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Axisymmetric seH-similar dynamic problem for an elastic haH-space 
with mixed moving boundary conditions 

L. V. NIKITIN and V. N. ODINTSEV (Moscow) 

IN THIS PAPER, we present a method for the determination of the resolving function for the general 
case of the self-similar mixed problem, the essence of which consists in a reduction of the in­
tegral relations for the solving function obtained in [2], to the Riemann boundary value problem. 
As an example, we consider an axisymmetric problem of propagation with a constant velocity 
of a crack, on the surface of which there acts a stepwise normal loading of constant intensity, 
propagated with a constant velocity. Moreover, the solution of the same problem is given where 
there acts at the origin a concentrated force. 

W pracy przedstawiono metod~ okre5lenia funkcji rozwictzujllcej dla og6lnego przy­
padku samopodobnego zagadnienia mieszanego. Istot<~: tej metody jest redukcja zwi'I:Zk6w 
calkowych dla funkcji rozwil!ZUj<~:cej, otrzymanych w [2], do zagadnienia brzegowego Riemanna. 
Jako przyklad rozwa.iono osiowosymetryczny problem rozprzestrzeniania si~ ~kni~ ze stal<~: 
pr~dkosci<~: na powierzchni, na kt6rej dziala skokowe obci<I:Zenie normalne o stalej intensyw­
nosci. Uzyskano r6wniez rozwi<~:zanie podobnego zagadnienia dla przypadku skupionego 
obci<!:Zenia w POCZl\tku ukladu. 

B HaCTo~eH: pa6oTe ~aeTcH peryiDipHhm npHeM Haxom~eHHH pll3pewaromeH: <PYHI<QHH wm 
o6IQero CJIY'IaH aBTOMO~eJibHOH CMeiitaHIIOH 3a~a1.1H, CyTb KOTOporo COCTOHT B CBe~eHHH HHTe­
rpaJI&HbiX coomoweHHH:, no.nyqeHHhiX B [2] ~ pll3pewaromeH: <PYHKQHH, K KpaesoH: sa~qe 
PHMaHa. B KalleCTBe IIp~epa paccMoTpeHa ocec~MeTpHliHaH sa~aqa o pacnpocrpmemm c noc­
TommoH: CKOpOCTbiO TpeiQHHbi, Ha IIOBepXHOCTH KOTOpOH ~eHCTBYeT cryneH'tlaTaH HOpMaJibHaH 
Harpy3Ka IIOCTOHHHOH HHTeHcHBHOCTH, pa36eraiOIUaHCH c nocroHHHoH CKopoCTbiO. KpoMe 
Toro ~aHo pemeHHe Toil me s~al.IH npH ~eHCTBIUI B Halla.ne Koop~aT cocpe~oTolleHHbli 
CHJibi. 

A REPRESENTATION of the solution of the axisymmetric dynamic problem for an elastic 
half-space with uniform boundary conditions as a superposition of solutions of plane 
problems was given by V. I. SMIRNOV and S. L. SOBOLEV [1]. B. V. KOSTROV [2, 3] con­
sidered the case of mixed boundary conditions and derived a system of integral equa­
tions for the determination of the resolving function of the problem. 

Solutions of particular problems in papers [2, 3] were obtained by a very elegant 
method which, however, in the general case, does not enable us to find the resolving 
function. 

In the present paper, we present a regular method of finding this function for a general 
case of the axisymmetric self-similar mixed problem. The essence of the method is the 
reduction of the integral equations for the resolving function, obtained in [2], to the 
Riemann-Hilbert boundary-value problem. 

As an example of the method of application, the problem of a penny-shaped crack 
propagation with constant velocity is considered. On the crack surface there acts a step-
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352 L. V. NIKITIN AND V. N. ODINTSEV 

wise uniform normal traction propagated with a constant velocity. The solution of the 
same problem is extended to the case of a concentrated force at the origin of the coordinate 
system rather than the moving traction. 

