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Abstract. In this paper we prove the existence and uniqueness of a globc1,l 
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coelasticity. The system arises as a model, regularized by a viscous damp­
ing, of phase separation process in a binary deformable alloy quenched 
below a critical temperature. 
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1. Introduction 

In this paper we study the issue of the existence and uniqueness of 

global in time, regular solutions to the Cahn-Hilliard system coupled with 
viscoelasticity. The system arises as a model, regularized by adding a vis­
cous damping, of phase separation process in a binary deformable alloy 
quenched below a critical temperature. 

In recent years Cahn-Hilliard systems accounting for elastic effects, 
known to have a pronounced impact on the phase separation process, have 
been the subject of many modelling, mathematical and numerical studies, 

see e.g. [MirSchim06], [BarPaw05], [PawZaj07b] for up to date references. 
A generał setting of the Cahn-Hilliard system coupled with elasticity, ac­

counting for additional anisotropic, heterogeneous and kinetic effects, was 
introduced by Gurtin [Gur96] within the frame of his thermodynamical 
theory based on a microforce balance. Since the mechanical equilibrium 

is usually attained on a much faster timescale than the diffusion , in most 
of the studies a quasi-stationary approximation of the elasticity system, 

leading to a problem of elliptic-parabolic type , was used, see e.g. Garcke 
[Gar03], [Gar05], Bonetti et al. [BCDGSS02], Miranville and associates 

[CarMirPR99], [CarMirOO], [MirOO], [MirOla], [MirOlb] . 

At the initial stages of phase separation process a formation of 

the microstructure is on a very fast timescale, thus nonstationary ef­

fects may gain importance. The Cahn-Hilliard system with nonstationary 
elasticity leads to a problem of hyperbolic-parabolic type. It was 

studied in [CarMirPOO], [MirOla], [BarPaw05], [PawZaj07a], [PawZaj07b], 
[PawZaj07d] where the existence and properties of weak solutions were 
examined, and in [PawZaj06], [PawZaj07c] where the existence of strong 
solutions was proved on a finite time interval in 1-D and 3-D cases. The 
main difficulties we encountered in the analysis of such problem come 

from the 3-D setting and the hyperbolic nature of the elasticity system. 

We underline that the regularity estimates obtained in [PawZaj07c] de­

pend exponentially on time, thus are not useful for the long-time analysis 
of the problem. 

In view of the importance of the long-time analysis and the question 
of approaching equilibrium states from an arbitrary initial state, in the 
present paper we investigate the existence of global in time solutions and 

establish estimates of absorbing type which for sufficiently large time mo­

ments are independent of the initial conditions. We solve this question for 

the Cahn-Hilliard system coupled with elasticity regularized by adding a 
linear viscoelastic damping. From the physical point of view, aclding such 
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term provides an additional mechanical dissipation to the system, and 
from the mathematical point of view, replaces the hyperbolic system by 

the one with a hidden parabolic structure, see e.g. Rybka [Ryb92]. 
The central part of the paper, new in comparison with the previous 

authors paper [PawZaj07c], constitute estimates of absorbing type which 
allow not only to prolong the strong solution step by step on the infinite 

time interval but also to conclude the existence of an absorbing set. The 
latter property may be of interest in a long-time analysis of the problem. 

(1.1) 

( 1.2) 

( 1.3) 

The system under consideration has the following form: 

U11-'il•[W,,(e:(u),x)+vAe:(u,)]=b 111 nr=nx(O,T), 

ult=O = uo, u1lt=O = u1 

u=O 

Xt - !::,.µ=O 

xl1=0 = xo 

n·'ilµ=O 

111 

111 

on 

in n, 

on sr = s X (O,T), 

nr 
' 

n, 
Sr 

' 

µ=-,1::,.x+v,'(x)+W,x(e:(u),x) 111 nr, 

n · 'il X = 0 on 5r. 

Here n c IR3 is a boundecl clomain with a smooth boundary S, occupied 
by a solid body in a reference configuration with constant mass density 

(! = l; n is the outward unit norma! to Sand T > O is an arbitrary fixed 
time. Since the objective of this paper is to prove the global existence of 

a solution on IR+= (O, oo), problem (1.1)- (1.3) will be in fact considered 
on the time intervals [kT,(k + l)T] with k E NU {O} . 

The body under consideration is a binary a - b alloy which driven by 

thermomechanical effects undergoes phase separation process. Such pro­
cess appears when the alloy is cooled sufficiently fast below a critical tem­

perature. Here we assume that temperature is constant below a critical 
value. 

The unknowns are the fiekls u, x and µ, where u : nr -, IR3 is the 

displacement vector, x : nr -t IR is the order parameter (phase ratio) and 
µ : nr -t IR is the chemical potentia! difference between the components, 

shortly referred to as the chemical potentia!. In case of a binary a - b alloy 
the order parameter is related to the volumetric fraction of one of the two 

phases characterized by different crystalline structures of the components. 

We shall identify X = -1 with the phase a and X = 1 with the phase b. 
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The second order tensor 

denotes the linearized strain tensor. The function 

(1.4) 
1 

W(e(u),x) = -(e(u) - e(x)) · A(e(u) - e(x)) 
2 

represents the elastic energy. The corresponding derivatives 

(1.5) W,,(e(u),x) = A(e(u) - e(x)) 

and 

W,x(e(u), x) = -e'(x) · A(e(u) - e(x)) 

denote respectively the stress tensor and the elastic part of the chemical 
potentia!. The fourth order tensor A = ( A;;kl) stands for the elasticity 
tensor given by 

(1.6) e(u) ,_. Ae(u) = >.tre(u)I + 2µe(u) 

where I = ( Ó;;) is the identity tensor, and >., µ are the Lame constants 

with values within the elasticity range (see (2.1)). Since A is assumed 

constant, (1.4) refers to an isotropic, homogeneous body with the same 
elastic properties of the phases. 

The second order tensor e(x) clenotes the eigenstrain, i.e. the stress 
free strain corresponding to the phase ratio X, definecl by 

(1.7) e(x) = (1 - z(x))ea + z(x)eb 

with e0 , eb denoting constant eigenstrains of phases a, b, and z : IR--, [O, 1] 
being a sufficiently smooth interpolation function satisfying 

(1.8) z(x) = O for x ::; -1 and z(x) = l for x 2'. 1. 

The term vAe(ut), with v = const > O, represents a visous stress 
tensor; 1, being a viscosity coefficient. 

The function "P(X) denotes the chemical energy of the materiał at zero 
stress, assumed here in the standard clouble-well form 

(1.9) 
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with two eąual minima at X = -1 and X = 1 corresponding to the pure 

phases of the materia!. 
System (1.1)- (1.3) represents respectively the linear momentum bal­

ance, the mass balance and a generalized eąuation for the chemical poten­
tia! which in Gurtin's theory [Gur96] is identified with a microforce bal­
ance. The free energy density underlying (1.1)-(1.3) has the Landau-Ginz­

burg-Cahn-Hilliarcl form 

(1.10) f(e:(u), x, Vx) = W(e:(u), x) + 1/J(x) + ilVxl2 

with the three terms on the right-hand side representing respectively the 
elastic, chemical and interfacial energy with a positive constant 'Y > O 

relatecl to the surface tension. 
The remaining ąuantities in (1.1)-(1.3) have the following meaning: 

b: nr--> !R3 is an external body force, and Uo, U1 : l1--> IR3, Xo : l1--> JR 
are the initial conditions respectively for the dispacement, the velocity and 
the order parameter. The homogeneous boundary conditions are chosen for 
the sake of simplicity. The condition (1.l)J means that the body is fixed 
at the boundary S, (1.2)3 reflects the mass isolation at S, and (1.3)z is the 
natura! boundary condition for the free energy density (1.10). 

We remark that the polynomial (1.9) is commonly used as a simplest 

approximation of the physically realistic so-called regular solution form 

1/J(x) = (1 + x) log(l + x) + (1 - x) log(l - x) + a(l + x)(l - x) 

where a is a positive constant. Such form - on the contrary to (1.9) -
accounts for the physical constra.int x E [-1, l] insuring that the order 
parameter attains physically meaningful values for all times. Another way 
to account for such a constraint, often used in mathematical literature on 
the subject (see e.g. [BCDGSS02]) is to augment (1.10) by the indicator 
function I1-1,1J(X) of the interval [-1, l]. Bath approaches with the log­
arithmic energy and the indicator function lead to much more involved . 
mathematical problems with singularities. In the present paper, assuming 

1/J(x) to be polynomial (1.9) we cannot a priori guarantee that XE [-1, l]. 
We can only prove that llx(t)IIL=(n) :S c for all t E [O,oo) with a con­
stant c in explicitly computed form, depending on the data and absolute 
constants. 

Let us introduce now a simplified formulation of (1.1)-(1.3) which 
results after taking into account the constitutive eąuations (1.4 )-(1. 7). 
Let Q denote the linear elasticity operator defined by 

(1.11) u 1-4 Qu =V· Ae:(u) = µt:..u +(:X+ p,)V(V • u) 
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with the domain D( Q) = H 2 (n) n HM n). Let us define also the auxiliary 

quantities 

(1.12) B = -A(eb - E'a), D = -B. (eb - E'a), E = -B. E'a-

With such notation 

(1.13) 
W,,(e(u), x) = Ae(u) - Aea + z(x)B, 

W,x(e(u), x) = z'(x)(B · e(u) + Dz(x) + E), 

so that system (1.1)-(1.3) can be recast into the form 

( 1.14) 

(1.15) 

u,, - Qu - vQui = z'(x)B'v'x + b m nr, 

m n, 
U= 0 011 Sr, 

Xt - f:>.µ = O in nr, 

Xlt=o = Xo 

n-v'µ=O 

in n, 
on Sr, 

(1.16) 
µ = --rf:>.X + 1//(x) + z'(x)(B · e(u) + Dz(x) + E) in nr, 

n · V X = O on Sr. 

Let us note that the combined systems (1.15) and (1.16) yield the 

boundary value problem for the Cahn-Hilliard equation 

(1.17) 
Xt + "(f:>. 2 x = t,.[ip'(x) + z'(x)(B · e(u) + Dz(x) + E)] in nr, 

Xlt=O = Xo 

n - v'x = O 

n· V[--rf:>.x + ip'(x) + z'(x)(B · e(u) + Dz(x) + E)] = O 

in n, 
011 sr, 
011 sr, 

coupled with the elasticity system (1.14). We note that the problems are 

coupled not only through the right-hand sides but also through the bound­
ary conditions. 

In our analysis of system (1.14)-(1.16) we use standard energy meth­

ods combined with differentiation of the system with respect to time vari­
able. 

The paper is organized as follows: in Section 2 we present the main 

assumptions and results, stated in Theorems 2.1- 2.3. Theorem 2.1 asserts 
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the global in time existence of regular solutions, Theorem 2.2 provides 
an absorbing estimate for such solutions, and Theorem 2.3 asserts their 

uniqueness. In Section 3 we derive energy istimates of absorbing type which 

have the property of exponentially time-decreasing contribution of the 
initial data. Such estimates are based on a suitably modified total energy of 
the system. In Section 4, with the help of time-differentiation procedure we 
derive regularity estimates of absorbing type. Sections 5, 6 and 7 provide 

respectively the proofs of Theorems 2.1, 2.2 and 2.3. 

Throughout the paper, in order to examine the contribution of various 

parameters in the estimates , we shall record all constants in their explicitly 
computed form . 

