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BRIEF NOTES

Some finite deformations of transversely isotropic elastic materials

M. ARON and C. FETECAU (JAssy)

SoME classes of deformations of transversely isotropic elastic solids are obtained
for which the principal axes of the strain are the same as those of the stress. The
resulting stress field consists of an uniaxial tension superimposed upon an ambient
pressure.

1

THE CONSTITUTIVE equation of elastic materials as given in [1] is

(L.1) T = g(F).

Here, T denotes the stress tensor, F the deformation gradient at the present time, which
is taken relative by to a fixed, arbitrary, local reference configuration, and g the response
function of the material.

It is known that in an isotropic elastic medium any principal axis of strain in the de-
formed state is also a principal axis of the stress, but generally that is not true. In the
present note, we obtain certain classes of deformations of transversely isotropic elastic
solids which satisfy this condition. The tool used is the symmetry principle. We do not
appeal to any representation of the constitutive equation.

We recall that an orthogonal tensor Q(QQT = 1) belongs to the isotropy group of
an elastic material if, and only if,

(1.2) Qz(F) Q" = g(QFQ"),
for all invertible tensors F [1]. If the local reference configuration is an undistorted state

([1], Sec. 33) and the material considered is a transversely isotropic elastic solid, then the
relation (1.2) must hold for all orthogonal tensors of the form:

+sing  +cosug 0
1.3) [Of] = | Fcosu +sing  O); «,f8=1,2,3,u€el0,2n].
0 0 +1
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Now, we choose only such deformation gradients as satisfy

(1.4 QFQ”" =F
for all orthogonal tensors of the form (1.3). From (1.2) and (1.4), we infer that
1.5) Qe(F)Q" = g(F),

for all orthogonal tensors given by (1.3) and for all deformation gradients which satisfy
(1.4). Hence the stress tensor appropriate to this class of deformations is subjected to
the conditions

(1.6) QTQ" =T

for all orthogonal tensors of the form (1.3).
The conditions (1.4) and (1.6) involve, respectively:

Fi F} 0
(17} [F:] = _Fi F} 0 ’ k;'x= l$293!
0 0 F3
and
Tt 0 0
(1.8) myg=|o 7 o,
0 0o 7

— i.e., deformations whose corresponding deformation gradients have the components
given by (1.7) are maintained under uniaxial tension superimposed upon ambient pressure.
Remark 1. It is easily seen that, in this case,

(1.9) TC = CT,
where C is the right Cauchy-Green tensor
(1.10) C = F'F.

The relation (1.9) indicates that the principal axes of T are the same as those of C.

Remark 2. In [2], it is proved that the stress on an undistorted state of a trans-
versely isotropic elastic solid must be of the form (1.8). Our result shows that a stress
field of the form (1.8) does not characterize the undistorted states of these materials (see
also [1], Sec. 50).

In this section, we deal with some classes of deformations which satisfy the
requirement (1.4). We consider only the case of equilibrium subjected to no body force.

Family 1. We use Cartesian coordinates (X, Y, Z) for reference configurations, (x,y,2)
for the loaded configuration, and consider the deformation

@21 x=fX,Y), y=gX)Y), z=h2),
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where f, g, h are arbitrary differentiable functions. Taking into account (1.7), we obtain
the conditions:

of _og of _ og
2.2) WP v - ax

which are satisfied if, and only if,

- _ 9
f ays E= '5?:

The components of the deformation gradient are given by

@2.3) Ay = 0.

| 02y %y 0
aXaY ox?
a?. az
2.4 [FY] = W W’ 0|, 4x=0
dh
0 ¢ =

The equilibrium equations yield:

2.5) ™" =9,(2), T* =w(x,y),
where y, and y, are arbitrary functions.

