CHAPTER XXXV. Secrion L

FORMULAE OF LAGRANGE AND FOURIER.

1585. When a material particle is affected simultaneously
by two harmonic oscillations, «,sin(nt+a,), @,sin(nit+ay),
of the same period 27/n,, but their amplitudes a, and a, and
their phases a; and a, being different, they compound into a
single simple harmonic oscillation A4 sin(n,t+a) of the same
period but with amplitude and phase respectively

@, 8in a;+-a, sin q, |
@, €OS a,+ @, CoS ay’
and any number of such simple harmonic motions may be
compounded in the same way, provided they all have the same
periodicity.

Graphically the resultant motion may be represented by
constructing the graphs of the several vibrations on the same
plan and forming a new graph by the addition of their
ordinates. And this always results in an ordinary “curve
of sines.”

Va2+2a,a, cos (a;—ay)+a,® and tan—?

1586. But if the periodicity of the two or more funda-
mental vibrations be different, as in

a, sin (nt+a;),  ay8in (ngt+a,),
the above analytical process of composition breaks down but
the graphical method still holds, the resulting graph, however,
no longer being the simple curve of sines.

Taking for instance as a simple case the graph of
gy=sinx—3l,sin 3x+5lzsin 5x—7lnsin 12+,
where the periodicities of the constituent vibrations of y are respectively
2mr/1, 2mw/3, 2m/5, etc., and their amplitudes 4/w1% 4/w3% 4/m5% etec., we
693



694 CHAPTER XXXV.

have, from the first three terms only, a figure shown for the extent =0
to #=m/2 in Fig. 456. And even for three terms of the series it will be
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Fig. 456.

seen that the resultant graph is rapidly approximating to a broken
system of portions of straight lines parallel to y=z and y= —x alter-
nately, the breaks in the continuity occurring at #=m/2, 3r/2, 5m/2, etc.;

Fig. 457.

and the more terms we take the closer is the approximation to this
discontinuous system of lines (Fig. 457).

1587. The Building up of a Function for a Definite Range by
Means of Harmonic Elements.

Let us examine then whether it be possible to build up a function of »
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FOURIER'S THEOREM. 695

viz. f(«), discontinuous as regards its differential coefficients at z=m/2,
3m/2, 5m/2,... and equal to

3 L T T
*T—.Z‘,(—-é—<1‘<—§); z,(——§<x<§);
T -2, (2 <x<321r) —2r+a, (3%<x<%r); ete.
Let us assume tentatively that it is expressible as a uniformly con-

vergent series of the form f(z)=a,+ 2 (a,,cos px+bysin pr), and let us

attend to the portion (-7 <z <m).
Then (i) integrating from — to m,

x i 1 -

%-271'———[ f(x)dm=f (—7r—.1’)d.t‘+f zdx+f (r—z)da=0.
2l R -§ i
(ii) Multiply by cos wa, and integrate from — 1 to m,

" _'; "J" '
apf cos”pxdx:/ (—1r-x)cospxd.r+j xcosp.rdx+f' (7 — ) cos px dx

. 8in 8in p7 | 008 pr sin px cos p:t
- ~[orsntape oupe] 7 [ e, g
sin px cos px] !
+| (mr—2 =0

%R

» ayr=0 and a,=0.
(iii) Multiply by sin pz, and integrate from —m to m,

2 Rk, cospa: sin pz:l cospm sin pz]
bf sin?px de= [ (r+x) pe +|: I

cospx sin px "

ol b gt ) b ]
+[ Sl P ];
in 2% ;
2

bl
whence

A b,,1r_ ;2
2 72
If we write #+2nm for z, each term of the series remaius unaltered,
and the result is therefore a periodic function with periodicity 2w, which
is in conformity with the graph in Figs. 456 and 457.
The series is manifestly convergent for all values of #. Hence we have
expressed a discontinuous function of 2 which takes the value (= 1)"(z —n)

M e g A ; e i M )
Jlx)= ,Ex b= sin smpz-—ﬂ_(sm z—53sin 3:::-{—52 sin 5z sin 7o+ ..

from (2n — l)g to (2n+1)12£, n being integral, as a series of sines of odd
multiples of .

1588. Functions consisting essentially of a set of simple
harmonic terms are of constant occurrence in problems of
Mechanical and Physical Science, e.g. in the vibration of a piano
wire, the propagation of a signal along an electric cable, in
problems on the flux of heat, or in the motion of a slide valve
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696 CHAPTER XXXV.

whose mode of travel is actuated by a system of linkages, or
by a cam driven by a uniformly revolving shaft. Primarily
the nature of the problem in such cases as the latter is that
of the resolution of a compound motion known to be periodic,
or of the func¢tion which expresses it, into its simple harmonic
constituents.

A graphical method of procedure is sometimes adopted in
the analysis of such a given complex periodic vibration into
its simple harmonic elements useful for the practical engineer.
Such methods may be found described in treatises on advanced
practical mathematics. The resolution may also be performed
by mechanical means.*

1589. A series of the form a,+ E (ap cos pz+- b, sin pz)
may be written as a,+ Zcp sin (pw—l—a,,) where c¢,2=a,*+b,?

and tan ay=a,/b,, in whlch we have half as many simple
harmonics as before, but the phases are different,

That a single-valued finite and continuous function is under
certain circumstances, and for a certain range of the variable,
expressible by means of such a series is usually known as
Fourier’s Theorem.

