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1. Introduction 

In the continuation of [5] we study in this paper the asymptotic behaviour as t _, oo 
of fl regular solution to the following Cahn-Hilliard system coupled with viscoelasticity: 

(1.1) 

( 1.2) 

( 1.3) 

u,, - y' · [W,,(e(u),x) + vAe(u,)) = b 111 n00 = fl X (O,oo), 

u(O) = u 0 , u 1(0) = u 1 

u=O 

Xt - t:.µ = O 

\(0)=\'.u 

n· 'vp = O 

in 

in 

Oil 

in n, 
on S 00 =Sx(O,oo), 

n=, 
n. 
500 , 

p=-,·t:.x+1j•'(x)+W,x(e(u),x) in n00 , 

n' 'vx = o on S00 , 

where !! C IR 3 is a bounded domain with a smooth boundary S; the unknowns are the 

fie lcls u : S1 00 ---t IR 3 , y : rl 00 _, IR, and p : S100 _, IR, representing respectively the 

<lisplacement vector, the order parameter and the chemical potentia!; e( u) = ½('vu + 
( 'vu )T) is the linearized strain tensor; functions W( e( u) , x) and ,f,,(x) are specified below, 

u. 1· a.re positive consta.nt.s. 

The system a.rises as a model, regularized by a. viscous damping, of pha.se separation 

process in a deformable two-component a - b alloy cooled below a cri tical temperature. 

In the previous pa.per [5] we have proved the existence and uniqueness of a global in time, 

reg11la.r solution to this system. Moreover, we have shown the existence of an absorbing 

set. Our object ive in the present pa.per is to study the a.symptotic behaviour of the 

solution as t _, oo. 
System ( 1. 1 )-( 1.3) represents bal an ce la ws of linear mementum, mass, and the equa­

tion for the chemieal potentia!. The a.ssocia.ted free energy density has the Landau­

-Ginzbmg form 

( 1.4) f(e( u),\, 'v,) = TV(e( u), y) + 1/{y) + J J'vxl~, 

where 

( 1.5) 
1 

W(e(u). y) = 2(e(u)- e(y)) · A(e(u) - e(x)), 

and 

(l.6) 
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represent respectively the elastic energy and the clouble-well potentia.I; positive constant 
, is relat.ed to a surfa.ce tension. 

The order parameter .\ chara.cterizes the materia.I phase. In ca.se of a binary alloy it is 
relatecl to the volumetric fraction of one of the two phases, characterized by different 

crystalliue structures of the components. We sha.11 assume that x = -1 is identified with 

t.he phase a and X =. 1 wi th the phase b. 

The ela.sticity tensor A= (A,jkl) and the eigenstrain tensor e(x) = (t;1(x)) a.re given by 

( 1.7) 
Ae:(u) = >.tre:(u)I + 2µ.e:(u), 

e(x) = (1 - z(x))e. + z(x)eb, 

where I is the icleutity tensor. >.. p. a.re the La.me constants satisfying p. > O, 3>. + 2µ > O, 
e0 .e1, a.re constant eigenstra.ins of phases a,b, and z: IR ---t [O, 1) is a sufficiently smooth 

iut.erpolation funct.ion such that 

( 1.8) .::( \) = O for \ '.Ó - 1 and z(\) = 1 for .\ 2'. 1. 

The term 11 Ae:( u 1 ). with 11 = const > O, represents a viscous stress tensor; v is a viscosity 

coefficient. The clerivatives of W( e:( u), x) with respect to e: and X, given by 

l-V,,(e:(u) , y) = A(e:(u) - e(y)), 

W,\(e:(u), x) = -e'(x) · A(e:(u) - e(x)), 

denote respertively the elastic stress tensor and the elastic contribution to the chemica.J 

potentia!. For a detailed description of system (1.1 )- ( 1.3) and the cliscussion of related 

literature we refer to [5]. 
By introducing the linear elasticity operator 

( 1.9) u>-+ Qu = 'v · (Ae:(u)) = p.6.u + (,\ + ji.)'V('v · u) 

wit.h the donrnin D(Q) = H 1 (!1)/H~(!1) , and the auxiliary constant quantities 

(110) 

we have 

(111) 

