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On the stability limit of non-linear resonances in multiple-degree-of­
freedom vibrating systems 

W. SZEMPLINSKA-STUPNICKA (WARSZAWA) 

THE PAPER presents an analysis of stability of solutions derived in [1] and concerning non­
linear, dissipative vibrating systems with many degrees of freedom; the solutions represent 
the so-called non-linear resonances, periodic and almost periodic (combined). The analysis 
is based on investigating the equations written in terms of variations which, in the case of the 
Ritz method, assume the form of a system of ordinary differential equations, their coefficients 
being periodic or almost periodic functions of time; in the case of the method of averaging 
the problem is reduced to a system of ordinary equations with constant coefficients. 

Dla nieliniowego, dysypacyjnego ukladu drgaj~cego o wielu stopniach swobody przeprowadzono 
analiz~ statecznosci rozw~zan ustalonych, otrzymanych w pracy [1], a przedstawiaj~cych tzw. 
rezonanse nieliniowe. Wyprowadzono jednolite kryterium granicy pierwszego obszaru niestate­
cznosci wsp6lne dla wszystkich typ6w rezonans6w nieliniowych-periodycznych i prawie-perio­
dycznych (kombinowanych). Analiza opiera si~ na badaniu r6wnan r6zniczkowych zwyczaj­
nych o wsp61czynnikach ~~cych periodycznymi lub prawie-periodycznymi funkcjami czasu, 
a przy metodzie usrednienia ukladu r6wnan zwyczajnych o wsp61czynnikach stalych. 

Jlmi uenu:uemmii KoJie6aTeJILHoii cucreMbi c 3aTyxaHileM c MHOrH:MH creneWIMH: cso6oJlbi 
npose,n;eu auaJIH:3 ycroiitiilBOCTH: ycrauoBH:BimlXCH pemeHH:ii, no~eHHLIX B pa6oTe [1], 
a npe,n;CTaBJIHJO~H:X T. Ha3. ue.Jl}lHeiiHbxe pe30HaHCbi. BbiBe,n;eu o,n;uopo,n;ubiH KpHTepu:ii rpa­
HHUbi nepsoii o6naCTH ueycroii"'llsocru: cosMeCTHbiii ,n;JIH scex TH:nOB HeJIH;HeiiHLIX pe30-
Haucos- nepu:o,n;u:'tleCKU:X u: no'tlTH:-nepu:o,n;u:'tlecKH:X (KoM6H:HH:pOBaHHbiX). AllaJIH3 onupaeTcH 
Ha H:CCJie,n;OBQHH:IO ypasHeHHH B BapHQUH;HX, KOTOpbie npu: MeTO,n;e PH:TI.\a npH:HH:MQIOT <f>opMy 
CH;CTeMbl 06biKHOBeHHbiX ,n;u:<f><f>epeHUHaJibHbiX ypaBHeHH:ii C K03<f><f>H;I.\H;eHTaMH;, HBJIHIO~CH 
nepu:o,n;u:tJecKH;MH MU: notJTu:-nepu:o.n;u:'tlecKH;MH: <i>YHKUHHMH: speMeHa, a npa MeTo,n;e ycpeA­
HeHHH - CHCTeMbl 06biKHOBeHHbiX ,n;u<f>$epeHI.\H;aJibHbiX ypaBHeHH;H C fiOCTOHHHbiMH: K03<f><f>u:­
UH;eHTaMI{. 

1. Introduction 

INVESTIGATED in a former paper by the author [I] were non-linear resonances of 
discrete dissipative systems with many degrees of freedom. A uniform approach to all 
types of resonances, periodic and almost periodic, was presented and the relations between 
the first order solutions resulting from the Ritz and averaging methodf, were given. 

