
Archives of Mechanics • Archiwum Mechaniki Stosowanej • 25, 3, pp. 527-533, Warszawa 1973 

Stationary regime of a multi-mass dynamic model with inertia and 
force excitation 

M. S. KONSTANTINOV, M. M. KONSTANTINOV, 
D. D. BA YNOV (SOFIA) 

We consider the paper a stationary regime of a multi-mass machine unit with elastic links and 
massless reduction mechanisms, subjected to an action of kinetic and position forces. 

W pracy rozpatrzono stan ustalony wielomasowego ukladu maszynowego z wi~zami spr~zystymi 
i niewaZkimi mechanizmami redukcyjnymi, poddany dzialaniu sil kinetycznych i pozycyjnych. 

B pa6oTe paccMaTp}{BaeTcH CTaiUf:OHapHbm pe>KllM MHoroMaccoaoro Mannumoro arperaTa 
C ynpyrHMH CBH3bHMH H 6ecMaCCOBbiMH peJzyKTOpHblMH MexaHll3MaMH no~ ~eHCTBHeM KHHe­
TI(tlecKRX H U03HUHOHHbiX CHJI. 

The high level of average velocities in stationary motions of most of the modern 
machine units converts small inertia generators (with variable inertia moments and trans­
mission ratios) into important factors determining the dynamics of stationary regimes. 
Moreover, the comparative smallness of the above generators creates a possibility of 
establishing stable regimes of internal and external self-synchronizations for multi-mass 
machine units with elastic links. Consequently, the analytic methods of solving non­
linear differential-algebraic systems describing the corresponding dynamic models, be­
come especially interesting. 

In this paper, we use the small parameter method to construct the successive approxima­
tions to the exact periodic solution of the system describing the motion of a multi-mass 
machine unit with inertia and force excitation and elastic links. We consider a rather 

1 ~ k ~ n-1 

FIG. 1. 

general model of a machine unit, shown in Fig. 1. The model consists of n concentrated 
masses with reduced inertia moments / 1 , ••• , ln depending on the positions of the cor· 
responding masses, 

(1) J,(qJ~r,) = J,(qJ~r,+(/J) = la;0 [1 +eit(f/Jt)], k = 1, ... , n, 
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where q;k is the generalized angular coordinate of k-th link. Each link is subjected to a reduc­
ed external moment Mk constituting a function of position and velocity 

(2) 

where 
I[J 

(3) Pk(({Jk) = Pk(q;k+f/J), f Pk(q;)dq; = 0, k = 1, ... , n. 
0 

Each pair of links [ e.e. kth and (k + 1 )th] are connected by means of mk + 1 elastic shafts 
with reduced rigidities Ck 1 , Ck2 , ••• , Ck,mk+t· The motion is transferred from kth to (k+ 1)th 

link by means of mk massless reduction mechanisms Rkl, Rk 2 , .• • , Rk, mk. The transmis­

sion ratio vks of the reduction mechanism Rks is assumed to have the form 

(4) ~ks = Vks(1Xks) = Vks(1Xks+f/J) = Nks[l +sjks(1Xks)], 
rxks 

where IXks• f3ks are the input and output angular parameters of the reduction mechanism 
Rks, respectively, and f/J is the common geometric period of the functions JkJ Pk and vks. 

On the basis of the reasonable assumption 

maxlik(q;)l ~ 1, maxljks(cx)l ~ 1, I= [0, f/J], 
(5) ~e/ ~e/ 

k = 1 , ... , n, s = 1 , ... , mk, 

we introduce into (1) and (4) a fictitious small parameter e which will eventually be taken 
to be equal to unity. 

Without affecting the generality, we may assume that Nks = 1, k = 1, ... , n-1, s = 
= 1, ... , mk since this can always be achieved by an appropriate reduction. Then, on 
the basis of ( 4), we obtain 

(6) 
k = 1, ... ,n-1, 

s = 1, ... ,m~~;, 

where 
~k. 

(7) YkliXks) = J As( cx) dcx, 'YJks = IX~cs(to). 