1590. Extension of the Rules of Art. 1121.
Taking p, ¢ and 7 as integers,

2nmr+a 1 /2nr+a
f cos px cos gz d =3 {cos (p+q)x+cos(p—q)x}dx
sin(p+g)e  sin(p—q) ]2"'“
2[ p+q P—q e —0) P:ﬁq,
(inmta sin (p +¢g)x  sin(p—q)xT|nrta
j smpxsmqwdx—2[ (pp+qq) it (pp_qQ) :I =0, P+4q,
2nwr+a | nr+a
[ cos? px dx =3, (1 +cos 2px)dx =aqm,
2nmw+a 1 [(2nn+a
f sin?px dx =3, (1 cos 2px)dx =nr,
2nnr+a . 1 [2nx+a
f; smpxcosqxdx:— {sin (p+¢q)z+sin(p—q)x}dz
I: cos(p+q)x cos(p q)x nmta
=3 P+q »—q 2 =0, p+gq,

2nm+a 2nmt-a ;4 2nm+a
. smpxcospxdx—Qf sn2pxdx=6[—-cos2px] =0

*See Castle’s Manual (pages 448-464) ; Modern Instruments, Messrs. Bell.
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1591. We shall assume for the present that we are dealing
with a function of z, f(z), which is single-valued, real, finite
and continuous and integrable for a range of real values of
from z=a to z=a+27; or that if f(z) be unbounded as to
the values of which it is capable in that range, that its
integral for that range is absolutely convergent. Moreover,
we shall assume that f(z) is such that it is possible to find a

series of the form Ao-i—i(Ap cos px+ B, sin px) which is
1

uniformly convergent, converging to the value f(z) for each
value of z within the given range, and that for such series
term by term integration is a possible operation. Then the
values of the several coefficients may be found as in the
particular case of Art. 1587. For we have

2r+a 2r+a
0 [ H@ra=a, [ do=sra,;
2+ a 2rta
(i) j f(@) cos px dx=A,,j cos? pr de==7A,;

r+a 2r+a
(iii)r f(x)sinpa:dx:Bpj i pe ds By

Before substituting the values of the several coefficients,
write £ for 2 in the several integrands.

Then
fer=gz | F@dgr LS {conpa [ oonpefie) ag
singz | sinpg/(¢) dg}
e G L o) NGRS EET:
In the cases a=0 and a=—, we have respectively

f@)=gz |, 7@ g+ B[ e conp G-y g, m > 2> 0)

and

fo)=g

[

o "

f@ag+2 S| 0 cosp (E-2)a (r >5> ).

\A/AA/\A/
VVVV VV..I \
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If we write £="" and =", then d¢= dr] Also writin
1’ g
i1 (T)EF(”)’ then f (—l—>=F(y), and we have

1 2l 1P=_=‘° 2l
F@=g; | Fondn+7'3 | P eos B (=), 21> y>0)
p=1

and
F=g | Fodnt7 3| FayeosiE a—p)dn 0> y>~D)

1592. This celebrated theorem was given by Fourier in 1822,
in his Théorie Analytique de la Chalewr. A particular case
had been given previously by Lagrange (dAnciens Mém. de
Udcad. de Turin). See Thomson and Tait, Nat. Phil., p. 58.

We lack space for a full discussion of the many difficulties
which beset this theorem as to the propriety of integration
“ term by term,” as to uniform convergence of the series, etc,
but must refer the reader to other treatises expressly dealing
with it, e.g. Professor Carslaw's /ntroduction to the Theory of
Fowrier’s Series and Integrals. We only seek here to present
to the student a practical working knowledge of the methods
to be adopted.

1593. The Cosine Series-
If f(x) can be expanded as a convergent series of cosimes
alone, for values of z between 0 and =, as

f@)=4,+A4,cosx+A,co82x+ A cos 3x+... =Ao+i Apcosw,
1
we have (r>2>0),
wa(x) cos prdz=A, J-'cos2px dez=4mA,, and -rf(x) dz=mA4,.
0 0 0
Then
l T 2 e "
f@=2[@rae+2 Seospa | fi@ cospgat, (x>2>0,
0 T 0

1594. The Sine Series.
Similarly, if f z) can be expanded as a convergent series of
sines alone, for values of x between 0 and 7, as

Jf(x)=B, sin z+ B, sin 2z + B, sin 3z +... =5:B,, sin pa,
T
(r>z>0),
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we have Jm f(x)sin prdz=B, r sin® pz do=347B,.
0 0

Thus f(z)=2 :f; afi pe j:f(f) sinpfdf, (x>z>0),

a theorem due to Lagrange.

1595. As before, writing f=7{q‘, x=7{y, f(’{y)=F(y), we
have in the one case,

1 2 &, t
F@)=1 [ Fodn+5 S eosl7y [ Foeos P70, 1>y > 0);

and in the other case,
o~ (]

Fy)=7 2 sin Py [ Fo)sin Ty, (1> y>0).
1 0

1596. It will be noted that in the determination of these
several Fourier coefficients as above, viz.

2 2 (" 3 i
dy=_ [ f€)cospg dg, By=_{'f(¢)sinpedg, do=_[ 11€)de,
0 TJo T Jo

these coefficients are respectively the mean values of

2f(x) cos pr, 2f(x)sinpw, and f(x)
taken through the period 0 to =

1597. A Remarkable Limiting Form.

As a preliminary to the further consideration of the results
obtained for the expansion of f(z) as a Series of Simple
Harmonic terms, let us examine the limit when a —~1 of the

a 2
integral I _=_L §i63) =% e})s (;__ e
not exceeding 27, and f(£) being any finite function of £ for
which f(£) when existent is finite for all values of ¢ within
that range. We see at once

(i) that regarded as a function of z, I is a periodic function
with periodicity 2w, for if @ be increased or decreased by any
multiple of 27, I will be unchanged, and therefore will have
gone through the whole cycle of values of which it is capable
as z increases through 2 ;