In the present paper, an analysis will be made of the stability of the solutions derived 
in [1], and a criterion will be given for the limits of the first instability region, uniform 
for all types of non-linear resonances. The analysis will be based on investigation 
of the corresponding variational equations which, in the case of the Ritz method, assume 
the form of a system of ordinary differential equations, their coefficients being periodic 
or almost periodic functions of time; in the case of the method of averaging, they consti­
tute a system of ordinary equations with constant coefficients. 
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502 W. SzEMPLINSKA-STUPNICKA 

2. General equations 

The mechanical model of the system consists of a chain of n concentrated masses 
m1 , •.• , mn linked by means of massless springs and energy dissipating elements. The 
masses are acted on by harmonic forces directed along the axis of the chain. The equations 
of motion of the system have the form: 

(2.1) 

n 

E;(t) = mx;+ .L; K;k(X;-xk)+p,/;(xl, ... , Xn' XI, ... , Xn)-P;cos!Jt = 0, 
k=O 

i=I,2, ... ,n, 
where X; denotes the displacement of m1 from the position of equilibrium, K1k are the 
stiffnes coefficients of the linear part of elastic forces, p, is a small parameter, and 0 ~ p, I. 

The functions /;(x 1 , ••• , Xn, x 1 , ••• , xn) represent the non-linear part of the elastic 
forces and the damping forces; moreover, the relation fhO, ... , 0, 0, .. . , 0) = 0 holds 
true. It is assumed that the functions may be represented in the form of finite power series. 

In applying the method of averaging, it is convenient to use the equations of motion 
written in normal coordinates introduced by means of the transformation 

n 

(2.2) X; = l, bo;1 ~01 , i = I, 2, ... , n. 
J=l 

Here, b011 , i = I, 2, ... , n, is the j-th eigen function of the linearized system (at p, = 0). 
The Eqs. of motion (2.I) assume in that system the form 

(2.3) 

where 

BJ(t) = MoJf~J+MoJw5J~OJ+P,Fj(~oi' ... , ~on, ~o1' ... , ~on)-Qo}cos!Jt = 0, 
j= I,2, ... ,n, 

n 

MoJ = }; m;b'5i1 , 
i=l 

n 

QoJ = J; P;boij, 
i=l 

n 

F1 = .L; /;boi}. 
i=l 

The solution describing the phenomenon of non-linear resonances in the first approxi­
mation is assumed in the form [I] 

p 

X 1 = J; rs(b1scos0s+e1ssin0s)+C1cos!Jt, i = 1, 2, ... , n, 
S=l 

(2.4) 

(Js = Wst+(/)s, bls = 1, els = 0, S = 1, 2, ... ,p, 1 ~ p ~ n, 

or, in a simplified notation, 
p 

(2.4) 
X1 = .L; (ri~>cosOs+r};>sinOs)+C;cos!Jt, i = 1, 2, ... , n. 

s=l 

rl:J=O, s=1,2, ... ,p. 

The condition of existence of non-trivial solutions rs yields the relation between Q and 

(2.5) 

where N, ns = +1, +2, ... 
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Periodic resonance occurs when p = 1 and Q = w,n,/N. The combined resonances 
(p ~ 2) represent almost-periodic vibrations, since the frequencies w,, s = 1, 2, ... , p, 
are generally assumed to be incommensurable numbers. 

According to the Ritz method, the unknown coefficients of the solution (2.4), rH 
p 

ws, b;s, e;s and (/J =NI ~ ns (/Js, are determined from the equations 
s=l 

p 

Z = ~ ,};nsws-Q = 0, s = 1,2, ... ,p, i = 1, 2, ... ,n. 
1=1 

When the averaging method is used, new variables aj(t), (i>j(t) have to be introduced 
by means of the transformation 

~Oj = aj(t)COS~+dj COS!Jt, 

(2.7) ~oJ = -a1(t)w01 sin 7i1-d1!Jsin!Jt, 

01 = w01 t+(pj(t), j = 1, 2, ... , n. 

The equations of motion (2.3) yield<0 the system of algebraic equations with the unknowns 

T 

(2.8) da s . 1 J f-tF, sin () s d ( n.. 0 d = hm -T M t = p,Ds a1 , ..• , ap, ..,., ) = , 
I T-+oo 

0 
Wos os 

S= 1,2, ... ,p, 

p p 

d$ p, ~ I " (2.8') dt = N .L..J n,As(a1 , ••• , ap, $)-!J+ N .L..J n,'W0 , = 0, 
s=l &=1 

where 
T 

A = d(]Js = lim _!_ J Fscos Os dt 
s dt T-..oo T a M (J) ' 

0 
s Os 0 

(2.9) 