B = -A(e1, - e,.), D = -B · (e1, - ea) , E = -B · e", 

l-V,,(e:(u). \) = A.s(u) - Ae,, + z(x)B, 

T,F,\(e(u).\) = z'(,l(B · .s(u) + Dz(y) + E), 

v. Hl.,(.s(u), \) = Qu + z'(\)B'vx. 

On account of (1.9)--(1.11) it is convenient to recast system (1.1)- (1.3) int.o the following 

coucisecl form 

(112) 

Utt - Qu - vQu, = z'(x)B'vx + b 111 !100 , 

u(O) = u 0 • u 1(0) = u 1 

u=O 

3 

111 n, 
on s00 • 
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( 1.13) 

(1.14) 

x,-t:.p=O in !100 , 

\(0) = \O 

n·'vp=O 

in !1, 

on 5 00 , 

fi= -,ó.\ + •t•'(x) + z'(x)(B · e(u) + Dz(y) + E) in !100 , 

n· 'vy = O on 5 00 • 

It has been provecl in [5] ( see Theorem 2.1 be low) that system ( 1.1 )-( 1.3) admits the 
unique globa.l solut.ion (u,\, i'·) such that 

u E C 1 ([0, oo): H"(!1) n HU!1)) n C 2([0, oo); Ht(!1)), 

\ E C([0, oo); Hf,(!1)) n C' 1([0, oo); L2(!1)), 

/' E C'([0,oo); Hi(!1)), ! x(t)d:t· = y,,, := ! xod:r for all t E [O, oo ), 

!1 o 

for initia.l data. sat.isfying 

(u(O). u 1(0), u,,(0), y(0), x,(0)) EW 

= {(H"(!1) n H~(!1)J x (H.i(!1) n Ht(!1)) x H~(!1) x Hi(!1) x L2(!1)}, 

whf'r<> 
H~,(fl) = {(: ( E H 2 (fl), n· 'v( = O on 5}. 

Thus, the solution defines the nonlinear, strongly continuous semigroup 

5(1): W 3 (u(0). u,(0), u"(0), y(0), x,(0)) ,__. 

(u(t),u,(t).utt(t),x(t),x,(t)) EW, IE [0,oo). 

In t.his paper we prove thai. for any initial data belonging to W the trajectory of the 
solution converges as t --+ oo to the w-limit set of these data. 

tdoreover, we show that the "-'-limit set is compact, connected subset of the space 

,md enjors the staudard prnperties, namely it. is positive invariant uncler semigroup 5(1) 
defined by t.he solution and the tntal energy funct.ional is constant on this set. V./e prove 
also that. every element of the w-limit set is a solution of the corresponding stationary 

problem. 
In the proof of t.lwse results we use arguments similar to that applied in [7] for the 

single Cahn-Hilliard equation. and the procedure of long-time a.nalysis clevisecl in [1], [2] 

for phase-fielcl moclels. 
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\1/e use t.he same not.ation as in [5]. Vectors and tensors are denot.ed by bold letters. 
A dot designates t.he inner product irrespective of the space in question, e.g. for vectors 

a= (a;). ci = {et;) and t.ensors B = (Bij), i3 = (B,j) we write a-ii = a;ci;, B-B = B,jB,j. 
H,,·n~ anLl t.hroughout the sumnrn.tion convention over repeated indices is used. 
TJi,, symbols v' and V· clenote the gradient and the divergence operators. For the diver­

gence w<" use the convention of the contraction over the last index, e.g. 'v · e: = ( ~). 
For simplicity. the space and time derivatives (materia.I) are denoted by J,; = Of/ O.,;;, 

f, = Df/Dt. 
Moreover, for e: = (f ,1 ) we write I-V,,( e:, \) = ( ,n~~;;"1). We use the standard Sobolev 

spa.ces notation. In adclition. the spaces of vector- or tensor-valued functions are inclicatecl 

by bold letters. 

