F,x,Dx,0) and

X 1 (4.22)
h" = h (F,x, Dx,0) = a0 f,ox(F,x, Dx,0), « € [0,1];
so that the energy and entropy fluxes are
q=q" = x(1 - a)oof,px(F,x, Dx,6) and
4 .1 . P (4.23)
¥ =¥+ xja00fpx(F,x, Dx,0) with ¥ =45+ 74"
The corresponding system reads
o0tt — V- (00 f,F) = 00b,
20X + V- 3% — oo = gor,
__ 6(00f/6) L. a
L +(1-ajeofpx Vg +a (4.24)
_ 16(00f) 1, 4
_5 5X aQOf,Dx v@ +(L,

00é+V -[q% = X(1 = @)oo f,px] — 0o f,r - F = 00g.
Model (4.8) with extra entropy term is achieved from (4.24) for @ = 1 whereas model
(4.16) with extra energy term for oo = 0.

7.5. Conserved phase-field model (PF)g with extra vector field. In this section
we specify the phase-field model (PF)g with extra terms (cf. (1.1)-(1.3)) in case of the
conserved dynamics of the phase variable, i.e., § # 0 and r = 0. For a comparison
with well-established phase-field systems known in literature we present two alternative
formulations of the model which depend on the representation of the solution of the
residual dissipation inequality.

7.5.1. Formulation. The state space is the same as in (1.1),

1
Zp = {F7DF7X7DXvD2X76aD_

D L
D 0>0 S
97/1'7 H‘7X,t}7 > y M 97
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splitted now into the set of thermodynamic forces
1
X = <D/*L7D§7X,t>7
and the set of state variables

w=(F,DF,x,Dx,D?x,0,), {X;w}=Z,.

There are given two thermodynamic potentials, the free energy f = f (F,x, Dy, 0)
which is strictly concave with respect to 8 for all F,y, Dy, and the dissipation potential
D = D(X;w) which is nonnegative, convex in X and such that D(0;w) = 0.

The unknowns are the fields uw, x, & = /0 and 6 > 0, satisfying the system of
differential equations (1.3) with ¢ =

oot — V- (00 f,F) = 0ob,
00X+ V- j* = oor,

8(eof/0) e ol (5.1)
b= 5)( +h V@ +a )
Qoé—l'v . (qd "Xhe) - QOf,F ' F = 009,
where
e=f—0fp,
f—=0f0 (5.2)

- j*=Dps = D p(1/6) at = Doxis

and the extra vector field h® is specified by one of the physically realistic examples
discussed in Section 7.4.
We recall that solutions of system (5.1) satisfy the entropy inequality (cf. (1.8))

. _ _ 4 .
o011 + V- ¥ = pgo — iooT + % > —peoT + gg (5.3)
with the entropy flux
T =W+ yn,

where

1
Wl =—pj" +2q% B+ 6" = 00f py,

and the entropy production given by
1
000 = —Dp-j4+ D@ g%+ x.a? >0 (compare (1.5)).

In some situations we shall use the equivalent formulation of the entropy inequality
(5.3) in the form of the free energy (dissipation) inequality (compare (1.14)).

COROLLARY 7.6. The solutions of system (5.1) satisfy the following free energy inequality
which is an equivalent statement of (5.3):

: . a . _ g, 1
oof + oofin + V- (63" — Xeof,px) — AVE - §* + 5V6 - ¢
+XV6 R — gof 5 - F = —0000 + OfigoT < bfigoT,

(5.4)

where dissipation scalar ppo is as in (5.8).
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Proof. (5.4) results by subtracting from the energy equation (5.1)4 the entropy equation
(5.3) multiplied by 6. =

7.5.2. Alternative representation. The representation (5.2) of dissipative quantites
jd, q® and a? is associated with the Edelen’s decomposition theorem (see Lemma 4.1).
For further comparison with models known in literature we present here an alternative
representation which is based on Gurtin’s result stated in Lemma 4.4. This representation
is given by

1
0
+ lan,t» (55)

—j=LjjDp+ LjqD

1

0
_ 1

a = laj -Dp+ laq : Dé + laaX,t>

+ ljaX,h

¢ = LgjDji+ Lqg D

where the matrices Ljj;, Ljq, Lqj, Lqq, the vectors ljq, lgq, laj, lag, and the scalar 1o, are
constitutive moduli that may depend on the variables 2y = {X;w}, and are consistent
with the inequality
Dp| [Lj; Ljg Lja| | DR
D % ‘| Lgi Lgg lga D %
Xt laj aq loa Xt
=X B(X;w)X >0 for all variables Zyp = {X;w}.

