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On the relation between stress and strain
rates for elastic-plastic solids

R. N. DUBEY and Z. MROZ (WATERLOO and WARSZAWA) (*)

The form of relations between stress rate and strain rate for an elastic-plastic, harden-
ing material has been modified in order to make it applicable for limiting cases:
perfectly elastic and rigid-plastic. The stress rate is decomposed into normal
and tangential components to the yield surface and both terms are related to respective
strain rates. Two examples of a plate and a cylindrical shell illustrate applicability
of the modified form.

1. Modified form of rate equations

Consider an elastic-plastic solid for which the equations relating strain rate to an objective
stress rate take the form

(1.1) €e=¢e+e? =L+ %m(m-':), (mt)> 0,
where L denotes the elasticity matrix and A is the hardening function; m denotes the unit

normal vector to the regular yield surface. The inverse relations to (1.1) are usually pre-
sented in the form, see HiLL [1],

(1.2) = xe—xmi";li
and using (1), we have

mKeé
1.3 t = Ke—Km——
(1.3) T = Ké Kmh Tk

where K = L~! denotes the matrix of instantaneous elastic stiffness. There are numerous
cases where the relations (1.3) should be used rather than (1.1), for instance in studying
bifurcation or instability problems for elastic-plastic bodies. The form (1.3), however,
possesses certain disadvantages since the constitutive relation for rigid-plastic solids cannot
be derived directly from (1.3). In fact, this case is obtained when all components of K
tend to infinity and the form (1.3) becomes indefinite, since both terms tend to infinity

(*) Solid Mechanics Division, University of Waterloo, Canada. This note was written when the second
author was Visiting Professor at the University of Waterloo, on leave of absence from the Institute of
Fundamental Technological Research, Warsaw, Poland.
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simultaneously. It is the aim of this note to present the constitutive relations (1.3) in
a somewhat different form that could be more convenient in discussing the limiting cases.
Let us note that the relations (1.3) can also be presented in the form

hKé Ké(mKm) — Km(mKeé)

(1.4) Ll e g h+mKm

which may briefly be written as the sum of two terms
(1.5) ¢ =4,

where ©* denotes the stress rate component that lies in the hyperplane tangential to the
yield surface. In fact, calculating the inner product m%, from (1.4) we have

hmKe
h+mKm ’

It turns out that the decomposition (1.5) is more convenient in considering the behaviour
of large K. We shall discuss this case when K is an isotropic tensor, thus

(1.7) Kijia = A0i; 0u+ (8 050+ 00 050)

where A and g are Lamé constants. Decomposing € and t into spherical and deviatoric
parts, éu = é,&;‘;+éu, "r;j = i?(su“l"-'},- 5 from (1.4) we have

(1.6) mr = mi° = mt' = 0.

i, = Méu
(1.8)

5y = hz_fgp éij+ }:f;.p [&i;—mij(myen)],

where M = 34+2u denotes the elastic bulk modulus. Let us introduce the normal and
tangential components of the deviatoric strain rate

(1.9) ey = (eum)m;j, & = é— (eumy)m;.

The second relation (1.8) now takes the form

(1.10) 5y = 2uoe;+2u(l —a)ef; = 2uaefj+2uej;,

where o = h/(h+2u).

The elastic case can easily be obtained from (1.10) by setting A = o0 or « = 1. On
the other hand, the rigid-plastic case is obtained for 2u = oo or a = 0. Then (1.10) takes
the form
(1.11) 5y = héy+5Y),
where §j; = 2ué|; denotes the undeterminate tangential stress rate. Similar relation occurs
for the total stress rate; in fact, from (1.4), for all components of K tending to infinity,
we have

(112) "E'u = kéu'l"&;j.

The relation similar to (1.12) was also discussed by SEWELL [2].
Let us now discuss the scalar product T€ which can be expressed as follows:
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It should be required that for 2u — co and M — « both &f; and &, tend to zero, since
otherwise the stress rate would become infinite. An approximate evaluation of orders
of the three terms of (1.13) can be obtained, for instance, by assuming that the stress
rate remains fixed in magnitude and direction for increasing 24 and M. Then, from (1.8)
and (1.10) it follows that

P | b
(1.14) St . Ao?, - Ba?,

ejjel; efel;

where 4 and B are finite constants. Thus, the second and the third term of (1.13) vanish
linearly with « and the rigid-plastic case is obtained by retaining only the first term, thus

(1.15) "E'ijéu = héué;}.
In the next section, we shall illustrate applicability of the form (1.10) by reexamining

two cases of bifurcation of an elastic-plastic plate and a cylindrical shell, previously
studied in [3, 4].

