
CHAPTER XXX.

INTEGRATION. CAUCHY’S THEOREM ON CONTOUR 
INTEGRATION. TAYLOR’S THEOREM.

1266. Definition of Integration for a Function of a Complex 
Variable.

Let f(z) be any single-valued function of z, and let any path 
of z on the z-plane be selected which does not pass through a 
point which makes f(z) infinite, and along which the change 
in f(z) is continuous.

Fig. 377.
Let z0, z1, z2,... zn, zn+1 (=z) be an infinitesimally close array 

of points on this path from an initial point P0, (z0), to another 
point P, (z).

Then the limit (provided a limit exists) of the sum when 
n is infinite of the series 

when the moduli
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420 CHAPTER XXX.
are each indefinitely decreased, so that the successive elements 
of the z-path are all infinitesimally small, is called the integral 
of f(z)dz for the selected path, and is denoted by

1267. Obviously, the last term of the series, having an 
infinitesimal modulus, the series may, if desired, be supposed to 
stop at the term (zn-zn-1)f(zn-1), as in the case of a function 
of a real variable (Arts. 11 and 12).

1268. This definition clearly includes that of functions of 
a real variable (Art. 11) as a particular case, the “selected 
path ” for the variation of x in that case lying upon the 
x-axis.

1269. General Properties of an Integral.
Properties of the integral, corresponding to those of Articles 

322, etc., for a real variable, may be established. Let wr≡f(zr).
Then, in the first place, it is immaterial whether we consider 

the limit, when n is ∞ , of 

or of

For the difference of these expressions, viz. (B)-(A), is 

in which the number of terms is n+l, which is ultimately 
infinite, but an infinity “of the first order,” if we regard 

—as an infinitesimal of the first order.n+l
Let the greatest of the moduli of the several terms be 

which is finite, as the path of z has been chosen so as not to 
pass through a point for which w becomes infinite. Then, since 
the z-points are taken infinitely close to each other, and the 
function w is continuous for variations of z along the path, 
∖zr- zr-1∣ is an infinitesimal of at least the first order, and 
∣wr-wr-l∣ is also an infinitesimal of at least the first order.
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INTEGRATION. COMPLEX VARIABLE. 421

Hence the difference of the (A) and (B) series cannot exceed 
the value of the product of

(an infinity of the first order) × (an infinitesimal of the first 
order) × (an infinitesimal of the first order),

i.e. a finite quantity multiplied by an infinitesimal, and must 
therefore vanish in the limit.

1270. It follows that if w=f(z),

1271. Again, since the sum of the series 

may be divided into any number of portions which together 
make up the whole series, we have 

where ξ1, ξ2, ξ3,... ξr are the values of z at any points taken 
in order upon the selected path from zn to z.

1272. Again, consider

Provided we follow the same z-path of integration in both 
cases, and that both f and F are finite and continuous between 
the points z0 and z on this path,

Hence

And the same is true if there be any finite number of 
functions.

Also, somewhat more generally, if ΣAkfk (z) stand for
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422 CHAPTER XXX.
for a finite number of functions, where A1, A2,..., are all 
independent of z, then

so long as the same z-path is followed in each integration, and 
the conditions as to being finite and continuous from z0 to z 
are satisfied by each of the functions.

The coefficients Ak may be any whatever, provided they are 
not functions of z, and the number of terms in the summation 
is finite.

And further, in these results each function has been sup­
posed single-valued, or if not, that the same branch is adhered 
to throughout the integration in each case.

1273. So long as the path of integration from z0 to z is 
finite, and passes through no critical points of f(z), i.e. points 
for whieh f(z) becomes infinite, and is a continuous path so 

far as variations of f(z) are concerned, the integral ∫ f(z) dz 
must be finite. 

For this integral is, by definition,

and, by supposition, none of the expressions f(z0), f(z1), ...f(zn) 
have an infinite modulus.

If mod.f(zr)≡K, say, be the greatest of their moduli, the 
modulus of the integral ∫ f(z) dz, which is

is
and Lt Σ mod. (zr+1- zr)=the arc of the selected path from 
z0 to z, =S, say, which, by supposition, is finite.

Hence the modulus of the integral is not greater than K. S,

and is therefore finite. Hence the integral itself, is
finite.

1274. When the number of functions f1(z), f2(z), f3(z), ...fn(z) 
is infinite, the functions being each single valued, or if multiple 
valued, the same branch being adhered to throughout the 
integration, the same theorem as that of Art. 1272 is true for
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INTEGRATION. COMPLEX VARIABLE. 423

their sum, provided that the sum forms a series which is 
uniformly and unconditionally convergent,* and provided the 
z-path of the integrations lies entirely within the circle of con­
vergence and is finite; for if we write u1, u2, u3, ... for 
these functions, let f(0)=u1+u2+u3+∙∙∙+un+Rn, where Rn 
is the remainder after n terms ; and let the series

to
be uniformly and unconditionally convergent for all points 
within the region bounded by a circle of radius p, then, when 
n is indefinitely increased, ∣Rn∣ vanishes.

But 

and if ∣R'∣ be the greatest value of ∣Rn∣ along the path of 
integration, which is finite, and which lies within and does not 
cut the circle of convergence, then

i.e.

the length of the path of integration
a finite quantity,

and ∣R'∣ is zero, by supposition, when n is made infinite;

and therefore

whence 

where the path of integration is the same for each term of the 
series and the conditions of the series are as stated.

1275. Cauchy’s Theorem.
It was shown in Chapter XV. that if ϕ and ψ be any two 

functions of x and y which are single valued, finite, and con­
tinuous at all points x, y which lie within or upon a given 
closed contour Γ of the x-y plane, then

* A knowledge of the general theory of infinite series and tests for con- vergency will be assumed here. The necessary information will be found in Professor Hobson’s Plane, Trigonometry, Chapter XIV., or in the Treatise on 
the Theory of Functions, by Harkness and Morley, Chapter III.
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424 CHAPTER XXX.
the surface integral being taken over the area bounded by the 
contour and the line integral being taken round the perimeter, 
the direction of the integration being such that in travelling 
along the arc in the direction of increase of s, the area bounded 
by the contour is always on the left-hand side.

Consider the function w=f(z)=f(x+ιy')=u+ιv, say.
Then u and v being conjugate functions of x and y (Diff. 

Calc., Art. 190), we have

and

Now, from the above theorem, we have, by two applications, 

and

Hence 

and the assumption in this theorem is that f(z) is synectic 
within and upon the boundary of Γ along which the integra­
tion is conducted. That is, that f(z) is a single-valued, con­
tinuous function which has no infinities, whether pole or 
essential singularity, within or upon the boundary of the 
contour. This extremely important theorem is due to Cauchy 
(Comptes Rendus de l’Acad. des Sciences, 1846).

1276. Deformation of a Path.
When w is a synectic function for a definite region Γ of the 

z-plane, let ACB, ADB be two z-paths which lie entirely within 
that region. Then it follows from Cauchy’s theorem that

(along ADB) (along BCA) = 0,

as there are no singularities in the region between the two paths.

Hence : (along A DB) (along ACB).

Hence, as far as the value of the integral is concerned, either
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DEFORMATION OF A PATH. 425

path from A to B is deformable into the other without alter­
ing the value of ∫wdz along it. When one of these paths is 

the straight line AB itself, the other path is said to be “re­

Fig. 378.
concilable with ” a straight-line path of integration; and it 
will appear that such deformation of the path from A to B 
can be carried to any extent, provided that this deformation 
does not carry any part of the path of integration outside the 
boundary of the region Γ on the x-y plane, for which the 
function f(z) is synectic.