For further use we collect here some frequently used inequalities and 

record the arising absolute positive constants: 

the Korn inequality 

(1.18) 

the Poincare inequality 

(1.19) j lx-/ xdxf dx :S d2IIVxlli,(n) for x E H1(n); 
n n 

where f xdx 
n 

1~ 1 fn xdx, 1n1 = meas n, denotes the mean value 

of x; 
the Poincare-Friedrichs inequality 

(1.20) 

the Sobolev imbedding 

(1.21) 

the elliptic property of the Laplace operator with the homogeneous 
Neumann bounclary condition (see e.g. [LU73], Chap. III 8) 

(1.22) llxll}P(n) :S ds ll.6.xllL(nJ + I/ xd{ 
n 

for x E H';,(n) := {x E H 2 (n) : n . Vx = o on 
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the Sobolev imbedding 
(1.23) 

llxllL<nJ + IIVxlli,coJ :S d611t-.x11LcoJ +I/ xd{ for x E NF,(n); 
{l 

- the interpolation inequality (see e.g. [BIN96], Chap. III, Sec. 10) 
(1.24) 

llxllL,(nJ :S P- "IID1xllL,cnJ + d18-"llxllL,(nJ for x E w;(n), 

where 1 :S )J :Są :S oo, x = (! - f) o/ < 1, 8 > O. 
We use the following notations: 

a:= (x;)i=I,2,3 the materia! point, 

f 8f f df I . I d . d . . 
,i= Bx;, t = dt t 1e materia space an time envat1ves, 

e = (Eij)i,j=l,2,3, W,,(e,X) = (aWĆ?'.X)) , 
€1J i,j=l,2,3 

W ( ) = 8W(e,x) .,.'( ) = d1/J(x) 
,X e, X ax , 'f' X dx . 

For simplicity, whenever there is no danger of confusion, the argu­

ments (e, x) are omitted. The specification of tensor indices is omitted as 
well. Vector- and tensor-valued mappings are denoted by bold letters. 

The summation convention over repeated indices is used, as well as the 

nota.tion: for vectors a= (a;), ii= (a;) and tensors B = (B;j), B = (B;j), 
A= (Aijki), we write 

a· ii= a;a;, B · B = B;jBij, AB= (Aijk/Bk1), 

\a\ = (a;a;) 112 , \B\ = (B;jB;j)11 2 • 

The symbols 'v and 'v · denote the gradient and the divergence operators 
with respect to the materia! point a:. For the divergence of a tensor field 
we use the convention of the contraction over the last index, e.g. 'v · e( a:) = 
(t:;j,1(:v)). 

We use the standard Sobolev spaces notation Hm(n) = Wf(n) for 
m E N. Besides, 

Ht(n) = {v E H 1 (fl,): v = O on S}, 

H'f,(n) = {v E H 2 (n): n· 'vv = O on S}, 

where n is the outward unit norma! to S = an, denote the subspaces 

respectively of H 1 (n) and H 2 (n), with the standard norms of H 1(n) and 

H 2 (n). 
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By bold letters we denote the spaces of vector- or tensor-valued func­
tions, e.g. L2(f2) = (L2(D.)t, H 1 (f2) = (H 1 (D.)t, n E N, if there is no 
confusion we do not specify dimension n. Moreover, we write 

1/al/L,(O) = li lal IIL,(O), llallH'(n) = li lal IIL,(f!) + 11 IVal IIL,(n) 

for the corresponding norms of a vector-valued function a(a:) = (a;(a: )); 
similarly for tensor-valued functions. 

As common, the symbol(·,·) denotes the scalar product in L2(f2). For 
simplicity, we use the same symbol to denote scalar products in L2(f2) = 
(L2(D.)t. 

2. Assumptions and main results 

System (1.1)- (1.3) (in simplified form (1.14)-(1.16)) is studied under 
the following assumptions: 
(Al) D, C IR. 3 is a bounded domain with the boundary Sof class at least 
C2; T > O is an arbitrary fixed time. 
(A2) The coefficients of the operator Q (see (1.11)) satisfy 

(2.1) P, > O, 3~ + 2µ. > O (elasticity range). 

These two conditions assure the following: 
(i) the elasticity tensor is coercive and bounded 

(2.2) c,lel 2 ::; e · Ae::; c*lel 2 for all e E 5 2 

where 5 2 denotes the set of symmetric second order tensors in IR. 3 , 

and 

c, = min{3~ + 2P,, 2p,}, c* = max{3~ + 2P,, 2P,}; 

(ii) The operator Q is strongly elliptic and satisfies the estimate (see 
[Nec67], Lemma 3.2): 

with positive constant fq depending on n. Since 

it follows that the norms IIQullL,(n) and llullH'(n) are equivalent on 
D(Q); 
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(iii) The operator Q is self-adjoint on D(Q): 

(Qu,v)L,(n) = -µ(Vu, Vv)L,(n) -(X+ µ)(V· u, V· v)L,(n) 

= ( u, Qv )L,(fl) for u, v E D( Q), 

- Q is positive on D(Q): 

(-Qu, u)L,(n) = PIIVulll,(n) +(A+ P)IIV · ulli,(n) c". O 

for u E D(Q). 

Hence, there exists a fractional power q 1!2 with the dornain 

D(Q 112 ) = H~(!J) which satisfies 

(2.4) 
( Q 112u , Q 112v )L,(n) = ( -Qu, v )L,(n) = ( u, - Qv )L,(n) 

for u,v E D(Q). 

For later purpose let us note that by inequalities (2 .2) and (1.18) it 

follows that 

IIQ112ulli,(n) = PIIVulll,(n) +(A+ MIIV · uill,(n) 
(2.5) = (Ae(u),e(u))L,(n) 

c". c.jje(u)lll,(n) c". c.d11łullk,(n) · 

The next assurnption postulates the presence of a viscous darnping. 

(A3) The rnechanical viscosity coefficient v = const > O. 
Further three assurnptions concern the ingredients of the free energy 

f(e(u),X, Vx) in (1.10). 
(A4) The elastic energy W(e(u),x) is given by (1.4) with A and e:(x) 
defined by (1.6) and (1.7). The interpolation function z : IR --> [O, l] in 

(1.7) is of class C 2 with the property (1.8). Hence, 

(2.6) O :S z(x) :S 1 and lz'(x)I + lz"(x) l :Sc for all x E IR.. 

The auxiliary quantities B, D and E are defined in (1.12). 
(A5) The function 'lj;(x) is given by (1.9), hence 

(2.7) 1j;'(x) = x3 - x, 'lj;"(x) = 3x 2 - 1, 'lj;"'(x) = 6x. 

(A6) The interfacial energy coefficient is strictly positive, 1 = const > O. 

Let us note that, in view of (1.13), it follows frorn (A4) that there 
exist positive constants a1, a2 such that 

(2.8) 
IW,x(e(u),x)I :S a1(le(u)J + 1), 

IW,,(e(u), x) :S a2(le(u)I + 1) 
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for all e(u) E S 2 and x E IR. Moreover, by (2.2) and the Young inequality, 
it holds 

(2.9) W(e(u), x) 2 ~ le(u) - e(x)l2 2 ~ Gle(u)l2 - le(x)l2), 

and 

(2.10) 

We note also that due to assumption (A4) there exist positive constants 

a3, a4, a5 and a6 such that 

( 2.11) 

le(x)I :S a3, 

le'(x)I + ie'(x)xl :S a4, 

lz'(x)BI + lz"(x)BI :S as, 

lz"(x)(Dz(x) + E)I + lz'(x)(Dz(x) + E)I + IDz'(x)I :S a6 

for all X E IR. 
The next assumption concerns the initial data. We introduce, in ad­

dition to 

u(O) = uo, Ut(O) = U1, x(O) = Xo in n, 

the initial conditions for Utt(O) and Xt(O), calculated from equations 
(1.14)1, (1.15)1, (1.16)1 in terms of uo, u1 and xo: 

u2 := Utt(O) =Quo+ vQu1 + z'(xo)Bv'xo + b(O), 

X1 := Xt(O) =~µ(O)= -,~2 Xo + ~[!f''(xo) + z'(xo)(B · e(uo) 

+ Dz(xo) + E)] in n. 

We assume that 
(A7) 

Uo, U1 E H2(n) n H~(n), U2 E H~(n), 

Xo E Hi(n) = {x E H 2 (D) : n· v'x = O on S}, 

f Xodx =: Xm, XI E L2(r!). 
n 

Let us note that (A7) implies that u 0 E H 3 (r!) n H~(r!), Xo E H 4 (r!) n 
Hi(n). 

Finally, we require 

(AB) b E L 1 ((O, oo ); L2(D)) n Wc!:,((O, oo ); L 2(r!)). 

We state now the main results of the paper. 
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Theo rem 2.1. Global existence on [O, oo ). 
Let assumptions (Al)-( AS) hold true. Then there exists a solution ( u, x, µ) 
to problem (1.1)-(1.3) on [O,oo) such that 

u E C 1([0, oo ); H 2 (f!) n H~(f!)) n C 2 ([0, 00 ); H~(f!)), 

X E C([O, oo ); H'J,(f!)) n C 1 ((0, oo ); L2(f!)), 

(2-12) µEC([O,oo) ; H't,(f!)), jx(t)dx=xm for tE(O,oo), 

n 

Ut E L2((0,oo);HW1)) , 'vµ E L2((0,oo);L2(!1)), 

(2.13) 

u(O) = Uo, Ut(O) = UJ, Utt(O) = u2 , x( O) = Xo, Xt(O) = X1 in n. 

Moreover, for any fixed number T > O a.ncl k E N U {O}, 

(2.14) Utt E L 2(kT,(k+l)T;H 2(!1)), Xt E L2(kT, (k+ l)T; H'J,(!1)). 

The solution satisfies the following estimates uniform in time 

(2.15) 

(2.16) 

llullcqo,oo);H~(!1)) + l!u1llcqo,oo);L2(fl)) + llxllc([O,oo);H 1 (fl)) 

+ l!udlL,((O,oo);H~(fl)) + ll'vµIIL,((O,oo);L2(fl)) ~ co, 

llullc 1 qo,oo);H2(fl)) + lluttllc([O,oo);H~(fl)) + llxllc((O,oo);H1(fl)) 

+ IIXt ll c qo,oo);L,(fl )) + llµllc([O,oo);H1(fl)) ~ c 

with positive constants 

co = co( Ilu o lln 1 (fi), l!uillL,(fl), ll xo li H' (fi), llbl!L, ((o,oo);L,(fl)) ), 

c = c(lluolln 2 (f1), llu11łn 2 (f1) , llu2lln~(fl), llxollH1(fl), llx1IIL,(fl), 

l!bll W.;, ((O,oo);L2 (fl))), 

and estimates depending on T 
(2.17) 

sup (lluttllL,(kT;(k+i)T·H'(n)) + llxtllL,(kT(k+1)T·H'(n))) ~ c(T112 + 1) 
kENu{O} ' ' ' N 

with consta.nt c as above. 

Remark 2.1. By virtue of the imbedding H 2(!1) C L00 (!1), (2.14) implies 
that 

llx(t)IIL=(n) ~ c for all t E [O, oo) 
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with constant c determined explicitly by estimates (5.16) and (5.12) . 
The next theorem provides an absorbing estimate. Let N ( t) : [O, oo) -> 

[O , oo) be a function definecl as a linear combination with appropriately 
chosen coefficients of the following norms ( see ( 4.57)) 

li Qu( t) IILn), li Q112 u1( t)ii1,(nJ, IJQu1( t )111,(n), 
IIQ 112 utt( t)IIL<n), llx( t)IIL(n), 116.x( t )IIL(nJ, 
llxi(t)IIL(n), 

and a modified total energy F(t): [O,oo)-> [O,oo) given by 

G(t) = j [~lut(t)l2 + W(e(u(t)), x(t)) + t/;(x(t)) + il'v'x(t)l2 
(l 

vc.d1 ( v )] + - 2 - ui(t) · u(t) + 2e(u(t)) • Ae(u(t)) dx 

with constants c., d1 from (2.2) and (1.18). 
The constructed function N ( t) satisfies for sufficiently large times t the 
following bound (see (6.8)) 

(2.18) 
N(t) ~ C1a(llu(t)llif'(n) + llu1(t)llif,(n) + llutt(t)llif,(n) 

+ llx(t)llk,<nJ + llxi(t)IIL(n)l - c~a 

with positive constants c1a, c~a independent of the initial condition N(O). 