1. Statement of the problem and basic equations 

LET us consider a homogeneous and isotropic elastic half-space with modulus of rigidity 
p, and velocities of longitudinal and transverse waves a1 and a2 , respectively, and refer 
it to the cylindrical system of coordinates r, cp, z with the origin on the surface of the half­
space, the axis z being normal to the surface. The elastic medium occupies the half-space 
z > 0. Assume that the surface of the initially stationary half-space is free from shear 
stresses 

(1.1) Tzfl(r, 0, t) = 0, Trz(r, 0, t) = 0, 

one part of the boundary surface is subject to a normal stress az(r, 0, t), the other part 
has a normal velocity vz(r, 0, t), both independent of q; and constituting homogeneous 
functions of zero degree. The line of change of the type of the boundary conditions moves 
with a constant velocity a. Then, obviously, the problem is axisymmetric and self-similar 
in terms of stresses. 

The solution of the axisymmetric self-similar problem can be represented as super­
position of solutions of plane problems [1]. 

Besides the cylindrical introduce Cartesian coordinates x, y, z and by v<k>i(x, z, t), 
a(k)ii(x, z, t), (i = x, z), (j = x, z) denote a solution of a plane problem independent 
of y. Now, the solution of the axisymmetric problem can be written in the form 

n n 

v<t>r(r, z, t) = Re f V<k>x({}Jc)coscpdcp, vc~c>z(r, z, t) = Re f V<kJz( D~c) dcp, 
(1.2) -n -n 

n 

T(&:)rz(r, z, t) = Re J J; (D~c)cosq;dcp, 
-n (k):x:z 

where k is equal to 1 or 2 (longitudinal and transverse components respectively), and 
{)"is found from the formula 

(1.3) 
{) _ a~ctrcoscp+izya'it2 -r2cos2cp-z2 

" - a~~;(r 2cos2q; + z2) ' 
z > 0. 

In (1.2), we used the possibility of representing the solution of a plane problem as a real 

(or imaginary) part of an arbitrary function of the complex variable i" [4], i.e. 

v(k)ix' z' t) = Re v(k)j( Dk)' 
(1.4) 

a<lc>ii(x, z, t) =Re l:<k>ii (D~c), 
while ff. are determined by the equations 

z > o. 
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.AxlsYMMETRIC SELF-SIMILAR DYNAMIC PROBLEM 353 

Without loss of generality, the functions V<k)}(D~), L;<k>iJ (Dk) can be continued into the 

region z < 0, (lm Dk < 0), namely 

(1.5) v<k>iDk) = v<k>i(D), ~ (D) - ~ (D) .L.J (k)ij k - L.J (k)ij " • 

For the problem under consideration, in view of (1.1), the solution of a plane problem 
should satisfy the condition 

(1.6) Txz(x, 0, z) = 0. 

The conditions that the velocity components labeled I and 2 be longitudinal and 
transverse, respectively, the Hooke law and Eq. (1.6) enable us to express the function in 
the right side of (1.4) in terms of a single unknown function [2] 

as follows: 

(1.7) 

Vz(D) = Vlz(D)+ v2% (D) 

v;,(b) ~ ~I-ai~2) v;(D}, v~.(#} ~ -2aiD v' a> 2 -D2 v;(b), 
at.2-{)2 

V~z(D) = (I-2a~D2) v;(D), v~z(D) = 2a~D2 V;(D), 

~, (D) = - ~, (D)= -2!lDO -2a~D2) v;(D), 
_L.J 1X% _L.J 2XZ 

where prime denotes differentiation with respect to the argument. 
In (1.2), (1. 7), only the functions appearing in the sequel are written out. 
On the plane z = 0, (1. 7) implies the important equation 

2
, ,., 

2
, _ 

2
, ,., 4!Ja~R(D2) ,., 

(1.8) (D) = (D)+ (D) = - .. ; ,., v;(D), 
z 1z 2z r at.2-D2 

where D = 01 = 02 = tfx, and R(D2) is the Rayleigh function 

R(b2) ~ (#2- ~ Oi2r +o2 v d12-o2- va,2-o2 . 