1277. Differentiation of this Integral.
Writing ξ for z and taking f(ξ) as synectic throughout the 

singly connected region Γ of the z-plane, and starting from 
any selected point z0, viz. A in Fig. 378, and travelling along 
any path to z, viz. the point B, both terminals and path lying 
entirely within the boundary of Γ, we see that the integral 
∫f(ξ) dξ is independent of the path of approach of ξ to the

terminal z. Let F(z) stand for this integral. Then it follows 
that F(z) is a single-valued function of z; and it has been 
shown to be finite in Art. 1273. Let z+δz be another point 
within the region Γ infinitesimally close to z. Then F(z+δz), 

∫f(ξ)δξ
f(ζ) dξ, is also independent of the path of approach 

of ζ to z+δzWe may therefore select the same path as before 
from z0 as far as the point z, together with any additional 
elementary path from z to z+δzlying within the region Γ, and 
along this f(ξ) remains finite and continuous by supposition. 
The difference between f(ξ) and f(z) for any point of this
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426 CHAPTER XXX.
elementary path is therefore infinitesimal, and therefore we

may write as where the modulus of e

is infinitesimally small, ultimately vanishing with that of δz. 
Wherefore F(z+δz)-F(z)={f(z)+e}δz, and therefore the 
moduli of F(z+δz)-F(z) and δz are of the same order of 
smallness. Hence F (z) is continuous at the point z, i.e. at any

point within the region Γ. Also has a limiting

value independent of the direction of approach of z+δz to z, 
viz. f(z) when ∣δz∣ is made indefinitely small. That is F(z) 
possesses a differential coefficient. F(z) is therefore a synectic 
function of z for all points within the region Γ.

1278. Definition of Integration regarded as a Solution of the

Differential Equation

It now appears that the integral defined in Art.

1266 as the limit of a summation from a definite starting 
point z0 to a definite terminal point z along any selected path, 
both path and terminals lying within the region Γ, and the 
terminals being not within an infinitesimal distance of its 
boundary, throughout which region f(z)is synectic, is a 

solution of the differential equation whatever the

starting point z0 may be. And supposing z0 to have been 
specifically selected, we may write the general solution of

this equation as where C is the integral from

any arbitrary point of the region Γ along any path lying 
within Γ to the selected point z0. In. fact, we might regard

the notation as only another way of writing

the differential equation, but one which emphasizes the interro­
gative character of the investigation it is proposed to conduct.

1279. Extension of Former Definitions of Integration. Re­
moval of Limitations.

So long then as Γ is a singly connected region in the 
z-plane in which f(z) has no singularities, whether poles,
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DEFINITIONS OF INTEGRATION 427

essential singularities or branch-points and the path of 
the integration lies entirely within the contour of Γ and the 
terminals do not lie within an infinitesimal distance of the 
boundary, the identity of the summation definition with that of 
a solution of the differential equation isstablished.

Seeing that we have a mode of considering any multiple­
valued function of z as reduced to that of a single-valued 
function by means of a representation on a Riemann’s Surface, 
and under the understanding specified as to the nature of the 
function, the path of the integration and the existence of a 
differential coefficient, we may now remove the limitations 
of the definition of integration as specified in Art. 17, Vol. I., 
as to the reality of the variable, and of the function, and the 
stipulated condition as to the single-valued character of the 
functions dealt with. We may therefore regard the functions 
which have been subsequently treated as subjects of integra­
tion, as functions of a complex variable with such alterations 
in the several definitions of those functions as may be required 
in individual cases to give them intelligible meanings in 
consonance with such as they possess when functions of a real 
variable.

The proofs of general propositions as to integration given in 
Chapter IX. (Art. 321 onwards), which were there established 
under the understanding as to reality of the variable and 
single-valuedness of the function, are now superseded for the 
wider conception of the nature of the variable and the function 
by the general propositions of Arts. 1269 to 1274.

1280. Loops.
As the property presupposed for the function wmay cease to 

hold and the function become meromorphic at certain points of 
the plane by virtue of the existence of Poles, Branch Points 
or other singularities, it is necessary to consider, in case the 
specific region Γ should include such points, what paths there 
are in this region which are deformable into a straight-line 
path from any one point 0, which may be considered the 
origin, to any other point P of the region. Also we shall have 
to consider how the integral w dz is affected when the path
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from 0 to P is not one which can be deformed into the straight 
path OP without passing through one of these singular points.

Imagine an infinitely extensible and contractible inelastic 
thread attached at the points 0 and P to the plane and lying

in the plane. Imagine a pin stuck 
perpendicularly into the plane at 
a point A. It will be obvious that 
the thread might pass on either side 
the pin, or it might loop round it 
one or more times as in the paths 
in the diagram OXP, OSP (which 
is straight), OYP or OZP. In the 
case OXP the thread path can be 
deformed into the straight path 
OSP without moving the pin from 
the point A. But neither of the 
paths OYP, 0ZP can be so deformed 
whilst the thread lies in the planeFig. 379.

without removing the pin. The path OXP is said to be 
“ reconcilable with ” a straight-line path. But the paths OYP, 
OZP are not so reconcilable.

1281. The path ΟΥP is “ reconcilable with ” a loop round A 
consisting of a straight line OB, a portion BCD of a small 
circle with centre at A, a straight line DO' parallel and equal 
to OB, and O'P, and the thread OYP may be deformed into 
this “ loop and line ” without crossing the pin at A.

The radius of the small circle may be regarded as any 
infiftitesimal and the breadth of the canal BO an infinitesimal 
of higher order than the radius of the circle, so that the 
angle BAD is evanescent; the circle BCD may then be 
regarded as complete and the banks of the canal OB, 0'D as 
coincident. Thus B coincides with D and 0' with 0, and the 
figure will be as shown in diagram, No. 381. The portion of 
the deformation consisting of the small circle and the two banks 
of the narrow canal starting from 0 and terminating at 0 
after passing once round the point A is technically known as

a “ Loop,” and the integral taken round the circuit
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OBCDO will be called (A), and if U1be the integral along OP 
the whole integral for the path will be (A)+U1the suffix in 
such cases denoting the number of loops that have been 
traversed before starting upon the portion of the path 
indicated by the letter to which the suffix is attached.

Fig. 380. Fig. 381.
If A be an ordinary point of the plane the region within 

the small circle is synectic, as also along the canal, and (A=0. 
The value of w on the return journey DO is the same as that 
of w on the outward path OB, and the integrations are of
opposite sign and cancel; and 
the integral round the small 
circle separately vanishes.

No “ loop ” passes twice 
round the same point A 
without first returning to the 
starting point. The canal 
of the loop is usually but 
not necessarily taken straight 
(see Fig. 399, Art. 1294).

1282. If the thread ini­
tially lies as in the path Z Fig. 382.
of Fig. 379, passing round the pin twice before arriving at 
P, a deformation is possible into two loops + a straight path 
OP, as shown in Fig. 382, the points 0, 0',0" being ultimately 
coincident. The value of the integration round this path we 
shall denote by I ≡ (AA)+U2 or (A2)+U2.
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If the thread passes round the pin n times before reaching 

P, the thread-path will in the same way be reconcilable 
with n Aloops + a linear path, and the value of the integral 
∫wdz along it will be denoted by 1 ≡(An)+Un.

In the case of a single-valued function the suffixes used 
are of no account. But in the case of a multiple-valued 
function the return value after traversing a loop is not the 
same function as that with which we start encircling the 
loop. Hence it is necessary to keep count throughout of the 
number of loops passed before starting upon the next in order.

1283. Next suppose there are two pins stuck perpendicu­
larly into the plane at A and at B. There are many varieties 
of thread paths along which the thread may lie from 0 to P.

Fig. 383. Fig. 384.
(1) It may be deformable without crossing a pin (as 0XP) 

into the straight line OP.
(2) It may, if in position such as 0ΎΡ, be deformable as 

before into an A-loop +a straight-line path OP. I=(A)+U1
(3) It may, if in a position such as 0ZP, be deformable 

into several A-loops +a straight-line path OP. I=(An)+Un.
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(4) It may, if in such a position as OTP, be deformable into 
a B-loop or into several B-loops + a straight-line path OP.

(5) It may be that the thread path surrounds both pins several 
times, and then the system is deformable into a set of A-loops 
and a set of B-loops together with a straight path OP, in
which case B may be encircled as 
many times as A, making each time 
a double circuit, or there may be 
more surroundings of one pin than 
of the other.

or

or

The notation for the integrals will explain itself.

1284. A loop round A and then round B will be called
a “ double loop.” This 
term is often confined 
to the case when 0 lies 
between the points in 
question.