Theorem 2.2. Absorbing estimate 
Let the assumptions of TJ1eorem 2.1 be satisfied and the function N(t) : 
[O, oo) -> [O , oo) be as above. Then there exist positive numbers A 2a, f34a 

(see (6.6)) independent of the initial conditions such that 

where t1 is a time moment dependent on the intial condition G(O) (see 

(6.3)). Moreover, for any positive number A; satisfying A; > A 2a, there 
exists a time moment t. = max{t 1 , t2} witli t2 (see (6.10)) depending on 
the initial condition N(O) and A; such that 

(2.20) 
C1a( llu(t)lli1,(n) + llui(t)llif,(nJ + 1łu11(t)llif,(n) 

+ llx(t)lli,(n) + llxi(t)IIL(n)) <A;+ c~a for all t ~ t., 

where C1a and c~a are positive numbers independent of N(O). 

The uniqueness result is stated in 
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Theorem 2.3. Uniqueness 
Let the assumptions of Theorem 2.1 be satisfied and in addition 

(2.21) z(-) be of class C3 with lz'"(x)I :::'. C for all XE IR. 

Then the solution ( u, x, µ) in Theorem 2.1 is unique. 

3. Energy estimates of absorbing type 

In this section we derive energy estimates with exponentially time-de­

creasing contribution from the initial data. We call such estimates of ab­
sorbing type since they allow not only to prolong a solution step by step on 

the infinite time interval but also to conclude the existence of an absorbing 
set in energy norms. In the next section we combine the energy estimates 
with additional regularity estimates to conclude more refined estimates of 

absorbing type. Such estimates will allow us to conclude the existence of a 
regular solution on the infinite time interval and an absorbing set in higher 

norms. 
For the clarity we present only forma! derivation of the estimates 

which can be made rigorous with the help of a Faedo-Galerkin approxima­
tion and passing to the limit with approximation by standard arguments, 

for example in a similar fashion as in [PawZaj07b], [PawZaj07c]. 

Throughout this section we use the physical form (1.1)-(1.3) of the 
system. Moreover, we assume that hypotheses (Al)-(A6) are satisfied. 

3.1. Energy estimates 

We begin with noting the conservation property 

(3.1) ft j xdx = O, 
{l 

which follows from equations (1.2) 1 and (1.2)3. It shows that the mean 
value of X is preserved, i.e. 

(3.2) j xdx = j xodx = Xm for t 2 O. 
{l {l 

N ext we derive the energy identity for system (1. 1 )- (1.3). It follows 
by testing elasticity system (1.1) 1 by Ut, mass balance (1.2)1 byµ and the 
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chemical potentia! equation (1.3)1 by -x1 , and summing up the resulting 
equalities. 

Let F : [O, oo) ---> [O, oo) be the function defined by 

F(t) = j [~lu1(t)l2 + f(e(u(t)),x(t), 'vx(t))] dx 
n 

(3.3) 

= j [~iu1(t)l2 + W(e(u(t)),x) + ,J,(x(t)) + łi'vx(t)l2]dx, 
n 

denoting the to tal energy of system ( 1.1 )- (1.3), i.e. the sum of the kinetic, 
elastic, chemical and interfacial energy. We have 

Lemma 3.1. Let ( u, x, I-') be a sufliciently regular solution to problem 
(1.1)- (1 .3), and F(t) be given by 3.3). Then the following identity is sat­
isfi.ed 

¾F(t) + v J e(u 1(t)) · Ae(u1(t))dx + J j'vp(t)l2dx 

(3.4) n n 

= J b(t) · u 1(t)dx for t ~ O. 

n 

Proof. Multiplying (1.l)i by u 1(t), integrating over n and by parts, using 
boundary condition (1.1 )J, it follows that 

~ft j iutl 2dx + j W,,(e(u),x) · e(u1)dx 
n n 

+ v J e(u1) · Ae(u1)dx = J b · u 1dx . 
(3.5) 

n n 

Further, testing (1.2)1 by p(t), integrating over n and by parts, using 
( 1.2)3, yields 

(3.6) j Xtl-'dx + j j'vpj2dx = O. 
n n 

Finally, testing (1.3)I by -x1(t), integrating by parts and using (1.3)2, 
leads to 
(3.7) 

- j 1-'Xt + i¾ j i'vxl 2 dx + j ,t,'(x)x1dx + j W,x(e(u),x)xidx = O. 
n n n n 

Summing up (3.5)- (3 .7) gives identity (3.4) and completes the proof. O 
From identity (3.4) we deduce the following energy estimate. 
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Lemma 3.2. Let (Al)- (A6) hold, F(t) is given by (3.3) and 

b E L 1(0,T;L2(!2)). Then 

1 2 "'f 2 1 4 c.d1 li 112 
2iluillL,(n) + 211VxllL,(n) + 811xllL,(n) + - 4- u H'(n) 

t t 

+ vc.d1 j llui,llk,(n)dt' + j IIVµlli,(n)dt' 

(3.8) 
o o 

t t 

:::; F(t) + vc.d1 j llui, llif,(n)dt' + j IIVµlli,(n)dt' + c~ 
o o 

:<::: 2F(O) + ~ llbllL(o,T;L,(n)) + c~ = co for t E [O, T] 

with positive constant c\ = l!J1 ( c.a~ + ½). 

Proof. We apply the Holder inequality to the right-hand side of (3.4), use 
the definition of F and condition (2.2) to conclude 
(3.9) 

~F + vc.lle(ui)lli,(n) + IIV µJJi,(n) :<::: v"2JlbllL,(n)ll for t E (O, T). 

Hence, 

(3.10) 

Integrating (3.10) with respect to time from O tot E [O, T] gives 

1 
(3.11) ,/F(tJ :<::: v"2llbllL,(o,t;L,(n)) + /F(o). 

Further, using (3.11) in (3.9) and integrating the result with respect to 

time from O to t E [O, Tj we get 

(3.12) 

t t 

F(t) + vc. j lle(ut'lli,(nJdt' + j IIVµlli,(n)dt' 
o o 

:<::: llbllL,(O,t;L,(!lJJ(llbllLi(o,t;L,(n)) + J2F(O)) + F(O) 

:<::: 2F(O) + ~ llbllŁi(o,t;L,(!lJ) · 
Now we note that, on account of (2.9), (2.10), (2.11)1 and (1.18), 
(3.13) 

J [ 1 2 "'( 2 1 4 c. 2 1 c. 2] 
F(t) :2: 2lu1I + 21Vxl + 8x + 4 1e(u)I - 4 -: 2 a3 dx 

n 
1 2 "'f 2 1 4 c.d1 2 , 

:2: 211utllL,(n) + 211VxllL,(n) + 811xllL,(n) + - 4-llullH'(n) - c1 
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fort E [O, Tl, with constant c~ defined in (3.8). From (3.12) and (3.13) we 
conclude (3.8). This completes the proof. O 

Remark 3.1. Estimates (3.8) are independent of time horizon T (depend 
on time only through the norm llbllLdO,T;L,(fl)))- Thanks to this property 
they can be used in the proof of the global existence of a weak solution 
by prolonging a !ocal solution step by step on the intervals [kT, (k + l)T], 
k EN U {O} (see e.g. ]PawZaj07d], Thm 2.2). 

Since our aim in this paper is to prove not only the global existence of 
a regular solution but also the absorbing set, we derive below more refined 
energy estimates of absorbing type. Such estimates are independent of 
T and - on the contrary to (3.8) - enjoy the property of exponentially 
time-decreasing influence of the initial data. 

3.3. Energy estimates of absorbing type 

We derive a differentia! inequality which will allow to deduce energy 
estimates of absorbing type. Such inequality has the form (see (3.17)) 

d 
dtG(t) + /J1G(t) + nonnegative terms :S A11łb(t)lli,(n) + A2 

for t E (O, T), where G(t) is an appropriately modified total energy F(t) 
and /J1, A1, A2 are positive constants. The derivation of such inequality 
is based on the three identities: the energy identity (3.4), the identity 

resulting from testing the chemical potentia! equation (1.3)1 by X (see 
(3.19)), and the identity following by testing the elasticity system (1.1)1 
by u (see (3.31)). 

Let G[O, oo) ----> [O, oo) be the function defined by 

G(t) = F(t) + vc;di J ( Ut(t) • u(t) + ie(u(t)) · Ae(u(t)))dx 
n 

(3.14) = J rnlut(t)l2 + W(e(u(t)),x(t)) +,j,(x(t)) + f1'vx(t)l2 
n 

+ vc;di ( Ut(t) · u(t) + ie(u(t)) · Ac(u(t))) ]dx. 
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This function will be shown (see (3.47)-(3.51)) to satisfy the bound 
(3.15) 

G(t) ~ j [i1u1(t)l2 + W(e:(u(t)),x(t)) +i/!(x(t)) + ~l'vx(t)l2]dx 
n 

l J 2 = F(t) - 4 lui(t)I dx ~ O. 

n 

We shall prove the following 

Lemma 3.3. Let G(t) be deflned by (3.14), and sup llb(t)IIL,(fl) < oo . 
O:,t:,T 

There exists a positive constant 

/3 . { vc.d1 l 1 r;;:_J; d1 } . h d' _ d~ 
(3 .16) I= mm -8-, d'" 4V 2-2-, Sv wit I - "t, 

such that solutions of problem (1.1) - (1 .3) satisfy the differentia] inequality 

(3.17) 
d vc.d1 2 1 2 
dtG(t) + f31G(t) + -s-llui(t)IIH'(fl) + 2ll'vµ(t)IIL,(fl) 

~ A1 llb(t)lli,(n) + A2 for t E (O, T), 

with positive constants A1 , A2 given by 

1 
A1 = 2v+ - - d-, 

2vc. 1 

(3.18) A = ll1I [_!__ (~ _]_ 2 ) 27x:,, vc;a~d1] 
2 d' 2 + 2d2 X m + 4d' + 8 

IAl 2 [ d 2 16a~ll11(x~ + l)] + v 1a3 + vc;d1(d')2 . 

Proof. Multiplying (1.3)1 by X, integrating over l1 and by parts using 
(1.3)2, gives 

(3.19) "t J l'vxl 2 dx + jw(x)x + W,x(e:(u),x)x]dx = J ftxdx, 
n n n 

Using the equality 

(3.20) j µxdx = j(µ -j µdx')xdx + j µdxj xdx, 
n n n n n 
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and next applying the Young and the Poincare inequality (1.19) to the 
first integral on the right-hand side of (3.20) and recalling the mean value 
property (3.2), we have 

(3.21) I j µxdx/ :<:; 8; llxllL(nJ+;;1 1IVµlli,(nJ+/ j µdx/lxml, 81 > O. 
n n 

On account of (3.2l)we conclude from (3.19) that 

'Y j IVxl2dx + j[1/J'(x)x + W,x(e(u),x)x]dx 

(3.22) 
n n 

81 2 d2 2 I J I :<:; 2 llxllL,(fl) + 281 IIVµIIL,(fl) + µdx lxml-
n 

Further, sin ce 

it follows, by the Poincare inequality (1.19) and the property (3.2), that 

(3 .23) 
llxllL<nJ = j /x -j xdxf dx + IDI I j xd{ 

n n n 
:<:; d2IIVxllL<nJ + IDlx~ -

Due to (3.23), setting 81 = ł_, (3.22) yields 

f j IVxl2dx + jW(x)x + W,x(e(u),x)x]dx 

(3.24) 
n n 

:<:; g~IIVµIIL(n) + 2; 21n1x~ + I j µdx/lxml• 
n 

Let us turn now to the energy identity (3.4). In view of (3.3) and (2.2) we 
have 

(3.25) 

~ j [~(lutl2 + 1IVxl2) + 1/J(x) + W(e(u) , x)] dx 
n 

+ vc,lle(ut)IIL(n) + IIVµIIL(n) :<:; J b · Utdx. 
n 
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By the Holder and Young inequalities together with Korn inequality (1.18), 

I i I 82 2 1 2 
b · uidx :<::: 2 iiudiL,(fl) + 282 llbllL,(fl) 

{l 

82 2 1 2 
:<::: 2d1 lle(ut)IIL,(fl) + 282 llbllL,(fl)> 82 > O. 