(ii) that when a approaches unity as a limit the integrand
vanishes unless the denominator vanishes at the same time,

d¢, the range from B toa
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v.e. unless £=z, z+27, z+4m, ... zx£2nw, where n is an
integer ;

(iii) that in consequence of the last fact, the only cases
when the integrand can have a sensible value being in the
vicinity of one of the above values of z, we may confine our
integration to such limits as will just include such vicinity ;

(iv) that when =z or z=+2nm, the denominator becomes
(1—a)?, and therefore the integrand tends to an infinite value;
but its integral is not necessarily infinite ;

(v) that if £ increases through any small interval to £+h,
then f(£) becomes f(£+h)=f(€)+hf (é+6h), where 0 is a
positive proper fraction, provided f'(£) be existent and remains
finite throughout the interval £ to £47%; and therefore that in
that case when & is an infinitesimal, f(£) only changes by an
infinitesimal amount in the interval

(vi) Since a—B # 2w, £ in its march from B to a can only
pass through one of the values z, @ +27, ®+4mr, ..., and it may
not pass through any. But if a—B=2m, it must either pass
through one of these values or start from one and terminate at the
next in order of magnitude.

Suppose first that a—8< 2, and consider one cycle of the
values of I, z lying intermediate between 3 and 8+ 2.

Fisst let a >a>p.

Then -‘:( )df={-“:_"+j:t: +I:+.,}( )dE, where e, €

are any two selected very small positive quantities. It has
been seen that when a is ultimately =1, the first and third of
these integrals vanish through containing the factor (1—a) in
the numerator. Hence

Z+e€g l_az
I=Lon [ 1O g mra %
and putting £=z-+¢ and remembering that f'(£), being finite
by supposition, the change in f(£) is insensibly small between
these close limits, we have

g 1_a2
i ) Lt“"’lj‘_,, 1—2acos ¢p+a? o¢

=2f (x) Lty>1 [tan" i%g tan g]"

-
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—2f(2) Ltar [tan—l La] , since ¢ is very small,

—e

=2f(x) Ltgs1 {ta,n—l e L +tan—1 1_—_}

In proceeding to the limit, however small ¢, and e, may have
been taken, 1—a becomes, in its unlimited decrease to zero, a
positive infinitesimal of higher order than either ¢, or e,.

Hence I converges to the limiting value

9 () (g+’§’) or 2rf(a)

Secondly, supposing @ to lie beyond the limit a but <8+ 2,
1e. B<a<z<B+2m, then evidently I=0, for the denominator
of the integrand never vanishes as £ ranges from S to a.

Thirdly, supposing z to lie a¢ the upper limit, t.e. z=a,

then r( ) df:(r—! -{-r ) () dé¢, in which the first integral
B B a—e
vanishes as before and the second becomes

=2f(x) Lt,, tan—! i;E-E=2f(w) . g:vrf(a) s el = fi():

In the same way if « lie at the lower limit, z.e. 2=p, we
have similarly I==f(3).

Fourthly, supposing a—fB8=27 and S<z<a, we have, as
before, I=27f(x). Butif 2= or £=aq, the integrand becomes
infinite at both ends of the range, and in either case we have

I=2f(a) 5 +2f(8) 5 =m{f(a) +/(B)}-

Finally, supposing that at any point x=c between a and S,
f(€) becomes discontinuous, suddenly changing its value from
fi(e) to fy(c) as £ passes through the value ¢; then

Tien s (j— +rf"+r+) ()dé

—Lt,,_n ( )d§, as in the first case,

)

{ 2(¢) tan"1 62 +f1(c) tan"
2{ @) F+A@)- 2}—vr{f1(o)+f2(c)}
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This completes the investigation of one cycle of the changes in
the value of I as @ increases from =g to x=B42.

1598. Extension of Range of Integration.

For a greater range of values of « the values found in the
above cycle are merely repeated. For instance, in the next
cycle, viz. x=08+427 to =B -+}4m, putting x=27+42’, we have
merely to replace f(z) in the above results by f(z), w.e. f(z—27),
and to make no other change. If z lies between z=3-2nsr
and z=8+42(n-+1)x, we replace f(x) by f(x—2nar).

We exhibit in Figs. 458 to 461 graphs of

il 1—a?
yzﬂu"_’l_‘. 1) 1—2a cos (§—x)+a? a§

B
for the four cases a— <27, a— B=2m, with no discontinuity
and with a discontinuity.

It will be noted that in the case of discontinuity in the
ordinate of the graph of the limiting value of this integral,
the value at the change is represented by half the sum of the
two immediately contiguous adjacent ordinates on either side

a-8B < 2w: no discontinuity
Fig. 458.
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7 A 9

9

+/a(a) v +/a(a) g 5/a(@)
1
o] B c a fBiow x
a=-B < 2m; with discontinuity at x=c
Fig. 460.

a=-f=2r; discontinuity at x=c
Fig. 461.

of the discontinuity. The graphs consist then of an infinite
series of equal arcs or lines, together with an infinite series of
isolated points.

1599. Geometrical Examination of the above Results.

1—a?
1—2a cos (§—z)+a?
referred to axes Of, Oy, or, what is the same thing,

Consider the nature of the curve 5=

1 £—2
b l1—a Ry
I T L 25—2:’
(l +a> +ian 2
where z is kept constant and a positive and not greater than

unity.
The curve is obviously of periodic character, for , is
unaltered if we write £+2n7 in place of £ n being an integer.
The maximum and minimum ordinates occur when
sin (£—x)=0,
te. at the points ==, w+®, 2w+2, 3w +w, etc.; the first,
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third, fifth, etc., giving the maxima, and the second, fourth,
sixth, ete., the minima.

