CHAPTER XXXIV. (Continued). Szcrion IL

DOUBLE INTEGRALS, ETC. CULVERWELL'S
METHOD OF DISCRIMINATION.

1547. Double Integrals. The Case of two Independent
Variables.

Suppose there are two independent variables and a depen-
dent one z which is a function of z and ¥, but of unspecified
form. Let (p,q), (n 8 ¢), (w, v, w, m), ete., be the partial
differential coefficients of z with regard to « and y, of the
first, second, third, etc., orders. That is,

- e X T=32z % B2l i
e ™ bt Dl

w Tawoy ot “Toa O

We shall also use capital letters with the following signi-
fication, viz.:

O p oF . oF upEWp oWy
X=a_$’ Y::'gg, Z::az' P—apr Q=aq’ R=§’ et‘c"
and the notation
2
Pzz%,, QyEa'Q, R"—Ea 8 ete.,

£l t
the dots being intended as a reminder to the reader that the
letters & and y not only occur explicitly in the several subjects
of partial differentiation, but also implicitly through the
presence of z and its partial differential coefficients.

1548. We propose to discuss the variation of IIV dx dy,

where V is a function of z, 4, 2; p, ¢; 7, 8, t; w, v, w, m; ete.,

and the integration ranges over the region bounded by a
661
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662 CHAPTER XXXIV.

given contour in the z-y plane. Moreover, we shall assume
that V and the several differential coefficients occurring remain
finite, continuous, and single valued at all points of the region
bounded, and at all points lying upon its contour.

For each point 2, y we shall suppose an infinitesimally
small variation of position arbitrary from point to point and
denoted as before by dz, dy.

Now z and y being independent, dz ought not to vary n
consequence of changes in y, nor should §y vary in consequence of

Quo ian Ok i s
a—y&z—o, xéy—O.

For convenience in the analysis, then, we shall suppose the
variation éz in z to be the same for all points which lie on
the same ordinate in the z-y plane, and similarly the variation
dy in y to be the same for points which lic on the same line
parallel to the z-axis. The variations being quite at our choice
from point to point, we are entitled to do this. In other
words, we shall assume §z and Jy to be respectively inde-
pendent of ¥ and z. And this supposition in no way limits
the results arrived at. The supposition that §z and §y might
be functions of both z and y is discussed by Poisson (Mém. de
UInstitut, T. xii.), and the investigation there given leads to
precisely the same result as that obtained by the supposition
here made. [See De Morgan, D. and 1.C., p. 454.]

changes in x. We should therefore have

1549. Preliminary Considerations.

If any function y(, y) be varied by changing z to z-éz,
we have, as in Art. 1492,
90X 2 Bgde

2
o Or or dz =a—z(6x——xz3x—x,,6y)+x“8z+x,y€y,

Sxa=4

. )
%6 OXz— Xz 6T — Xay 6y=$ (6x— Xz 6T — Xy SY).
Thus, if we write w for d2—p dz—¢ dy, we have
Sp—rér—8dy=w,, dq—sdr—tdy=w,; r—u dT—SY=wss,
88— VT— WY =wyy, Ot—wdT—mdy=w,,; etc.

equations similar to those of Art. 1492 for one independent

variable.
* Lacroix, C.D. et I., T. ii., p. 679.
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VARIATION OF A DOUBLE INTEGRAL. 663

Again, to the first order,
8V =Xdx+Y Sy+Zdsz+Psp+Qdq+Ror+8Sds+T ot+...

whilst WV=X +Zp +Pr +Qs +Ru +8Sv +Tw +...
%= Y +Zg +Ps +Q +Rv +S8w +Tm+...;

6V——3—K6 —a-—yKSy Zw+sz+wa+wax+Sw,y+Taw+

to the first order.
1550. Variation of jj V dx dy.

Let the region of integration be bounded by any specific
closed contour, consisting either of one closed curve or of a
system of arcs of different curves in the z-y plane, each of

5o
P
‘,‘Ps
Q,/ Q,
" Q, :
P
1R
V) N x
Fig. 449.

such ares being itself subject to variation. Let the region in
question be such as shown in Fig. 449. We have

8 j j Y da dy=”a(v da dy)=”aV ds dy+j v sz dy +”V deiddy.
Now ”- Vd x dy= j. jV—-—dx

Integrating IV%dﬂ; for a strip @,Q,Q,@, defined by con-
tiguous lines MQ,Q,, Q,Q, parallel to the x-axis, we have

[V selua—1V el (5 62)ds
and this is to be integrated with regard to y to add up the
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664 CHAPTER XXXIV.

results for all such strips. Let do be an element of the arc of
the contour ; then

[ (7 to1ua—1V so1ua) dy=[{[ 7 22 ]M,Jr[v & da]%} do,

for, if we integrate with regard to o travelling in the positive
or counter-clockwise direction, the value of dy in passing from
Q, to @, is of opposite sign to that of dy in passing from @, to

@,. Thus, this integration yields I(V 61:%)& taken round

the perimeter. Hence, double integration referring to integra-
tion for the whole area bounded by the contour, and single
integration to that taken in a positive direction round the
perimeter,

HVd&cdy:I(V ax%)da—”(ﬂ’ax) da dy.

In the same way, with II V dz d Sy, we have

de6y=IVdd—‘Z/dy

for a strip P,P,P,P,, defined by the contiguous lines NP P,,
P,P,, parallel to the y-axis, which is

[V ylatp,—[V 8y)atr,— I (BVsy)dy,

and this is to be integrated with regard to = to add up the
results for all such strips; then

[ raapiem]{[70], 4 1o
== --I( Vy E)da- round the perimeter.

Hence IIVda; ddy= —K V&yj—j) do-—”(allsy) dz dy.

Therefore the total result of the variation is to the first order
A‘Hded =IV< W_sy3%) 4o +U<8V—— b5~ 20 3y) dard
Y d Y do 3y Yy
—J'V 69; Jy(% >o7a—, round the perimeter,

+ ”(zw+ Potgt Quyt Rose+ Suey+ Tiogy +...) deedy,
over the area.

www.rcin.org.pl



VARIATION OF A DOUBLE INTEGRAL. 665

1551. In proceeding further it will be sufficient for our
purposes to limit the discussion to the case where
V=g¢(@ y,2; p, q; 7,8 1),
containing no partial differential coefficients of z of higher
order than the second. For this will include all cases likely
to be useful, and in any case if higher order differential

coefficients should occur the process to be followed would be
the same.

Now, by Arts. 471 and 472, writing w for U,
i
jj(sz+ Quy)da dy = _'”' (8__" +a;Q)d$d +I da‘ Qd )da’
2 2 2
and H(me+sw,,+ Toyy)dz dy:” fohep i, 1) dwdy

% Tewoy o
j da R, R, dy
+[{7 5 +sw} g+ 8 g2 Jd

w, Wy
where in each case the line integral is taken in the positive
direction round the contour of the region.