2. Main results 

First we recall the existence and uniqueness result for (1.1 )- ( 1.3). proved in [5] uncler 

t.Jw following assumptions: 

( A 1) !1 c IR 3 is a bounded domain wi th the boundary S of class at least ci, T > O is 

au arbitra.ry Hxecl number. 
(A2) The La.me coefficients p. ~ sa.tisfy 

p > o. 3~ + 2p > O 

which nssures tha.t the elasticity tensor A is coercive and bounded. i.e., 

(2.1) 

for all synundric second order tensors e: in IR 3 • with positive constants c. and c*. 
!1-Ioreover. clue t.o this conclition the operator Q given by (1.9) is strongly elliptic and 

sat.isHes 

11·ith a posit.ive constant f.q-

(A3) IF(e:(u). \) is given by (1.5); the function z: IR-, [O, l] is of class ci sa.tisfying 

(l.8) and 

l.::'(x)l+l.::11 (,\)ls;c fora.U \EIR. 

Tl1e ,rnxiliary quantities B. D and Ea.re clefined in (1.10). 

(A4) 1/•( \) is giwn by (1.G). 
(A5) 1 a.ud 1., a.re posit.in· coustants. 
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The next. assmnption concerns the initial data. In addition to 

u(0) = Uu, ut(O) = UJ, \(0) = .\:U in n, 

we introcluce in tompatibility with (1.12)-( 1.14) the initial conclitions corresponcling to 

·u 11 (0) and \ 1(0): 

1t; := u11(0) =Quo+ ,,,Qui+ z'(xo)B'vxo + b(O), 

\i := \t(O) = 611(0) 

= -,2''\u + 2'[1/'1(\u) + :: '(yu)(B, e(uu) + D z(xo) + E)] in !1, 

\.Ve assnnw 

(A6) 'Uo,u, E H 1 (11) n H~irl). U·, E Ht(l1). 

\u E H~(fl) := {( E H 1 (rl): n, 'v( = O on 5), \'m := f \od,r < oo, \1 E L,(!1), 
(l 

which implies that 

As regards the external force, we require 

(A 7) b E Li( O. oo: L 1 (!l)) n l,J/~(O , oo; L 2 (!1)), 

The <"xistence theorem is as follows: 

Theorem 2.1. (see {5} , Thm 2.1, 2.3) Lei assumptions (A.1)-(A.7) hold trne. Then prob­

lem (1,1) - (1,3) (in sirnplinec/ fornrnlation (l,12)-(1,14)) aclrnits the uniqueglobal solution 

(u, \,Pl on [O ,oo ) such that 

(2,3) 

u E C 1 ( [O. 00 ): H 1 (!l) n Hi(n)) n C\[O, 00 ); H6(fl)), 

\ E C( [O. :X,): Hi( 11)) n C 1 ( [O, 00 ); L;(!1)), 

/IE C([O.oo):Hi(n)), I y(t)cl:r = \m for all t E [O,oo), 

(l 

·u 1 E L1 (0.oo;H~(rł)) v'11 E L 2(0.oo;L 1 (!1)), 

(2.4) u(0) = u 0 , u 1(0) = u 1 , uu(O) = u;, y(0) = ,Yo, \:1(0) = ,\:1, 

;u1c/, for an,r t E [O, oo) and an,r nxecl number T > O, 

u11 E L;(t. t + T: H 1(n) n H6(rłl), uw E L1(t, t + T; (Hi(n))'), 

(2,5) \, E L,(t. I+ T; H~(rl)), \ 11 E L1 (t , t + T; (Hi(n)J'), 

/tEL,(t,t+T:H 1(!1)), /l1EL;(t,t+T;L,(rl)), 
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Furthernwre. tl1e solut.ion satisfies the following estirnates: 
- uniform in time 