It can be shown (1) that when the degree of non-uniformity of rotation of seperate 
masses is comparatively small, then to within first order of smallness, in the case of sta­
tionary regimes, we have the relations 

(8) 

The differential system describing the motion of the model has the form 

(9) 

http://rcin.org.pl



STATIONARY REGIME OF A MULTI-MASS DYNAMIC MODEL 

where 

(10) Co,m0 +1 = Cnl = 0, 
I dJk 

Jk = - ­
dq;k' 

529 

k=1, ... ,n. 

Here etk 1 and fJk-l,mkdepend on q; 1 , .•• , fPn through the remaining variables etkH flks; 

thus, to transform the right-hand side of (9) to an explicit form, it is necessary to determine 
n-l 

all parameters etks• flks the number of which is 2p and p = }; mk. In accordance with (6), 
k=l 

we have p explicit relations between etks and flks. The remaining p equations for the de­

termination of etks and fJks are obtained on the basis of the law of conservation of the 

power transmitted between the neighbouring shafts, namely 

(11) Cks(etks-fJk.s-l)~ks = Ck,s+l(etk,s+l-fJks)/Jkn 

k = 1 , ... , n- 1 , s = 1 , ... , mk, 

where fJko = f~Jk, etk,mk+l = fPk+I· 

Thus, we arrive at the expressions for the elastic torsion moments 

(12) 

acting on sth shaft situated between the kth and (k+ 1)th links, 

(13) 

s = 1, 
2 ~ s ~ mk, 

s = mk+ 1. 

In accordance with the small parameter method, we seek the solution of the differential 

system (9) and the algebraic system (6), (11) [or the differential system (9) and the al­

gebraic system (6), (12)] in the form 

00 

(/Jk = ~ s"q;~">, k= 1, ... , n, 
v=O 

00 k = 1, ... ,n-1, 
R - ~ "R<~> ks - L...; S ks ' s = 1 , ... , mk + I, 11=0 

(14) 00 k = 1, ... ,n-1, 
~ .. (.,) 

Ciks = S etks ' 
S= 1, ... , mk, 

v=O 

00 k=1, ... ,n-1, 
fJ - l, '{J(") ks - S ks' 

S= 1, ... , mk. 11=0 

Substituting (14) into (9), (6) and (11) (or into (9), (6) and (12)), we obtain a family 

oflinear systems of differential equations for the determination of q;1°>, q;p>, ... , k = 1, ... , n. 
The system for the zeroth approximation has the form 

(15) JkofP~O) = Qk(<jJl0>)+Ck(fPl~\-q;1°>)+Ck-l(fP1~\-q;~0)), k = 1, ... ,n, 
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where C0 = C,. = 0 and 

(16) 
- (lm~~l 1 )-1 

C~c- -c", , 
S=l 

k=l, ... ,n-1 

are the reduced equivalent rigidity coefficients between the kth and (k+ 1)th links. 
The only rotational solution of the system (I 5), to within an additive constant in 

determining any of the variables cp~0 > (e.g. cp~0 >), has the form 

k-l 

(0) - - 1 ~, 
cp" - Wet ~ LJ Qs(we), 

k-1 s=l 

(17) k = 1, ... , n. 

Here, the mean energy velocity we is the solution of the equation 

n 

(18) 2; Qs(we) = 0. 
s=l 

The zeroth approximation a~~>, /11~> and Fl~> of the solution of the algebraic system 
(6), (11), (12) is to be determined from the equations 

k+l k+l 

(19) ~ks+rt1~> = /11~> = [1-C" 2 d Jcp~0>+cp1~1 C~c2 d , 
s=l b s=l "' 

k = 1, ... ,n-1, s = 1, ... ,m"; 

k = 1, ... ,n-1, 

s = 1 , ... , m1 + 1. 

Hence 
k 

(20) 
.i + (0) _ /1(0) _ t- ~-1-
Uics r!~cs - k• - We 1-' L.J C ' 

S=l h 

k = 1 , ... , n- 1 , s = 1 , ... , m", p, = Q 1 (we). 