Thus we have 6JI Vdz dy=[H]+jIKwda:d1 :
R RGN e e el ol et G i

where K=Z—Tm_ 5 N +’aa:”c>y e Efyz
i H=jv<5 “ij)d”j (23 d¢ Qdo’)
% % el {0 o e} o

The terms of the group H depend solely upon the variations
at the boundary of the contour. The terms in the surface
integral are multiplied by the variation w, v.e. by 82— pdz—qdy,
which varies arbitrarily from point to point of the area
bounded by the contour.

1552. Conditions for a Stationary Value.

As in the case of one independent variable, if the functional

relation of z with z and y is to be determined so that ijdx dy
is to have a stationary value, i.e. so that 6“de dy=0, we

must have in the first place K=0, viz. a differential equation
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between z z and y; and in addition the coefficients of the
several independent variations in the limit terms [H] must
also vanish.

1553. The Differential Equation.

For the case considered, viz. V=¢(x, y,2; p,q; 7 s, t), the
equation K=0 is a partial differential equation, in general
of the fourth order.

Forsyth (Diff. Eq., Ch. X.) discusses the solution of some
forms of Partial Differential Equations of the second and
higher order, but so far, even in the case of partial differential
equations of the second order, it is only possible to perform
the integration in special cases.

The chief methods available are in the cases in which the
equation takes the form

(a) Ar+Bs+Ct=U where 4, B, C, D, U are
or (B) Ar+ Bs+Ct+ D(rt—s?)= U,}funct;ions of z,y,2,pand g,
for which we have the methods of Monge and of Ampere
(Forsyth, Arts. 232, 265).

These methods, however, are purely tentative and may fail.

(y) We have also an important method known as the
Principle of Duality, which amounts to reciprocation with
regard to a quadric, usnally taken as an elliptic paraboloid
(Forsyth, Arts. 197 and 242).

(6) For equations of form A=(rt—s*"B, where 4 is a
function of p, ¢, 7, s, t, homogeneous with regard to r, s and ¢;
and B a function of z, ¥, 2, p, ¢, remaining finite when rt=s?,
we have Poisson’s method, which begins with the assumption
of a functional relation between p and ¢, and which thereby
limits any solution to be found in that way to developable
surfaces satisfying the equation.

(¢) We have the case where the differential equation is of
the class “linear with constant coefficients.”

(¢) There are also various miscellaneous methods applicable
in particular cases.

The solution of the equation K=0 is therefore in any but
very simple cases, in the present state of knowledge of the
mode of treatment of Partial Differential Equations, an
insuperable barrier.
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VARIATION OF A DOUBLE INTEGRAL. 667

When =, s, ¢t are absent and V=¢(z, ¥, 2, p, q), we have
K=27 e BJ and K=0 is in general an equation of the
second order, and if it be of one of the forms enumerated a
solution may perhaps be effected.

Ex. Itis required to discover the class of surfaces for which f f (p?+q2)dxdy
has a stationary value.

2,
Here V=p+¢% Z=0, P=2p, Q=2¢; and K= Ubecomesaz [ 2

=0,
2
whence z=F\(z + ty)+ Fo(x — 3). st %’

1554. It will be seen, however, that in some cases, even
when the solution of the equation K=0 in general terms
is impossible, important geometrical properties of the class
of surfaces satisfying it may nevertheless be deduced.

1555. If V be of form V=4 + Br+2Cs+ Dt+ E(rt—s?), the
capitals 4, B, C, D, K being functions of z, y, 2, p, ¢, it will be
found by ordinary differentiation that the function K is an
expression of the same type. Thus K=0 becomes in this
case an equation of the nature to which the tentative processes
of Monge or Ampere may be applied.

1556. The Boundary Conditions.
Taking the case V=¢(x, ¥, 2; p, ¢; 7, s, t), we have

(H]= ”V axd-’/ oy o )+w< dJ—Q%)
w, Wy

T e dy
+{ T, 1, |5 }cr { +S"’”}d_a]d"’

w, Wy
which is to vanish when taken round the contour of the
region.

There will be as many equations resulting from this as
there are independent boundary variations amongst the
three &z, 8y, ¢z, and this will depend upon the nature of
the boundary.

Take the case 7, s, t absent, 1.e. V=¢(z, y, z; p, q).

p
Then [H]:j[(vax+wp)£—(vay+w9)g—:]da,
where w=7d2—p dz—q dy.
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1557. The ordinary cases occurring in geometrical applica-
tions are:

(i) When the boundary is altogether unspecified.

(ii) When the surface to be discovered is to pass through a
given plane curve fixed in space.

(iii) When the surface is to be bounded by a curve which
lies on a given surface but is otherwise unspecified.

(iv) When in the latter case that given surface is a plane,
to which the z-plane may be taken as parallel.

Take the case V=¢(z, y, #z; p, ¢) and consider these cases.

(i) Boundary unspecified. Here dz, dy, dz are all inde-
pendent at the boundary. Hence

dy ,do dy dy ,dx\
PEz=0. vi-p(Pl-eZ)-

that is, P%~Q‘%=O and V=0 are to hold at all points of

the boundary for which all conditions are unassigned.
(ii) Boundary a given fixed curve in a plane parallel to the
z-y plane.
Here z is incapable of variation at all points of the
boundary, 7.e. dz=0. Also at all points of the boundary,
Sy dy . dy  da
——d—x, %.e. 6$d'—a.-—5y %.
Hence P d—a-—Q da_—-O for all points of the fixed boundary.

(iii) If the boundary of the surface sought is to be on a
fixed surface, ¢(z, y, 2)=0, but to be otherwise unspecified,

we have ¢,62+ ¢,0y+ ¢.02=0), t.e. do=—Prgy ¢y6y. oz, 8y
being independent variations. & ¢z
Hence

[vae—P(p +‘f;j) Sz P(HZZ)ay]

——[V&y—Q\-P-F%:) dz—Q (H%’:) 3y]g—:=0,
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THE BOUNDARY CONDITIONS. 669

and therefore

TE- (EE-0z)(e+%)

i (plof)et)

Remembering also that dz=pdz+qdy at all points of the
surface to be discovered, and that ¢,dz-+¢,dy+¢,dz=0 along
the boundary, we have (¢,+p¢,)dz+(¢p,+9q¢p;)dy=0 along
the boundary, i.e. dz/(¢,+qp.)=—dy/(p=+Pp.).

Hence the equations obtained above become

{P(pztpd.) +Q(By+992)} (pot+Pps)— V (o +Ppp2) po=0
and {P(ps+pp.)+Q(dy+9%.)} @y +9¢.)— V (py+9¢2) $.=0,

t.e. they each reduce to Vg,=P(¢,+p¢.)+@Q(p,+q¢.), or
(V—Pp—Qq) p,=P¢,+Q¢p,, which is to hold at all points of
the bounding line upon the given surface.