+a

These maxima and minima values are alternately i

1 o zmd the range from one stationary point to the ne\:t
is . Fig. 462 represents a cycle of the values of the
ordinate. The remainder of the curve consists of repetitions

of the portion between any two successive maxima.

? A B
R Q
[e) WAL R z+mT x+ew ¢
Fig. 462.

As « increases to the vicinity of 1 the maxima increase
very rapidly and tend to infinity, and the minima become
indefinitely small.

The area bounded by any complete half-cycle, the z-axis
and the terminal ordinates, extending from a maximum
ordinate to the next minimum, is
J.: ﬂdf——QI:tan" 1+a> tan £2 :c]:+ =2 tan"(i—i% tan g)=7r
for any of the values of the parameter a.

Thus, in Fig. 462, the area ANMBQA =2.

Let PR be an ordinate with abscissa z-+e The area of the

+e
portion ANRP is r ndE=2tan"! <1+ata.n > and evidently,

however small ¢ may have been taken, when 1—a, which is
decreasing indefinitely, has become an infinitesimal of higher
order than e, this converges to the value =. Hence it appears
that the descent of the curve on each side of a maximum
ordinate is very rapid when a is nearly unity, and that between

\ / rcin ora nl
LA \ 'IA‘ | J ! !-k‘“ ':.;.;)Z
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two successive maxima the curve in that case flattens out into
ultimate coincidence with the intercepted portion of the £-axis,
so that a point travelling along the curve travels along the
£-axis up to immediate contiguity with a maximum ordinate,
then travels to infinity along that ordinate, descends on the
opposite side and then resumes its march along the £-axis.

Hence in integrating from any value £=gf to another limit
£=a, in which the range from 8 to a is < 2, the result will
be zero unless a maximum ordinate lies between the limits,
and the result will be 27 if a maximum ordinate does lie
between the limits.

Also if a— =27, one maximum must lie between the limits,
and the result will then be 27, as is also the case when one
maximum lies at £= and the next at £=a, the integral in
that case becoming sensible at each limit.

It becomes clear, then, that if two ordinates be drawn on
opposite sides of a maximum ordinate and contiguous to it,
the area bounded by these ordinates, the curve and the
intercepted portion of the z-axis tends to the limit 27 when a
is made sufficiently near unity, however closely the ordinates
are made to approach the maximum ordinate.

1600. Further, the presence of any finite factor f(£) in the
integrand for which the integral takes the form j” fEAE

will only affect the value of the integral when the value of
» is sensible, even if at any point £=x between the limits f(£)
be discontinuous and suddenly changes its value from f;(z) to
f»(@) at such point, provided that both f,(z) and f,(z) be finite.

So that -rr] f(£)d€ is zero when the range from 8 to a does not
B

include cne of the maximum x-values. In case a maximum
of 5 does occur between the limits, say, between £=x—¢, and
£=x-+¢,, where ¢, and ¢, are very small, let 4 and B be
respectively the greatest and least of the values of f(£) in
this range. Then

[ndag> j:nf<f>df> [Bag

ie. r,, £(€) dé lies between 274 and 2xB.
B

www.rcin.org.pl
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Now, if f(£) be single valued, finite and continuous, as £
passes from £=z—e¢, to £=x+e,, where ¢ and e, are made
infinitesimally small, the change in f(£) in passing from ¢ to
£+ intermediate between these limits has been shown to be
infinitesimal, provided f’(£) be finite. That is, 4 and B are
ultimately equal when ¢, and e, are taken sufficiently small.

Therefore L,, F(€)dE=2mf ().

But if whilst the range 8 to a includes one of the maxi-
mum z-values there be at the same point a discontinuity, f(£)
changing from f,(z) to f,(x) as £ passes through £=2, we have

[n@dg=["nr@rie+ [ afodg+[ "i@ae+] | afe)a

=0+ nf, (@) +nfy @)+ 0=n{f () +/(2)}
[See Donkin, Acoustics, pages 60-66.]

1601. Consideration of Fourier's Series from the Point of View
of a Summation. Poisson’s Method of Investigation, mainly of
Historical Interest.

We may now turn to the consideration of the formulae of
Art. 1591, from the point of view of a summation of the series,
supposed to be uniformly convergent,

=

j:f(f)df:i--‘sp 1_[:f(£) cqsp(f—w)df, ............... (1)

and endeavour to discover what such series represents in the
various cases: (i) B <z < a; (i) =B orz=a; (iii) z outside
these limits ; (iv) when f(£) presents discontinuities.

Starting with the identity

J —_n2
14-2a cos 0-+2a? cos 2042a3 cos 36 +... e

~1—2acos0+a?’
in which the left-hand member preserves its uniform con-
vergency for any range of values of 6 so long as |a|<1,
put 6=£—z, multiply by f(£) and integrate from £=L to £=a,
where a— (3 3 2.

We then get

7@ g2 30 [ 16 oosp (¢~ arig
B »=1 B

@ l__az
=Lf(£)1_2a o1 Eey Taité (@)

'

www.rcin.org.pl
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If we then make a approach indefinitely near to unity, the
left side tends indefinitely closely to the value of the series (1).
The right-hand member of the equality (2) under the same
circumstances tends to a limit which has been discussed in
" the previous articles.

If we assume the uniform convergency of series (1) and
that what is true within any infinitesimal distance of the
limit, of however high an order of smallness that distance
may be, 18 true in the limit, we have

%I;f(f)df-l-%iijj:f(f) cos p (£—x)dg

=f(z) M a>a>8
or =}f(a) if z=a or }f(B) if :v=,3} a—
or =0 if 2r4+B8>2>a
or =f(z) if a>2>8 } THE
or —Hf@HB) i weaor =) TFTT

The assumption made in Poisson’s investigation in the
words italicised will be avoided in the method of investigation
adopted by Dirichlet and discussed later.