A double loop is de­
formable as shown in 
Figs. 385, 386, and Fig. 385.

In the same way, if there be several pins A, B, C, D, say four, 
any thread path such as OXP may be deformed into four loops 
and a straight path, and the integration will be represented by

(Figs. 387, 388),

Fig. 386.
or if the thread encircles a pair of pins as in Fig. 380, the 
deformation and its integration will be represented by

or
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If the thread encircles three pins ABC, as shown in Fig. 391, 

the deformation and the integration will be indicated by 
I=(A) + (B1)+(C2)+(A3)+(B4)+(C5)+(D6)+U7 

and similarly in any other case.

It will appear in general then that any thread path may be 
deformed into a system of loops + a straight-line path, 
however many pins there may be.

1285. Method of Exclusion of Poles.
When a pole exists within a contour Γ at a point z=aand 

not within an infinitesimal distance of the boundary, it may
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be excluded from the integration by the artifice of altering 
the boundary, as indicated in Fig. 392, by the introduction of 
a loop so as to exclude the pole from the new contour Γ'.

A small circle EFG is drawn with centre at the pole 0 (viz. 
z=α), and two adjacent points of it EG are connected with 
two adjacent points DH of the original contour forming a 
narrow canal. We then regard the boundary of the contour 
Γ' as the curve ABCDEFGHA, and integrate round the 
amended contour.

The breadth of the channel DEGH may be taken as zero 
throughout its length, and it may be taken as straight, so 
that the portions of the integration of a single-valued function 
along DE and GH cancel each other, and it leaves us with
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the theorem that round the outer boundary in the

sense of the arrow at round EFG in the sense

of the arrow at F, vanishes, it being supposed that f(z) 
possesses no singularities other than that at z=a,which lie

within the region Γ. That is, the value of taken

round the outer boundary in the positive sense, i.e. leaving

the region always to the left-hand, is equal to taken

round the inner boundary in the same sense relatively to 
the region bounded by and lying within the inner contour, 
as indicated in Fig. 393.

1286. The Integral

Suppose then that where ϕ(z) has no factor z—a,

so that there is a pole of f(z)at z=a, at which f(z) becomes 
infinite, and that the point a is not within an infinitesimal 
distance of the nearest point of the boundary.

To consider the value of taken round a small
circular contour with centre z=a and small radius p, which
will not cut the boundary, put

Then and if p be infinitesimally small we may

put

Hence

This then is the value of the integral conducted round the 
small circle, which is therefore, by the previous article, the value 
of the integration round the outer boundary of the contour.

Thus taken round the outer boundary of the

contour Γ,=2πτϕ(a).
Supposing, however, that the point a lies upon the contour 

along which it is proposed to conduct the integration, at a 
point of the contour at which the curvature is finite and 
continuous, it may still be excluded by travelling round it 
along an infinitesimally small semicircle with centre at a and
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lying within the bounded region, cutting the contour at 
P and Q. Then after putting, as before, z=a + pelβ, the limits 
for θ will now be from — e to — (e+π),where — e is the value 
of θ at commencing the small semicircular path at P, and 
— (e+π)is the value when the contour is recommenced at Q. 
We then have

taken round the whole contour 
except the infinitesimal arc PQ

that is, Prin. Val.of

1287. The Integral

Similarly, if there be several poles of f(z) lying within the 
contour Γ and none of them within an infinitesimal distance 
of the boundary.

Suppose z=α1, z=a2,... z=ar, to be these poles.

Let where ϕ(z) is of degree n,

say, in z, and possesses no factors z-a1, z-a2,... orz-ar.
By the rules of partial fractions, we have a result of 

the form

where the factor as-as is omitted from the denominator 
and n is supposed not less than r, or if n be less than r the 
integral polynomial part is absent.

The first part of this expression, down to Ko, constitutes a 
function of z with no poles within the contour Γ, and therefore 
its integral taken round the boundary of Γ contributes nothing 
to the whole integral. We may construct a loop for each of 
the infinities and proceed as in the case of a single infinity.

The term involving 1/z-a, taken round a small circular
contour with centre a,, contributes to the integral

this small circle being taken of so small a radius as to exclude 
all the other poles and not to cut the boundary.
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Hence the whole integral taken round the contour, viz. 

∫f(z)dz, being equal to the sum of the integrals round the 

small circles which surround the several infinities,

Fig. 394.
the factor as-as being omitted, say, where the
value of λ1 may be reproduced as i.e.

and similarly for λ2, λ3, etc.; or by the ordinary rules of 
partial fractions.

The effect of pole-clusters within a contour will be discussed 
in Art. 1317.

1288. Effect of a Branch Point.
If the function w be multiple-valued, say two-valued, but each 

branch being continuous and finite and possessing a differential 
coefficient at all points of a certain region Γ of the z-plane, 
Cauchy’s theorem as to the integral of ∫wdz from a point A to a 

point B of this region along a path which does not pass beyond 
the boundary of Γ is still true, provided that the paths from A 
to B belong to the same branch of w; and as long as the paths 
ACB, ADB of Fig. 378 are both finite paths of the variation 
of w1lying entirely in the region Γ, or both finite paths of the 
variation of w2, the theorem stated is still true, viz. that

and

along along

along along
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When, however, the z-path encircles a branch point in one of 
these paths from A to B, the functions w1 and w2 interchange 
values, and the integrals of ∫wdz along two such paths may 
differ. 1289. For instance, in the case of the two-valued function w defined by the equation w2 = 1+z, we have two branches 
and there is a branch point at z= -1, and, as will be seen later, one also at ∞.To examine this case, put z= — l+e0, and let 2 travel round a small circle of radius r with centre at z = — 1, and let us start with the branch

Fig. 395.Then, in encircling the point -1, θ increases to 0+2π and eιθ becomes
Hence w has changed from i.e. to and hasbecome i.e. w2.Now, any path from 0 to P will be reconcilable with (1) a number of loops round — 1, (2) a straight-line path, and the integral will be
Now, (1) in case of a path such as OXP, which is reconcilable with the straight line OP (Fig. 395), we have
(2) In case of a single encirclement of the branch point

where represents the value of the integration round the infinitesimalcircle ; and this and vanishes when r is indefinitelysmall.
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The third integral for
We thus arrive back at 0 with the value w=w2, and with this value must continue along the line OP.   Thus,where u1 is the contribution of the path OP after one encirclement of A∙ The whole integral is therefore
(3) If there be two circuits of the loop before reaching P, we have

which is evidently = u0, and we note that (A1) = — (A).(4) It will thus appear that if there be n circuits round the branch point,
The value of the integralHence the values of the integral for the different paths are :(1) direct path,(2) one loop + direct path,(3) two loops + direct path,(4) three loops+direct path,and so on, alternating in value.Hence, if and z is thence regarded as a function of u,

say z = ϕ(u), we have z = ϕ(u0) = ϕ(-4/3-u0), indicating that two values of the argument lead to one and the same value of z.
1290. In the case of any branch point at a point z=a of a 

function w=f(z-a), which is such that Ltz=a∖f(z-a)dz∖ is 
zero, as in the case considered in Art. 1289, the contribution 
due to the circular portion of the loop is zero, being

and vanishing with r, since Ltr=0∖rf(reιθ)∖ vanishes; and the 
only contribution from the loop is that due to the two banks 
of the canal portion of the loop.
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If the function w be two-valued, it has been seen that in 
passing round the branch point w1 and w2 interchange values, 
and the contribution of the loop is 

and in the case considered, viz.