(5.6)

REMARK 7.7. Inthe context of the Cahn-Hilliard equation matrix L;; represents the mo-
bility tensor, Lgq is the heat conductivity tensor, and scalar lo, is the diffusional viscosity
coefficient. The matrices Ljq, Lq; account for the couplings between mass diffusion and
heat conduction, and vectors ljq, lq; and lgq, lag account for anisotropic cross-coupling
effects.

According to Curie’s principle (see, e.g., De Groot and Mazur [45, Chap. 6]) in
isotropic systems tensors of rank differing by an odd integer cannot be coupled. Therefore
in the isotropic case

Lia = loj = lgq = lag = 0.
With the use of (5.5) system (5.1) takes the form
oott — V- (0o f,r) = 00b,

. _ 1 .
oox — V- (ijVu + LjQVE + ljaX) = 00T,

_ 1 _ . 1 . (5.7)
QoM = §[Q0f7X -V (QOf,DX)] + lagv,u + (laq + h® — QOf,DX) . vg + laaX7

. _ 1 . .
o0é+ V- {quvu +LggVg + (lga = he)x} —oof,p - F = 0og.
In Part IT the conserved phase-field model (PF)g, expressed in the form (5.1) or (5.7),

will be compared with several well-known phase-field models in two distinct situations of
suppressed either elastic or thermal effects.
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7.5.3. Conserved model (PF)y with suppressed elastic effects. Let us specify
system (5.1) in the situation of suppressed elastic effects.
Assume u = 0, so that
:E:y(X,t):X, v =0, F:I7 Q:QO/detF:Q()v
and the referential and spatial operations become identical
Vi=gredf, f=F
Then, provided the equation of linear momentum balance (5.1)1 is identically satisfied,
system (5.1) refers to the spatial description of a two-phase, conserved system at rest. It
reads as follows P
ooxt + V-7 = oo,
d(00f/8) 1
= he. V= d 5.8
00k v + \% 7 +af, (5.8)
eoer + V- (g — x:h®) = eog,
where all differential operations refer to the spatial description.
The state space is now
-
Z@“U):O - {X7 DX7 D2X7 97 D(_9'7 Iy DM; X,t} = {X‘u=07 w|u=0}7

splitted into the set of thermodynamic forces

1
X|u=0 = <DﬂaD57X,t>

and the set of state variables
w‘u:O = (X7 DX7 D2X7 67 ﬂ‘)
The system (5.8) is governed by the free energy f = f(x, D, 0) which is strictly concave
with respect to 6 for all x, Dy, and the dissipation potential D = D(Xy—0;w|u=o) Which
is nonnegative, convex in X|y=o and such that D(0;wly=0) = 0.
As in (5.2)1, the internal energy is given by

e = ¢é(x, Dx,0) = f(x, Dx,0) — 6f(x, Dx,0),
the extra vector field h® = fLE(Zgiuzg) is selected according to one of the physically
realistic examples (PF)y (1)-(PF)p (iv) given in Section 7.4.
Moreover the dissipative quantites 7% = 74(Zg|u=0), ¢% = q*(Zp|u=0), 0 = a%(Zp|u=0)
are represented either in the form (5.2)5 or (5.5).

7.5.4. Conserved model (PF)y with suppressed thermal effects. We specify now
system (5.1) in the situation of suppressed thermal effects. Let us assume that tempera-
ture is constant, normalized to unity, @ = 1, and that energy equation (5.1)4 is identically
satisfied. Then system (5.1) reduces to
o0t — V- (00 f,F) = 00b,
eoX + V- % = oor, (5.9)
5(eof)

Qopt = TJrad,
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with the free energy f = f (F,x, D), the chemical potential 4 = & = £, and the state
space