The system for the determination of the first corrections cpp>, k = 1, ... , n, to the 
solution (17) of the generating system (15) can be written in the form 

J ••(1) A. • (1) (1) 1':'{1) 1 2 ., ( (0)) ( (0) (21) ko(/J&: = k(/J1c +Fu -rt-1,m1_
1
+1 -2we1&:ol&: CJJ~c +Pt cp,. ), k = 1, ... , n, 

where 

,._ = dQ1(w) I , 
A,. .J k = 1 , ... , n, 

uW w=w• 

mk 

(22) F~f> = C1 (cp1~\ -q,~1 >)-Ct 2/'~c.(ai~>) 
"=I 

k = 1, ... , n-1, 
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mk mk 

Ftt,!,"+l = C~c(cp~~~-cp11 >)-C" .2 /'b(cx1~>)-,u };A,(cx1~>)x 
r=l r=l 

mk+l 

x(-1+ 2 ~:,). k =I, ... ,n-1. 
S=v+1 

The first corrections F:f>, s = 2, ... , m" to the reduced torsion moments F~cH s = 
= 2, ... , mk, are to be found from the equations 

s-1 mk 

(23) F~! > = F1 P + ,u 2 A,( cx1~>) = fl~~k + 1 - ,u 2 j""( ex~>). 
v=l 11=S 

The solution of the system (2I) in a closed form encounters no principal difficulties, 
even if some of the physical-geometric constants of the unit are given in a parametric 
form. 

It is noteworthy that in investigating dynamics of a stationary regime it is very 
important to determine the torsion moments as functions of time Fk:s = Fks(t); k = I , ... , 
n- I ; s = I , ... , m"+ I , since this enables us to calculate the overloading coefficients. 

There is another important factor in the investigations of the stationary regime, namely 
the determination of the functions w" = wk(t); w" = ip" and the coefficients of non­
uniformity of rotation <5", 

By means of the above-presented formulae the functions F~csCt) and w~c(t) can be de­
termined with a sufficient engineering accuracy. 

The presented computational schemes with slight modifications can also be used 
in the cases of weakly non-linear elastic links of the form 

where iks = CXks-Pk,s-1• 
In view of the representation (8), the regimes of the external and internal self-synchro­

nization are equivalent to within the first order of smallness. The conditions for a stable 
self-synchronization regime in the general case are subject to certain restrictions on the 
coefficients .A. 1 , ••. , A., and C1 , ••• , C,_ 1 • Observe that in practice, the number of masses 
subject to the action of external moments depending on the velocity is not greater than 
two [I, 2]. 

Consider, for instance, the case when At '# 0 and .A.1 = ... = .A.~c_ 1 = Ak+t = ... = 
= A., = 0. By induction we can prove that the necessary and sufficient conditions of sta­
bility of an excited motion of the system (9) have the form 

(24) .A.1 < 0, C~c > 0, k = 1, ..• , n-1. 

These conditions ensuring a stable regime of dynamic self-synchronization correspond 
to the stable segment of the mechanical characteristic of the engine. 
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As an example consider an application of our computational schemes to a determina­
tion of the stationary regime of a two-mass machine unit with a universal joint transmission 
and constant inertia moments (Fig. 2), subject to an action of kinetic forces only. It is 
known [3], that the non-linear terms in the transmission ratio of the universal joint mech-

u,•1+?tcosna.,, n•2 

Jt-2tg
2 ~ 

FIG. 2. 

anism can be multiplied by a natural small parameter A. The system of differential 
equations describing the first approximation has the form 

(25) 

Bearing in mind that 

(26) 

we observe that the system (25) enables us both to analyse the stationary regime of the 
machine unit with one universal joint transmission and to carry out a dynamic synthesis 
in accordance with a prescribed degree of non-uniformity of each of the masses. Observe 
that here the dynamic synthesis can be performed also in accordance with the coefficients 
of overloading. Thus, for instance, for the coefficient of non-uniformity of the first mass 
when Q2 = const, C1 = oo, we obtain 

(27) 

where 

(28) k =I, 2. 
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