Fig. 396.
whilst and

1291. More generally, if the function be n-valued, such as

so that

where λ =0,1,2,... n—1, each branch where α=one
of the nth roots of unity, changes into

and there is a cyclical interchange of the value of w as we 
pass round successive branch points, so that w2=αw1, w3=αw2, 
and so on, and αn=l. (See Art. 1259.)  3

So in this case,

becomes

1292. To return to the case of a two-valued function, if 
after a description of the A-loop, starting from the origin 
with value w=w1, we pass along a second loop round another 
branch point B, we start off along the second loop with the 
value w2 and return with the value w1, and for the two loops

Fig. 397. say,
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and this we shall call (AB) for shortness, so that

Similarly

and so on.
It also Appears that in a double looping of the same branch 

point A, we have

In a triple looping of A,

These peculiarities are indicated in the notation

So we have

For a double looping of any pair,

For n-encirclings of A and B we may write

Again,

1293. It appears then that to integrate round any com­
bination of these branch points, the whole can be expressed 
linearly in terms of integration round any one loop, say the 
A-loop, together with an integration round a combination of 
double loops round pairs of others; and each such looping 
of two branch points is expressible as the difference of the 
integrals which accrue from integrating round each of the 
separate branch points of the pair. And further, that for a 
two-valued function the value of the function on final arrival 
at 0, and before starting on the straight part of the path 
from 0 to P, depends upon how many times the path has

www.rcin.org.pl



EFFECT OF BRANCH POINTS 441

surrounded a branch point, and the final integration along the 
straight path adds +u0 if an even number of circlings has 
been effected, and — u0 if the number be odd.

Thus, if 0 be the origin, and there be branch points at 
A, B, C, D, E, F, G, H, a path in which B, C, A, D, E, F, A, H 
are successively looped before returning to 0, and then passing 
to P, will give the integral of a two-branched function 

and integration for a path for the loops round B, C, A, D, E 
will give 

and these may be respectively written

Now, if there be n critical points A, B,C, D,..., there are

sets of differences (we omit the brackets for short), 

and only n—1 of them are independent, say 

for any other, such as B—E, may be expressed as

Hence the value of ∫w dz taken along any path from 0 to P 

must take one or other of the following forms: 

or 
where λ, μ, v, ..., λ', μ', v',..., are integers, positive or negative.

1294. If there be no branch point at infinity, and if w 
remains finite and continuous for all other points of the z-plane, 
an infinite circle, with centre at the origin, will contain all the 
branch points, and can be deformed into a system of loops,
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each passing round a branch point once, as in Fig. 398; or in 
case they lie in a straight line, as in Fig. 399 ; and the region

Fig. 398.
between this circle and the loop system being synectic, we have

taken round the infinite circle,
and round the infinite circle will be a definite quantity
which, in such cases as

or

will vanish. For, taking the first of these, and putting

when

and similarly in the second expression.

Fig. 399.
Thus in such cases there is a relation amongst these differ­

ences, viz.
In the case of four branch points, the independent differences 

will reduce from three, {(A)-(B), (B)-(C), (C)-(D)}, to two, 
say (A)-(B), (B)-(C).
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And the forms possible for the value of the integration 
along paths from 0 to P will be comprised in

1295. Representation for Large Values of z ; Branch Points at 
Infinity.

To represent the nature of the function for values of z at an 
infinite distance from the origin, take a. third variable z', such 
that zz'=1, and represent the travels of z' on a plane of its 
own. Then, for points z on the z-plane which are at great 
distance from the origin 0, the points z' on the z'-plane are 
near the new origin 0' on the z'-plane.

Taking the function 

which is a branch of a two-valued function, let us find the 
branch points.

Let 0 be the origin on the z-plane A1, A2, ... An, the several 
points z=a1, z=a2, z = a3, ..., and let P be the point z.

Let

Then

Let P describe a small circle round any one of the points, 
say α1. Then, after the completion of this circle, r1, r2, r3, ... 
and θ2, θ3, θ4i, ... have resumed their original values, but θ1 has 
become θ1++2π.

Hence the function w1 has become i.e. —w1 or w2, and 
therefore there is a change of branch at A1. Similarly at 
A2, A3, .... Now consider the case when z=∞ .  

Using the other representation we have, writing
etc., 

and we have to consider the behaviour of this function for 
values of z' near the origin 0' on the z'-plane.
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Putting z'=reι0', we have ultimately, when r is very small,   

and when z' is made to describe a small circle of 
radius r about the z'-origin O', θ' has changed by 2π, and the 
function becomes multiplied by e ιnπ, i.e. by   

or
Hence, if n be even, w1 remains unchanged, but if n be odd 

w1 changes into — w1, i.e. there is a change from branch w1 to 
branch w2.

1296.Thus, in the cases

and

there are respectively two and four branch points, viz. z=a1 
and z=a2 in the first, and z=a1, z=a2, z=a3, z=a4in the 
second, but none at ∞

But in the cases

and

there are branch points at α1, α2, α3 in the first, and at 
α1, a2, a3, a4,a5 in the second, and in both these cases there is 
also a branch point at ∞.  

In the latter cases the loop system, when represented on 
the z'-plane, will be as discussed previously, the origin being 
also a branch point. But if represented by loops on the 
z-plane, we have (taking the case of three factors) α1, a2, α3, ∞ 
as branch points at A, B, C, D respectively, the latter at infinity, 
and, as in Art. 1294, there are apparently three independent 
pairs of differences, which we may take as (AD), (BD), (CD). 
But writing w={(z-a1)(z-a9)(z-a3)}~1/2,we have 

and we shall show that (BD)=(AD)+(CD), which reduces the 
three apparently independent pairs to two really independent 
ones. For ∫w dz taken round any finite contour in the finite 

part of the z-plane, which does not include A, B or C and 
cannot include D, vanishes; and such a contour is deformable 
into an infinite contour, such as indicated in Fig. 400, with
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loops excluding the branch points. Therefore round this
deformed contour also vanishes. For convenience this defor­
mation may be taken as a circle of 
infinite radius centred at the-origin, 
with four loops excluding the branch 
points, the canals of A, B, C being of 
infinite length and that of D finite. 
The contribution to the integral

which accrues from these

loops amounts to (A) - (B)+(C) - (D), 
i.e. to (AD) - (BD)+(CD). The re­
mainder of the contour, which 
consists of infinite circular arcs, 
along each of which the same 
branch of w is adhered to, and which Fig. 400.
each extend from the canal of one loop to the canal of the 
next, contributes nothing to the integral. For taking any of 
these arcs, say from θ=a to θ=β, where z=Relθ and α<β<2π,

we have and therefore

mod. mod. mod. (zw) dθ.

But mod. (zw) tends continually to a limit zero as mod. z is in­
definitely increased, and if K be its greatest value for points

on the arc from mod. (zw)dθ is positive and

and therefore also tends to a zero limit. Hence
the whole integral for the deformed contour is that due to 
the four loops only, viz. (AD)-(BD)+(CD), which therefore 
vanishes. It follows that the only possible values of the integral

are of one or other of the forms

or
where p, q, etc., are integers, and that by virtue of the relation 
(BD)=(AD)+(CD) these further reduce to

www.rcin.org.pl



446 CHAPTER XXX.
where λ, μ, λ', μ' are integers, and u0 is the value of by
any straight-line path from z to ∞ , which does not pass through 
A, B, or C.

1297. From these considerations it will follow that, if a 
quantity z be defined as ϕ(u), and given by

say,

the possible forms of the result being limited to

and the same point z being attained for either of these values 
of u, we must have, when we regard z as being expressed in
terms of u,

or
ϕ must therefore be a periodic function such that an addition 

of (AB), i.e. (A)-(B), to the argument any number of times 
makes no difference, and also that, if (A) be added to any 
number of sets of integrals round double loops (AB), the same 
will be true if the sign of u0 be changed.

In the cases

and

since
or
in both cases, for A, B, C are any three of the four branch 
points, we have

or
and a double periodicity of z≡ϕ(u) is established.