(iv) When the surface is merely a plane z=const.,
‘/’z:oy ¢y=0) ¢z=1y

and the condition becomes ¥V —Pp—Qg=0, which is to hold
at all points of the bounding line which lies on the given
plane.

1558. Relative Maxima and Minima.

In the case where a maximum or minimum value of
uaﬂ Vdxdy is sought conditionally upon a second surface
integral VE” Wdz dy retaining a definite value a, the same

process applies as already employed in the case of a single
independent variable (Art. 1504), viz. to make

”(V+>\W) dz dy

an unconditional maximum or minimum. For it is obvious
that if 4 is to be a maximum or minimum, u+Aa is a

maximum or minimum, s.e. ”(V—{—)\W) dxz dy is so also.
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1559. Surfaces of Maximum or Minimum Area ; Bubbles.
Apply the theorems now established to obtain the condition that
f f ) +p?+¢*dxdy shall have a stationary value. That is, we are to

find the nature of a surface which, whilst satisfying certain bounding

conditions which may be subsequently imposed, is to have a maximum
or minimum curved area.

Here V=.\/14+pt+q?} X=Y=2=0, P= P , Q= q 0
WiEpitg N1+pitg? ¢ N1+pi+q?

; 03 T OREGE :
The equation K=0 gives ey —ryq=0, i.e.
rp(preed i bonik b o igipackal) |
(+p 4t (L+p+¢)F L4p+e)t Q4P+t
i.e. (L4 p%+q2)(r+1t)=p + 2pgs +q*,
or (1+p%t—2pgs+(1+¢*) r=0.

This is a second order partial differential equation to determine z as
a function of # and y. Without proceeding to its solution, it will be
noticed that since the equation giving the principal radii of curvature
at any point of a surface z=f(z, ) is

(rt=8)p* =V 1+p*+ @*{(1+p")t - 2pgs + (1 +¢")r}p+ (1 +p°+¢%) =0,
this equation reduces for such surfaces as we are searching for to
P = +p*+ /(s — ).
The roots are equal and of opposite sign. And if p;, p, be the roots,

p1+p=0, or what is the_same thing, ;J1—+Pl=0, i.e. the sum of the
1 P2

principal curvatures is zero, and the surface is an anticlastic one with
this peculiarity. Moreover, this is the condition of equilibrium (stable
or unstable) of possible shapes of soap-bubble films with equal pressures
on opposite sides of the film. For the hydrostatic equation for that

difference of pressure is p=;+§, where 7 is the surface tension. And

it will be recalled that a number of known surfaces satisfy this condition
and are possible forms for soap-bubble filins, e.g. the catenoid formed by
the revolution of a catenary about its directrix; and this is the only
possible form if it is to be also a surface of revolution. The helicoidal
surface and the surfaces e*=cosy sec, sinz=sinh sinh y are shown by
Catalan to satisfy the same differential equation (Journal de IHcole
Polytechnique, 1856). See Besant, Hydromech., p. 217, who refers to
Darboux, Théorie Générale de Surfaces, T. i., Liv. iii., for a full discussion
of minima surfaces.

Since the Potential Energy of a soap-bubble film is [ 7d8, where T is

the surface tension and a constant, it will be evident that if the potential
energy is to be a minimum the surface is to be a minimum.
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BUBBLES. 671

If the pressure on opposite sides of the film be not the same, we have
%+%,=€, and the mean curvature is constant but not in this case zero.

1560. If the boundary is to be on the surface ¢(z, , 2)=0, the equation
(V—-Pp—-Qq)p.=P,+Qp, of Art. 1557 (iii) gives ¢p,=pe.+g¢,, indicat-
ing-that the minimum surface is to cut ¢(z, y, z)=0 orthogonally at all
points of the bounding curve.

1561. Let us next find the conditions that must hold when, for a

given volume expressed by f f zdx dy, we have a surface of maximum or
minimum area.

We are then to make f f (VW14 p*+¢*+Az)drdy an unconditional

maximum or minimum. Here

p——s p q .
= 2 2 = =YY= = ) e e
NT+p*+q*+ Az, Z=A, X=Y=0, P Jiipig Q N e
and K=2 - ?g—%yg=0 gives, similarly to the work in the last case,
A_(1+P)t-2pgs+(+gY)r_
ot

(1+pt+g0t
so that in this case we have ,—}+%=)\, a constant, which is the case of
=Ry
soap-bubble films in equilibrium, with a constant difference of pressure
on opposite sides, such as might be maintained by closing the ends in
the case of a film in the form of a surface of revolution and maintaining
a constant air pressure in the interior, so that, provided the temperature
remains constant, the volume also remains constant.

It may be noted that a sphere and a right circular cylinder are surfaces
which satisfy this differential equation, but that neither of them satisfy
that of Art. 1559.

1562. Case of a Surface of Revolution,

This case may be discussed in an elementary way by making f 2wy ds

a minimum whilst f-rrg/‘d.r is constant ; i.e. Sf(g/Vl +y?+ Ay?) de=0.

Here V=yNT+y2+ N2 X=0, Y,=yy’N1+y?
whence yvVT+97+Ap2=yy V152 +C or yNI+y%=C - Ag.

One of the radii of curvature (p) of the surface is equal (in magnitude)
to the normal (n)=y~/1+y2 Thus, %=?702— A

For the other, we have

dz ¢ dz_ (0 \dy

£=§— v e
1 dajdy C
and ;—-—W a;-—?i-h,
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whence 1-$=2)t; and if p” be measured in the same direction as p,

p’= —n, so that ;)+ %,:2)t=const. ; the same result as before.

J P
¥ '
0 N G s
Fig. 450.

1563. It is convenient in many cases to choose a less
general variation.
Let us take ¢z and 8y both zero, but vary z and the partial
differential coefficients of z. We shall then have
0=02, w;=0p, Wy=0( W@=0", wmy=05, wy=0dl
With this variation the limiting terms [H], when 7, s, ¢ are
absent, reduce to

tH=| jsz (p %—Q Z{) dr | (Art. 1356);

and for the very important case frequently occurring in
geometrical applications, in which the region to be considered
is bourided by a fixed closed curve in the plane of z-y, we
have §z=0 at every point of the bounding curve, so that [H]
vanishes identically.

The partial ditferential equation K=0 will, when solved,
usually give z as a functional form containing & and y, and,
in the case cited of a fixed boundary, the functional form
occurring in the solution will have to be so chosen that the
surface obtained passes through the bounding curve.

1564. Ex. Find whether a developable surface can be found which passes

through the circle z=0, 22 +y?=a?, and for which ffJf—Fp2+q2dx dy has a
stationary value.
The partial differential equation to be satisfied is

(1+2%)¢—2pgs+(1+q2)r=0.
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SURFACE INTEGRAL WITH A CONDITION. 673

If the surface is to be developable, we must take ¢=f(p).