In either case, if there be a discontinuity at x=c, where the
value of f(z) changes abruptly from f(c) to fy(c), both being
finite, the value is § {f;(c)+/;(c)} for such value of .

If z lie outside the limits B and a, say between B+ 2nr
and B+42(n+1)w, f(z) in the above results is to be replaced
by f(z—2n).

1602. Important Cases.

The most important cases are (i) 8=0, a=2w; (ii) B=—m,
a=m; (ili) 8=0, a=mr, and in these we have respectively

0) o [ F@)26+2 S 7€) cosp (¢—0)ae

=) if 2r>3>0;
or =}{f(0)+f(27)} if x=0 or 27 or 2n~;
or =f(z—2nm) if 2(n+4+1)7 >z > 2nw.
R 1<
() g7 [ F€ag+- 3 7@ conp(é—ari
=f(z) if #>e>—7;
-or =}{f(—m)+f(x)} if z=—= or v or 2n+1)7;

or =f(z—2nw) if n+)7r>2>(2n—1)=

www.rcin.org.pl
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(i) o [[AO 3+ 25 7€) cosp a1

=f(x) it #>2>0;
or:ic=0 if 2r>a>7;
or =3f(0) if =0 or 2nr;
or =4f(w) if z=7 or 2n+1)7;
or =f(z—2n~) if 2nd+-1)7r>2>2n7;
o) if 2n7m >x>(2n—1)7.

1603. The same results may be exhibited in another form
with limits in terms of  instead of 7 by changing the variables

so that £=7_Z'7’ z:%y. Then

df:v—lrdq and f(f)=f(7_lr’7)=F('l)r say.
Then the result

j“f(f)df+ > j 1(€) cos p (€—w)ig=f(@)

becomes %L,F(q)+l zjﬁ_, ) cos L7 (1) dn=F(5)

And the particular results (i), (ii), (iii) become, if we ﬁna.]ly
replace n by £ y by # and F by f to preserve conformity in
the notation,

0) g7 e+ [ 7€) cosF (¢—2)ig
=7i(e) lt 20>2>0;
or =3{f(0)+f(2)} if =z=0,2l or 2unl;
or =f(z—2nl) if 2(n+1)l >z >2nl.

) 5[ fOe+7 3] 116 cosBT (6—o)ig
/@) it U1>a>—L;
or =¥f(—O+f()} if z=—lorlor (2n+1);
or. =f(x—2nl) if 2n+1)I>z> (2n-—1)L
i) g | F@vdg+7 53] 76 cos BT 6
/() it 1>2>0;
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or =0 i 90 msily

or =4f(0) if =0 or 2nl;

or =4f(0) if z=l or 2n+1)L;
or =f(z—2nl) if 2n+1)l>2> 20l;
ar ==l if 20l>z> (2n—1)L

If, in Art. 1601, we had written £+ for 6 instead of £{—uz,
equation (iii) above would have been replaced by

2zjf(f)df+lgj.f(é‘)cos T(¢-+a)dé

=0 it ol > >0
or =1f£(0) =0
or =3}f() if o=l

Hence adding,
211 j:f(f)df'l'% le‘z)f(f) cos Z—)—ﬁ cosp"mdf

=41 (x) i L S>>0,
or =3£(0) e =03
or =3}f(0) if e=l;

i.e. the formula holds inclusive of the values at the limits, viz.
Lif 2 < :
1] 7€1ie+ T3 cos T2 £(8) cos LT dg~11a)

from =0 to z=1 inclusive.
If we change the sign of z the left side is unaltered. The
right side must then be written f(—=). From z=I to =2,

putting z=21—a/, cos%—:cos——(Zt—w) cosz-)T—, and the

result is f(a') or f(2l—=); and sc on. So that the results are

——ltoO} Otol} I to 21 } 2lto3l} 3lto4l} 4lt05l}
f(=a) " f@) ) f@l—a) ) fl@—2) )’ f(4l—a) )’ fz—4)
and so on, as illustrated in Fig. 463.

1604. If we subtract the same integrals, we ‘get
© l
%Zsinp—’l'”fjo 1(€) sinfi’l'f@:f(x) if 1>2>0;
or =0 if =0orl
Hence in this case the values for x=0 and x=1 are excluded.
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Moreover, a change in the sign of 2 changes the sign of the
left side. Hence if « lie between —1 and 0, we have

2& . ; ;
721) mnp—qlr@jof(f)mnp%fdf:—f(—w).
The gr;a,ph of the several changes is exhibited in Fig. 464.

1605. Graphical Representation of the Previous Results.

Lot §=1 ‘fo d£+%i:‘,cosp%r o' 11§ cos 25 d for any value of

Then if 152350, S=f(z).

(a) Consider 215231, y

Put 2=2l-2"; then I>2'30, cosp%w=cos’me.

Then S8=f(2)=f(2l-z).

(B) Consider 3I>2>2L. i

Put 2=2l4+2"; then 152”30, cosp%x=cosp1rlx

Then S=f(2")=f(x-2l).

(y) Consider 41>2>3l. yh

Put #=4l-2""; then I1>2"">0, cosg%rﬁ’:cospwf

Then 8=f(2")=f(4l—2). And so on.

Also since a change of sign in # does not affect the value of S, the
y-axis is an axis of symmetry of its graph.

- '

<87 <4l =~8li-2l V=i VO | 40 2k 8l @l (6l o
Fig. 463.

The graph of y =8 therefore consists of a succession of repetitions of the
alternate arcs of y=f(—2) from —1 to 0, and of y=f(z) from 0 to I, coin-
ciding with the graph of y=f(«) only from 0 to ! and with its image with
respect to the y-axis from —1 to 0.