Family 2. We consider the deformation defined by
(2.6) r=Rf(©), 0=gR,0), z=h@2),

where f, g, h are arbitrary functions and where (R, ©, Z), (r, 0, z) denote, respectively,
the cylindrical coordinates of a point in the reference and loaded configurations.
The physical components of the deformation gradient are (1)

dh
Fey,s =f(9); F:zz» _f(Q) 3@' Fca.'b - d_Z'
dj
(2?) Fclb = d_és dh - Rf(@) aR!
Fda) = T23, = a1, = a2, = 0.
The relation (1.7) involves:
g _ &b _
From (2.8), we can infer
2.9 f= Aexp(CO), g = 6O-ClogR+B,

where A, B, C are arbitrary constants.

(") In [3], CarRrOLL has pointed out that, for a transversely isotropic elastic solid, to physical
components of the deformation gradient correspond, by (1.1), physical components of tke stress tensor.
Throughtout this paper we denote by A.ij, (i,/ = 1, 2, 3) the physical components of the second order
tensor A.
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The deformation field (2.6) becomes:
(2.10) r = ARexp(C@®), 0 =O-ClogR+B, z= h(Z).
The components of the deformation gradient can be written in the form:

Aexp(CO) ACexp(COH) 0

2.11) = — ACexp(CO) Aexp(CO) ;;

0 0 V77
The equilibrium equations are satisfied if, and only if,
(212) T, = 'Pl(z)s Ton =19, (8)»

where y,; and y, are arbitrary functions.
Family 3. Let the point with spherical coordinates (R, @, @) be deformed into one
with spherical coordinates (r, 6, ¢), where

(2.13) r=RfO), 0=gR,0), o¢=h).

Here f, g, h are arbitrary functions.
By using the same method as for the Family 2, we obtain:

.19 r = ARexp(CO), 0 =6-ClogR+B, ¢ = h(D).
The components F,, (k, « = 1, 2) are given by (2.11). We also have

dh sin(@—ClogR+ B
Foay, = Acxp(C6) B SO CIOERYD)

@.15)
El:b = F33, = Fe3;, = F35,= 0.

From the equilibrium equations, we obtain the following system to be solved for T,,,
and T;wp

aT(rr; —
r_a_r"' +T<rr)_ T:w» o) 0,
(2.16) tg ag‘é"’ + Terrs— Toggs = 0,
Ty _
R
From the first two equations, we have
aTﬂ‘?} azﬂ') i
(2.17) o tgh 0 = 0
such that
(2.18) T, = 2(r|sinf|, ¢),

where y is an arbitrary function.
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From (2.16),, we obtain:

i} a ;
(219) T:'w} — 'gr' (r?:rr)) = E [rx(r|sm6|, t)"")]
The Eq. (2.16); involves::
0% ;
(2.20) m(xx) =0, x=r|sinf|.

The general solution of this equation is given by
(2.21) xy = p1(p) +ya(%),

where y; and wy, are arbitrary functions.
Finally, we obtain:

1 d
222) Tom =~ 1@ +9200], T = 2.

Family 4. The deformation which we now consider carries the particle with Cartesian
coordinates (X, ¥, Z) to the point with cylindrical coordinates (r, 8, z) as follows:

(223) F'=f(X, Y)s B=g(X, Y): Z=h(Z).

Here, as in the above, f, g, h are arbitrary functions.
The relation (1.7) requires, in physical components, that

1 of og lof  og
2 FTR™W FoT W
This system can be integrated and we obtain:

— exp 9% _ o -
(2.25) f—exp(ﬁ), £= 735 dx = 0.

The components of the deformation gradient are

| [ax) o x| o'« ]
Xp (W) oXaY °"9(W 577 O

) & dx ) @
(2.26)  [Fua]=| exp (—5%);3"{75“ xp (F%'") axg}f 0

Il
e

Ay

-

dh
0 0 az.

From the equilibrium equations we infer:
(227) Tor, = Y1 (Z) ’ T;z» =Y (?, 6) )

where ¢, and y, are arbitrary functions.

R em ark. The resultant force and the resultant moment which act upon the boundary
of the body can be obtained from the known formulae, by means of the two material
functions v, and y,, for deformations of every class (see, for example, [1 and 4]).
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