Hence, setting 82 = vc.d 1 , it follows from (3.25) that 

(3.26) 

~ j [~(lutl 2 + ,lv'xl 2 ) + 1P(X) + W(e(u),x)] dx 
{l 

vc. ? 2 1 2 + -2 lle(ut)lli,(nJ + llv'11IIL,(fl) :<::: -2 d llbllL,(fl)· vc. 2 

Let us multiply now (3.26) by the constant 

(3.27) 
d2 

d' = 2 > O, 
'Y 

and then add by sides with (3.24) to get 

,dj[l 2 2 ] ddt 2(1utl +,lv'xl )+1P(x)+W(e(u),x) dx 
{l 

(3.28) 

+ j [fiv'xl 2 + 1P 1(x)x + W,x(e(u),x)x] dx 
{l 

vd' c. 2 d' 2 + ~Ile( ui)IIL,(fl) + 2 llv' f1IIL,(fl) 

:<::: 2:21n1x;,. +·1 i pdx/lxml + 2v::d1 llblli,(n)· 
{l 

Noting that 

j 1p'(x)xdx = j( x 4 - x 2 )dx, 
{l {l 

and 

j 1P(x)dx = i j(x4 - x 2 )dx + i j(l - x 2 )dx, 
{l {l {l 

we have 

j 1P(x)dx = ¼ j 1p'(x)xdx + ¼ j(l -x2 )dx 

(3.29) 
n n n 

:<::: i j 1P'(x)xdx + 1~1. 
{l 
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Using (3.29) in (3.28) and dividing the result by d' > O we arrive at 

~ j [~(lud2 + ,lv'xl2) + 1/J(x) + W(e(u), x)] dx 
f! 

(3.30) 

+ ¼ j [ f lv'xl2 + 41/J(x) + W,x(e(u), x)x] dx 
f! 

vc. 2 1 2 + 2 lle(ut)IIL,(f!) + 2llv'µIIL,(f!) 

:::; lxd7I I j µdxl + R~(t), 
f! 

where 
2 1 I ) 2 1n1 ( , 2 ) 

R1 (t) = 2vc,d1 lb(t IIL,(f!) + d' 1 + 2d2 Xm . 

Let us consider now the elasticity system (1.1). Multiplying (1.1) 1 by 
u(t) , integrating over n and by parts using (1.l)J, we get 

~ j Ut· udx + j W,,(e(u), x) · e(u)dx 

(3.31) 
f! f! 

+ v j e(u) · Ae(ut)dx = j b · udx + j lutl 2dx. 
f! Il Il 

Usung the equality 

W,,(e(u),x) • e(u) = 2W(e(u),x) + e(x) • A(e(u) - e(x)), 

we write (3.31) in the form 

~ j (Ut· u+ ie(u) · Ae(u))dx + 2 j W(e(u), x)dx 

(3.32) Il f! 

= - j e(x) · A(e(u) - e(x))dx + j b · udx + j lu1l2dx. 
f! Il Il 

On account of the following inequalities (due to (2.9), (2.11) 1 and (1.18)): 

j W(e(u), x)dx 2: ~ j le(u) - e(x)l2dx, 
Il Il 

(3.33) j W(e(u), x)dx 2: c; j Gle(u)l2 - ie(x)l2 )dx 
Il Il 

c. li 112 c. 2 2 4d1 u H'(!l) - 2a31n1, 
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and 

I j e(x) • A(c(u) - e(x))dxl 
n 

b3 J 2 1 21 12 :::; 2 lc(u)- e(x)I dx + 263 a3 A , Ó3 > o, 
n 

(3.32) yields 

(3.34) 

Hence, setting b3 = c./4, b4 = c.di/8, we get 

(3.35) 

where 

Now we multiply (3.35) by a constant b5 > O (to be chosen later on) and 
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add by sides with (3.30) to arrive, after using Korn's inequality (1.18), at 

(3.36) 

! 1 rn(lu1l 2 +-rlVxl 2 ) + 1/>(x) + W(c:(u),x) 
11 

+ ó5 ( Ut · u + i c:( u) · Ac:( u))] dx 

l 1 [-y 2 ó5c.d1 2 + d' 21Vxl + 41/>(x) + - 8 -ic:(u) - e(x)I 
11 

+ 85 c.did' (lul 2 + iv'ui2) + D5d1W(c:(u), x)] dx 
16 

+ vc;di lludi:k,(11) + ~llv'µ/ll,(11) 

ś ¼I 1 W,x(c:(u),x)xdxl + I~~! I 1 µdxl + ó51lu11!1,(l1) 
11 11 

+ Ri(t) + 85R~(t). 

Our goal now is to estimate the first two integrals on the right-hand side 
of (3.36). For the first one, on account of (2.ll)i, we have 

(3.37) 

For the second integral, using the identity 

(3.38) 1 µdx = 1(1/>'(x) + W,x(c:(u),x))dx, 
11 11 

we have 

I 1µdxlśI11/>'(x)dxl + a4/Al!f!/ 112 1ic:(u)- e(x)l!L 2 (n)• 

11 n 

With the use of (3.2), 

Il 1/>'(x)dxl = ll(x3 -x)dxl = Il x3 dx-lf!lxml ś llx3 ldx+!f!llxml• 
11 11 n n 

Futher, by the Young inequality 

1 lx/ 3dx ś ~8!13 1 x4dx + 4~t 1n1, 
11 11 
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and the fact that (see (2.10)) x4 S: 81/J(x) + 2, we deduce that 

I j ij, '(x)d.1:[ S: 6<5!/3 j 1/J(x)dx + G8:/3 + 4~l )in1. 
fl fl 

Consequently, 

(3.39) 

Using estimates (3.37) and (3.39) in (3.36), and then choosing constants 
85 and 86 so that 

(3.40) 
c vc,d1 
05 s: -4-, 

1 
86 = (3lxm 1)3!4' 

we conclude the inequality 

~ j [ ½(lud2 + 1l'vxl2) + 1/J(x)+ W(.:( u), x) 
fl 

+ 8s ( Ut · u + ie:( u) · Ac:( u))] dx 

(3.41) 

l J [1' 2 8sc,d' 2 + d' 2I'vxl + 21/J(x) + - 8-lc:(u) - e(x)I 
fl 

+ 85 c~:id' (lul2 + l'vul2) + 8sd'W(c:(u), x)] dx 

vc,d1 2 1 2 + - 4 - lludlH'(fl) + 2ll'vµIIL,(fl) 

1 
s: d'a4IAlll1I 112 (lxml + l)llc:(u)- e(x)IIL,(fl) + R~(t), 

where 

R~(t) = Ri(t) + 8sR~(t) + 2 \~:X-:,, ll1I . 

Finally, using the estimate 

l 1/2 
d'a4IAlll1I (lxml + l)llc:(u) - e(x)IIL,(fl) 

< 0._llc:(u) _ e( )ll2 + .2:_ allAl2Il1I(x~ + 1) 
- 2 X L,(fl) 81 (d')2 
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and setting ó7 = ~, inequality (3.41) is reduced to 

ft j [ ~(lud2 + ,lv'xl2) + 1/J(x) + W(e:( u), x) 
(J 

+ ó5 ( u 1 • u + ie:( u) · Ae:( u))] dx 

l J [' ósc.d' (3.42) + Ji 21v'xl2 + 21/J(x) + ~le:(u) - ~(x)l2 

where 

(J 

+ Ósc.did' (lul2 + lv'ul2) + ósd'W(e:(u), x)] dx 
16 

vc.d1 2 1 li ll2 2( ) + - 4-llutllH'(n) + 2 v'µ L 2 (n) :::'. R4 t, 

R2(t) = R2(t) + _8_ allAl 2 llłl(x:n + 1). 
4 a ósc. (d')2 

Let us define the function 

G6, (t) = j [ ~(lud2 + ,lv'xl2) + 1/J(x) + W(e:( u), x) 

(3.43) (J 

+ Ós ( u 1 · u + ie:( u) · Ae:( u))] dx 

with constant ó5 > O to be selected below. 

Now, Jet us choose constant Ós > O in such a way that the sum of the 
second and the half of the third term on the left-hand sicie of (3.42) is 
bounded from below by Ós G 6, ( t), more precisely so that to satisfy the 
bound 

l j [' 2 ó5 c.d' 2 ósG6,(t)::::: d' 21v'xl + 21/J(x) + ~le:(u) - ~(x)I 
(J 

(3.44) + ósc~:1d' (lul2 + lv'ul2) + ósd'W(e:(u),x) 

vc.d1 d' 2 2 ] + - 8-(lud + lv'ud ) dx. 
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The bound (3.44) holds true provided the following conditions: 

Consequently, choosing 

2d2 52 < vc. 1. 
s - 645s ' 

d1 
so, by (2.2), Ds :::'. Sv. 

) . {vc.d1 1 c.d1 ff. <!-}__} 
(3.45 Ds= mm - 8-, d'' Ds, 8 V 8s' Sv , 

we conclude from (3.42) the inequality 

Finally, we choose constant Ds > O in such a way to satisfy the bound 

(3 .47) G6.(t) ~ j [i1u112 + W(E"(u),x) +1P(X) + łl'vxl 2]dx. 
n 

To this purpose !et us note that since (see (2.2), (1.18)) 

(3.48) j E'(u) · AE'(u)dx ~ c.d1 j lul2dx, 

n n 

it follows with the help of the Young inequality that 
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where ó10 > O. Hence, choosing ~ = ¼ and ~ = 6•v~.d,, that is 

(3.50) and Ós = vc.di, 
2 

inequality (3.49) guarantees the bound (3.47). Besides, 

(3 .51) 

with G(t) defined in (3.14). Hence, (3.47) implies the property (3.15). 
Moreover, with the above choice of Ós the condition (3.45) reduces to 

(3.52) /31 = Ós = min { vc.di 2_ ~ r;;:J; ~} 
8 'd'' 4V2' Sv 

which yields (3.16). Consequently, inequality (3.46) takes the form 

(3.53) 
d vc.d1 2 1 2 
dtG(t) + f31G(t) + - 8-llu1(t)IIH'(n) + 211'vµ(t)IIL,(!1) 

'.S R~(t) = A1llb(t)IIL(n) + A2, 

where 
R2() = R2() 16al1Al2li11(x~ + 1) 

4 t 3 t + vc;d1 ( d' )2 ' 

R~(t) = R~(t) + vc;di R~(t) + 2 \~'.X~ li11, 

R2( ) - _4_llb( )112 2al1Al2 c.allr!I 
2 t - d t L2(0) + --- + --4-, 

c. 1 c. 

2 1 2 1n1 ( 1 2 ) 
Ri(t) = 2vc.di llb(t)IIL,(!1) + d' l + 2d2 Xm · 

This shows (3.17), (3.18) and thereby completes the proof. • 
From Lemma 3.3 we clecluce an absorbing estimate on the interval 

[kT, (k + l)T], k = O. 