1606. Let S’E%i sin ILTszlsinp—;rg d¢ for all values of .
1 0

Then if =0, 8'=0; if I>2>0, 8'=f(); if a=l, §=0.
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(@) Consider 2I>z>1. 3
Put #=2l—-2'; then I>2">0, sin I—)—?= —sinp"lrx .

Then &= —f(2')= -f(2l-2); andif z=2lorl, §=0.
(B) Consider 3I>xz>2L
a7z . prwa’l

Put #=2l+2"; then I>2">0, sinp—l—=sm o

Then 8'=f(2”)=f(x—2l); and if =3l or 2/, §'=0.
(y) Consider 4I>z>3l.
prx /

Put #=4l—2""; then I>2"">0, sin e -sinpwf .

Then 8= - f(z"’)= — f(4l— ) ; and if #=4l or 3l, 8’=0. And so on
Also 8’ changes sign with 2. Therefore the y-axis is no longer an axis
of symmetry, but the origin is a centre of symmetry for the graph of 8”.

1MUYV

-5/ |-a7 [-82 |2 |- [0 |¢ 27 |3 |al |s?

NG e T

Fig. 464.

The graph of y=.38’ therefore consists of a succession of repetitions of
the alternate arcs of y= —f(—2) from —1 to 0 and of y=f(2) from 0 to I,
coinciding with the graph of y=f(x) only from 0 to I, together with a
series of isolated points on the z-axis equably distributed at distances =1,
starting with the origin.

The effect of a discontinuity in f(x) existing between 0 and ! would be
similar to that shown in Fig. 461 at C in the segment from f to a, with
a corresponding change in each of the other segments in Fig. 464.

S T 1 ) O e
oflxem. Let &= f., f@)dE+] f., f(&)cos BT (¢~2)dg for all values
Then if o= -1, 8" =3{fO)+f(-D}; if ~I<v<l, §=f(2); if z=1,
87 =3{f()+f(-1)}.
(a) Consider 3l>z>1.
Put x=2l+2"; then -l<a’<l, cospT’r(f—x)zcosp—;r(f—x').

Then 8”=f(a')=f(z—2l); andif z=1or 3, 8"=3{fQ)+f(~1).
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(B) Consider 5I>a>3l.
Put x=4l+2"; then -l<a’<l, cosz-)llr(g—x)=005%1£(£--”')-

Then 8" =f(2")=f(x—4l); andif =3l or 5|, 8"=3{f()+f(-1)}.
And so on.,

5 BT VAR 7 AT 7 A N (< R i AN VR
Fig. 465.

Hence the graph of y=48" consists of a series of repetitions of the
portion of the graph of y=f(x) which lies between 2= -1 and x=l,
t.oget.lier with a series of isolated points whose abscissae are —3l, —1I, I,
3l, etc., and ordinates ${f(l)+f(—1)} ; the graph of y=8" coinciding with
that of y=f(z) itself only between —I and L

1608. Case of a Discontinuity.

If a discontinuity in f(2) occurs between 2= —1 and x=1, say at =g,
where I>¢> —1, the function changing abruptly from f,(2) to fy(z), say,
both finite, the graph becomes that of Fig. 466, where the thick line shows

i

-3/ o 1§ 5/ x

Fig. 466.

@

the variation of the expression §” for different values of x and the dots,
the values at —1, ¢, I, 2l+¢, 31, etc. The graph of y=8" only coincides
with that of y=f,(¥) from —1 to ¢, and with that of y=f,(x) from ¢ to I

1609. Another Form of the Result.
Writing —5 for £ in the formula
a1 J@dE+TE [ 1@ cosT (¢ ) dg=f(a) between ~1 and 1,
o =}{fO+f(-D} at a= ],

we have

zlj J(- 9‘15+12j f(- £)cos E-{-z)d& =f(«) between —1 and I,
or  =}{f(O)+f(-1)}at v= £l
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Hence

L[ HOHED g 18 o e HOHHD o pnt g
+%$sillfn{;v/jlf(£)_g(— )Sinp—?gdg

=f(z) if I>z>-1 and =¥fO)+f(-)} if 2=+l

And the three integrals occurring between limits — and I are each
double of the integrals from 0 to I.

%L’f( )+g(“ )d§+%§:cosp%”j:f( )+{(_ )cosp_’lrgdg
+%$ Sing’lﬂ :ﬂs)‘_gig—)sinp_’{gdg

=f(z)if I>2> 1 and =3{f()+f(~1)} if 2= +1.

1610. It has been seen that a Fourier-Series
Ao+ 4, sin (pa+ay)
T

is under certain very general conditions a proper analytical
expression for an arbitrary function f(z) between specific
values of the variable . The function has been assumed
single valued, real, continuous and either lying between
certain finite limits, and integrable for the range, or if not so
bounded its integral for that range is assumed absolutely
convergent. The possibility of expansion has been assumed
in the method of undetermined coefficients, and the possibility
of integration of the series term by term when multiplied by
f(z) throughout has also been assumed. With these assump-
tions it appears that when such a solution can be found and
the convergence of the resulting series is uniform, the solution
is unique.

1611. Applications.

(1) dpply Art. 1595 to expand x in a series of sines of multiples of x
(> 2> 0):

The formula is f(.r)-_—% isinp%z 8 sini"_’l’§d§ ({>2>0). But if
1 0

2=0 or [, f(«) on the left side must be replaced by 0.
Take {=m. Then

[gsinpga=[ ¢ _%%_ ( -M)];':;:’(_l)m_

pz
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Then
= —V( 1)pH == smpx . sinz — lsm 21«}-1 sin 31:—1sm 44 .. . (A)
At 2 3 4
for values of & between 0 and w. And the left side must be replaced by 0
if #=0 or w." The expansion holds therefore from =0 (inclusive) to
xz=m (exclusive).