3. Ritz method 

The stability of the solutions obtained by means of the Ritz method- i.e., by means 
of the Eqs. (2.6) - is investigated by introducing a "perturbation" ~x1 into the solution 

(1) Variables a1(t), q,1(t) and aJ> fP1 are related to each other by means of the equations [1] 

d"iiJ daJ dq,J df/J1 
- = -- +p,k1(a~o .. . ,ap,'P,t), - =- +p,L1(ato ... ,ap,'P,t), j= 1, 2, ... ,n. 
~ ~ ~ ~ 

8 Arch. Mech. Stos. nr 3/73 
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504 w. SZEMPLINSKA-STUPNICKA 

xi(t) and by inserting xi+ ~xi into the equations of motion (2.1). Disregarding the terms 
which are non-linear in ~xi> we obtain the linear equations written in variations, 

(3.1) 

i=1,2, ... ,n. 

Expanding the functions ~~ into generalized Fourier series, we obtain 

n p 

(3.2) ~h = }; ~xk [}; p~k> cos20s+ g~1>sin20s +higher and mixed harmonics] 
k=1 s=1 

n P 

+}; ~xk [}; p~k>cos20s+ i!k>~in20s+ higher and mixed harmonics]. 
k=1 s=1 

If the perturbations ~xi obtained by solving of the Eqs. (3.1) increase indefinitely 
in time, the solution xi(t) is defined as unstable. If all solutions ~x1(t) decrease and tend 
to zero with t -+ oo, then the solution xi(t) is defined as asymptotically stable. A station­
ary solution ~x, corresponds to the boundary separating the stable and instable solu­
tions. 

Let us observe that the disturbance ~xi is imposed over the solution xi at a constant 
frequency of the excitating force Q, which implies a substantial difference between 
the periodic and combined resonances. In periodic resonances (p = 1), the constant 
frequency Q corresponds to a constant frequency w8 , since Q- W 8 n8 /N. In combined 
resonances, however, the constant frequency Q is not necessarily accompanied by con­
stant frequencies w 1 , w2, ... , wP, since they may be disturbed by ~ws, s = 1 , 2, ... , p, 
and only the condition 

(3.3) 

must be fulfilled. 
In the case of periodic resonances (p = 1), the system of equations (3.1) becomes 

a system of Hill's equations with dissipative terms. These equations may be solved by 
means of one of the approximate methods. The "small parameter method" is frequently 
applied making use of the assumption that the time-dependent terms are small by com­
parison with the constant terms [8-lOJ. Once it has been decided to solve the problem 
by means of the Ritz method, this simplification should be avoided and, using the FLOQUET 
theory and the results of [4], we shall seek a particular, stationary solution corresponding 
to the boundary of the stable and instable regions in the form of the Fourier series: 

(3.4) ~xi = ~rg>cos kOs+ ~d:>sin k08 , i = I, 2, ... , n, 

where k = I , 3, 5, . . . or k = 0, 2, 4, ... 
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The more terms are retained in the solution, the more instability regions will be obtained. 
Investigation of instability regions by this method is, in the case of a single Hill's equation, 
dealt with extensively in [7]. Assuming k = 1 in the Eq. (3.4), we obtain what is called 
the first instability region, and when higher harmonics are taken into account, higher 
order instability regions are found. 

In the present paper, we shall use the notion of the "first instability region", both 
in the Ritz method and in the averaging method,. thus the notion should be defined in­
dependently of the method of investigation of the stability problem and remain valid 
also for the almost-periodic solutions- i.e., for combined resonances. 

The notion of the "first instability region" will be understood as a region at boundary 
of which the disturbed solution X;+ ~x; is a function of the same form as the solution x; 
whose stability is being investigated; the amplitudes, phase angles and frequencies of the 
individual harmonic components differ, however, from the corresponding values of the 
undisturbed solution by certain constants ~r[;J, l}r[:>, ~ws, ~(/Js, and at least some of 
these constants are different from zero, 

p 

X;+ /}x; = }; [(r[;>+ ~d:>)cos(Os+ ~Os)+ (r~>+ ~rJ:>)sin(Os+ ~O)s] + C;cos!Jt, 
s=l 

(3.5) 

the relation (3.3) being satisfied. 
In the case of a periodic (p = I) resonance, /}ws = 0 and the variations ~X; oscillate 

with the frequency Ws = !JNfns. 
At the limits of a higher order instability, the disturbed solution also contains har­

monic components with frequencies different from those appearing in the solution for x;: 
moreover, frequencies of these additional components determine the order of the 
instability region. 