Lemma 3.4. Let G(t) be defined by (3.14), G(O) < oo, and 

(3 .54) b10 = sup llb(t)IIL,(n) < oo. 
tE(O,T] 

Tbe function G(t) is Lipscfotz continuous on [O, Tj and satisfies tbe follow­
ing estimates: 

(3 .55) 
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and 

t t 

J , , 11c.cl1 j li ll2 d , G(t) + /31 G(t )cit + -8- Ut' H'(fl) t 

(3.56) 
o o 

t 

+ tj ll'v ftlli,cn>clt' :S G(O) + f31A1ot for t E [O, T], 
o 

with positive constant 

and constants (31 , A1, A2 from Lemma 3.3. 

Proof. From (3.17) it follows that for any t 1,t2 E [O,T], 

IG(t1)- G(t2)I :S (A1 sup llb(t)lli,(n) + A2)lt1 -t2I :S /31A1olt1 -t2I, 
tE[O,T) 

which shows Lipschitz continuity of G(t) . 
Estimate (3.55) results on account of the classical Gronwall lemma 

(multiplying (3.17) by exp(/31 t) and integrating from t = O tot E [O, Tl). 
Estimate (3.56) follows directly by integrating (3.17) from t = O to t E 
[O,T]. O 

In view of the bound 

(3.57) 

1 2 'Y 2 l 4 
G(t) :2: 4llu1(t)IIL,(n) + 211'vx(t)IIL,(nJ + 811x(t)IIL.(fl) 

+ Tll,;(u(t))lli,cn) - c;, 

where c~ = ~ (c.a~ + ½), resulting from (3.15) and (3.13), we deduce 
from (3.55) the following 

Corollary 3.1. Let (Al)- (A6) hold, G(t) be given by (3.14), G(O) < =, 
and b E L00(IR+; L2(f!)). Then 

1 2 'Y 2 1 2 

41iu1(t)IIL,(n) + 211Vx(t)IIL,(n) + 8llx(t)IIL.(n) 

(3.58) + ~ 11,;(u(t))lli,(n) :S G(t) + c; 

:S A10 + G(O) + c; :S A1 + G(O) + c; = c1 

28 
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where 
1 2 ) A1 = a(A1 sup llb(t)IIL,(O) + A2 , 

1-'I tEJR+ 

c~ = l~I ( c.a~ + D . 
Remark 3.2. Estimate (3.58) depends on the initial conditon G(O). To 

prove global existence we shall consider problem (1.14)-(1.16) on the sub­
sequent time intervals [kT, (k + 1 )Tj, k E N U {O}. Of key importance will 
be the fact that constant c1 is independent of the time step k (see (5.3)). 

In Section 6, dealing with the absorbing set property, we shall use 
another version of estimate (3.58) which is independent of the initial con­

dition and holds for sufficiently large t. 

4. Regularity estimates of absorbing type 

In this section we derive a differentia! inequality which allow us to 
deduce regularity estimates of absorbing type. The inequality has the form 

(see (4.50)) 

d 
dtN(t) + (34N(t) + nonnegative terms 

S A3 llb(t)lli,(o) + A4 llb1(t)lli,(O) + As for t E (O, T), 

where N(t) is an appropriately constructed nonnegative function (see 

(4.57)), being a linear combination of the modified energy G(t) in (3.14) 
and the norms 

IIQu(t)IIL<nJ, 
llx(t)IILcnJ, 

li QI12 u1( t)lli,(o), 
llt.x( t )IIL<nJ, 

IIQu1(t)lli,(o), 
llx1(t)IIL<nJ 

with coefficients depending on the constant c1 from energy estimate (3.58). 

Moreover, (34, A3, A4 and As are positive constants depending on c1 as well. 
The derivation of such inequality is based on differentiating system 

(1.14)- (1.16) with respect to time variable. The procedure consists of four 

main steps. In the first step (see Lemma 4.1) we derive a differentia! in­
equality for elasticity system (1.14). The right-hand side of this inequality 

includes the terms ll'v'x(t)lli,(o) +llx1(t)'v'x(t)11Ln) +ll'v'x1(t)lll,(n) which 
arise due to differentiation in time. 

In the second step we consider system (1.15), (1.16) rewritten in the 

Cahn-Hilliard form (1.17). We derive a differentia! inequality (see Lemma 
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4.3) which is appropriate to handle the above mentioned terms in the 
previous inequality. 

In the third step we combine the inequalities from the first and the 
second step to obtain a differentia! inequality with higher order terms 
(see Lemma 4.4). The right-hand side of this inequality includes the term 

li E"( Ut)( t) 111, ({l) · 

To absorb this term, in the fourth step (see Lemma 4.5) we combine 

the latter inequality with the differentia! inequality for the energy G(t), 
derived in Lemma 3.3. 

In this section we use the simplified formulation (1.14)-(1.15) of sys­
tem (1.1)-(1.3). Moreover, we assume that hypotheses (Al)- (A6) are sat­

isfied. 

4.1. Estimates for u 

Lemma 4.1. Assume that 

( 4.1) 
sup (ll'vx(t)IIL,(nJ + llxt(t)'vx(t)IIL,(nJ + ll'vxt(t)IIL,(nJ) < oo, 

O:,;t:,T 

sup (llb(t)IIL,(n) + llbt(t)IIL,(n)) < oo. 
O:,;t:,T 

Let H : [O, oo) --+ [O, oo) be tl1e function deEned by 

(4.2) 
H(t) = (v + l)IIQu(t)IIL(n) + IIQ112 ut(t)/11,(n) 

16d~ 2 1/2 2 + ----==T"(IIQu1(t)IIL,(!1) + IIQ utt(t)IIL,(n)). vµ 

Tl1en there exists a positive constant 

( 4.3) /32 = min --, -{ 1 vµ v2 p,2 } 

li + 1 4d3 ' 32d~ 

such that solutions u of system (1.14) satisfy the differentia} inequality 

~H(t) + f32H(t) + llut1(t)lll,(nJ + ~~~ IIQutt(t)lll,(n) 

( 4.4) 
2 ( 2) li ( )ll 2 48a~d~ 2 :::; as 3 + - 'vx t L,(nJ + ~(llxi(t)'vx(t)IIL,(n) 

li li µ 

11 2 ( 2) 2 48d~ 2 + ll'vx1(t) L,(n)) + 3 +-;_; /lb(t)IIL,(nJ + ll2 fJ, 2 llbt(t)IIL,(nJ 

Jor t E (O, T). 

Prior to presenting the proof of this lemma we prepare 
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Lemma 4.2. Let the operator Q be deflned by (1.11). Tben the following 

estimates bold true 

( 4.5) IIQ112ulli,(fl) ~ ~ IIQulli,(n) , 

for all u E D(Q). 

Proof. Let us consider the elliptic problem 

(4.6) 
µ6.u + (.\ + µ)V(V •u)= Qu m n, 
u= O on S, 

where the right-hand side Qu is treated as a given datum. Multiplying 
(4.6)i by u, integrating by parts and recalling the definition of Q1 / 2 (see 

(2.4)) gives 

(4.7) j IQ112ul 2 dx = j[i-i1Vul2 +(.\+µ)IV· ui2 ]dx = - j Qu · udx. 

fl fl fl 
With the help of the Holder and Young inequalities together with the 
Poincare-Friedrichs inequality (1.20) applied to the right-hand side of ( 4. 7), 

we conclude that 

(4.8) 

Thus, choosing 61 so that 61 d3 = µ, we have --, 
.--1/2 2 d ... 2 . 
CIIQ ullL,(fl) ~ rllQullL,(fl)' which proves (4.5)1. 

To show (4.5)2, Jet us note that by the Poincare-Friedrichs inequality 
(1.20) and (4.5) 1 it follows immediately that 

(4.9) dµ llulli,(n) ~ i-illv'ulli,(n) ~ IIQ112ulli,(n) ~ d! IIQulll,(n), 
3 µ 

that is ( 4.5)2. This completes the proof. • 
Proof of Lemma 4.1. Multiplying (1.14) 1 by Qu(t) and integrating over 
n gives 

(4.10) 

11 d 2 2 J 2&11QullL,(fl) + IIQullL,(fl) = Utt · Qudx 

- j(z'( x)BVx + b) · Qudx. 

fl 

31 

fl 

z47 



With the help of the Holder and Young inequalities, using (2.ll)a, the 
right-hand sicie of ( 4.10) is estimated by 

81 > o. 

Hence, setting 81 = ½, it follows that 

( 4.11) 

vd 2 1 2 3 2 

2dtllQullL,(fl) + 211QullL,{fl) :S 211uttllL,{fl) 

+ ~a~ IIVxllLcn) + ~ llblli,cn) · 

Now let us multiply (1.14) 1 by Qu1(t), integrate over n and by parts 
using (1.14)3, to get 

( 4.12) 
~~(IIQ112utlli,cn) + IIQulli,cn)) + vllQu1IILcn) 

= - j(z'(x)BVx + b) · Qu1dx. 

fl 

Again, by the Holder and Young inequalities, using (2.ll)a, the right-hand 
side of (4.12) is estimated by 

/ I 2 a~ j 2 1 / 2 82 Qutl dx + 282 IVxl dx + 282 Ibi dx, 

fl fl fl 

Hence, setting 82 = f we conclude that 

( 4.13) 

Since, on account of Lemma 4.2, 

( 4.14) 

inequality ( 4.13) yields 

( 4.15) 

l d 1 /2 2 2 V 2 
2 dt(IIQ uiilL,{fl) + IIQullL,(fl)) + 4 IIQudlL,(fl) 

Vµ 1 /2 2 a~ 2 1 2 + 4-d IIQ udlL,(n) :S -IIVxllL,(fl) + -llbllL,(fl) • 
3 V V 
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Now, !et us differentiate (1.14)1 with respect tot, multiply by Qutt(t), 
integrate over n and by parts to get 

l d 1/2 2 2 I 12 2dt(IIQ UttłlL,(f!) + IIQutllL,(n)) + vl Quttl L,(n) 
(4.16) 

= - j[(z'(x)Bv'x),, + bt] • Quttdx. 

n 

Performing differentaition on the right-hand side of (4.16) and applying 
the Young inequality we find 

I jtz"(x)x,Bv'x + z'(x)Bv'xt + b,) · Quttdxl ~ 3i3 IIQuttlli,(n) 
n 

+ 2~3 j(lz"(x)Bl 2xilv'xl 2 + lz'(x)Bl 2 lv'x,l 2 + lb,l 2 )dx, 63 > O. 
n 

Hen ce, setting 63 = } and using (2.11 )a, we conclude that 

( 4.17) 

Since Utt = O on S, by Lemma 4.2 we have 
(4.18) 

IIQ112uttlli,(n) ~ ~3 IIQuttlli,(n), lluttlli,(n) ~ ~! IIQuttlli,(n)· µ µ 

Using ( 4.18) we conclude from ( 4.17) that 

Multiplying ( 4.19) by 4 · ~ and summing up with inequalities ( 4.11) 
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and (4.15), each multiplied by 2, we arrive at 

( 4.20) 

~[(li+ l)IIQulli,(n) + IIQ112uttlli,(n) 

16d~ 12 li 1/2 112 )] + ~(IIQutl L,(n) + Q Utt L,(n) liµ 
2 lljJ, 1/2 2 llll 112 + IIQullL,(n) + 2d3 IIQ u1IIL,(!l) + 2 Qui L,(n) 

4d3 1/2 2 li 112 8d~ li 112 + -_-IIQ uttllL,(n) + Utt L,(n) + ~ Qutt L,(n) µ µ 

2 ( 2) 2 48a~d5 2 I 112 ) :S: as 3 + - IIVxllL,(nJ + ~(llxtVxllL,(nJ + I 'vxt L,(n) 
li li µ 