A change in sign of z affects both sides. Hence if the theorem holds
for any particular positive value of w, it holds also for the corresponding
negative value of 2. It therefore holds for all values of x from —m to
+ both exclusive.

Ifr<z<omlet x=2r-2,te v>2">0.

: ot A.00 L0l O Tt il ; )__ z_x-2n
Then the series <lsm ' - 5sin 22 +§ sin 32’ — " oy i
If 2r < 2 < 3w, let 2=27w+2", i.e. # > 2"’ > 0.
4
Then the series ¥, sin Jl;"—l sin 2x"+lsin T S wioe

1 2 3 TR S

1 ,, z—4r

If 3r < # < 4, let z=4w —2’"”. Then the series = o R and
so on, and the graph of y=%sinx—%sin 2z+%sin 32 —... will consist of

lines through 0, 2, 4, etc., parallel to 2y=uz, with points on the 2-axis
at m, 3w, bm, ete.

TN e S Tl P AR l/ S Ll T
A R /lo S B LA s P

Fig. 467.

1612. (2) Expand €** in a series of sines of multiples of x, 0<z<m, and
examine the series obtained.

Taking e**= iB, sin pz, we have f e“sinprdr=2DB,. 12'-' i
1

=_2_l: <@ 8in px — p cos px”|” AL— (= 1)7eom) ;

a,‘+p b =7 a‘+p
2 1+4e™
a2+1281nx+2 2+2
But the series =0 at z=0 or 2=m.
If 2m > 2 >, let #=2m -2, i.e. 7 > 2" > 0. Then the series becomes
2 1+4e* — e
L = — % = _ gal2m-2)
=8 Py 2_|_22sm2.z-+ } e el gd s
If 3n> 2> 2w, let x=2r+2", i.e. #>2"”">0. Then the series
becomes e’ =e*==?) and so on. Also at =0, m, 2m, etc.,, the series
is zero.

x

2snn2a,+31

2_'_',3.Assm3.z:+ } (. 2=z =>0).

lsmx +21
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Hence we have for the graph of
2 [l4em okl
AT 2_'_2‘snn2.71:+3 1+3z+etc}
a figure consisting of a series of arcs equal to that of the curve y=e*,
between 0 and , alternately above and below the x-axis, the origin being

a centre of symmetry, together with the points =0, +r, +2m, etc., on

the z-axis, any of which is a centre of symmetry for the whole graph
(Fig. 468).

y= sin 2z +2

y ‘
] /
P |
=5 |~4m [-3T -m |0 |7 27w |3w [4m |ST x
Fig. 468.

1613. (3) 7o find a function of x, viz. f(x), whick shall be periodic with
period 21, and shall be

22 l l Z !
=7 from —% to +=; =Zﬁom glo 2

l l
=1from—lto—§, 3 3

Let f(x)=A0+§Ap cosp%t, the cosine series being selected because
1

negative values and positive values of # are to give the same result.

Then 22d,= [ —dr+f el 4=l ma

(] T‘
'/-A,coszgl—d.z=f Zlcosg——d +f —coswdz‘+/7—cos-—-dx.
o a

whence 4,= pfl 2(cos p;r p2 sin 28 ) giving 4
el pr 2 pw) pra
f(a:)——+—2(—c —?—Wsm? €08 ==

and the graph is composed of equal arcs of Ko % o i it oo
a parabola and straight lines of length 5 Fig. 469.

which form prolongations of their latera recta, one cycle being exhibited
in Fig. 469.

1614. Further Remarks.
Any series containing only cosines of multiples of z, as 4,+2X 4, cos pz,
1

being unaffected by a change of sign of x, must have a graph for which

www.rcin.org.pl



716 CHAPTER XXXV.

the y-axis is an axis of symmetry. Any series containing only sines of
el

multiples of @, as 3 B, sinpx, changes sign with #, and the origin is
1

therefore a centre of symmetry of the graph. Therefore if it be required
to construct a series which shall represent a discontinuous system of lines
or arcs of curves for which neither kind of symmetry exists, it will be
necessary to assume the most general form of Fourier Series, viz.

4,+24, cospz+IEB,, sin pz
1
as the representative form.

1615. (4) Devise a series whose graph shall agree with
y=c from 0 to a, from b to b+a, from 2b to 2b+a, etc. | and so on,
and y=c' froma tob, from b+a to 2b, from 2b+a to 3b, etc.,) (a<b).
Here there is no symmetry with regard to the origin or the y-axis.
The period is &.

Assume fl@)=4,+ EA cos ——— + 2,B sin ..parx

b

so that the series is unaltered when x is increased by b, 2b, 3b, etc.
We have

Aob:j:cdx+/°c'dx=0a+c’(b—a); A0=(c—c')%+c’,

3 g
A,,g:/accos21:mdx+f c’cos2p1mdx; A,,=c-—7r; sin2p;m,

B, fcsin:wdz-i‘fc smgpﬂ- de; A8, =c———c-vers2ﬂg;
b PT mp b
w y=f(x)=(c— c) +c 2”;“ Osﬂ_pgra:
c—c 2p7ra s 2_p1rz
+—1r_: ? vers =5— sin =
¥
e’ PRV, AR M -
c
f3) isky  EFT R RE Ty AT x
Fig. 470.

It will be seen that at the values x=a or x=>b the series becomes
by virtue of the result

; . : -0
ism0+§sm20+§sxn 30+...——2—~ (0< @ <2m).