2. Examples

In considering bifurcation in elastic-plastic solids, it is convenient to start from the
uniqueness condition [3, 4]
(21) J [A'!.:',-J-Aéu-l'G'UAUkl;Aﬂ*’f—zﬂijdéudéu]@ > 0,

where 7;; denotes the Jaumann derivative of the Kirchhoff stress, o;; is the Cauchy stress,
Av; denotes the difference of the two admissible velocity fields and comma preceding
index denotes differentiation with respect to space variable. Using (1.13), we have

(2.2) f [2#&-4 é?}dé?}'l‘ 2ﬂAé:jAéL+ 3MAE':+UuAﬂk,;Aﬂk'j—zaudéudé}j]dy > 0.
With the help of (1.14) and the relation &; = &, d;;+éf;+é&]j, we can rewrite (2.1) as
@23) [ [@ua+2udo® + 3MBa?) Aeg A+ 0y Avy, 1 Avy, j— 20, Ai Air)dV > 0,

which is in a form convenient for approximation to rigid-plastic behaviour of the solid.

2.1, Stability of plate

Let us discuss first an elastic-plastic plate (2ax 2bx 2c) subjected to tensile stresses
oy and o, on the faces |x| = a and |y| = b, respectively, whereas the face |z] = c is kept
free of traction. We shall consider the field [3]

Av, = sinyxcospfych}/yz,
2.4 4v, = (B/n)cosnxsinfych ) yz,
4vy = (Yy[n)cosnxcosBysh y/yz
with
2.5) o hv+2u {k(k+1)+2v1%} e hy+2u{I(k+1)+ 2vk*}
h(1—v)+2u{k*+ 1%+ 2vkl} h(1—»)+2u {k*+ 1%+ 29kl

7 A,
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where we have used k and / for m,; and m,,, respectively, and » is the Poisson’s ratio;
n = mnla, B = nn/b, m, n being positive integers.
Substituting in (2.3), we obtain
2uh(2u +h)(l +Aa+3Ba 111’—2‘;)
2 2 2 2
@8  P+PY et < —pG sy e TP 2P

x [(k+W)n* + (I +kv) B2

for uniqueness.

As a special case, let us consider an incompressible von Mises solid under equal all-
round tension. Therefore, 0, = 0, = 0, k = I = 1/)/6, and » = 1/2. Moreover, we
assume that 2 > h and that the tangential components of the strain-rate vector is small
in comparison to the normal component, which means that o < 1. Hence, at the onset
of bifurcation,

1
27 o|E = 1+3°

where & = 2u/h and E is the Young’s modulus. In deriving (2.7), we let & = 0, that is
B = 0 before setting ¥ = 1/2. It may be emphasized again that (2.6) and (2.7) are special
forms of the uniqueness criterion (2.3) suitable only for the cases where 2u > h.
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In Fig. 1, plot of o/E against 4 is shown for (2.7) and also for
T A4

3 144

obtained in [6] using the incremental theory.

clE =

2.2, Stability of cylindrical shell

Let us next consider a cylindrical shell of length L, radius 4, and thickness ¢, under
axial compressive stress o. Let us assume that (a) the deformation is axi-symmetric,
(b) the plane section normal to the middle surface remains plane and normal and (c) the
stress rates normal to the middle surface are negligibly small. Under these assumptions

and using the field [5]
Au = sin(nnx/[L),
Aw = —(BC,,[C;,)cos(nnxL),

the uniqueness criterion (2.3) reduces to

1+»
2u(l +6)(l + Ao+ 3Ba 1_2")

[I=v+ 80k + P4 kD)
r?.

(2.8) p*p*Ci —Ci)o <

; {ﬁ’[(k-!-b')cu— I+k) Cual* + 55 [k +B)f° = I+ k0) 1 CE, },
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where

o(1+v) 12
(1—»)+6(k2+12+2vkl) °
p = (nma/L), n being a positive integer.

For further simplification, we consider the deformation to be predominantly plastic,

so that 2u > h. Moreover, we assume § > 1 and minimize o with respect to f§ to obtain,
forv = 1/3,

o3 _ 1446
(2.10) jg‘( ! “90(1s+4a)(12+116)

at the onset of bifurcation.

v—0(1+v)kl

29 Cy= T (A=) + 0K+ 12+ 20k])

Ciz

The curve %— @ against 6 corresponding to (2.10) is shown in Fig. 2, where we have

also shown the corresponding plot for the bifurcation stress obtained from the incremental
theory [4].

3. Concluding remarks

The proposed modified form of rate equations proves to be useful in discussing bi-
furcation phenomena for large values of 2u and M. Thus it should be expected that (2.7)
and (2.10) predict bifurcation stresses more accurately than the previous solutions, and
o/h tends to a finite value when 2y — co.

Starting from (2.3), the values of 4 and B can be determined for finite values of 2u
and M. Then, an approximate assumption on fixed direction of stress rate for increasing
2u and M would imply that 4 and B are constant when 2u — oo and M — 0. Let us
note that this assumption is based on the concept of statically admissible stress rate field
when increasing tractions are applied to the boundary surface. The uniqueness condition
can thus be evaluated for arbitrarily large 24 and M. The corresponding bifurcation
curves would then run between those presented in Figs. 1 and 2.
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