( 2) 2 48d5 2 + 3 + - llbllL,(!l) + ~llbtllL,(!l)· 
li li µ 

Hence, letting 

and defining H(t) according to (4.2), we conclude (4.4) what finishes the 

~~ o 

4.2. Estimates for x 

Our goal now is to obtain estimates on x which are appropriate to 
handle the right-hand side of inequality ( 4.4). To this end we consider 
system (1.15), (1.16) expressed in the form (1.17). We have 

Lemma 4.3. Assume tha.t 

( 4.21) 

Then solutions X of problem (1.17) sa.tisfy the differentia.i inequality 

d 2 2 2 
dt(llx(t)IIL,(n) + c2IIL'.x(t)IIL,(nJl + llxt(t)IIL,(n) 

(4.22) + c3( llxt(t)IIL<nJ + ll""x1(t)IIL<nJ 
+ llx(t)llk,<n) + ll""x(t)IIL<nJ) 

:S: c4(11~(u1(t))lli,(n) + x;. + 1) for t E (O,T), 
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where c2 = c2 ( cI), c3 = c3 ( c1 ), c4 = c4 ( c1 ) denote positive constants which 
are monotone increasing as functions of constant c1 from energy estimate 

(3.58). They are given by 

where 

Proof. Differentiating (1.17)1 with respect tot , multiplying by Xt(t), in­
tegrating over n and by parts using boundary conditions (1.17)3,4 , and 
applying the Young inequality we find 
( 4.23) 

¾llxdlL(n) +,ll.6.x1IIL(n) S:: ¼ j [1/J'(x)+z'(x)(B ·e( u)+Dz(x)+E)]~1dx. 
n 

After performing differentiation and using (2.7), (2.11)3,4 the right-hand 
side of ( 4.23) is bounded by 

¼ j[1/J"(x)x1 + z"(x)x1(B · e(u) + Dz(x) + E) 
n 
+ z'(x)(B · e(u,) + Dz'(x)x,)]2dx 

:::::: ~W(x)2xz + lz"(x)Bl 2 le(u)l2xz + lz"(x)(Dz(x) + E)l2x; 

' + lz'(x)Bl 2 le(ut)l 2 + 1Dz'(x)l2xz]dx 

S:: ~ j[(3x2 - 1)2x; + a~le(u)i2x; + 2ah; + a~le(u1)12]dx 
n 

:::::: ~ j(9x 4 + l)x;dx +~(a~+ an J(le(u)i2x; + x; + le(u,)12)dx. 
n n 
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By the interpolation inequality (see (1.24)) we have 

(4.25) llx1IIL(n)::; 8:-"llxilli,(fl) + d181"llx1IIL(n)• 
with x = ¾ < 1, 81 > O, d1 > O. 
Further, in view of the identity fn x1dx = O (see (3.1)) and the boundary 
condition (1.17)3, by virtue of the elliptic inequality (1.22), 

( 4.26) llxilli,(nJ::; dsllb.xtllL(nJ, ds> O. 

Using (4.25) and (4.26) in (4.24) and choosing 81 so that 

40(9 a~+a~)d ,I/4_'Y - + -- sCJV - -, 
'Y C* I 2 

we arrive at the inequality 

(4.27) ~llxt!IL(nJ + łll6.x1IIL(nJ::; c;llx1IIL(nJ + c;lle(ui)IIL(nJ, 

with positive constants c;, c~ given by 

, _ d [ 80( 9c. + a~ + a~ )ds] 3 
3 10 ( 2 2 ) 

c2 - 1 2 c1 + - as + a 6 + 1 , 
'Y c. 'Y 

, 10( 2 2 
c3 = - as + a6). 

'Y 

Now, !et us multiply (1.17)1 by Xt(t), integrate over l1 and by parts 
using boundary con di tions ( l.17h,4 to get 

( 4.28) 

-yd 12 2 
2dtll6.x IL,(nJ + llxillL,<nJ 

= j[1P'(x) + z'(x)(B · e(u) + Dz(x) + E)]6.x1dx. 
n 
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By the Young inequality the right-hand side of ( 4.28) is estimatecl by 

(4.29) illb.xtlll,cn)+ J2 j[l1P 1(x)l 2 +1z'(x)(B·e(u)+Dz(x)+E)l2 ]dx, 
!1 

where E,2 > O. Using (2.7) and (2.llh,4 the last integral in the above 
inequality is bounded by 

j(x6 + x 2 )dx + 2 j(a~le(u)l2 + a~)dx 
!1 !1 ( 4.30) 

= llxlll.<nJ + llxllL<nJ + 2a;lle(u)IILc11J + 2a~1n1 = I . 

Recalling estimates (3.23) and (3.58) we have 

2 2 2 2d2 I 2 llxllL,(!1)::::; d2Jl'vxllL,(!1) + 1n1xm::::; -C1 + fllxm, 
'Y 

so that 
2 2 2 llxllH'(!1)::::; -(d2 + l)c1 + 1n1xm• 

'Y 

Moreover, by the Sobolev imbedding (1.21), 

llxlll.cnJ :<::: d!llxll~,<nJ :<::: d! [~(d2 + l)c1 + Jnlx~] 
3 

:<::: 4d! [ : 3 (d2 + 1)3cf + J!lJ3x~]. 

Hence, we conclude the bound 

( 4.31) 

with constant c~ given by 

, 32 d3 ( 3 3 ( d2 4a~) 3 6 2 2 2 C4 = 3 4 d2 + 1) C1 + 2 - + - C] + (4d4xmlfll + Xm + 2a5)1n1. 
'Y 'Y c, 

Combining estimates ( 4.29)- ( 4.31) in ( 4.28) we arrive at 

( ) I d I 2 2 b2 2 1 1 
4.32 2 dt Jb.xllL,<nJ + llxtllL,<nJ :<::: 2 ilb.xtllL,<nJ + E,2 c4. 

Let us multiply now ( 4.32) by 2c~ and add by sides to ( 4.27) to get, after 
setting b2 = 4-r, , the inequality c, 

( 4.33) 
~(llxtlil,<nJ + ,c~llb.xlil,<nJ) + c~llx,111,<nJ + ¾llb.x,iil,,cnJ 

:<::: c;1le(u1)lli;,(n) + ~c;2c~. 
'Y 
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Finally, we multiply (1.17)1 by x(t), integrate over n and by parts using 

boundary conditions (1.17)3,4 to get after applying the Young inequality 

d 2 2 
dtllxllL,(nJ + ,Jl2>xllL,(nJ 

( 4.34) 21 2 :S - [IP'(x) 2 + Jz'(x)(B · e(u) + Dz(x) + E)l2]dx :S -c~, 
')' ')' 

l1 

where in the last line we used (4.30) and (4.31). Adding (4.33) and (4.34) 
by sides gives 

ftrnxllLnJ + ,c;IJ 6 xl1Lrn) + llxdlLcn)) 

(4.35) + c;llxdlLcn) + ¾11 6 xd1Lcn) + ,11 6 x11Lcn) 

:S c; Ile( Ut)lli,cn) + c~ 

where c~ = ~c~(4c? + 1). Moreover, using the elliptic estimate (1.22) and 
property (3.2), we deduce from (4.35) that 

ftrnxllLcn) + ,c;IJ 6 x11Lcn) + llxdlLcn>) 

(4.36) + c;llx1IIL(n) + ¾ll 6 x1IIL(n) + 2: 5 llxlli-P(n) + ł11 6 xlli,(n) 

:S c;lle(ut)Jli,cn) + 2~5 X~+ c~. 

Hence, setting 

(4.37) c2 = ,c;, c3 = min { c;, ¾, 2: 5 }, c4 = max { c;, c~, 2~5 }, 

we conclucle inequality ( 4.22). This finishes the proof. 

4.3. Estimates for u and x 

Combining the estimates from Lemmas 4.1 and 4.3 we clecluce 

Lemma 4.4. Assume that 

sup lle(ut(t)JIL,(l1) < oo, sup (llb(t)JJL,(f!) + llb1(t)JIL,(l1)) < oo, 
0$t$T 0$t$T 

Let K : [O, oo) _, [O, oo) be the func tion deflned by 

(4.38) K(t) = H(t) + c5(Jlx(t)IIL(n) + c21i2>x(t)JILcn) + llxt(t)JILcn)) 

• 
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where the function H(t) and constant c2 are given in Lemmas 4.1 and 4.3, 
and c5 = c5 ( c1 ) is a positive constant, mon ot one increasing in c1 , given by 

(4.39) 

Then there exists positive constant 

( 4.40) 

with fh, c2, c3 deńned in Lemm as 4.1, 4.3, such that solutions ( u, x, p) of 
problem (1.14)-(1.16) satisfy the differentia] inequality 

d r 2 8d~ 2 
dt]',. (t) + f33l<(t) + llutt(t)IIL,(fl) + µ2 IIQutt(t)IIL,(fl) 

C3C5 2 2 + - 2-(llx(t)IIH'(fll + II6.xt(t)IIL,(nJl 

(4.41) ~ c4cs(lle(ut(t))lli;,(n) +X~,+ 1) 

2a~ ( 2) ( 2) 2 + 1 3 +;; Cj + 3 +;; llb(t )IIL,(fl) 

48d~ 2 + v 2µ2 l!bt(t)IIL,(fl) for t E (O , T). 

Proof. Applying estimate (3.58) to the right-hand side of inequality ( 4.4) 
we get 

d ) 2 8d~ 2 
dtH(t) + f32H(t + lluttllL,(fl) + µ2 IIQuttllL,(fl) 

( 4.42) 2a~ ( 2) 96a~d~ 2 
~ - 3 + - c1 + ~c1 llxtll L <n> , v vp, oo 

48a~d~ li 12 ( 2) 2 48d~ 2 + ~ Vxtl L,(n) + 3 + - llbllL,(n> + ~llbtllL,(nJ· 
V fi V V ft 

By virtue of imbedding (1.23), since fn Xtdx = O, 
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Now, multiplying inequality ( 4.22) by constant es such that 

( 4.45) 

adding the result to ( 4.44), and denoting 

K(t) = H(t) + cs(llx(t)IIŁ,cn) + llx1(t)IILcnJ + c2ll6x(t)11Lcn)), 

we arrive at 

( 4.46) 

d 2 8d~ 2 
dtK(t) + fJ2H(t) + lluullL,(f!) + p.2 IIQutdlL,(f!) 

+ cacs (11xt1IL(n) + ~ ll6xd1L(n) + llxlli12(nJ + ll6xl1L(n)) 

Ś c4cs(lle:(ut)IIL(n) +X~+ 1) 

2ag ( 2) ( 2) I 112 48d~ li 112 + - 3 + - c1 + 3 + - I b L,(n) + ~ bt L,(n)· 
'"( V V vµ 

Let us note that 
( 4.47) 

fJ2H(t) + cacs (11xdlL(n) + ~ll6xd1Lcn) + llxll~P(nJ + ll6xl1L(n)) 

::?: fJ2H(t) + cacs GllxllL<nJ + llx1IILcn) + c;- 1c2ll6xllL(n)) 
C3C5 2 2 + - 2-(llx llH 2 cnJ + ll6xdlL,(nJ) 

, C3C5 2 2 
:::: fJaI1. (t) + - 2-(llxllH'(nJ + IIL'>xdlL,(n)) 

where ,Ba = min {.B2, Ef-, ~}-On account of ( 4.47), inequality ( 4.46) leads 

to (4.41) which together with condition (4.45) proves the lemma. O 
Finally, combining the results of Lemmas 4.4 and 3.3, we get 

Lemma 4.5. Let the assumptions of Lemma 4.4 be satisfied and N 
[O, oo) ---> [O, oo) be the funciton defined by 

( 4.48) N(t) = K(t) + caG(t) 

with K(t) and G(t) given respectively by (4.38) and (3.14), and positive 
constant c6 = c6 ( c1 ), monotone increasing in c1 , such that 

( 4.49) 

40 z47 



Then solutions (u,x,µ) of problem (1.14)- (1.16) satisfy the differentia] 

inequality 

d vc.d1 2 C5 2 
dt,N(t) + /34N(t) + c516 ilu1(t)IIH'(O) + 2 ll'vµ(t)IIL,(O) 

(4.5D) + llutt(t)ll1,(n) + 8; 5 IIQutt(t)ll1,(n) + c3;5 (llx(t)ll]P(O) 

+ ll6.x1(t)lll,cn)) ::C:: A3llb(t)lll,cn) + A4llb1(t)lll,(n) + As 

fort E (O,T), where /34 = /34(c1), A3 = A3(c1), A4, As = As(ci) are 
positive constants given by: 

( 4.51) 

A _ 48d5 
4 - v2 p,2 ' 

with /33 = /33(c1), /31, A1, A2 deflned in (4.40), (3 .16), (3.18). 