To make use of the boundary conditions, it is necessary to have the time derivatives 
of Vz(r, z, t) and Gz(r, z, t) on plane z = 0; they are obtained from (1.2), namely 

n n 

{1.9) vz(r, 0, t) = Re J v;(D) ___!}J_, 
rcosg; 

-n 

<iz(r, 0, t) = Re J \"1' (D)___!}J___, 
~ z rcosg; 

-n 

where dots denote the derivatives in question and {} = tfrcosg;. 
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Since Vz(D) is an even function, it is convenient to replace 11 by., = {)2 and to intro­
duce the function 

(1.10) F(P) = Vz(D). 

Integrating (1 .9) with respect to ., instead of fP, we obtain 

r • r G'(P) r . J F'(.,) (1.11) -
2 

C1z(r, 0, t) =Re dv, -
2 

vz(r, 0, t) =Re --dP. · .. ;.,_.,o P-·Po 
~ t ~ 

Here, the following notations are introduced: 

G(P) = 2 (D), 
z 

and, according to (1.8), 

(1.12) 
4,ua~ 

G'(p) = - .. ! -2 R(P)F'(P). 
r a1 _., 

Figure 1 shows the path of integration/,. The rootsy'P-P0 , Jl'a1 2 -P, and Jl'a2 2 -P 
are uniformized by making cuts for each of them on the plane ., along the positive real 

Jmv 

0 

FIG.l 

semi-axis from the points Po, a1 2 and a2 2
, respectively, to infinity, and by demanding 

for , = 0 that the first root be equal to iy'~, while the second and third be positive. 
For v::(r, 0, t) and a::(r, 0, t) in view of (1.2), replacing 11 by .,, we have 

.. ;- J F(P) (1.13) Vz(r' 0, t) = r 'Vo Re V dP, 
I 'V P-'Vo 
" 

- J G(P) a::(r, 0, t) = YPo Re V dv. 
I 'V P-Po 
" 

To satisfy the initial zero conditions, the functions F(P) and G(P) must be regular for 
ReP< a1 2 , and, moreover, the point.,= 0 cannot be a pole. Therefore 

" • 
(1.14) F(P) = J F'(P)dP, G(P) = J G'(P)dP. 

0 0 

Integration in (1.14) is to be carried out along the paths running on the same side of the 
real axis as the point P. 

Eqs. (1.11)-(1.14) obtained in [2] constitute the system of relations for the determina­
tion of the resolving function F'(P) of the problem. In the next section, a regular method 
of finding this function for the general case of self-similar mixed boundary problem is 
described, its essence being the reduction of the integral Eqs. (1.11) to the boundary value 
Riemann-Hilbert problem for the function F'(P). 
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2. Determination of the resolving function 

Assume for certainty that boundary conditions on the plane z = are the following~ 

az(r-, 0, t) = a~(r/t), 0 ~ r < rxt, 
(2.1) 

Vz(r, 0, t) = v~rft, rxt < r < oo, 

where a~(rft) and v~(rft) are known functions. It is convenient to introduce the variable 
v0 = t 2 /r 2 and the functions 

g(vo) = ; lr~ (r/t), rx- 2 < P0 < oo, 

(2.2) 

/(P0) = ; v~ (rft), 0 < P0 < rx- 2. 

The first, in view of the boundary conditions (2.1) with the help of (1.11 ), (1.12), (2.2), 
may be written in the form 

(2.3) ( ) 4 2 R l J R(v)F'(P)dv 
g Po = - pa2 e .. I -2 .. I 

Ivl Jl al -P Jl P-Po 

J R(P)F'(P)dv 

+I y'a12 -P y'P-P0 
112 

+ J R(P)F'(P)dP } , 
I Ya1 2 -P YP-P0 
•R-+oo 

where the contour lv splits into three parts 1111 , 1112 and /,R, as shown in Fig. 1. The contour 
lvR tends to infinity. 