The role of the higher instability regions was investigated by the author in [3], on the 
example of a system with a single degree of freedom. It was established there that, provided 
the considerations are aimed at determining the stability of a solution having an assumed 
form, examination of the first instability region proves to be sufficient. The regions of 
higher order instability merely indicate the values, of parameters at which the form 
of the assumed solution is not an adequate one i.e. the assumed harmonie components 
are not dominating over "higher" harmonics. 

In the subsequent considerations, we shall confine ourselves to the investigation of 
the first unstable region. The solutions of the variational system of the Eqs. (3.1) may~ 
in the case of periodic resonances, be sought in the following form: 

(3.6) 

Here ~r;\1 >, ~';~2>, ~(/Js are certain constants which do not identically vanish. 

s• 
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Let us substitute the expressions (3.6) in the Eqs. (3.1) and require them to satisfy 
the equations following from the Ritz method: 

T 

lim 1 I <5Xis = T-.oo T <5ei(t)cosfJsdt = 0, i=1,2, ... ,n, 
0 

(3.7) T 

lim 1 I .i • 0 <5Yis = T-.oo T uEi(t)sm sdt = 0, 
0 

where <5ei(t) denote the residuals of the Eqs. (3.1) after substituting into them the solution 
(3.6). 

These equations form a base for derivation of the criterion of the limit of the first 
unstable region limits in the case of periodic resonances. Constructing a formal extension 
of the above procedure to combined resonances, we might apply the principle of super­
position and seek the solution in the form: 

p 

(3.8) <5xi = 1; ( <5rfs1>cos Os+ <5ri~21sin Os), i = 1, 2, ... , n. 
S= 1 

Such a procedure would not, however, account for the specific features of combined 
resonances, namely for the frequency variations <5ws, s = 1 , 2, ... , p, according to 
the Eqs. (3.3). Let us therefore modify the approach to the problem and start from the 
definition of the limit of the first unstable region. Assuming the disturbed solution xi+ <5x1 

in the form (3.5), the variation of the residuals of the equations of motion <5e,(t) are ex­
panded into a Taylor series in the vicinity of the undisturbed solution defined by the 
valuesrt,1l<2>, ws,t1>, s = I,2, ... ,p. 

p n p 

.i ) _ ~[ ~( OEt .i U) OEt .i (l))] ~ OEt .i OEt .i.A. 
(3.9) UEj(t - .L..J .L..J Or(!) UT}s + orf:) UT}s + L.J OW, UWs+ j}(/> U'P, 

s=-1 )=I J J s=l 

i = I , 2, ... , n, <5r~ ~ l = 0, s = I , 2, ... , p. 

Consistent application of the Ritz method requires that the following equations be 
satisfied: 

T 

lim I I <5Xis = T-.oo T de,(t)cos 05dt = 0, 
0 

(3.10) 

p I" <5Z = N L.J nsdws = 0, 
s=l 

Let us now observe that the relations 

(3.11) lim I I oe, f) d - axis 
T-.oo T ~COS s t- ~, ur1k ur1k 

i = I, 2, ... , n, s = 1, 2, ... , p. 

T 

lim I r OEj • f) d - oYis 
T-.oo T asm s t- -()-, 

0 ~k ~l 
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are true and hence the Eqs. (3.10) may be represented in the form: 

n p p 

_ ~l ~(aXis ·< 1> oXis 0 <2 >) + ,., oXis ~ ~Xis~(/>_ O 
~Xis = ~ L.J ort.1> ~r ik + ~r<2> 'Jk L.J ow wk + o(/J- - ' 

j=l k=l jk jk k=l k 
n p p 

_ ~ '\1 ( oYis <1> oYis ~ <2>) ~ oYis ~ oYis ~(/> _ 
(3.12) ~Yis = L:.J L:.J or(l> ~r ik + or(2> ur1k + .L_,; ow wk + {j(/J u - 0, 

j=1 k=1 jk jk k=1 k 
n p p 

_ ~ '\1 ( az .s: <1> az ~ <2 >) \-., az az .s:n- _ 
~z = ~ ff or~P ur jk + or~i> ur jk + ft owk ~(J)k + {j(/J U'V - 0' 

where i = 1 , 2, ... , n, s = 1 , 2, ... , p. 