This will give [1+{f(p)}] - 22/ (p)f"(P) + (1 + )" (»)}*=0,
ie. {f)-pf' @P=-1-{S®F or fo)=pf @)+-T-{F ()
which is of Clairaut’s form (see I.C. for Beginners, p. 230), with a
solation f(p)=dp+~/—1— 4% ie. Ap—q= —N—1— 42

Applying Lagrange’s method to this (Forsyth, D. Eq., Art. 184),

8, UL AT
AT ST a e A

whence z+Ay=B, z—yN—1-A:=¢(B),
i.e. 2=yv =1 — A2+ (2 + 4y) is the functional solution sought.

If we take ¢ to be zero and 4 to be ~/—1, we have a solution of our
problem, viz.z=0. The circular disc bounded by 2?4 y?=a?is the develop-
able surface which has a minimum area, and the principal curvatures
of the plane surface are both zero, so that all the conditions are satisfied.

1565. Consider the stationary value of ”UdS, where dS s an

element of the surface represented by a supposititious relation be-
tween x, y and z, and suppose that there is an accompanying

condition that UWda: dy=a, taking U and W to be functions of
%, Y, z alone.
—— oU Y oW
Here V=UVI+p'+@+AW, Z=--~NT+p"+@+A7

P q
Spaudaiilguyt Gl
N1+pi+g ¢ Vitpi+g?

Q.

])

Il

Q+p+e Qpt)dt gt
Q (oU U q ¢ q(ps+qt)
e bR £ S g -+ U --U o
oy (ay e q) (1+p+¢)*  (+p'+¢)F  (1+p*+¢)7

Hence K=7- —n — =+ =0 becomes

Bt b AR 3 (U OU
§(1+p‘+q‘)2+>\7(1+102+q2)-—(5;+Ep)p(l+p2+qz)

oU  oU o _ i 2)9) =
—(:C)—.;/—+Eq)q(1+p2+q) U{(1 +p%t—2pgs+(1+¢*)7}=0,

oW 2 DU Ol 44 O g
E(l+P2+92)7+('67-Pﬁ'QEy—)(l*‘?L"q)

=U[(1+p?)t-2pgs+(1+¢%)r];
ow U U

U, b geadis O oY gL 1\
')"Oz (l+p2+q‘)+az P qay U(l+p +q>(P1+P2)

i.e. A
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If I, m, n be the direction cosines of the normal to the supposititious
surface z=¢(z, ), say, viz. (§ ~2)/(-p)=(n-N(-D=(-2
B B o e, 2= . )
Ni+pP+ ¢ Ni+pP+g? N1+pi+¢
1431 ( oU ¢ 0l i s QU ) AOW

i P g 1 U i e ot g

and when fodS is unconditionally stationary,
) ( oU BU BU)
— 4 — i
P1+Pz oz et '51/

If the surface in either case is to terminate in a line on any surface
Y(,y,2)=0, the bounding condition (V- Pp—@q)y.= 1’\/;,+Q¢, becomes

(U‘*‘AW‘\/] +0'+ = U(pya+ayy) or patay,—¥:= U‘#n

and in the unconditional case py,+qy, —,=0, and the surfaces then cut
orthogonally at each point of such bounding line or lines.

1566. A Method of Discrimination when the Limits are fixed.
Jf we consider the case of fixed limits of integration for such an integral

as v=/f\/1+p2+q2dxdy, say from y=y, to y=y,, and from z=a, to

x=ux,, the discrimination between maxima and minima may be conducted
as follows, taking such a variation as described in Art. 1563.
Suppose z becomes z+ 8z and p, q respectively p+8p and g+8¢g. Then

V becomes ~1+(p+8p)*+(g+0g)>. This we must expand to terms of
the second order, and we have

VisV= ~’ﬁ‘5‘1—gﬂ[1+1 2p Op +2q 8+ 8p*+8g® _ 1(2p8p+2484)’ ];

T+p%+¢? 8 (I+p°+@y
sy POop+ad  pP+3¢+(pdg—qdp)
A+p+g)t 2(1+p?+gY)t

Hence the second order variation in §v is
2 2 E 2
%f/ap + 08¢ +(p 8 — ¢ 8p) i,
(1+p2+g)f

which being essentially positive for all variations, the solution of Art. 1559
gives a true minimum solution.

1567. Taking the case of Art. 1561, the second order terms in 8V are
those in ~(1 +(p+ §p)2+ (g+89)*+ A(z+ 0z), 4.e. the same as the above, and
are essentially positive. We therefore find a true minimum in this case

also. 'We turn, however, to a more detailed consideration of the second
order terms in the general case.
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CULVERWELL’'S METHOD OF DISCRIMINATION. 675

1568. Culverwell’s Method of Discrimination between Maxima
and Minima Values. Reconsideration of the Variations to be given.
In estimating the variation of

usrl Vdz, where V=¢{z, v, v, vy, ... y™},
Zy

we have so far given to each letter, inclusive of , an arbitrary
change, so that the point @, y is displaced to z+dz, y+dy;
and the direction of the path, its curvature and higher order
peculiarities, indicated by y’, ¥” and higher order differential
coefficients, have also undergone arbitrary variations and
become y'+ 3y, y”+3dy”, ete.

Many writers prefer to keep « unaltered, and to vary y and
its differential coeflicients alone (see Art. 1563).

Considerable simplification results in taking déx to be zero.
For then we have =4y, w'=4y, 0”"=3y", etc., instead of the
more cumbrous expressions &y—y’ dx, 8y’ —y” oz, Sy”—y Sz, ete.,
for which they respectively stand. But there is this dis-
advantage, that when in an investigation dz has once been
taken to be zero it cannot be restored at a later stage, whilst
if we retain the variation of z from the beginning we can at
any time make it zero. And in dealing with the terminal
conditions, these terminals are not in general compelled to
move upon lines parallel to the y-axis, but may lie on specific
curves in which Jz necessarily varies with Jy, and it has
therefore been so far convenient to retain command of the
variation of z as well as over those of the other letters.