Assume that for P-+ oo 

(2.4) F'(P) = o(P- 1). 

This condition excludes infinite stresses at the origin of the coordinate system which 
occur in the case of a concentrated force. The latter case will be considered later, in Sec. 4. 

Owing to (2.4), the integral along the contour lvR in (2.3) vanishes. Denoting by F~(P) 
and F~(P) the upper and lower limits of the function F'(v) along the real axis, and taking 
into account that along the interval under consideration R+(v) = R_(P) = R(P), we obtain 
from (2.3) 

00 

(2.5) ( ) _ 4 2 J R(P)[ImF~(P)-ImF~(P)] d 
g Po - pa2 .. I -2 .. I P. 

,
0 

Jl v-a1 Jl P-P0 

The relation (2.5) may be interpreted as Abel's integral equation. Its solution has the 
form 

00 

(2.6) 4,uaiR(v)[lmF~(v)-ImF~(P)] = _ ~ d~• J /(•0 ) dvo, 
yP-a1 2 

"" " P0 -P 

rx- 2 <P<OO, 

rx- 2 < P0 < oo. 

The improper integral in the right side of (2.6) exists, provided the stresses at the 
origin are finite, i.e. g(Po) = o(P-112). 
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Jmv 

0 ai Vo a-2 Rev 

FIG. 2. 

Deforming the contour as shown in Fig. 2 and making use of the analyticity of the 
function F'(11), we obtain from the second boundary condition (1.9) 

/(Yo) =Re j' F:(Y)dv +Re f_., F~_(•)dv = f ImF:(•)-ImF~{Y) dv. 
iJI 110 -11 i Y 11o -11 a-

1 
2 V 11o -11 -oo "o 

(2.7) 

Applying A bel's transformation to (2. 7), we have 

(2.8) 

Along the part of the real axis - oo < 11 < aJ: 2 the function F'(11) is analytic and there­
fore 

(2.9) 

In view of (1.5) and (1.10}, the function F'(11) possesses a property 

(2.10) F'(11) = F' (i). 

Taking into account (2.10), Eqs. (2.6), (2.8) and (2.9) enable us to formulate the 
Riemann-Hilbert boundary value problem for the analytical function F'(11) as follows: 

(2.11) 

where the function <1'(11) is determined along the real axis and has the form 

0, 

(2.12) 

V- 00 

. -2 f z 11-a1 d 

4n,ua~R(11) dv 
cx-2 < 11 < oo . 

11 

Equations (2.12) do not describe the behaviour of the function <1'(11) at the points 
aJ: 2

, cx- 2 and at infinity. At these points, the function <l'(v) may have singularities of the 
delta function type which leads to poles in the solution of the Riemann-Hilbert problem 
(2.11) at the corresponding points. At infinity, according to the condition (2.4}, a pole 
cannot exist. It may be shown that the existence of a pole at the point a12 would lead 
to infinite stresses along the front of the longitudinal wave, which is inadmissible. However, 
at the point where the type of the boundary conditions changes, a pole should be retained. 
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Thus a general solution of the problem (2.11) can be written in the form 

(2.13) 

The function tl>(v) may have jump discontinuities or singularities at points v = v5 , 

Vs E (a! 2
, oo) of the kind 

tl>(v) = tl>*(v) Rey < I, 
(v-vs)1 ' 

where tl>*(v) is a function satisfying Holder's condition. 
The condition (2.4), i.e. the absence of infinite stresses at the origin, ensures the exist­

ence of the integral in (2.13). It should be noted that the first term in (2.13), though sa­
tisfying Eq. (2.11) where c])(v) is given by the relations (2.12), does not, however, obey 
the condition (2.4), for it includes a term of the order of I fv at infinity. To cancel this 
term it is necessary to choose properly the constant A 1 • The order of the pole m and re­
maining constants Ab (j = 2, 3, ... , m) are determined by additional conditions on the 
line of the change of the type of the boundary conditions. 