1298. Period Parallelograms.
A geometrical illustration of this double periodicity may be 

given.
Let ϕ(z) be a doubly periodic function of a single complex 

variable z with independent periods ω, ω', viz.
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so that ϕ(z) = ϕ(z+ω) = ϕ(z+2ω)=...
= φ(z+ ω')=≡ φ (z+ 2ω') = ...
= φ (z+ω+ ω') = ...=ϕ (z+pω+ qω' )=···,

where p and a are any integers, positive or negative.
Referred to any set of rectangular axes in the z-plane, the 

points (0, 0), (α, β), (α +α', β+β'), (α', β') are the four corners 
of a parallelogram (Fig. 401).

with the x-axis. It is called a period parallelogram.
The four points, pa+ιqβ, (p+l)α+ι(q+l)β,

{(p + l)α+α'}+ι{(q+1)β+β'}, (pα + α')+ι(qβ+β'), 
will equally form the angular points of a parallelogram of the 
same size and shape as before. The whole z-plane may be 
regarded as mapped out into a network of such equal parallelo­
grams by giving to p and q all integral values. As z travels 
over the region bounded by any one of these parallelograms, 
ϕ(z) ranges through all the values it is capable of assuming. 
If z travels into other parallelograms on the z-plane the values 
of ϕ(z) are merely repetitions of the values it attained at 
corresponding points within the first parallelogram. Thus 
points similarly situated with regard to any elementary 
parallelogram of the network give the same value of ϕ(z).
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1299. If ϕ(z) be Synectic throughout Γ, so also are its 

Differential Coefficients.
We shall next show that when ϕ(z) is synectic within and 

upon the boundary of a given region bounded by a closed 
finite contour Γ, all its differential coefficients are synectic 
within that region.

We have seen that if a be a point within the region and 
not within an infinitesimal distance of the boundary, 

taken round the boundary of Γ, where z=a is not a zero of 
ϕ(z).

Let z=a+δa be an adjacent point to z=a within the 
contour and not infinitesimally near its boundary.

Then 

taken round the boundary of Γ, and therefore

Now, by division,

Therefore 

round the boundary; and the definition of a differential 
coefficient is that it is the limit, if there be one, of

(Art. 1239),

when ∣δα∣ is made indefinitely small. Hence we may put 

where e is something whose modulus ultimately vanishes with 
∣δα∣.

We may therefore write 

or ∙(1)
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and therefore the moduli of the two sides of this equation are 
equal. And since the modulus of the sum of two complex 
quantities is less than the sum of their moduli, and the 
modulus of the product is the product of the moduli, we have

mod. [right-hand side]

Let K be the greatest of the moduli of the values of the 
integrand as we travel round the boundary, which is a finite 
quantity since ϕ(z) is finite and z—a, z-a-δa are not 
infinitesimally small. Then the modulus of the integral in this 
expression is less than K × Perimeter of Contour, which is a 
finite quantity, the perimeter being supposed of finite length ;

Perimeter of Contour.

Hence diminishing mod. δa indefinitely,

Therefore 

the integration being in all cases taken round the boundary 
of the contour.

In the same way we may prove

For if z=α+δα be a point within the contour and not 
within an infinitesimal distance of the boundary, we have 

and 

where mod. θ vanishes with mod. δa,
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It appears therefore

(1) that approaches to and ultimately differs

by less than any conceivable quantity from

when mod. δα is made to diminish indefinitely without refer­
ence to the way in which the indefinite approach of the point 
a+δa to the point a is conducted. Hence ϕ'(α) is a function 
of a which possesses a differential coefficient;

(2) since ϕ(α) and ϕ(α+δα) are by supposition single-valued,

the expression is also single-valued, and also

its limit; so φ'(a) is single-valued;

(3) ϕ'(a) is finite; for its equivalent is such

that the integrand is finite for all points upon the contour, 
since the point a is not at an infinitesimal distance from the 
boundary, and the boundary itself is of finite length by 
supposition;

(4) for any positive infinitesimal change in I δα I there is a
change

of the same order as in Hence ϕ'(α) is con­
tinuous.

Hence ϕ'(a) has a differential coefficient at the point a, is 
single-valued, is finite and is continuous. It is therefore 
synectic at any point a within the specified region for which 
ϕ(α) is synectic.

Also

the integration proceeding, as before, round the boundary. 
And the argument may now be repeated with this result to 
establish the successive equations,

all of which functions are synectic in the region for which 
ϕ(α) is synectic.
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1300. Taylor’s and Maclaurin’s Theorem.
We may now proceed to establish Taylor’s Theorem for the 

expansion of f(a+h). Let f(z) be any function of z which is
synectic within and upon a given 
circle C with centre at z=a and 
radius p, and suppose z=α not 
to be a zero of f(z). Let a+h be 
another point within this contour 
and not within an infinitesimal 
distance of the boundary.

Then Fig. 402.
the integration being conducted round the boundary. 

Now, by division,

where taken round the circle;

and putting we have

Let the greatest value of be K, which is finite

since ∖f(z) ∣ is finite at all points within the circle, and the point 
z=a+h is not within an infinitesimal distance of the boundary.
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Then

i.e.

and ∣h∣ < p, so this may be made less than any assignable 
quantity, however small, by increasing n indefinitely.

Hence the convergency within the circle of radius p is 
established, and the usual form of Taylor’s theorem still 
holds for a complex, viz.

to ∞

for all points within a circle of centre a and radius
provided f(z) is synectic for all points within this region.

If the origin be at the point z=a, i.e. α=0, we have the 
same result as for Maclaurin’s theorem for a real variable, viz.

with the same limitations as before.

1301. Definite Integrals obtained by Contour Integration.
Cauchy’s Theorem of Art, 1275 is of great use in establish­

ing in a rigorous manner many results in definite integrals 
and in furnishing new results. In such investigations the 
form of w as a function of z is at our choice, and the particular 
contour of integration is also at our choice.

Consider the integration of 
supposed real.

round any closed contour, a beingIt follows from Arts. 1275 and 1286, that the result of this integration is
(1) oraccording as(1) the contour encloses the point

z=a;(2) the contour passes through z=awith continuous curvature at the point;(3) the contour is such that z=a liesoutside it.Fig. 403.Take as contour a circle of radius R (drawn as > a in the figure) and centred at the origin.
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whence π or 0 in the three cases ;whence
andin any of the cases, results which may be readily verified by direct integration.1302. Consider the integration of where k is real and positive,

round a contour bounded by (1) an infinite semicircle BCD, centre at the 
origin of the x-y axes, radius R ( = ∞), (2) α small semicircle EFA, centre 
at the origin and radius r, con-cave in the same direction as the former, and (3) the two intercepted portions of the x-axis, viz. DE and AB.

w has a pole at the origin. The small semicircle excludes this pole. Examine the behaviour of the function when z is infinite.Let z =Reι0. Thenand therefore vanishes in the limit when R is increased indefinitely, so long as sin θ is not negative; that is from 0=0 to θ=π inclusive. There is no pole in the region described, and w is synectic throughout the region. The total integral ∫ wdz taken round this perimeter thereforevanishes. To estimate this we consider the integrations:(1) from r to R ( = ∞ ) along the x-axis ;(2) from 0 = 0 to θ=π round the greatsemicircle BCD;(3) from - R to -r along the x-axis ;(4) from 0=π to 0=0 round the smallsemicircle EFA.
Fig. 404.(1) Alone AB, y = 0 and dz = dx, and the corresponding contributionto the whole integral is(2) Along BCD, R = constant, and the contributionto the whole is

which ultimately vanishes when R increases indefinitely. Therefore there is no contribution from this part of the integration.
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(3) Along DE, and as x is negative we write -xfor x,

which is the contribution for this portion DE of the integration.(4) Round the small semicircle the contribution is and rbeing infinitesimally small this becomesHence, summing up,
i.e. in the limit when r is indefinitely diminished,or
k being supposed positive, which is in accord with the result of Art. 993.

1303. Consider , where k is a real positive quantity and a is a

complex, viz. α+ιβ, in which β is positive.We take as contour the x-axis, an infinite semicircle whose centre isat the origin and radius R ( = ∞), and an infinitesimal circle of radius r, and centre at the real point (α, β), which, since β is positive, lies within the great semicircle.There is a pole at z=a, which is excluded by the small circle. Examine the behaviourFig. 405. of when z is infinite. Put
Then and therefore, as inthe last case, ultimately vanishes when R is indefinitely increased, provided θ lies between 0 and π inclusive.There is no pole in the region between the two circles, and w is synecticthroughout it; and when taken round the boundaries in oppositedirections.(1) Along the x-axis z=x, and we have as the part contributed by integrating from C to A, ie. — ∞ to ∞,
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CONTOUR INTEGRATION. 455(2) Round the infinite semicircle, we have a contribution
which, by virtue of the ultimately zero factor adds nothing,
R being absolutely infinite and sin θ positive.(3) Round the infinitesimal circle DEF, put z = α + reι0.The integration round the perimeter must give 2πιeιk(α+ιβ), according to the general result of Art. 1286, i.e. = 2π (ι cos ka — sin ka)e-kβ ; whence, as ∫f(z)dz round the outer boundary ABCOA is equal to that round 
DEF in the same sense, we have by equating real and imaginary parts,

which may be written

1304. In the case where β=0, the centre of the small circle lies on the 
x-axis and a semicircular arc DEF, of radius r and centre at α, 0,replaces the complete small circle before considered.To consider the effect of this, we integrate : (1) from 0 to D, (2) round DEF, (3) from F to A, (4) round ABC.For (I) and (3), we have Fig. 406.
i.e. when r is infinitesimally small, viz. the Principal Value of

For (2), putting and the contribution is
r being infinitesimal.For (4) we have, as before, a contribution nil.
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i.e. Principal Values being taken in each case.