The condition of existence of the non-vanishing solutions ~r~P <2>, ~ws, ~(/>, yields 
the requirement that the characteristic determinant should be equal to zero, 

(3.13) L1 = o(X11 , ... , Xnp' Y11 , ... Ynp, Z) = O 
o(r~p, ... r~;>, r~1>, ... r~~>. W1, ... Wp, (/>) ' 

It will be demonstrated that this condition is satisfied at those points of the resonance 
curves rs = rs(.Q), s = 1, 2, ... , p at which the tangents are vertical. To this end, let us 
differentiate the Eqs. (2.6) with respect to the independent variable .Q. 

n p p 

\' \"1 (axis dr}P axis dr}~>) '\-., axis dwk axis d(/J axis _ 0 L .LJ or)P d.Q + ar)i> d.Q + LJ awk d.Q + o(/J d.Q + aD - ' 
}=1 k=1 k=1 

n p p 

\.1 \' ( a Yis drSP a Yis dr}i )) \l a Y,s dwk a Yis d.Q a Yis = 0 
LJ L:.J or)P d.Q + or)i> d.Q + L..J awk d.Q + o(/J d(/J + aD ' 
}=1 k-1 k=1 

(3.14) 

n p 

\"1 \"1 ( az dr~V az dr)f>) az dwk az d.Q a z _ 0 L; .LJ orJ(p d.Q + or<.~> d.Q + owk d.Q + {j(/J d(/J + {j.Q - ' 
i=1 k=1 J 

i = 1, 2, ... n, s = 1, 2, ... p. 

Solving this system for dr)l> <2 > jd.Q, d(/Jjd.Q, dwsfd.Q, we obtain: 

dr]f> L1}f>, j = 1, 2, ... , n, 
d.Q = 7 k = 1,2, ... ,p,{J = 1,2, 

where L1 is the characteristic determinant of the system, and L1 ~~> - the transformed de­
terminant L1 in which the jiP>-th column has been replaced by the column of terms - oX 11/ 
I {j.Q' ... ' - axnpl {j.Q' ... ' -a Ynp/ {j.Q' - az I {j.Q. Let us observe, moreover, that the char­
acteristic determinant of the Eqs. (3.14) is identical with the characteristic determinant 
of the Eqs. (3.12) and may be expressed by the formula (3.13); thus, those points of res­
onance curves which have vertical tangents 

dr~I>(2 J j = 1 , 2, ... , n, 
d'0 = 00

' k 1 2 ,:,~ = ' ' ... ,p, 

correspond to zeros of the determinant (3.13)- i.e., they determine the limit of the first 
unstable region. 
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4. Method of averaging 

The starting point for the investigation of stability of solutions obtained by the 
averaging method is the set of Eqs. (2.8). In order to simplify the notation, the right-hand 
side of the Eq. (2.8') is denoted by p.D 1 , and the general phase angle f/J by aP_ 1 • Equa­
tions (2.8), (2.8)' are now written in the abbreviated form as 

(4.1) das . ) dt = p.Ds(a1, ct2, ... , aP+ 1 = 0, s=l,2, ... p+l. 

Let a 1 , a2, ... , aP+ 1 be the solutions of the system of Eqs. ( 4.1 ). Let us impose over 
these solutions certain perturbations at a constant frequency Q, and consider the per­
turbed solution 

(4.2) 

It may be observed that, although the perturbations are directly imparted to the am­
plitudes a1, a2, ... , aP+ 1 only, they are also indirectly transmitted to the frequencies 
w 1 , ••• , W 5 , provided p > 1. It follows that, in accordance with the Eq. (2.9): 

o+l 

(4.3) Ws = Wos+flAs(ii1' a2, ... 'aP+l) = Wos+P.As(a1 +' ... 'aP+l)+ 2 ~~s bak. 
k = l k 

Substituting the disturbed solutions into the Eqs. (4.1), and expanding Ds into a Taylor 
series in the neighbourhood of the undisturbed solution we obtain - the terms non­
linear with respect to ba being disregarded -the system of equations in variations: 

p+l 

dbas = 2 oDs ~ak· 
d 

u, s=1,2, ... ,p+l. 
t oak 

k=l 

(4.4) 

The coefficients oDsl oa in the solution considered are constant, and hence the parti­
cular solution of the Eqs. ( 4.4) has the form: 

(4.5) bas = ba.s0eA.t, s = I, 2, ... , p+ 1. 