The case when on one part of the plane z = 0, r < a.t the velocity vz(r, 0, t) is given 
while on the remaining part a.t < r < oo the stress Gz(r, 0, t) prescribed, is similar to 
the discussed one and results in the Riemann-Hilbert problem of the (2.11) type for the 
function G'(v). 

The knowledge of the functions F'(v) or G'(v) makes it possible to find with the help 
of (1.2) and (1.5) stresses and velocities at all points of the half-space. 

3. Moving load 

The case when boundary conditions are given in terms of sufficiently smooth func­
tions may be considered without great difficulties with the help of the Eq. (2.13). As an 
example, let us consider a more complicated case 

(3.1) 
g(vo) = - ~ f5(v0 - p- 2

), a.- 2 < v0 < oo, 

f(v0 ) = 0, v0 < a.- 2 , 

where f5(v0) is the Dirac's delta function. 

z 

FIG. 3. 

at r 

The conditions (3.1) correspond to the problem of penny-shaped crack propagated 
with a constant velocity a., when on the surface of the crack a step-wise normal stress 
acts with intensity p, moving with a constant velocity fJ (Fig. 3) 
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uz(r,O,t) = -pH({Jt-r), 0 ~ r < rxt, 

v z(r, 0, t) = 0 , rxt < r < oo . 
(3.2) 

Here H({Jt-r) is Heaviside's step function. 
The initial conditions are assumed to be homogeneous 

(3.3) v1(r, z, 0) = 0, uii(r, z, 0) = 0, t ~ 0, i = r, cp, z, j = r, cp, z. 

Besides the initial and boundary conditions it is necessary to introduce an additional 
condition along the intersection line r = rxt. Let us assume that stresses and velocities 
close to the crack edger= rxt have a singularity of the form e-1

'
2

, where e is a local radius 
at the crack edge. This condition corresponds to finite non-zero energy expenditures 
for crack propagation. 

From (3.1) it follows that in the region - oo < v < rx- 2 the function C/>(v) vanishes 

(3.4) C/>(v) = 0, -00 <V < IX- 2, 

while in the region rx- 2 < v < oo, 

ipyv-a12 d Joo 15(vo-f3- 2) 
<3·5) C/>(v) = - 4np,{3a~R(v) dv yv

0
-v dvo 

V 

ip]l;~ !!_(
15 

v * H({J- 2 -v)) = _ ipy~ d H(/3-
2
-v). 

4np,f3aiR(v) dv () yp-2-v 4np,f3aiR(v) dv V/3- 2-v 

It is obvious that the function C/>(v) should be considered to be a generalized function 
[5]. In accordance with the reasoning of Sec. 2, at the point v = rx- 2

, the function C/>(v) 
must have the form 

m 

(3.6) C/>(v) = 2ni .2 ( -J)i Ai 15<i-.1J(v-rx-2). 
,_. (J-1)! 

The solution of the Riemann-Hilbert problem (2.11) for the jump of the type (3.4), 
(3.5) exists [6] and formally can be written as 

p-2 --- m 

P r y r-a1
2 _d_ ( H(./3-

2
- r) )d ... + ~ _A1_· _. 

F'(v) = - 8 2 {3 2 ) ( " / . ( 2)1 n 11 a2 cx:
2 

R(r r-v) dr yp-2-r f:;1. v-rx-
(3.7) 

Applying the rules of operations with generalized functions, the integral in (3.7) can be 
represented by integrals of ordinary functions 

(3.8) 

The constant A~ differs from A1 in (3.7), due to the non-integral term, which appeared 
when (3.7) was transformed into (3.8). 
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To satisfy the additional condition at the crack edge, the function F'('v) must have 
at the point v = a- 2 a pole of the order not greater than two [3]. Therefore it is necessary 
to take 

(3.9) A1 = 0, j = 3, 4, ... , m. 