Proof. Multiplying inequality (3.17) by constant c6 = c6 ( c1) satisfying 
condition (4.49), adding the result to (4.41) and denoting N(t) = I<(t) + 
c5G(t), we arrive at 

Using the notation (4.51), in view of the inequality 

we conclude the assertion. D 
Let us define the function N : [O, oo) -, [O, oo) by 

( 4.53) 
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Then inequality ( 4.50) implies the following one in the concised form 

(4.54) 

d -
dtN(t) + /34N(t) + f35 N(t) 

:S A3jjb(t)IIŁ,(n) + A4jlb1(t)i11,(n) + As for t E (O, T), 

where 

. { 8df~Q C3C5 } 
/3s = /3s(cI) = mm --r• 2d5 . 

Similarly as in Lemma 3.4, we deduce from ( 4.54) an absorbing esti­

mate. 

Lemma 4.6. Let N(t) be defined by (4.48), N(O) < oo, lxml < oo, and 

b10 = sup llb(t)IIL,(fl) < oo, 
os;t::,T 

Then the function N(t) is Lipschitz continuous on [O, TJ and satisfies the 
following estimates: 

(4.55) 

and 

t t 

(4.56) N(t) + /34 j N(t')dt' + f3s j N(t')dt' :S f34A20t + N(O) 
o o 

with positive constant 

and constants /34 , A3, A4 , A5 frorn Lemma 4.5. 

Let us note that by the definitions of K(t) and H(t) (see (4.38), (4.2)) 
it follows from ( 4.48) that 
( 4.57) 

N(t) = (v + l)IIQu(t)IIŁ,(n) + IIQ112 u1(t)i11,(n) 

16d~( 2 1/2 2 2 + vµ, 2 IIQu1(t)IIL,(fl) + IIQ Utt(t)IIL,(n)) + cs(llx(t)lli,(fl) 

+ llx1(t)iiL<nJ + c2llb.x(t)IIL<nJ) + c5G(t). 
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Hence, on account of (3.57) and (1.22), (2.3), (2.5), (3.2), we have 
( 4.58) 

N(t) :::: c1(llu(t)llk,cn> + llu(t)llk2cni + llut(t)IIL<n> + llu,(t)llk 1 cn> 

+ llu,(t)llk,cn> + llutt(t)llk,cn> + llx(t)IILcn> + llx(t)lli.cni 

+ llv'x(t)IILcn> + llx(t)lli12<n> + llx,(t)IILcn>) - c~ 

2: c1(llu(t)llk2cn) + llu,(t)llk,cni + 1łutt(t)llk 1 cni + llx(t)ll}P(n) 

+ llx1(t)IIL<ni) - c~, 

with positive constants c7 = c1(c1 ) and c~ = c~(ci) given by 

In view of the bound ( 4.58) we deduce from ( 4.55) the following 

Corollary 4.1. Let (Al)-(A6) hold, N(t) be deiined by (4.48), N(O) < 
oo, and b, b1 E L 00 (0, T; L2(l1)). Then 

(4.59) 
c1(llu(t)llk,cn> + llu1(t)llk,cni + llutt(t)llk,<n> + llx(t)lli12<n> 

+ llx1(t)11Lcn)) ~ N(t) + c~ ~ A20 + N(O) + c~ = es 

with constants A 20 and c7 , c~ denned in ( 4.56) and (4.58). 

5. Proof of Theorem 2.1 {Global existence} 

To prove global existence we consider problem (1.14)- (1.16) on time 
intervals [kT, ( k + l )T] where k E N U {O} and T > O is an arbitrary finite 
number: 

Utt - Qu - vQut = z'(x)B'vx + b in n X (kT, (k + l)T), 

(5.1) ult=kT = u(kT) Utlt=kT = Ut(kT) in n, 
u=O on S x (kT, (k + l)T), 

Xt - f:lµ = O in l1 x (kT, (k + l)T), 

(5.2) xlt=kT = x(kT) in n, 
n-'vµ=O on S x (kT, (k + l)T), 
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µ = ---y6.x + 1 '( x) 

(5.3) +z'(x)(B·c(u)+Dz(x)+E) m nx(kT,(k+l)T), 

n· Vx = O on S x (kT, (k + l)T). 

Let the functions G(t), N(t), N(t): [O,oo)--> [O, oo) be defined by (3.14), 
(4.48) and (4.53). Moreover, !et us denote 

(5.4) blk = sup llb(t) IIL,(n), b2k = sup llb,(t)IIL,(n) 
tE(kT,(k+l)T] tE[kT,(k+l)T] 

and 
b1 = sup blk, b2 = sup b2k• 

kEJ\IU{O} kEJ\IU{O} 

Repeating the estimates from Section 3 and 4 on the subsequent time 
intervals [ kT, ( k + l )Tl, k E N U {O} we con cl u de the following 

Lemma 5.1. Let G(O) < oo, b1 < oo and 

1 ( 2 A1 = (31 A1b1 + A2) 

witb constants (3 1 , A1 , A2 deflned in Lemma 3.3. Tben 

(5.5) G(kT) '.','. A1(l - e-/3,kT) + G(O)e-/3,kT '.','. A1 + G(O) for k EN. 

Proof. Considering inequality (3 .17) on time interval [(I - l)T, IT], mul­
tiplying by eflit and integrating from t = (I - l)T tot= IT, we obtain 

(5.6) G(lT) '.','. A 1 (l - e-/3 ,T) + e-fl,TG((l - l)T). 

Iterating (5.6) with respect to I from 1 tok implies estimate (5.5). O 

On account of Lemma 5.1, energy estimate (3.58) on time interval 
[kT, (k + l)T] takes the form 
(5.7) 

1 2 1' 2 1 4 c. 2 

411ut(t)IIL,(n) + 211Vx(t)IIL,(n) + 811x(t)IIL.(n) + 4 llc(u(t))IIL,(n) 

'.','. G(kT) + c~ '.','. A1 + G(O) + c~ = c1 for t E [kT, (k + l)T]. 

This shows that constant c1 from Section 3, and consequently all other 
constants c; = c;( c1 ), i = 2, ... , 8 from Section 4 are independent of the 
time step k EN U {O}. Thus, according to (4.54), we have 

d -
dtN(t) + /34N(t) + f35 N(t) 

(5.8) 
::::'. Aallb(t)IIL(n) + A4llb,(t)IIL(n) + A5 for t E (kT, (k + l)T), 

where constants f34,/35,Aa,A4,A5 are independent of k, defined in (4.51) 
and (4.53). 

Repeating Lemma 4.6 on time intervals [kT, (k + l)T] we conclude 
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Lemma 5.2. Let N(O) < oo, b1 , b2 < oo, and 

Then 

Proof. Considering inequality ( 5.8) on time interval [( I - 1 )T, IT], multi­

plying by ef3,t and integrating from t = (l - l)T tot= IT we obtain 

Iterating (5.10) with respect to I from 1 to k gives (5.9). 
For k E N U {O} we introduce the spaces 

.N(kT) = {(u,x)lt=kT: N(kT) < oo, 

and u(kT) = O, n· Vx(kT) = O on S}, 

M(kT,(k + l)T) = {(u,x): max N(t) 
tE[kT,(k+l)T) 

(5.11) (k+I)T 

+ j (N(t) + N(t))dt < oo, 

kT 

andu(t)=O, n•Vx(t)=OonS, tE[kT,(k+l)T]}. 

Let us note that by ( 4.58), 

(5.12) 
N(t) ;:=: c1(ll u(t)llk,(11) + llut(t)llk,(n) + llutt(t)llk,(!1) 

+ llx(t)llk,(n) + llx1(t)IIL(n)) - c~ for t E IR+, 

D 

with positive constants c7 and c~ independent of k. Moreover, according 
to ( 4.53), 

(5.13) f.r(t) = llutt(t)llk,(n) + llx1(t)llk,(11)· 

We have the following loca! existence result on each time interval 

[kT,(1.: + l)T], k E NU {O}. 
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Lemma 5.3. Assume tliat ( u, x) E N( kT), aJJd b1, b2 < oo. Thell there 
exists a local solutioJJ (u,x,µ) to prnblem (5.1)- (5.3) such tl1at (u,x) E 

M(kT, (k + l)T). 

Proof. Multiplying inequality (5.8) by ef3•t, integrating from t = kT to 

t E [kT,(J., + l)T], and using (5.9) we get 

N(t) ~ A2 (l - e-/3•') + N(kT)e-/J•t ~ A2 + N(O) for t E [kT, (k + l)T] . 

Hence, 

(5.14) max N(t) ~ A2 + N(O). 
tE[kT,(k+l)T] 

Moreover, integrating inequality (5.8) from t = kT tot E [kT, (k + l)T] 
and using (5.9) gives 

t 

N(t) + j(/34N(t') + /35 N(t'))dt' 

(5.15) kT 

~ T(A3b~ + A4b~ +As)+ N(kT) 

~ T Az/34 + A2 + N(O ) for t E [kT, (k + l)T] . 

In view of estimates (5.14) and (5 .15) the existence of a solution (u, x) E 
M( kT, ( k + l )T) can be concluded rigorously with the help of a Faedo-Ga­
lerkin method. O 

The next lemma states the global existence. 

Lemma 5.4. Assume that ( u, x) lt=O E N(O) aJJd b1, b2 < =· TheJJ 
there exists a global solutioll ( u, x, µ) to problem (5.1)-(5.3) such that 
(u,x) E ukEl\lu{O} M(kT,(k + l)T). Moreover, the followillg Ulliform (iJJ 
k) estimates hold true: 

(5.16) 

sup max N(t) ~ A2 + N(O), 
kEl\lu{O} tE[kT,(k+l)T] 

sup 
kEl\lu{O} 

(k+l)T 

j (/34N(t 1 ) + /3sN(t'))dt' ~ TAz/34 + A2 + N(O), 

kT 

with coJJstants A2 , /34 i1Jdepe1Jde1Jt of k, givell iJJ (5.8) and (5.9). 

Proof. By virtue of the uniform in k estimate (5.9), Lemma 5.3 can be 
successively repeated on time intervals [kT, (k + l)T], k E N U {O}, to 
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entail the global existence. Estimates (5.16) are direct consequences of the 
bounds (5.14) and (5.15). • 

In view of (5.12), (5.13) it is seen that the global solution constructed 
in Lemma 5.4 satisfies (2.12) 1,2 , (2.13) and (2.14). The mean value prop­
erty in (2.12)3 results from (3.2). The statement µ E C([O, oo ); H1(i1)) 
in (2.12)3 follows from the elliptic regulartiy (1.22) since I:,.µ = Xt E 

C([O, oo ); L 2 (il)), and by (3.8), 

I j µdxl = I j[v.,'(x) + z'(x)(B · e(u) + Dz(x) + E)]dxl 
n n 

::::; llxllL(n) + lx milili+ as1n1 112 lle(u)IIL2(fl) + a61n1 
::::; c(co) for t E [O,oo). 