Non-zero solutions for ba50 are obtained when the characteristic determinant of the 
system vanishes. Expansion of that determinant leads to a polynomial of order p + 1 
in A, 
(4.6) 

According to the stability criterion, the solution of the set of Eqs. ( 4.1) is stable if 
the real parts of the roots of the Eq. (4.6) are negative, i.e., if the Routh-Hurwitz condi­
tions [7] are satisfied. The limit separating the stable and unstabl~ regions is reached 
when the real part of one of the roots A changes its sign- that is, when it assumes the 
zero value. In applying this method to investigations of periodic resonances [5]- i.e., 
when p = I -the polynomial (4.6) was of second order, 

(4.7) A2 +b 1 A+b2 = 0. 

In the case of positive damping, the coefficient b1 was always positive. Hence the con­
dition b2 > 0 was, according to the Routh-Hurwitz criterion, the only condition to be 
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satisfied in order to make the solution stable. Zero value of that coefficient, b2 = 0, cor­
responded to the vanishing real part of the root A, and thus - to the limit of the first 
unstable region. 

In the case of combined resonances (p ~ 2), the polynomial ( 4.6) is of a higher order 
than 2, and its roots may by either real numbers or complex conjugate numbers. However, 
the relation 

remains valid. 
In this manner, independently of the order of the polynomial (4.6), the condition 

(4.8) 

corresponds to zero value of one of the real roots A i.e., to the limit of the first unstable 
region. 

The remaining Routh-Hurwitz conditions concern the behaviour of the real parts 
of the complex roots of the polynomial (4.6). It may be proved that vanishing of the real 
parts of the complex roots A corresponds to the instability limits of higher orders. Let us 
investigate the behaviour of variations ~xi corresponding to a pair of imaginary roots 

(4.9) 

The solution of the equations written in variations is then: 

(4.10) ~as(t) = ~a~:)cos1kt+~a~:)sinXkt = ~as0 CosO:k· t+~k), s = 1, 2, ... ,p. 

Substituting this expression into the transformations (2.2) and (2. 7), we arrive at the 
conclusion that the perturbation of xi -that is ~xi- contains harmonic components 
with frequencies ws+ 1k, and ws-1b s = 1, 2, ... , p. According to the definition, this 
corresponds to an instability limit of a higher order. 

In order to derive the criterion of the first instability limit, it is necessary to differen­
tiate the Eqs. ( 4.1) with respect to the independent variable Q and to solve it with respect 
to dasfd!J, as in the Ritz method. We then obtain: 

(4.11) 
das o(D 1 , D 2 , ••• , Dp+l) 

dQ = bp+l 0(a1, ••• as-l ,Q, aS+ 1, •••, aP+l)' 

This implies that the points of the resonance curves as = as(Q), s = 1 , 2, ... , p + 1 , 
in which the tangents are vertical, 

(4.12) 
das 
dQ- = 00' s = 1' 2, ... 'p+ 1' 

correspond to the limit of the first instability region bP+ 1 = 0. 
If the solution is represented in the form (2.4), the corresponding conditions assume 

the form 

(4.13) 
df/J 
dQ = oo, s = 1,2, ... ,p. 
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5. Conclusions 

In this paper it has been shown that for all types of non-linear resonances, periodic 
and combined, a uniform criterion exists for the limit of the first unstable region. In­
dependently of whether the resonance curves rs = rs(.Q) and a5 = as(.Q) are found by 
means of the Ritz method or the averaging method, those points of resonance curves 
which are characterized by vertical tangents 

or s = 1,2, ... ,p, 

correspond to the limit of the first instability region. 
It should be borne in mind, however, that the resonance curves obtained by the Riti 

or the averaging method are close to each other only at very small amplitudes of motion, 
and at larger amplitudes they may differ substantially (cf. e.g. [2]). 