The constant A~ is determined from the condition (2.4) 
8-2 

A' - P f 1 d ( y'T-Qi) d 
(3 10) 1 - 8n2p(Ja~ cx-2 Y p-2- T d-r: R( 7:) 7:. 

To find the constant A 2 , we first calculate, with the help of (1.11 ), ( 1.12), the stress 

on the plane z = 0 for r < {Jt in terms of the function F'(v) 

.. 1- J G(v)dv 
a,(r, 0, t) = v v0 Re .. !. 

I "V V-Vo 
• 

(3.11) 

tl 

= -4pa~y'Po Re I--:---=~ I .. ! R~J.) F~(J.)d).dv 
., .. ! 11-11

0 
V Ot -A . • 

1, V o 

Figure 4 shows the contours of integration in (3.11). Now (3.11) can be represented 
in the form: 

(3.12) a,(r, 0 , t) = -4pa~ V v0 Re Joo 1 [I'+ R+z(l) F~ (l)dl 
vy'v-v0 0 ya1 -A 

"o 
,_ 

+f 
0 

Jmv 

0 cx-2 y_ 

FIG. 4. 

Applying the relations (3.4), (3.5), (3.6) for the function C/>(v) = F~(v)-F'_(v) along 
the real axis and bearing in mind our convention for the roots, we obtain 

(3.13) a,(r, 0, t) = -4pa~ yv0 Re{ { .I 
2 

[ r• R(l) F'(l)dl 
•o 11 V v-vo o V a12- ). 

a:;2 eo p-2 

+ f ). y' ).2 -a;: 2 F'(J.)d).] dv- f -- f ~~).) cf>(J.)dJ.dv}. 
2 ., .. lv-vo cx-2 .. ;al-A. 

~ ~ f f 

17 Arch. Mech. Stos. nr '1./73 
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Integration in (3.13) with respect to v yields the expression 

(3.14) 

(3.15) 

ar2 

/4 = 8p,a2,
2 J 

0 

p-2 

R(A) [ f 
Jlaiz_ A cx-2 

1 d(y~)d 
(r-A)y,B-2-r dr R(r) i 

p-2 

+ A-cc 2 J 1 d ( y r- a1
2 

) J 
y,B-2-r dr RW dr dA, 

cx-2 

p-2 

f 1 d(y~) 
cx-2 y,B-2-r dr R(r) dr, 

R(A)dA 

The substitution of the boundary condition (3.2) into the left-hand side of (3.13) gives 
for the constant A 2 

(3.16) 

This completes the solution of the problem. 
Note that for ,8--. a the boundary conditions of the problem are identical with those 

of the paper [3]. In this case, it is seen from Eqs. (3.8), (3.10}, (3.15) and (3.16) that the 
resolving function F'(v) is the same as in the above-mentioned paper to within the form 
of the constants. It can, however, be shown that the constants do actually coincide. 

The example discussed here may find applications in the problem of rupture of an 
oil-bearing layer under the pressure of pumped liquid. 
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4. Concentrated force 

Consider now the case of a concentrated force at the origin of the coordinate system. 
For simplicity, let the crack be traction free except at the origin, where the normal stresses 
are defined by a homogeneous function of zero degree containing a delta function 

(4.1) u,(r, 0, t) = - P; 6(: ). z = 0, r < ~t. 
It can readily be shown that the integral of ( 4.1) over any circle on the plane z = 0 with 
centre at the origin has the value 

(4.2) 

2n P 

J J (]z(r, 0, t)rdr = -2nt 2P. 
0 0 

In this case, the condition (2.4) does not hold and the integral along the contour /,R in 
(2.3) cannot be neglected. 