Clearly, energy estimate (3.8), holding true for t E [O, oo ), implies (2 .12)4. 
Furthermore, the bound (2.15) is a direct consequence of (3.8). Estimates 
(2.16) and (2.17) follow immediately from (5.16) on account of (5.12) and 
(5.13). This completes the proof of Theorem 2.1. • 

6. Proof of Theorem 2.2 {Absorbing estimate) 

According to Lemma 5.1 the following estimate holds true for all t E IR+: 

(6.1) 

where 

b1 = sup llb(t)IIL,(n), 
tEll4 

and /31 , A1 , A2 are positive constants dependent only on absolute data, 
defined in Lemma 3.3. Thus 

(6.2) lim sup G(t) < A1, 
t-oo 

From inequality (6.1) we deduce that for any positive number G(O) and 
any positive number A; satisfying A; > A1 , there exists time moment 
t1 = t1 ( G(O), AD, given by 

1 G(O) 
t 1 = -/3 log A' A , 

1 I - 1 

such that G(t) < A; for all t 2'. t 1 . In view of the bound (3.57) this proves 
the following 
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Lemma 6.1. Let G(t) given by (3.14), G(O) < oo, a11d 
b E L00 (IR+; L2 (r!)). Then for a11y positive number A~ satisfying A~ > A1 
witli A 1 defined in (6.1), tliere exists a time moment 

(6.3) 
, 1 G(O) 

t1 = t1(G(O), A 1) = f3i log A~_ Ai, 

sucli that 

1 2 I 2 1 I ( 114 411ui(t)IIL,(fl) + 2IIVx(t)IIL,(fl) + si X t) L4(fl) 

(6.4) + ~ llg(u(t))IIŁ,(n):::; G(t) + c~ 

< A~ + c\ = c1 a for all t 2". t 1 , 

where c~ = ąi (c.a~ + ½)-
Constant c1 a in estimate (6.4) is independent of the initial condition 

G(O). Consequently, for t 2". t 1 all estimates from Section 4 and 5 hold 

true with constant C1 replaced by C1a- Let Cia = c;(c1a), i = 2, ... , 8, 

f34a = {34(C1a), f3sa = f3s(c1a), A3a = A3(C1a), A4a = A4, Asa= As(C1a) 
denote the corresponding constants independent of G(O). 

On account of Lemma 5.2 the following estimate is satisfied for all 

t 2". t1: 

(6.5) 

where f34 a and A2 a are positive constants independent of N(O): 

(6.6) 

with 

b1 = sup llb(t)IIL,(n), b2 = sup llbi(t)IIL,(fl) · 
!EIR.+ !EIR.+ 

Thus, 

(6.7) lim sup N(t) < A2a-
i-oo 

From inequality (6.5) it follows that for any positive number N(O) and any 
positive number A~ satisfying A~ > A 2a, there exists time moment 

1 N(O) 
t2 = -log , , 

f34a A2 - Aza 
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such that 

(6.8) N(t)<A~ forall t:::::t.=max{t1,t2}, 

Hence, taking into account that by ( 4.58), 

(6.9) 
N(t) ::::: C1a(l/u(t) //k,(n) + 1/ut(t)/lk,(n) + 1/utt(t)llk,(n) 

+ llx(t)llk,(n) + llxt(t)IIL(n)) - c~. for t::::: t1, 

we deduce the following 

Lemma 6.2. Let N(t) be given by (4.48), N(O) < oo and b E 

E W~(O,oo;L 2(i1)). Moreover, Jet the numbers iJ and C1a be defined in 
Lemma 6.1. Then for any positive number A~ satisfying A~ > A2a, with 
A2• defined by (6.6), there exists time moment t2 = t2(N(O),A~), given 
by 

(6.10) 
1 N(O) 

t2 = -(3 log , A , 
4a A2 - 2a 

such that 

c1a(llu(t)llk,(n) + Ut(t)llk,(n) + llutt(t)lln 1 (n) + llx(t)llk,(n) 

(6.11) + Xt(t)IIŁ,(n)) 
::;N(t)+c~ 0 <A~+c~. for all t:::::t.=max{t1,t2}, 

where constants C1a, c;., independent of N(O), are defined in ( 4.58) with 
constant CJa in place of c1. 

The above lemma completes the proof of Theorem 2.2. • 

7. Proof of Theorem 2.3 {Uniqueness) 

Let ( u1, Xi, µI) and ( u2, X2, µ2) be two solutions of problem (1.14)- (1.16) 
corresponcling to the same data. Subtracting the corresponcling equations 
and denoting 

we obtain the following system for (U, H, Y): 
(7.1) 

Utt - QU - vQUt = (z'(x1)-z'(x2))B'vx1 + z'(x2)B'vH in nT , 

Ult=D = o, Utlt=O = o in n, 
U=O on ST , 
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Ht - 6.Y = O !Il nT 
' 

(7.2) Hlt=O = o in n, 
n· v'Y = O on sr 

' 
(7.3) 

Y = -,yt-.H + 1/! 1(x1) -1/! 1(x2) + (z'(x1) - z'(x2))( B · e(u1) 

+Dz(x1)+E)+z'(x2)[B·e(U)+D(z(xI)-z(x2))] m nr, 

n· v' H = O on sr. 

Multiplying (7.1) by QU1(t), integrating over n and by parts, using bound­
ary condition (7.1)3 we get 

(7.4) 

~~[f 1Q112 U,l 2dx+ f 1QUl2dx] +v jlQUtl2dx 
n n n 

ś I j(z"(x.)HBv'x1 + z'(x2)Bv'H) -QU,d+ 
n 

where X• E (x 1 , x2 ). Hence, by the Young inequality and the boundedness 
of z'(·), z"(·), it follows that 

l d 1/2 2 2 V 2 
2dt(IIQ UdlL,(f!) + IIQUIIL,(f!)) + 2IIQU,IIL,(f!) 

(7.5) 
ś c j(H2lv'x112 + lv'Hl2)dx 

n 

ś c(IIH IIL(n)llv'x1 lli.(n) + llv'Hlli,(n)) 

Ś c(I/HIIL(n) + llv' Hlli.(n)) for t E (O, T), 

where we used the fact that by virtue of (2.13), llv'x1IIL=(o,T;L,(f!)) ś c. 
Now, !et us multiply (7.2) 1 by 6.H(t), integrate over n and by parts using 
boundary condition (7.2)3, to get after substituting (7.3)1 

(7.6) 

~~flv'Hl2dx+,y j1vt-.Hl2dx 
n n 

= j v'[1/! 1(x1) -1/!1(x2) + (z'(xI)- z'(x2))(B · e(uI) + Dz(x1) + E) 

n 
+ z'(x2)(B · e(U) + D(z(xI) - z(x2)))] · v't:;Hdx. 

In view of the estimate llx;IIL=(f!T) ś c, i= 1,2, and assumption (2.21) 
on z(·), we have 
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lv'[(z'(x1)- z'(x2))(B · e(u1) + Dz(xi) + E)]I 

ś c(lv'HI + IHI lv'x2l)(le(u1)I + 1) ~, 

+ cl.Hl(lv'2u1 I + lv'x1 I), 

lv'[z'(x2)(B · e(U) + D(z(xi)- z(x2)))] 

ś clv'X2ł(le(U)I + IHI) + c( lv'2UI + IHI lv'x1 I + lv' Hl)­

Hence, by the Young inequality, we conclude from (7.6) that 

(7.7) 

l d 2 , 2 
2dtllv'HIIL,(fl) + 2llv'~HIIL,(O) 

ś c j[lv'Hl2 + H 2(lv'x1l2 + lv'x2 l2) + lv'Hl2le(u1)12 
n 

+ H2lv'x2I2 le( U1 )12 + H2lv'2u1I2 

+ lv'x2I2le(U)l2 + lv'2Ul2]dx. 

We estimate the subsequent terms on the right-hand side of (7.7) . On 

account of the bound llv'xdlL=(o,T;L,(O)) ś c, 
(7.8) 

j H 2(lv'x1l2 + lv'x2l2)dx ś IIHIILcoJ(llv'xill1.cnJ + llv'X2lli.(0J) 
n 

ś cllHIILcn) ś 81 l/v'3 Hlli,(o) + c(l/81 )IIHIIL(o), 81 > O, 

where in the last line we applied the interpolation inequality. Similarly, 

(7.9) 

and 

(7.10) 

j lv'Hl2le(u1)12dx ś l/v'HIILcn)l/e(u1)lli.(o) 
n 

:S cllv' HIILcnJ :S 821łv' 3 HIILcn) + c(l/82)llv' Hlli,(o), 82 > O, 

j H 2lv'x2I2le(u1)12dx ś IIHIILcnJllv'x2 lll.cn)Mu1)lli.cn) 
n 

:S cilHIIL(o) :S 83 l/v'3 Hlli,(o) + c(l/83)IIHIIL(o), 83 > O. 

N ext, recalling the bound llu1 li L=(D,T;H'(O)) :S c, and applying the inter­
polation inequality, we have 

(7.11) 
j H 2lv'2u1l2dx ś IIHIILcn)llv'2u1lli,cn) 
n 

:S cllH II Lcn) :S 84llv'3 Hlli,(o) + c(l/84)IIHIILcnJ, 84 > O. 
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Fiually. 

(1.12) / IV\21 2 lc:(U)l 2 cl.1 :::: IIV\llli.1n1I1c:(U)I1Ltrn ::; cllc:(UJIILrn1 
n 

Lf't us not.e t.lrn t. sin ce J H d.r = O and n · V H = O on S, t.he Poi11rnr,; 
n 

iuequalit.y and t.he dlipt.ic regularity t.heory yield 

(1.13) 

Comhiniug; estimates (1.S)- (1.12) in (1.1). using (T.l'.3) a11cl choosing con­
.stants b;. i = 1. 2. 3.-! appropriat.ely, we a.nive at. 

( T.1-1) 

l tł ., 1 -, 
2dtllVHI1:i,1111 + 411V,..':,Hll:i,1n1 

:::: dllV Hlli;,1111 + IIHIILon + llc:(U )lli,1111 + ll\'1Ulli,011 ) 
:::: d li'\ HIILw1 + IIQUIIL1n1 J 

Sumrning up inequalities (T.1-!) and ( 1.5) leads to 

~~(llvHlli,tn1 + IIQ111 U,lli,w1 + IIQUlli,011l 
( T.15) ; •) ,, ·) 

+ ~llv2>Hll:i,1n1 + 211QU,lli,1n1 

:::: c( IIHIIL1n1 + llv Hlli,1n1 + IIQUIIL1n1) 
HFnre. applying aga.in the interpolation inequality 

IIHllis1111 :::: b5llv1HIIL,1n1 +c(l/bolllHIIL1n1, c\5 > O. 
,lllcl lt,iug ( T.13 ). ,n· nmducle finally that. 

d , 1 1/1 2 l dt(llv HIIL,1n1 + IIQ U,IIL,1n1 + IIQUIIL,lll) l 
( T.lG) + llv2>Hlli,1n1 + IIQU,IIL1n1 

:::: c( llv Hlli;,ini + IIQUIIL1n1 ). 
Thus, cle11ot.ing 

D(t) = IIV H(tllli,1n1 + IIQ112 U,(t)IIL1n1 + IIQU(t)1ILin1· 
,n, fiud the i11et1na.lity 

d 
JtD(t) :'_:'. cD(t) for t E (0,T) , 

1d1id1 implies that. D(t) ::; D(O)t c1 • Hence, since D(O) = O, 

ci llH(llll;,, 1111 + IIU,(llllt1,tni + IIU(t)I11-,1ml ::; D(t) = O for I E [O . TJ , 

tliat is. U = O ,mel H = O in nr. Desicles, from (T.3)i it follows imnwcli­
ately that 1· = O iu nr. This finishes t.he proof. • 
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