The graph is represented in Fig. 470.
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PROBLEMS.
1. Show that from =0 to 2= exclusive
+ism 4o+ — § sin 6z + ..
Zcosz—ﬁsm-z 35 57
2n e g
+(2—n:—l)—(mi_)81n T+ ...,
and examine what is the sum of the series for other values of =
Show by a graph the nature of the series for all values of
o . 1 cos2z cosd4x cos6bx
2. Show that zslllﬁ=§—ﬁ——3—.g—?—7"—..., 0<.’E<7r.
Show by a graph the nature of the series for all values of z. Show

also that this result may be derived from that of question 1 or vice
versa.

3. Establish the result —=sina+ 5 . sin 3z + — l sin 5z + .

3 5 . from 0 to
x exclusive.
_sin(2p+ 1)z
7 I2p+1
4. Prove that (0 <z <w)
(i):reaz___l__acosx_acosgzc_ +ea"(l_¢ios_a;+acos2z_ )
9 M g I adCy ] 81T Ll i % a2+1%2" a2+ 22

(i) i sin +2sin2x+3sin3x+ pple sinz _2sin2§+3sin31 )
DR I Ui I R R PRI LI I R )

5. Prove that (- r <z <w)

()1r sinhaz sinz  2sin2z  3sin3x
sinhar @2+12 a2+92 " a2+ 32

()7r coshar 1 acosz acos2x acos3z

sinh ar 2_a,_a2+12+ a?+22  a+3%
and (i) _cosha(r — z) cosx  cos2r cos3x
(i) %" sinhar ‘mz

wtarntaretaret B B

6. Prove that, provided a be not an integer, and (-7 <z <),

m sinaz  siny 2sin2z 3sin32z 4sindx

2 sinar 12-a® 22—a“’+ 3 2_a? ik

7. Draw a graph of = 2a2 + Z c;) j_IZ;

8. Exhibit graphically the nature of the curve y= 2208221”
all values of . kp

for
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9. Deduce other series from Examples 1, 2, 3, 4, 5 by differentia-
tion and by integration.

10. Find a function of z in a series of sines of multiples of 2 which
shall be equal to ¢, from 0 to a,, ¢, from @, to a,, ¢; from a, to ag,
and trace the graph for all values of .

11. Find a function of « which shall be equal to ¢, from 0 to a,,
¢, from a, to a,, ¢; from @, to a,, ¢, from a, to a,+a,, ¢, from a,+a,
to az+a,, ¢; from ay+a, to 2a,, and so on. Trace the graph
completely.

12. Trace the complete graph of ——Z vex‘ts'ﬂr—‘fsm"—!1'.—1c for all

real values of z.

13. Show that if f(z)=2, a, 7 -2 in the respective intervals
0 to a, a to 7 —a and 7 — a to =, then

T\ wn8in(2p+1)asin (2p+1)x
o=3 @p+ 1)
and give a geometrical interpretation.
14. Prove that

z(x?-2?) sing sin2z sin3z
T)_-IT—T-'-T-"" (—7l'<x<1l'),

sin pz
7

and examine the graph of y= 2( - 1)1 for all values of z.
- 1

15. Show that

f(w)—;,j fE)aE+ 5 Zf(g) cos’s; (5 v)dg, (0<z<l);

but that if =0, this expression =} f(O), and if z=1, }f()).

16. Show that

@ %Firf<£>°°8<2p—;,1)1'(é—x)d$=f(z>, (0<z<l);

or =3f(0), (z=0); or =3}f(), (z=1).
O 135 (110 o g 4s)dg=0, 0 <a<);
L TR T T, AP VS8 L

[TopHUNTER, 1.C., p.. 306.]

17. Assuming that f(z) can be expanded in a Fourier’s series of
sines and cosines of multiples of z in the interval = > 2> —, obtain
a series of simes only which shall represent the function in the
interval # > 2> 0.
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If f(z)=0, 1, O in the respective intervals (}/2-b>2>0),
()2 +b>2>1/2 - b) and (I>2>1/2 +b), prove that throughout the
interval (1> 2> 0)

f(z)_éﬂ—w (2n_}_); il (2n+l1)1rbsin (2n+ll)1rz.

What are the values of the series when « has the values //2 - b and
12 +b?

18. Show that
2""Zcos(2p ”’%jif(g) cos@—;lmrgc@:f(x), 0<z<l);
or " =0, iz =1).
2;:: sinw “‘ f(&) sm<2p 1 §df f@), O<z<l);
e or =0, (x 0).

Apply these theorems in the case f(2)=uz.
[ToDHUNTER, I.C., p. 307.]

Exhibit by means of graphs the values of the above series for
values of z beyond the limits 0 and /.

Also examine in each case the effect of a discontinuity at a point
¢ between 0 and [ in the value of the function f(£).

19. Show that a function defined as equal to I when -2l <z < -1;
= -2z when —-l<2<0; =2 when 0<2<l; =1 when I<z<2l;
can be represented by

3_l

1rx w
2cos(2m+1)2l cos(2m+1)T.

b= 2l 1
i 4 @ T 53 @ )
[L.C.S., 1899.]

3
20. Prove that the graph of the function f(z)= j s—m—t:ﬂt dt

consists of parts of the lines 4y= -1, y=0, 2y=1, together with
four isolated points. [MaTH. Trre. IL, 1916.]

21. If the function defined by y =22 from 0 to = and by y=0

from }m to w be represented by a series of sines of multiples of z,
show that the coefficient of sin nz is

4 1 2l 4
<1r—n§ 2n) 008 5 N + 5 sin R ¥
To what value does the series converge at the point =371 Sketch
the graph of the function represented by the series for values of «
not restricted to lie between 0 and = ; and also indicate the graph of
the cosine series which represents the same function in the interval
0 to m, [Mars. Trie. IL., 1916.]
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