(2.G) 

(2.,) 

llullcqu,ooJ:H)(11)) + Ilu, llcqu,oo);L,(111) 

+ li\ lh1u,oo);H 1(11ll + Ilu, IIL,(U,oo;H)(11)) 

+ llvpllL,(U,oo:L,{11))::; Cu, 

llullc 1 ([0 ,00J:H'il1JJ + lluullcqu,ooJ:H)(11JJ 

+ ll.\llcqu,oo);H,t(l1)) + I1:\:dlcqu,oo):L,(11)) 

+ IIPllcqu,ooJ:H,ti11)) ::; c. 

Co = co( lluu IIH)i 111 - llu1IIL,111), I1\u li H 1 (11 J, llbll Li(U,oo;L 2 (11JJ ), 

c = c( lluu IIH 2 I111, llu1 IIH 2 (!1J, llu2 IIH 1 (11), llxullH,~(11), I1\:i IIL,(111, llbll W;.,(U,oo;L 2 (11))) 

an, positive co11stants clisti11guishing clepenclence on the data; 

- for a11y t E [O. oo) and any fixecl T > O, 

(2.8) 

(2.9) 

(2.10) 

II\IIL,11.1+1':H,~-111)1 + ll11lłi,(1,1+T:H'(l1l)::; c(cu)(T112 + 1), 

l ('> 
lluullL,1t.t+T:H2 (11lJ + llxdlL,11.1+1':H,~111))::; c(T - + 1), 

lluttf ll1,,(t,t+T:(H!(l1))') + llxu IIL,(t,t+T:(H,~(11))') 

+ IIPdlL,lt,t+T:L,(!1JJ ::; c(T112 + 1) 

n-itl1 i"·o11,.::ta11ts c0 . c as a.bove. 

Let us introcluce the spa.ces 

(2.11) 
w:= (H2(!1J n Hl(r!)J x (H2(!1J n Hi(n)) x Hi(nJ x H.'fv(n) x L2(!1) , 

Z:= H~(!l) X Hl(rł) X L2(r!) X H 1(rl) X (H1(!1))'. 

In view of (2.7) it is seen that the solution in Theorem 2.1 generates the strongly contin­
uous, nonlinear semigroup 

(2.12) S(t): (u E W>-+ ((t) EW, t 2". O. 

(u:= (uu, ·u1,u2,.\u,\i), ((t) := (u(t),u,(t),uu(i),x(t),x,(t)). 

Let u:; iutroduce the w-iilllit set of the initial data (u E W: 

u,((u) := {(00 = (u 00 ,u00 ,1,Ucx,,tt,\oo• .\oo,t) E VV CZ: 

(2.13) 3{t,,}c(O.oo), /"--too and 

((tn) = S(t11)(u --t (oo strongly in Z}. 

Tlw main result. of this paper is statecl in the following 
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Theorem 2.2 •. -hrnme that (.-il) - (.4.7) hold. Let S(t): W------> W, t c". O, be the nonlinear 
sernigroup generated by the unique solution of system (1.1 )- (1.3). Then 

(i) The c.•-Jimit set "-'((u) of the initial data ( 0 = (u0 .u1 ,u,,:y0 , \'.i) EW CZ is a 

1wm'rnpty, cornp,1ct and connected subset of the spa.ce Z. Furthennore, w((u) is 
positi,·e inn1riant um/er S(t), i.e., 

S(t)w((u) C w((u) for any t c". O; 

(ii) If b = O then the rnap Fo : W ------> IR detined by 

(2.14) 

is tli<' L_rnpu1101-· fu11ctional for the semigroup S(t), i.e., 

Fo(S(t)(o):::; f'.ą((u) for any ( 0 EW, i c". O; 

F'n is con.stan/ 011 the ,v-limit set w( ( 0 ). 