1569. To make dz=0 throughout clearly means that the
deformation chosen of the hypothetical curve which represents
a relation between y and =z, is one which is obtained by an
arbitrary point to point variation of each ordinate. That is,
each point is displaced parallel to the y-axis, through an
arbitrary small distance with consequent alterations in the
values of the differential coefficients of y, which depend upon
the particular variations arbitrarily assigned from point to
point to the ordinates. That is, taking y=x(z) to be a
supposititious relation between z and y, which we are to test
as to the possibility of its giving a stationary value to

IVda: between the limits =, and ¥=a,, then y=yx(2)+0(),
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where ¢ is an infinitesimal constant not containing #, and 6(z)
is an arbitrary function of z understood to be finite for the
whole range of integration, would be the equation of a
contiguous curve to y=x(x), and such that the variation
of y at any point is dy=e6(z). We shall write x and 6 for
x(z) and 0(z) respectively for short; and we shall take 6 to
have been chosen so that neither it nor any of its differential
coefficients up to the (n—1)* becomes infinite or discontinuous,
but that they each remain either zero or finite throughout the
whole range of integration. Then as ¢ is taken independent of z,
Sy'=¢el, Sy’ =eb0", Sy =e0”, ... Syn-V=ef"-D and Sy™==eO",

But with regard to the last of these, viz. ™, we reserve
to ourselves the right to make an abrupt change in the value
we choose for it, provided such change be from one finite
value to another finite value. With this supposition all the
differentiations performed are valid operations, all the functions
differentiated being finite and continuous real functions of z
between the limits of the integration.

1570. With such a system of increments, ¥ is changed to

VA+V=qp{x, y+eb, y+eb, u"+eb", ... Y46} ;

and assuming V to be such that we may use Taylor’s Theorem,
we have

- 2 3
V+éV= V+5AV+;—,A2V+;7R,

whereAEO%+9’a%,+...+9(")a—;%”—),
after three terms. This expansion involves the assumption
that all the Partial Differential Coefficients of ¥ of the first
and second orders with regard to y, ¥, ¥”, ... y™ are finite
and continuous functions for values of y, ¥/, ete., within the
ranges from y, y/, etc., respectively to y-+ef, 4+, ete., for
all values of # which lie within the limits of integration of

3
and :%R isthe“Remainder”

the integral "-de, w.e. from z, to x;.
Now g being taken as not subject to variation, we have
2 3
adem=janx=ej(AV)dx+% J(AZV)der;—,jR dz,

and by taking e sufficiently small each of the terms on the
right-hand side may be made greater than the sum of all that
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follow it. Hence, so long as J.(A V)dz does not vanish, the sign
of Sdex can be made to change by changing the sign of e.
Therefore the primary condition for a maximum or a minimum
value is that I(AV)dx should vanish, the limits being the
same as those of the integral Ide.

’aV I,a aV
Now AV= (9——+e +6 If,+ +9"am>)
where 0 itself is arbltrary. And this will be recognised as
what the expression Yw+Y o'+Y, 0”4... of Art. 1495
becomes upon putting dz=0 therein.
By integration by parts, as in Art. 1496,

j(AV)dxz[Y,e+Y,,0'+ +Y(n)6‘"“’]+jY6dx,

the term ¥V éz not now appearing in the limit terms, as dz=0.

Now let us take one variation between the two points
(%, Y,) and (z;, y,) to be such that at each terminal the values
of ¢, ¥y, ¥, y', ... y®-D are the same for the varied curve
y=x-+¢€0 as for the supposititious curve y=y itself. That is,
suppose the two curves to have contact of the (n—1)® order
at the terminals. Then dy, &y, ... dy®~ all vanish at the
terminals, and therefore also 6, &, 97, ... 6*—1 all vanish at the
~ terminals.

Therefore, with this variation I(AV)(lm:IYO dz, and 6 being
arbitrary from point to point along the path of integration,
we must have Y=-0 as a necessary condition that j(AV)dx

should vanish, Thisis the differential equation before obtained,
and its solution has been seen to be of the form

y=F(z, ¢;, Cy, ... C3y), or shortly, y=1F, say,

in which we may suppose that the several constants occurring
have been found as heretofore explained by aid of the terminal
conditions existing, and their values inserted. This relation

. is that for which the integral [Vda: assumes a stationary value,

and the graph is called a stationary curve. This value of y



678 CHAPTER XXXIV.

and those of its differential coefficients may now be substituted
in V.

1571. The variation of the integral now reduces to
2 3
, aj"m%—, j“(AﬂV)dz+§—,r‘Rdz,
) Ja ey

in which we are to consider a variation from the stationary
curve, the supposititious curve y=y(z) having been discovered
to be of the now known form y==F.

As before, if we take e sufficiently small the sign of

j (A%V)dx governs the sign of the right-hand side of the
equa.tlon so that the variation ¢ j V dz is positive or negative
according as J. (A%V)dx is positive or negative for all
sufficiently smaﬁo values of ¢ of whatever sign.

Therefore if J-:l(A’V)dx be positive, E: Vdaz is increased by

o

such a variation from the stationary curve, and if negative,
decreased. It follows, therefore, that the stationary curve

y=F gives a maximum or a minimum value to j Vdx

according as j (A%V)d=-is negative or positive. We therefore
' £

have to examine the second order terms j (A*Y)dw.
2y

1572. In the following examination of the second order
terms, we shall follow the method given by Mr. E. P.
Culverwell in Vol. XXIIIL of the Proc. of the Lond. Math.
Soc., 1892. It is only possible to give here a very abridged
account of the results arrived at in Mr. Culverwell’s researches,
and his paper should be read carefully by the advanced
student. Various modifications of his notation and procedure
are necessarily adopted here to bring the discussion into line

with previous work, but the main course of his work is
adhered to.

1573. Such a variation of a path y=x between two specific
terminals P and @, as has been described in Art. 1570, having
contact of the (n— 1) order with y=yx at the terminals, so
that 0=60'=0"=...=0®-D=0 at P, and at Q, is said to be a



CULVERWELL'S METHOD. 679

“fixed limit ” variation, and is a legitimate variation, provided
the conditions for the existence and continuity of the several
differential coefficients and the validity of Taylor’s Theorem
are not violated.

1574. “Short Range ”’ Variation.

Let APCQB be any path y=yx, and let PC'Q be a “fixed
limit” variation of the portion PCQ. Let the abscissae of
P and Q be £, and § respectively (£, > &), and let £ be the
abscissa of an intermediate point C on the arc PCQ. Then

|} 609@) da= (0031, —000-1(8)— 6-(6)=60-g)

where n < p > 0, for by the condition of Art. 1573,0®-V(£))=0.

If then the greatest numerical
value of 6»(z) in the range &, to £
be called p, which is by supposition
finite, we have 6P=D(¢) + (€—&,)p,
and therefore ¥ (£—&,)p, and if
we take a very short range from P A
to Q, §— &, may be made as small
as we please. Hence the numerical value of each of the
quantities 6, €, 67, ... 6D, 6™, may in such short range be
regarded as indefinitely small in comparison with the next
in order. Therefore 6, 6, 87, ... 6®-1 are all negligible in
comparison with the last variation 6™ for a “short fixed
limit” variation.