Zg|9=1 = {F7 DF: X DX7 D2X7 My D:U'7 X,t} = {X|9=1; w|9=1} (510)
splitted into the set of thermodynamic forces
Xlo=1 = (Dp,Xt) (5.11)

and the set of state variables
wlg=1 = (F, DF,x, Dx, D’x, p). (5.12)
The dissipation potential, with the properties as before, is given by
D = D(X|p=1; w|o=1), (5.13)
and the dissipative quantities j¢ = _}'d(Zelezl), a® = a%(Zplp—1) admit representations

either in the form (5.2),
~§=Dpu, a*=Dy,,
or in the form (5.5) which now reduces to
.d
— % =L;:Du+Liaxs
) J ji BT bjaX b (5.14)
a® =1lgj - Dp+laaX t-

Here the moduli Lj;, ljq, laj, lag may depend on the variables Zy|g—1, and are consistent
with the inequality

[D#} . [LTJ'J' lja} {Dﬂ} = X B(X;w)X|py >0 (5.15)
X,t laj laa X,t

for all variables Zg|g=1 = {X|o=1;w]o=1}
According to (5.4), the solutions of model (5.9) with suppressed thermal effects satisfy
the free energy inequality
of + V- (ui* = Xeof.nx) — 0of - F
(5.16)
= =000 + [1Q0T < [LQ0T,

where
000 = —Dp-j%+ x>0 forall Zplp—;.

7.6. Nonconserved phase-field model (PF), with extra vector field. In this
section we specify the phase-field model (PF)y with extra terms (cf. (1.1)—(1.6)) in the
case of the nonconserved dynamics of the phase variable, i.e., =0 and r # 0.

As in Section 7.5, we present two alternative formulations of the model which depend on
the representation of the solution to the residual dissipation inequality.

7.6.1. Formulation. The state space is now
1
29:{F7DF7X7DX7D2X70>D§7,E7XJ}7 9>07 ,D‘:

splitted into the set of thermodynamic forces

1
X = </~_L7D§ax,t>
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and the set of state variables
w = (F,DF,x, Dx, Dx, D?x,6), {X;w}=Z,.

There are given the free energy f = f (F,x, Dx,0) which is strictly concave with
respect to 6 for all F',x, Dy, and the dissipation potential D = ’ﬁ(é\f ;w) which is non-
negative, convex in X and such that D(0;w) = 0.

The unknowns are the fields u, x, & = p/0 and 6 > 0 satisfying system of differential
equations (1.3) with j = 0:

oot — V- (0o f.r) = 0ob,
00X — 00r% = gor,

0o/ e ol 4 (6.1)
QON—T‘i'h ~V(;+a,
006 + V- (g% — xh®) — 0of F - F = 009,
where
= f—0f,,
e=J—0fo (6.2)

—o0r* =Dy, a*=Dpu, o =Dy,

and the extra vector field h® is specified according to one of the examples in Section 7.4.
We recall that solutions of system (6.1) satisfy the entropy inequality (cf. (1.8))

oo + V- ¥ = 000 — figor + 2L > —ieor + %2 (6.3)
with the entropy flux
T =04 4 yh",
where
W= gl B OR = oof oy,

and the entropy production given by
1
000 = —foor? + D§ g+ X,tad >0 for all variables Zj.

Alternative representation

As in the conserved case (see Section 7.5) we introduce here an alternative representa-
tion of the dissipative quantities ¢, g% and a?, which is based on Gurtin’s Lemma 4.4.1.
The representation is given by

1
- QOrd = lr'rﬁ + qu . DE + lra.X,h

1 .
qd =lgfi+ quDg +lgaX ts (6.4)
1
0

where the matrix Lgq, the vectors lrq, lgr, lqa, lag and the scalars lpr, lrq, lar, loa are
constituvie moduli that may depend on variables 2y = {X;w}, and are consistent with

a® = lorfi +lag - D=+ laaX s,
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the inequality

I e Uy L] [ B
D% “|lgr Lgg lga D%
Xt lar oy laal L X
=X B(X;w)X >0 for all variables Zy = {X;w}.

(6.5)

The vectors l,q, lgr, lga and l,q represent anisotropic cross-coupling effects. By the
Curie’s principle they must vanish in isotropic systems; then
leg=1lgr=1lga=1q=0.
For further purposes let us write down the explicit form of equations (6.1) accounting for
the representation (6.4):
o0t — V- (00f,r) = 00b,

. _ 1 .
QoX + (lrr,u + qu ' vg + lraX) = 00T,

1 . . 1 , (6.6)
QO,E = E[QOJC,X -V (QOf,Dx)] + Zar,uf + (laq + h® — QOf,DX) : VE + laaXa

. _ 1 e :
oo+ V- [lqr,uf‘i‘ quvé + (lqa —h )X} - QOf,F - F = pog.