1305. Consider the integration a and b being real and

positive, taken round a contour consisting of(1) the positive portion of the x-axis ;(2) an infinite quadrantal arc, centre at the origin
and radius R (= ∞ );(3) the positive portion of the y-axis ;As in the last two cases, the function vanishes in the limit when ∣z ∣ = ∞, and it will be clear that there is no pole in the region round which it is proposed to integrate.We have thenFig. 407.

The first integral
The second integral whichvanishes when R=∞ by virtue of the exponential factors, for sin Θ is positive.The third integral by Frullani’s Theorem, or by the summa­tion definition of an integration as in Ex. 1, Art. 16, Hence we obtain in the limit, when R=∞,

results previously established.1306. Consider the integral where a is real and < 1 and > 0,
where by zα-1 we understand that particular one of its values whose amplitude 
is (α -1) times that of z.There are two poles, z=0 and z= - 1. There are also branch points at the origin and at ∞.Take as contour an infinitely large semicircle, radius R (= ∞ ) and centre at O, the origin ; an infinitesimally small semicircle of radius ρ and centre
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0 ; an infinitesimally small semicircle with centre at z= -1 and radius p, the concavities of the circles all being in the same direction ; and the remaining portions of the boundary being the intercepted portions of the x-axis ; the whole making the figure ABCDEFGHIJA (Fig. 408), within which, with the meaning indicated for za-1, the function is synectic.

Fig. 408.The poles are then excluded from the contour, and the integration is to be conducted along the six parts AB, BCD, DE, EEG, GH, HIJA indicated in the figure.(1) Along AB the integral is or changing x to -x,or(2) Along the semicircle BCD, putThe contribution is then or since ρ is infini­tesimally small,
(3) Along the straight line DE the portion of the integral isor changing x to - x,

or(4) Along the semicircle EFG we have, putting
which vanishes, p being an infinitesimal and 1 >α >0.(5) The contribution from GH is(6) For the semicircle HIJA we have, putting
which vanishes, since R is infinite and 1 > a >0.
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Let I1 and I2 be the Principal Values of and i.e.

and respectively ;we then have, summing up the six portions,
and
so thatand in the limit, when p is indefinitely diminished, becomes
i.e.whence
therefore I1 = π cosec aπ and I2 = πcotαπ.These are the results of Articles 871 and 1103.1307. Consider for real and positive values of a and, b.There are poles at z= ± ιb ; and when the integrand vanishes.

Fig. 409.Integrate round an infinite semicircle with centre at the origin 0 and radius R( = ∞ ), and round a circle of infinitesimal radius p with centre at the pole ιδ.Then the integral taken round the outer boundary = the integral taken in the same sense round the inner boundary, and the latter is(Art. 1286.)Over.the outer boundary we have
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i.e.and the first two integrals combine to giveThe third integral is and vanishes byvirtue of the factor when R is infinite, sin θ being positive.Thus, summing up, we have

the result of Art. 1048.1308. Consider the integration of , for real and positive values of
a and b.The poles are at z=±ιb; and when ∣z∣ = ∞ the integrand vanishes. Take the same contour as in the last example.The integral round the small circle, whose centre is ιb,

Over the outer boundary we have
Writing -x for x in the first integral, it becomes

which combines with the second integral to giveThe third integral, as in the last case, contains the factor inthe integrand, and therefore vanishes when R is ∞, sin θ being positive. Hence, as the integral round the outer boundary is equal to that round the inner in the same sense,
1309. Consider the integration of for real and positive values

of a and b.There are poles at and and when the integrandvanishes.Take the same contour as in the last two cases, with the addition of a small semicircle of radius p, with centre at the origin, to exclude the pole at z=0.Integrate, as before, round the boundary CDEFABC, and equate to the integral round the small circle encircling z = ιb in the same sense.
www.rcin.org.pl



460 CHAPTER XXX.Thus

Fig. 410.Then writing -x for x in the first integral, it combines with the thirdto giveSince p is infinitesimal the second integralThe fourth integral vanishes for the same reason as in the last two cases.Hence
1310. Consider a and b being real and positive.The poles are given by

i.e.and lie upon a circle of radius b at equal angular intervals the x-axisbeing an axis of symmetry with regard to the poles and not passing through any of them. Also if ∣z∣ = ∞ the integrand ultimately vanishes.We take the same contour as before, viz. an infinite semicircle of radius 
R ( = ∞) and centre at the z-origin 0, the x-axis and infinitesimal circles of radius p drawn round each pole as centre.Now
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CONTOUR INTEGRATION. 461the poles of the second group lying outside the contour of integration,and therefore contributing nothing. The pole contributes
Hence the poles within the contour contribute in the aggregate

i.e.

For the outer contour we have

Fig. 411.The first integral, by putting — x for x, becomes andcombines with the second integral to makeThe third integral vanishes when R=∞, as it contains the vanishing factor e-αRsin0 ; and since the integral round the outer boundary of the
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462 CHAPTER XXX.contour is equal to the sum of the integrals round the small circles which contain the poles which lie within the great semicircle, (2)which is the result established in Art. 1067.It will be noted that in the summation above in equation (1), that the imaginary portion vanishes, the poles being symmetrically situated about the y-axis.The arrangement of the poles in the cases n=1, n=2, n = 3, n = 4, n = 5, is shown in Fig. 411.1311. Consider a real, positive and <π.Since the limit of this expression when is , there will be no poleat the origin ; and when ∣z∣ = ∞ the integrand ultimately becomes zero, since a< π.Since sinh there are poles atwhich are all situated on the y-axis in the z-plane.Take for the contour round which the integration is to beconducted :(1) the complete x-axis ;(2) the ordinates x= ±R, where R is infinitely great;(3) the portions CD ; FG of the line y=l shown in Fig. 412 ;(4) the semicircular arc, convex to the origin, centre at z =ι and of infinitesimal radius ρ, viz. DEF as shown.Then all poles are excluded from the region thus bounded, and the function is synectic in this region.The contribution to the integral for the x-axis is for
z=x and dz=dx; or, what is the same thing,

Fig. 412.The ordinates BC, GA at infinity yield no contribution.For, along RC, we haveand R being large, sinh aR and cosh aR may be written and sinh 1/2eαRand cosh πR may be written
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Hence the integration along BC reduces to
which vanishes by virtue of the zero factor in the integrand, since
a-π is negative and R is infinite. Similarly for the portion GA. For the portions CD and FG we have respectivelyandConsidering the first of these integrals,

the integral becomesand writing — x for x in the second integral, it becomes
and CD, FG together yieldTo consider the contribution of the infinitesimal semicircle DEF, put and integrate from θ=0 to θ= -π.Thus p being infinitesimal,

The yield from this part is therefore
Hence, as the total integral round the contour vanishes,

and ρ being ultimately zero, and
1312. Now take a being real, positive and < π.Since , the poles of w are atetc.If we take a contour consisting of the x-axis and a parallel, withbounding ordinates  at infinity, and a small semicircle, convex tothe origin and radius p, described about the region thus defined
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464 CHAPTER XXX.excludes the poles, and w is a synectic within it, so that whenthe integration is conducted along the contour of this region.The points B, C, shown in the figure, are supposed at ∞, and A, Gat -∞, and DEF is the infinitesimal semicircle about (Fig. 413).The x-axis contributes that is,

Fig. 413.The ordinates at infinity contributeandand, as in the former case,
may be replaced by respectively,since R is infinitely large ; and we may write

andand the two integrals become
which both vanish when R is infinite by virtue of the ultimately zero factor e(a-π)R in the integrands, a being <π. Hence the yield from the two ordinates is nil.The parts CD and FG respectively contribute

and
and

and the first integral becomes
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CONTOUR INTEGRATION. 465and similarly writing -x for x in the second integral, it becomes

Hence, in the aggregate, these two terms yieldTo find what accrues from the semicircle DEF, we put andintegrate with regard to θ from θ=0 to θ= -π.Thus, since to the first term, ρ being infinitesi­mal, and
round the semicircle;and the total integral round the contour=0, since w is synectic throughout the region bounded ; hence

and p being ultimately zero,
and therefore and

1313. Consider where a is a complex constant = a + ιβ, in

which β is not negative.The poles are, as before, , etc., and in addition, since
the function becomes infinite if βx+ay= - ∞. Hence we must take a contour which excludes all such points.