Now A2V = (9 +9 ,+ 6™ 8—(7’> V, and for such a

RV
a(y(n))2'
Hence for this short variation,

) J.Vdm_ j(g(n))za( (,.))4‘714" 3 “.R da,

Fig. 451.

variation reduces to (6™)*

and 6™ oceurs with an even power, so that if ~—— 3 ( (n))2 dx retains

one sign within these short limits from P to @, 8dez is

ositive or negative according as Cat 4 dx is positive or
P g g _—Tz’ p

3™
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negative throughout that range when e is taken sufficiently
small.
Now, considering the finite range from =z, to =, the

: integral"’zl Vdz could not have a maximum for this range unless

2V
o(y™)* v
z=x,to =2, nor a minimum unless SR dz remained posi-

dx remained negative throughout the whole range from

tive throughout the same range. For suppose that there be a
small portion of the range from z, to x,, say from §& to £, in

oV
which Sy

We could then take a “short range fixed limit ” variation from
P where x=§;, to @ where z=¢,, without any variation at all
for other parts of the stationary curve from z,to z,. Then
for this short range variation,

8 vao— 1) (0 et ) R

and for the rest of the range from z, to z, there is no variation ;

dz has ceased to be negative and become positive.

Z:

therefore ¢ J. 'V dz for the whole range is positive for such a
xy

varigtion, and the condition for a maximum is that it shall

2
be negative. Hence, unless %dm retains a negative sign

for the whole range from =z, to z,, a maximum value of

erdz cannot occur. Similarly a minimum could not occur if
Eid
’a( (n))
part of the range.
Hence, supposing that in the whole range from A(z=u,) to
B(x=ux,),  increasing throughout, there is mo point at which

dz, starting with a positive value, became negative for

I (A?V) dz vamishes, small short range variations such as that
Zy

Jjust described from the point P to the point @ upon it can
be supposed to be made, and if in each of these a(a e dx retains

the same sign, de will have a maximum or a minimum
Zo

www.rcin.org.pl
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value according as that sign is negative or positive, remaining
so throughout the whole range of integration.

1575. It will be noted that in the above statement we have

2

written %Z))Zdw, including the dz as a factor, because if in
the case when in travelling from 4 to B we pass a point C
at which the tangent to the path is parallel to the y-axis, and
x increases up to a certain amount, viz. the abscissa of C, and
then decreases on approaching B, dx itself in such cases changes

! ’ 'V :
sign. Hence also in such cases ——-—= must for a maximum
'a(y(n))

or minimum also chanve sign at C' in order to preserve an

dx throughout the path.

invariable sign in 5 ( (,,))2

We have now to consider the stipulation that there shall be
no point between A and B, say with abscissa X, at which

X
j A2V da vanishes.
2o

b g B

Fig. 452, Fig. 453.

1576. Conjugate Points on a Stationary Curve.

Let 4, Q be two points on a stationary path 4CQB.

Then, if @ be the first point along the arc for which it is
possible to draw a contiguous fixed limit variation 4C'Q, which
us wself also stationary, the points 4, @ are said to be ‘ conjugate’
to each other.

If both paths be stationary, we must have 8_[de=0 to the
first order along each, and therefore each must be a solution

of the same differential equation Y=0. Therefore, if the
curve ACQ have the equation y=F(z, ¢, ¢,, ... ¢y,), the varia-
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tion AC'Q must have an equation of the same form, and the
corresponding ordinate may be written

Y+ 0y=F(z, ¢;+dc,, ¢+ 8¢y, ... Cop+8Cs,),
s that 8y——— acl+ay Soyt v a-'/ -3ty

Dlﬂ'erentlatmg thlS (n—1) times with regard to n,

acl o deyt. +2 )
ete.,
a,/(n-l ay(n—l) ay(n—l)
n-1)—-7 bt (N -~
3y %0, éc,+ %0, L T ¥ 8¢y,

Now dy, 6y, ... dy’»~V are to vanish at A4(z,, y,) and also at
Q(z, y). Hence we obtain by elimination of ¢, dc,, ... 8¢y,

between the 2n equations arising, a determinant with 2n
rows and columns, viz.

acl ) el o y
ay(”_] ) ........ a :y("._l ; ......... .a}./.(n.—"
) e, ) 862 3 aomees Oom

(s« (& =D,

............................................

) a!/(n—l) ay(n— 1) 'a',/ n—1)
( ac] )a' ( a‘»’z )o’ (_aCZn )o
in which the first » rows, without suffix, denote the values at @, (z, ),
and the second n rows, with suffix 4, denote the values at 4, (%o, %o).

This equation determines z in terms of z,. That is, it gives
the various points @ on the first stationary curve ACQB,
starting from 4, to which it is possnble to draw a contiguous
fixed limit curve AC'Q, which is also stationary. And the
first of the points @ which satisfies this condition is the point
conjugate to 4.

1577. Now let a point P (abscissa X) travel along the
curve AB from A(z,, y,) towards B(z,, ¥,), the curve being a

stationary one for IVd:c. Then we have seen that for this

curve to give a maximum value to the integral, it is a primary

www.rcin.org.pl
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necessary condition that dx should be negative for all

( (n))z
values of x from 4 to B.
We shall show that as P travels along 4B, the point con-
jugate to 4 is also the first position of P for which

X
j A%V dzz=0.
X

Take a position of P very near 4 and connect 4B by a
“short range fixed limit” variation 4QPDB having contact

A

Fig. 454.

of the (n—1)™ order with the stationary curve at 4 and at P,
and coinciding with it from P to B. Then, for this variation

21 X €2 X 63 X
.sJ' de=aj de==gj A2de+-3—,j 2 b

and over the short range z, tc X, A?V is replaceable by ,a(a‘/(l:)z,

which is of necessity negative, and therefore within this short

range r] Vdzx is decreased by the variation whatever be the
%y

2
sign of € when sufficiently small. Therefore —5%/‘1:’—)3 dz negative
is a sufficient condition that the stationary path should yield

a maximum value to J-de Jor this short range.

Now let P travel onwards towards B. Then, A%}V being by
supposition a finite and continuous function of =z, it cannot
change sign except by passing through a zero value. Suppose
that A2V, which started from 4 as a negative quantity, retains
that sign until P arrives at a point C' on the stationary curve
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AB, and that at C, A’V'=0, and beyond C that A%V becomes
positive. Then IA” Vdz from A4 to C is a negative quantity.
Suppose now that P travels beyond C to a point D such that
J.A” V=0 when the integration is from 4 to D, the positive

values of the integrand which accrue beyond C having can-
celled the aggregate of the negative values occurring before
arrival at C. Take a ‘“fixed limit” variation connecting
4 and D, viz. ARDB, having (n—1)" order contact with the
stationary curve ACDB at 4 and at D, and coinciding with
it from D to B. Let X be now the abscissa of D. Then

2 X &2 (X S [X &S (X

o Vio=s[ vie=g " sviot [ Ras= [ Ras

Zy £ Jzy “Jay N
and therefore vanishes to the second order of infinitesimals.
Hence to that order

J.Vda: for the fixed limit variation ARDB
=I Vdz for the stationary path APDB.