Determination of a uniform criterion of the limit of the first instability region for 
periodic and combined resonances is possible only by taking into account the variations 
t5ws of the frequencies W 5 , s = 1, 2, ... , p appearing in the solution (2.4). This result 
could not be achieved by finding t5xi = t5xi(t) from the formal solution of the variational 
Eq. (3.1). It may be concluded that in fact, the stability of individual harmonic compo­
nents with frequencies ws should be considered as the orbital stability phenomena, since 
the "partial" solution 

r[1>cos( W 5 t +f!Ps) + r~;>sin(w,t + f/Js), 

for which the disturbed solution at the instability limit takes the form 

cd:> + t5r~~>)cos[(ws + t5ws) t + f/Js + f5f/Js] + (r};> + t5r~;>)sin [(ws + t5ws) t + f/Js + t5f/Js], 

satisfies the orbital stability condition, and not the Liapunov condition of stability of 
motion. This conclusion is somewhat surprising since the notion of orbital stability is 
generally attributed to periodic motions of autonomous systems (in particular self-excited 
motions characterized by bmit cycles), and not- as in the case considered- to station· 
ary motions of a non-autonomous dissipative system. Note, however, that this remark 
concerns the stability of individual harmonic components, and not the general solution. 

The method presented for investigation of instability limits of combined resonances 
consisting in the representation of a disturbed motion xi+ t5x1 in the form (3:5) enables 
us to determine only the first instability region. The analysis of higher order instability 
regions by means of the Ritz method requires further investigations. 

Analysis of the problem of stability of combined resonances by means of the averaging 
method yields an interesting conclusion that, in such a case, the method makes it possible 
to detect the instability regions of orders higher than one. 

References 

1. W. SZEMPLINSKA-STUPNICKA, On the averaging and W. Ritz methods in the theory of non-linear 
resonances in multi-degree-of-freedom vibrating systems, Archives of Mechanics, 24, 1, 1972. 

2. W. SZEMPLINSKA-STUPNICKA, On the phenomenon of the combination type resonance in non-linear 
two-degree-of-freedom systems, Int. J. Non-Linear Mech., 4, 2, 1969. 

http://rcin.org.pl



ON THE STABILITY LIMIT OF NON-LINEAR RESONANCES 511 

3. W. SzEMPLINSKA-STUPNICKA, On higher harmonic oscillations in heteronomous non-linear systems with 
one degree offreedom, Int. J. Non-Linear Mech., 3, 1, 1967. 

4. B. B. BoJioru;H [V. V. Bolotin] Pw-taMuttecKa.R ycmouttuBocmb ynpymx cucmeM [Dynamic stability of 
elastic systems, in Russian]. rHT-T Jl [GIT-TL], Moci<Ba [Moskva] 1956. 

5. H. H. BoroJIIOBoB, IO. A. MJm>onoJibci<Itii [N. N. Bogolyubov, Ju. A. Mitropolskii] AcuMnmomu­

ttecKue Memoobl B meopuu HeAUHeuHblX KoJZe6aHuu [Asymptotic methods in the theory of non-linear 
vibrations, in Russian] rHT-TJI [GIT-TL], Moci<Ba [Moscow], 1963. 

6. L. CESARI, Asymptotic behaviour and stability problems in ordinary differential equations, Springer 
Verlag, Berlin 1959. 

7. C. HAYASHI, Non-linear oscillations in physical systems, McGraw-Hill, 1964. 
8. C. S. Hsu, On the parametric excitation of a dynamic system having multiple degrees of freedom, J. Appl. 

Mech. Trans. ASME, 85, 367-372, 1963. 
9. C. S. Hsu, Fw·ther results on parametric excitation of a dynamic systems, J. Appl. Mech. Trans. ASME, 

87, 373-377, 1965. 
10. Y. NISHIKAWA, P. Y. WILLEMS, A method for stability investigations of a periodic dynamic systemJ 

with many degrees of freedom, J. Franclin Institute, 287, 2, 143-158, 1969. 

POLISH ACADEMY OF SCIENCES 
INSTITUTE OF FUNDAMENTAL TECHNOLOGICAL RESEARCH 

Received Apri/10, 1972 

http://rcin.org.pl