Fig. 414.The region bounded by the positive direction of the x-axis, an ordinate 
x=R where R=∞, the straight line y = 1/2, the quadrant of a circle of
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466 CHAPTER XXX.centre z = ι/2 and infinitesimal radius p, viz. CDE and the portion E0 of the y-axis, contains no pole and the function w is synectic throughout it (Fig. 414).The .r-axis contributesThe ordinate AB at infinity contributes nothing, for the integrand contains the factor e-βx, which vanishes when x=∞ .The path y = 1/2⅜ from x=R to x=p contributes
for

For the infinitesimal quadrantal arc with centre put andintegrate from  to
This yields

i.e. ρ being infinitesimal,
The portion E0 of the y-axis contributes
Hence, as the total integral vanishes,

Hence, equating to zero the real and imaginary parts and proceeding to the limit when p = 0,
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CONTOUR INTEGRATION. 467If we put β = 0 in the first, we have 
and changing the sign of a, 
and solving these equations.

1314. Consider where a real andThere are poles at Take as contour aninfinite semicircle, radius R ( = ∞) and centre at the origin 0; the x-axis ; and a small circle, radius p and centre at z=aeia, i.e. (α cos α, a sin a) (Fig. 405).The contribution from integrating along the x-axis is 
and putting -x for x in the first integral,

Round the infinite semicircle we have 
which vanishes, since p < 1.For the infinitesimal circle put z = aeια+ peι0. The result is, by Art. 1286 
and ρ being infinitesimal, this becomes 
and since the integral round the outer contour is equal to that round the inner in the same sense, 
and equating real and imaginary parts,
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468 CHAPTER XXX.Hence 
the latter of which follows also from the former by writing π - α for a.1315. Consider where a and b are real.The poles are given by cosh z = cos b, that is 
where n is any integer.These poles are all situated upon the y-axis at distances from the origin 
±b, ± 2π ± b, etc.Take as contour the entire x-axis, the ordinates x = ± R (R = ∞ ), the straight line y=π, and an infinitesimal circle, radius p and centre z=ιb. Then the function w is synectic in the region thus bounded, the only pole (z = ιb) which lies within the outer boundary being excluded by the inner.

Fig. 415.The contributions from the various parts are :(1) From the x axis DA,(2) From the ordinate AB, 
where R=∞; therefore AB contributes nothing. Similarly CD gives no contribution.(3) From BC, viz. y=π, we have andHence BC renders
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CONTOUR INTEGRATION. 469(4) The integration round the small circle gives
and the integration round the outer contour is equal to that round the small circle in the same sense. Hence

Let
Then

and therefore andAlso, if we write π-b for b, the accented and unaccented letters are interchanged. Hence andand solving these four equations, (1)∙(2)and I2=I2'=O, as is indeed obvious beforehand, since, in integrating from — ∞ to ∞ elements of the integrands for which x only differs in sign cancel each other.Obviously other results may be deduced from these by various selections of a and b, combined with addition or subtraction of the results.For instance, in the formulae for I1 and I1', the integrands are not affected if the sign of x be changed, so that ∙(3)
(4)Changing b to in (3) and (4),
.(5)
(6)
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470 CHAPTER XXX.Putting α = 1 in (3) and (4), (7)
(8)Adding (3) and (4),

.(9)
Subtracting (4) from (3),

.(10)
Writing for b in (9) and (10), (11)

.(12)
and so on with other cases.1316. Consider being real and 1 > α>0.Here there are poles wherever for anyintegral value of λ.Take as contour a rectangle of infinite length, one side along the x-axis and extending from x= — ∞ to x=∞∙, two ordinates, one at ∞ , one at — ∞ ; the line y = π and an infinitesimal semicircle excluding the origin. Then, integrating round this contour, no pole being in the region surrounded, we have, with the notation of preceding cases,

In the limit, when ρ is indefinitely small and R infinitely great, thefirst and third integrals together give the Principal Value ofThe second integral when p becomes indefinitely small,
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CONTOUR INTEGRATION. 471The fourth vanishes, since it is ultimately andThe fifth integralThe sixth integral ultimately vanishes when R increases without limit.

Fig. 416.Thus, Prin. Val. of
Henceand the Principal Value of
This result is, however, only a transformation of that of Art. 1306.
1317. Effect of Pole-Clusters within a Contour.
If several poles, say n, be clustered together at one point of 

the z-plane, the point is said to be a pole of multiplicity n, or 
to possess polarity of the nth order at the point z=a.

It is useful to note that in applying the theorem

to the case in which

where n is a positive integer, we have ϕ(z)=1, and all its 
differential coefficients with regard to z are zero.

Hence round the multiple pole z=a is zero for all

positive integral values of n except n=l, and when n = 1 we
have
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472 CHAPTER XXX.
It follows that if w be of the form

where ϕ(z) does not contain any of the factors z—a, z—b, 
z-c,..., but is rational and algebraic, there is polarity of 
order p, q, r, etc., at the respective points z=a, z=b, z=c, etc., 
and in putting w into partial fractions to prepare for integra­
tion round closed infinitesimal contours surrounding these poles 
it will only be necessary to retain those partial fractions in 
which z—a, z—b, etc., occur to the first power.

And supposing that the result of putting into partial 
fractions is

then, in integrating round any closed contour which encloses 
all these critical points and no others,

1318. Moreover, when the numerator of w, supposed rational 
and algebraic, is of degree in z at least two lower than the 
degree of the denominator, A+B+C+...=0 (Art. 149), and

therefore in such cases however many critical points

may be enclosed within the contour, and whatever the degree 
of their polarity, provided the contour of integration contains 
all the poles.

It is worth notice that if
α1, α2, α3,... be the zeros, of multiplicity p, q, r, etc., 

and α1', α2', α3',... be the poles, of multiplicity p1, q1', r1', etc., 
of a function f(z) so that
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CONTOUR INTEGRATION. 473

whence, if ϕ(z) be any other function of z which has none of 
the factors z-a1', z-a2', etc., then 

the integral being taken round a contour which contains all 
the poles without passing through any of them;

or if ϕ(z) be unity,

1319. If, for instance, 

and if we integrate round any contour which contains some 
or all of the roots, 

for all the roots within the contour

the number of roots within the contour,
counting each root as many times over as it occurs in f(z).

1320. Again, if in integrating round the perimeter of a closed 
curve which possesses no singularities and lies entirely in a 
region of the z-plane in which w is a synectic function, then if 
w be constant along the boundary of this curve it is constant 
for all points lying in the region thus bounded; for if z=ξ be 
any point of this bounded region, then if f(ξ) be the value 
of w at the point ξ, then 

where z is a point on the boundary; and if f(z) = const. = A, 
say, at all points of the boundary, 

for ξ is a pole of the function
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474 CHAPTER XXX.
Hence, for all points ξ which lie within the boundary, the 

function w≡f(ξ) has the same value as when ξ lies on the 
boundary.