It will follow that ARDB is itself also a stationary path
from 4 to D. s

For if any short portion of it, say LRM, were not of
stationary character, we could connect RM by a stationary
short-range fixed limit path LR'M, and therefore

Ide (for LR'M)> I Vdz (for LRM);
Wy Ide (for ALR'MDB)> j Vi (for ALRMDB),

and >IVJ:1; (for APDB),

and this would necessitate IAz Vdz becoming positive between

A and D, which is contrary to the hypothesis that D is the
first point for which the integral ceases to be negative.
Therefore the variation ALRMD must itself be a stationary
curve between 4 and D, and D is itself the point conjugate
to 4.
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x

Since J AV dx is negative so long as # <X, viz. the abscissa
Lo

of D, r V dz has a maximum value along APD for all values
o
of  which are less than X.
In the same way r V dz has a minimum value for all values

of # which are <X if A?V be positive at starting from 4.

1578. If, however, the conjugate point of 4 occurs before B
is reached, r V dz, though stationary, will have neither a maxi-
Zo

mum nor & minimum, as we shall now show.

Take a short-range fixed limit variation FGH connecting
two points, F on ALRMD, H on DB having (n—1)* order
contact with these curves at the terminals F and H. Suppose

A

Fig. 455.

this variation to have been selected a stationary curve. Then,

since by hypothems ————dx is negative, this variation gives a

( ("’)2
maximum value for dex for that range, and therefore
dez (for FGH) >dea: (for FDH).
Hente j V do (for ARFGHB) > I ¥ dz (for ARFDB),

and therefore >j V dx (for APDB).
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Hence IV dz along APDB would not have a mawzimum

2
value ; and it could not have a minimum value, for é—(a-gf)@dx
is negative.

Therefore, if the conjugate point to 4 lies between 4 and B
the stationary path 4B gives neither a maximum value nor a

minimum value for de:c for that range.

We therefore have the following test:

The stationary path AB having been determined, it will yield
a mazimum or a minimum value for IVda: according as aal’:)’dx
18 megative or positive from A to B, provided there be mo point
conjugate to A lying between A and B. But in case of such point
being existent between A and B the stationary curve from A to B
yields neither a maximum nor a mwisnimum.

2
In the case when %dz vanishes at a point between 4
and B, but does not change sign, we could take a short-range
fixed limit variation, including the point in question, vanishing
to the second order, and the sign of derda; Jor this variation
- D
depends on third-order terms, and unless these also vanish for
the value of x at the point, the sign of JIIIde could be made

to change by changing the sign of e. Hence there would be
neither a maximum nor a minimum for such a variation. But

- . xl . . .
for other variations j Vdz has a maximum or a minimum as
before.

1579. Illustrative Examples.
(i) Take the case of the integral f (y"")dxz of Art. 1502 (3). To find the
point conjugate to the point x,, Y, on the atatiomry curve.

The stationary curve is y= c,+clx+ c?z'?+ 52,

3'0
Here §y= 80°+r8(1+ x“’Sc,+ .z-"&'3, 8y’ = Bcl+.z‘80,+§1—‘x280,, and

these are to vanish at (xn, %) and at (2, y). Hence the point conjugate
to (29, Yo) is given by
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-

1.t 21—‘ 2, 3% |= 0, that is {5 (z —x,)*=0,
; 1' and x=ux, is the only
i & x, 2—‘.@3 solution.
1 1
1, @, g1 %o 3—!1’03
1
O; 1, Tos '§| xllz

Hence, in this case, there is 70 point on the stationary curve which is
conjugate to any other.

We also have V=y""2 and g—,,‘—2 which, being positive, the stationary

curve gives a true minimum value to |y”2dx for any selected portion
of the curve.

(ii) In Ex. 1 of Art. 1502, viz. the shortest dic&mce between two points,

g e Ak L ; g
V=i1+9?2 A=0'n, =0 o , and is essentially
His 8—— : i a_'y ,‘/ y 2 (1 + y'g)%
positive. And there is obvmusly no point conjugate to any other on the
locus y=cy+ ¢z, which is the solution of AV=0. The solution arrived

at is therefore a true minimum solution, as is obvious of course from the
nature of the case.

1580. The Case of two or more Dependent Variables.
Resuming the discussion in Art. 1508 for the case

- Yy Yy y""}
V=F{m, 2, 2,2, .2™]’

and taking €60, e,¢ as the fundamental variations of y and z,
we have, upon putting §z=0,

n1=0y=eB, n=e0, =6 ete,
(=0z2==¢,0, (=¢9, {'=e9" etec.,

and taking Alsea%—i—e’ ¥ IR T L e

a_y/
P 3 '_a (m]
By=p Tt " 5m
L e i 1
JIV e [H]+I( Ye0+Zey) dzt g!J'(G,Al ted) Vit J' Rd,
and the general forms of y and z are determinable from the

differential equations Y=0 and Z=0, and the constants
involved obtainable from [H]=0 as before explained. And

WWW.rcin.orqg.pil
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the same theorems hold as in the case of one independent
variable. But the second-order variation will in its highest
differential coefficients become

1 ., OV 2V g OV
@I{ (02 3 (—y‘"’)2+ Ze 6,0 g™ Y™ 2™ +e2(p™)? a(zﬁ‘"")z} dz,

in which the integrand is of the form
7.612(9(”))2 +2s € €29(n)¢(‘n)+ 1622(¢(m))2 7

and, as in D.C., Art. 497, the condition for an invariable sign
is that 72—s? shall be positive, and the sign in question will
be that of r or of ¢, for since 7t—s? is to be positive, » and ¢ must
have the same sign.

AR 4 4 %V oV }2
Th : C
us it will be essential that SR SR { S o
2
shall be positive, and for a maximum we must have %/J'I_)V

negative, and for a minimum, positive.

1581. The case rt=s?®in general necessitates an examination
of the terms of (¢,A,+eA,)%V, which contain lower order
differentials. This case is discussed by Mr. Culverwell in the
paper cited above, to which the reader is referred.

The method employed in the last article is clearly applicable
if there be more dependent variables than two. Following
the same method as before, the second-order variation takes a
form similar to that discussed in Art. 502, Diff. Cale., with an
exactly similar result.