Assume that in the problem under consideration, when v-+ oo, the function G(v) 
behaves as follows : 

(4.3) G(v) = cv+O(I), 

where c is a real constant. 
This assumption is based on the same behaviour of the function G(v) at infinity in 

the corresponding Lamb's problem in which the stresses over all surface of the half-space 
vanish, except at the origin, where they are described by the expression (4.1). 

The condition of absence of the stress on the crack surface implies that 

(4.4) Re J G'(v) dv = 0, a- 2 < v
0 

< oo, 
1 yv-v0 , 

or 
R 

(4.5) J ReG~(v)+ReG~(v) dv = -Re J G'(v) dv, R-+ 00 . 

yv-v0 1 
yv-v0 

~ ~ 

From Eqs. (4.3) and (4.5) it follows that 

(4.6) ReG~(v)+ReG~(v) = 2c, a- 2 < v < oo 

which results in the following Riemann-Hilbert problem for function F' (v): 

F~(v)-F:(v) = 0, 
(4.7) 

F' ( ) F' ( ) ic~ IV- 2 < ~· < oo. 
+ V - - V = 2/-la~R(v) ' "" , 

At the point v = a- 2
, the function F'(v) due to (3.6) and (3.9) must have a pole of order 

not greater than two. Hence the solution of this problem has a form 
00 ---

F'() c J yr-a1
2 

d At A 2 v =--- r+---+ . 
4n!la~ R(r)(r-v) v-a- 2 (v-a- 2) 2 

oc-2 

(4.8) 

This solution contains three constants c, At and A 2 which are to be determined. 

17* 
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Determine first the constant c. To this end, let us calculate the stresses az(r, z, t) on 
a certain small circle r ~ e, z = const near the origin, such that r ~ a1 t, z ~ a 1 t. The 
stresses az(r, z, t) are given by the last equation of (1.2) 

(4.9) 

where {}1 and {}2 are determined by Eqs. (1.3) 

{} _ aktrcosq;+izy'aft2-r2cos2q;-z2 
(4.10) k - ak(rZcos2q;+zZ) 

For small rand q>, we have 

(4.11) 

The function (4.8) for"-+ eo behaves as follows: 

F '() _ c ( ni 2cx-
1 

) A1 o( 1 ) (412) , - ----- +-+ --
. 2nftaHa12-a22) y':P " " ,y; · 

With the help of (4.11) and (4.12), the stresses (4.9) on the small circle near the origin 
can be written in the form 

(4.13) 

The calculation of the integral in ( 4.13) yields 

(4.14) 

Thus, due to the formula 

we obtain 

(4.15) 

2nct2z 
<1z(r, z, t) = -~( 2 2)3/2 • r +z 

~(r) -,-, 

- 2 ~(r) <1z(r, 0, t)- -het --. 
r 

The comparison of (4.15) with (4.1) gives the constant 

(4.16) 
1 

c = 2n P. 

The constant A 1 is determined by the condition of absence of the stress on the crack 
(4.1). According to the expression (4.12), it should be taken equal to 

(4.17) 
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The constant A 2 is determined as in Sec. 3 and has the form 

(4.18) 
I~ +I~- (X- 2 

A2 = p -----------=-----------

(•+ ~ a:z 2f -•Vat2 +• Val 2 +• 
~---~-----=====-----dv 

((X- 2 +v)lya12 +v 

00 

4,ua~ I 
0 

where 
al2 

I~= 2 I 
0 

R(J.) f
oo ~ l--2 ., r-a1 

R(r)(r-J.) drdJ., 
cx-2 

D22 00 

I~= 2 I J.ya2 2 -A I 
a12 a-2 

.. ; -_--2 
y r-a1 

R(r)(r-J.) drdJ.. 

Finally, it is noteworthy that a similar approach can be suggested in the case of a self­
similar problem with displacements as homogeneous functions of zero degree. 
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