13'21. Further, if we are given the value of w at all points of 
the contour of a region within which w is to be assumed synectic,
the equation

may be used to find the value of f( ξ) at all points within the 
contour For if f(z) takes the form χ(z) at the boundary, the 
value of f(ξ) for a point within the boundary is

1322. Ex. Supposing that at all points of the circular contour r=1 a certain function known to be synectic within the circle takes the value cos 30 - α2 cos 0 +ι(sin30-a2sin 0), what is the function?Putting this into the form e3ι0-α2el0, and writing z = eι0, dz = ιeι0,

and log 1 being loge2λπι, where λ is an integer, we have f(z) = λξ(ξ2 —α2), where the proper integral value of λ is to be chosen ; and putting 
ζ=eι0, we have the contour value λ (e3ι0 — α2eι0). Hence λ = l and 

f(z)=z(z2 - α2) for any point z within the contour r = l.1323. (1) Consider being greater than 0 and less than 1, and a
real and positive.Here there is a pole at z = 0. We may avoid this pole by taking a contour consisting of the portion of the x-axis from x=p to x=R, a quadrant with centre at the origin and radius R ; the portion of the y-axis from y=R to y = p, and a quadrant with centre at the origin and radius 
p. And we shall choose R to be ∞ and p to be infinitesimal. Then w is synectic in the region thus bounded, and we have

www.rcin.org.pl



CONTOUR INTEGRATION. 475

The second integral contains the factor in which sin θ ispositive, and vanishes when R is infinite.The fourth integral vanishes when ρ is infinitesimal since n<l.Hence, proceeding to the limit R=∞ and p = 0,

giving the well-known integrals of Fresnel (Art. 1166).1324. (2) ConsiderHere there are poles of the n+ 1th order at z=ιb and at z= -ιb.Taking the contour to be the infinite semicircle, the x-axis, and the small circle about z = ιb and radius ρ, as before, we have
where and
i.e.

Hence round the multiple pole ιb.The integration along the x-axis is or
Round the infinite semicircle we have which obviouslyvanishes if R be made infinite.HenceThe result is readily verified by putting x=b tan 0, when the integralbecomes
1325. Instead of using the formula as above,we might follow the method of Art. 1317, and putinto Partial fractions so far as is required to find the Partial fraction of
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476 CHAPTER XXX.the form We then proceed thus (Art. 144): put z=tb+y. Wethen have

whence 
and the value required is A . 2πι, i.e. round the multiple pole at z=ιb theintegral is as before.

1326. Consider real and positive.There is polarity of the (n + l)th order at the points z= ±ιb.Take the contour as before, viz. an infinite semicircle centred at the origin, the x-axis and an infinitesimal circle round ιb.We have, putting
and

And since round a multiple pole of the nth order,we have, putting ιb for α,

Round the outer contour we have
Putting -x for x in the first and combining the result with the second,we get The third integral vanishes as the integrand
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CONTOUR INTEGRATION. 477contains the factor which vanishes when R = ∞, sin θ neverbecoming negative. Hence we obtain
which agrees with the result of Art. 1057, writing n for n + 1 in the present result.1327. Consider the case w=zn-1e-kz, where k is a complex constant 
= a-ιb, in which a is positive, b positive and not both zero, and l>n>0.Since n<l, there is a pole at the origin. Writing z=reι0, k = pe-ιβ, where 
β is >π∕2, we have w=rn-1eι(n-l)0e-prcos(β-β)e-ιprsin (0-β), which cannot become infinite, except at z=0, unless cos(θ-β) be negative, i.e.or in which case an infinite value of r would make winfinite.We shall avoid these poles if we take a contour consisting of a sectorial area bounded by Θ=0, θ=a(<π∣2) and by arcs r=R1, r=R2, where R1 is infinitely large and R2 infinitesimally small. The region thus bounded is such that w is synectic within it, and we have

Fig. 417.The second and fourth integrals contribute nothing, for in the second the integrand contains the factor R1ne-pR1cos(0-β), which vanishes when 
R1 is infinite, since we are supposing α<π/2, and therefore, θ being <α, θ- β<π∣2; and in the fourth, the integrand contains the factor 
R2ne-pR2cos(0-β), which vanishes when R2 is infinitesimally small.Hence, proceeding to the limit when R1→∞, R2→0, we have ∙(1)
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478 CHAPTER XXX.If now we choose the angle of the sector, viz. α, to be β, i.e. wehave where
ρ being real,

i.e.

which shows that the theorem is true for a complexconstant k=a-ιb as well as for a real one, a being positive (see Art. 1159).Also (2)
1328. Equation (1) of the previous article gives

whence

and therefore taking the case when b = 0,

If we multiply by cosnα and sinnα and add,and by sin na and cos na and subtract,we obtain
[Cf. Briot and Bouquet.]If γ be any other angle, we have upon multiplication by cos γ, sin γ and subtracting, and by sin γ, cos γ and adding,
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PROBLEMS.1. If w2= z- 1, examine the value of(i) via the branch by any path which does not encirclethe branch-point at z= 1;(ii) via a path starting with the same branch and encircling the branch-point once.2. Find the values of
taken round a small circle whose centre is at z = a.3. Find the values of
taken round a small circle whose centre is at z = a.4. Show that the values of the integral takenround the circles are respectivelyand5. Show that the values of the integraltaken round the circles are respectively

6. Show that the values of the integraltaken round the circles are respectively
7. Show that the value of the integral , taken rounda contour consisting of the x-axis, the y-axis and the arc of the circle ∣ z ∣ = 2, which lies in the first quadrant, is π.8. Show that the value of the integral takenround a contour consisting of a semicircle of radius greater than unity, with centre at the origin and its diameter the y-axis and lying towards the positive side of the x-axis, is , and the
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480 CHAPTER XXX.same integral, taken round the entire circumference of the circleShow also that the same integral, taken roundthe rectangle bounded by9. Show that the integral taken round a contourwhich consists of the y-axis and that part of any semicircle ∣ z ∣ > 1,which lies on the positive side of the y-axis, is
[Forsyth, Th. Funct., p. 42.]10. If p and q be positive integers, show by integratinground the perimeter of a semicircle of radius a (supposed > 1), having its diameter coincident with the axis of x and its centre at the origin, that

and deduce that if
[Math. Trip., 1887.]11. When is a function said to have a pole? Distinguish between a pole and an essential singularity; show that a function which is everywhere regular is a constant.From consideration of the integral where a and bare real positive quantities, taken round a suitable boundary, showthat

[I. C. S., 1908. ]12. Determine a function which shall be regular within the circle I z I = 1, and shall have at the circumference of this circle the value
where α2> 1, θ denoting the vectorial angle. [I. C. S., 1909.]13. Establish by contour integration the result
b being positive. [I. C. S., 1910. ]
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CONTOUR INTEGRATION. 48114. By considering the contour integral 
round a rectangle of infinite length (x= - ∞ to + ∞ ), and finite breadth (y = 0 to π) with a small semicircle excluding the origin, prove that [I. C. S., 1903.]15. If a, b be two quantities each of the form a + βι, explain themeaning of the integration and point out in what casesthe value of the integral is dependent on the path chosen betweenthe limits. [St. John’s Coll., 1881.]16. Prove that, a being positive,

[Smith’s Prize, 1876.]17. Evaluate the integral taken round the unit circlein the counter-clockwise sense, where a is any real number other than ± 1. [Math. Trip., Pt. II., 1920.] 18. Evaluate the integral taken round the unitcircle in the counter-clockwise sense, where a is any real number other than + 1, and the logarithm has its principal value.
[Math. Trip., Pt. II, 1920.]19. Explain what is meant by a period of an integral of a function, and investigate the periods of the integrals
[Math. Trip., Pt. II., 1913.]20. Show, by contour integration round an infinite semicircle and its diameter, that
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482 CHAPTER XXX.21. Discuss, by contour integration round an infinite semicircleand its diameter, where p lies between ± 1 and
22. Prove that by consideration of theintegral taken round a suitable contour.23. By consideration of the integration round the peri­meter of an infinite rectangle of breadth b∕α2, establish Laplace’s integral of Art. 1041, a being real.24. By consideration of round an infinite rectangle ofbreadth b, a being real and positive, prove that
25. By integration of round an infinite quadrant, where

a and k are real and positive, show that
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