1582. Relative Maxima and Minima.

It has been explained that when we are to search for the
maximum or minimum value of ’UEIV dz, with condition
wEIW dx = a given constant, say a, we are to treat I(V-H\W) dw

as an unconditional maximum or minimum, and we get

a(v+>\w)saj(V+AW) dx=j(av+>\ W) da

3
=€j(AV+AAW) dw+;I(A2V+>\A2W) dm+§,dex,
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and with the same precautions as before with regard to choice
of legitimate variations which will not violate conditions of
continuity in the several differential coefficients, and which
will ensure the validity of Taylor’s expansion, the terms of
first order having been made to vanish as a primary condition

for a maximum or minimum, we have .‘-(AV—I—)\ AW)dz=0, an

equation already arrived at in Art. 1504 ; and then
2 3
6(v-+>\w)=§,j(AzV+>\A2W) dz+§~,j1mx,

and the terms of the highest order in the integrand A%V 1AW
are all we require in the discrimination between maxima and
*V *W
o) (y11l))2+ A a(y(n))z’
mum this expression must be negative throughout the whole
range of integration, and for a minimum, positive. In case of
the existence of a point conjugate to (x,, ¥,), such as D of Art.
1577 on the stationary path, with abscissa X, lying between
the limits of integration, the variations chosen must be

X
such as to make BI Wdx zero. For (see Fig. 455) beyond the
o

minima. These terms are and for a maxi-

point D the variation 6Iz1de has been taken as zero.
= X

Therefore X' must be such that“. Wdx along the stationary

fixed limit variation ALRD has the same value as erdw

along the original stationary curve 4PCDB, for which in
general the value of X is different.

The equation to find the position of the conjugate point is
therefore modified by the introduction of .

The equation of the stationary path is now of the form
y=x(@, A, ¢, Cy, ... C,)). If, upon substitution of this value of
y and its several differential coefficients we get

£21
wEI Wdz=F (x,, %, A, ¢, Cy; .. C3,,) =0,
o

upon variation of the constants we get the additional equation
oF oF oF oF
é*)\* oA +a—01601 +§C—2602+ et 5‘0_2—"60211_0’

and the equations arising from the vanishing of &y, éy/,
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8y, ... Sy Y at (z,, y,) and at its conjugate, which are now
altered by the presence of A to

%y %y %y %y w
=20\ +=%d¢, +z=dc +...+—Jc,,. =:0,
oA o, : o, : true at

Tin +Lse, +2Lse, +...+-alac,,, =0,| (@o: o)
1

0, 0Cyn + and its
etc., conjugate
(n-1) n—1) a n-1) n-1) (x, y)'
T ax e s s+ % -"‘ —de . +a"’( =0,

oA ¢,
These 2n-+1 equatlons give, upon the elimination of
dX, d¢y, 8¢y, ... 8cy,,

U % Oy e 9 =0
N D¢y’ ey’ OCzn ’
Y’ %y’ oy’ 9

DA ey’ Ocy’ Ocan

a,/(n_u ........ ay("_l)a‘w-” .......... a;;"_“ i

() CE2) G ()

o' O Y ok @ 0l oF
S - e Lo

to determine the position of a point (z, y) on the stationary
path conjugate to (z,, y,).

If such a point occurs between the limits z=z, and z=x,
on the stationary path, this path will give neither a maximum
nor a minimumn.

1583. When 7 contains more than one dependent variable,
and these dependent variables are connected by an equation
L=0, viz. the case discussed in Art. 1513, we proceed as there

explained with the first-order variation to obtain the stationary
solution. In passing to the second-order variation, we have

%IA“( VA AL)ydz, where A=eA 46,0, (Art. 1580),

where 0 and e are the fundamental variations of % and
z, and €60, e,¢™ those of y™ and 2. We shall suppose

www.rcin.org.pl
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that the orders of the highest differentials occurring in V" and
L are the same. Then taking as before a short-range varia-
tion, the variations 6, 8', 87, ... 6»-1 may be all neglected in
comparison with 6%, and ¢, ¢’, ¢”,... ¢V in comparison
with ¢®. The only terms of A*(V+AL) which need be
retained are therefore

__(a(—y-(t))z_z elﬂ (6(1;))2 -+ 2 —é(:'—/m-gz—(—”)—) elfze(")¢(") i —(—a(%(_%;z—) ng ( ¢( ))2,

where 8, ¢™ are not independent but connected by the equation

oL oL
W Gle(")-i—am €2¢(n)=0’

*(V4AL) (oL\* *(V-+AL) oL oL
80 that {_'(5@(?)‘)2—) (az(n)> T 2y ™ ogm o™ dy™
*(V4AL) s oL 2}d
?(z'™)? (ay"")

must retain the same sign throughout the integration if a
maximum or a minimum is to occur; and that sign must be
negative for a maximum, positive for a minimum.

For details of the case in which the orders of the highest
degree differentials in 7" and L are not the same, the reader is
referred to Mr. Culverwell’s paper [p. 252, L. Math. Soc. Proc.,
Vol. XXTIIL].

1584. Bibliography.

Readers wishing to pursue the subject of the Calculus of Variations
further are referred to Todhunter’s History of the Progress of the Calculus
of Variations during the nineteenth century and Researches in the Calculus
of Variations, and to the treatises on the subject by Jellett and Strauch.
Professor Williamson, in Chapter XV. of his Integral Calculus, gives an
account of the “Sign of Substitution” used by Sarrus in his Essay,
Recherches sur le Calcul des Variations, and makes much use of the same.
In his Chapter XVII. the student will find much useful information
with regard to the bounding variations in the case of a double integral
and a discussion of some cases which arise in the treatment of the partial
differential equation as well as several other interesting matters. The
papers by Culverwell, of which considerable use has been made, should
be referred to in R.S. Trans., 1887, and in Proc. of the Lond. Math. Soc.,
1891-2. Other writers are Moigno and Lindelof referred to by Dr.
Williamson (I.C., p. 465), Lagrange (Th. des Fonct.), Lacroix (Cale. Int.,
pp. 655-724), Jacobi, Legendre (Mém. de ' Acad. des Sc., 1783), De Morgan
(D. and I. Cale., pp. 446-474), Poisson (Mém. de DInstitut, T. XII.), Abbott
(Cale. of Var.), Aivy (Math. Tracts), Woodhouse (Isoperimetrical Problems).
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PROBLEMS.

1. Find the stationary value of J.V dx, taken between definitely

fixed limits, where 7"=y% + 2myy +ny? and discuss its nature.
[Lacroix, C.1., II., p. 721.]

2. Mark out the range of hmlts on the parabola (z+a)?=4cy
between which the mtegra.]j Y QE dz is a maximum, the range
To

between which it is a minimum, and the range between which
it is neither. [MaTg. TrIP., 1890.]

3. The integral ”}(m, Y, 2, p, ¢q)dxdy is found to be stationary

when taken over the surface z=¢(x, 7); show, by confining the
actual variation of z to a small area on this surface, that the variation
of the integral cannot always have the same sign within limits
specified by a given curve through which the surface must pass,

Bf op o) éz_g- 8p 8¢ +3% e 89 always retains the same sign
within these limits, and deduce a criterion for discriminating maxima
and minima. Show further that, for a true maximum or minimum,
it must not be possible to draw a consecutive surface of stationary
character which meets the original one in a closed curve within the
given limits. Are these conditions sufficient as well as necessary ?

[MaTs. Trie., 1890.]

unless
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