In Part IT the nonconserved model (PF')g, expressed in the form (6.1) or (6.6), will
be compared with well-known phase-field models in two situations of suppressed either
elastic or thermal effects.

7.6.2. Nonconserved model (PF'), with suppressed elastic effects. Let us specify
system (6.1) in the situation of suppressed elastic effects.
Assume u = 0, so that

w:y(Xat):X7 v =0, F=1, Q:QO/det’F:Qm
and the referential and spatial operations are identical

Vf=gradf, f=Ff.

Then, provded the equation of linear momentum balance (6.1); is identically satisfied,
system (6.1) refers to the spatial description of a two-phase, nonconserved system at rest.
It reads
20Xt — 0ot = o,
1) 0 1 .
oii = XL e gl at, (6.7)
ox 0
eoer + V - (g% — xth®) = 00,
where all differential operations refer to the spatial description.
The state space in now

1
ZG|'U.=0 = {X7 DX>D2X7D§7//L7 X,t} = {X|u=0;w|u=0}7
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splitted into the set of thermodynamic forces

‘1
Xlu:O = (ﬂ, D§7 X,t) )
and the set of state variables
wlu=o = (x, Dx, D*x, ).
The system (6.7) is governed by the free energy f = f(x, Dx,6) which is strictly con-
cave with respect to 6 for all , Dy, and the dissipation potential D = D(X|y=0, @|u=0)

which is nonnegative, convex in X|,=0 and such that D(0; w|y=¢) = 0.
As in (6.2);, the internal energy is

e = é(x, Dx,0) = f(x, Dx,0) — 0f,0(x, Dx,0),

the extra vector fleld h® = ﬁe(Zg|u=o) is selected according to one of the examples in
Section 7.4, and the dissipative quantities r¢ = 74(Zglu=0), ¢% = §%(Zo|u=o), a® =
a%(Zplu=o) are represented either in the form (6.2)s or (6.4).

7.6.3. Nonconserved model (PF)y with suppressed thermal effects. We specify
now system (6.1) in the situation of suppressed thermal effects. Let us assume that
temperature is constant, normalized to unity, # = 1, and that energy equation (6.1)4 is
identically satisfied. Then (6.1) reduces to

oot — V- (00f,F) = cob,

00X — 00r% = por, (6.8)
_0loof) | 4
p= 5y + a

with the free energy given by f = f(F,x, DY), the chemical potential p = fi = £, the
state space
Zylo—1 = {F,DF,x, Dx, D*x, i, X1} = {X[p=1;w[o=1},
splitted into the set of thermodynamic forces
X‘@:l = (,LL, X,t)
and the set of state variables
wl9=1 = (FDF7XaDX7D2X)

The quantities r¢ = #%(Zp|p=1) and a? = G%(Zp|p—1) are subjest to the residual

dissipation inequality
000 = —ppor? + X,tad >0 for all variables Zplgp=1. (6.9)
The dissipation potential
D = D(X|p=1;wlp=1)

has the properties as before, i.e., is nonnegative, convex in X|p=1; and such that
D(O;w|g:1) =0.
The dissipative quantities 7% = 7#¢(Z|g=1) and a? = 4%(Zy|p=1) admit representations
either in the form (6.2)s, viz.

—oort =D, a®=D,,, (6.10)
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or in the form (6.4) which in the present situation reduces to
d
— oo7% = lpppt +1 )
] 20 rrib raX,t (611)
a = laryf + laaX,t~

The scalar modull lyr, lra, lar, lae may depend on the variables Zplg—1 and are con-
sistent with the inequality
1% lrr lra:| { H } w
: =X B(X;w)X|g_1 > 0 6.12
|:X,tjl |:la7' laa Xt ( ) |9 ! ( )
for all variables Zg|g=1.
According to (1.14) the solutions of system (6.8) satisly the free energy (dissipation)
inequality ) _
oof =V - (xeof,px) — 0of 7 F
= =000 -+ UooT < [iQoT,
with dissipation scalar ggo given by (6.9).

(6.13)
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