(iii) Ei--er.1· element ( 00 = ( u=, u 00 ,,, Uoo ,tt, \ 00 • \'. 00 ,,) of the w-limit set w( (u) is charac­
terizecl by 

(2 15) (= = (u0u,O,O, \'.oo,O) 

n·itl, fnnctions ·u=·\ x inclepenclent of time, solving the stationary problem coJ'I'e­

sponcling to (1.1) - (1.3): 

(2.16) 

(2.17) 

- V· TV,,(c:(u 00 ). \=)=O a.e. zn !1, 

u= = O a.e. on S. 

-,.:,.\ex,+tf>'(\ 00 )+TF,\(,:(uoc,),\ 00 )=P a.e.in !1, 

n·'V\ = =0 a.e. on S, 

l \,x,d,r = \rn := / \ud.r, 

n n 

wliere p is a constant to he determinecl along with functions u 00 , _x 00 . 

In the proof of Theorem 2.2 the crucial role play uniform in time estimates (2.G) and 
(2.7). In particular. the estimates on u, and '1111- in L,-norms on the infinite time interval 

( O. ·X ·) ( which are du,, to the mechanirnl and diffusive dissipation) assure that u 1 and 'v p 

rnnisli at the limit. t------> 'X). 

s 



3. Outline of the existence proof. Basic estimates 

In I.his section we present the main ideas of the proof of Theorem 2.1 (see [5] for 
cktnils) with comple11wntary estimates needed in the study of the asymptotic behaviour. 

ThC' proof consists in prolonging the loca.I solution on the intervals [ kT, ( k + l )Tj, T > O, 
/, E f\l U {O}. up to I. = co. The Pxistence of a loca! solution is obtained by implementing 
a Galerkin 111<"1.hocl and passing to the limit with the approximation. The crncial role in 
prolonging the loca.I solut.ion play absorbing type estimates with the property of exponen­

tia.lly time-decrea.sing infiuence of the initial data. v\le use two kinds of such estimates: 

the energy allCl the regularity ones. The energy estima.tes are derived on the basis of the 

original form ( 1.1 )-( 1.3) of the system whereas the regularity estimates on the basis of 
its ti1110-ditfere11t.iat.Pd form. 

3.1. Energy estimates 

3.1.1. Energy identity 

A charact.erist.ic propert.y of system ( 1.1 )-( 1.3) is the mass conservation 

- x(t)d,r = O dl 
dt 

for t > O. 

() 

which folio ws from ( 1.2 )i and ( 1.2h. and shows that the mean va.lue of x is preserved, 
I.(' .. 

( 3 1) I \(t)d:r = I xud:r =: \m for t > o. 
n o 

Auot ll<'r propert.,1· is th" <-'11<ćrg,- ident.ity 

d J J • JiF(I) + I/ e(ut(t)) • Ae(u,(t))d,r + IV1-i(tJl-cl,r 

(3.2) 
o n 

= j b(/) · u,(t)d,r for t > O. 

n 

wl11 •r f' fnuct inn F : [O. co) ----+ [O. oo ). given by 

F(t) = J [11u,(l)f + 1-V (e( u(I)), \(t)J + 1j.,(,\(t)J + ~IVx(tw]c1x 
() 

9 zSO 26-6-2008 



corresponds to the total energy of the system. The two nonnegative integrals on the 
left-hancl sicie of ( 3.2) correspond to the mechanical and diffusive clissipation. 

Formally, (3.2) results by testing (1.1) 1 by u 1(t), (1.2) 1 by ,,(t) and (1.3)I by -x 1(t), 
i11t.egrnt.i11,I!; over n and by parts, and summing up the resulting iclentities. 

Frnrn (3.2) we infer the Lyapunov property, namely if b = O then 

(3.3) 

which shows thai. Fis nonincreasing on solutions paths, i.e., 

F(t)~F(O) for ic".0, 

On ncrnnnt of st.rnct.ure assmnpt.ions (A3)-(A5), 

134) F(t) c". cr(Jlu(t)llif,1ni + llut(t)lli,1ni + ll\(t)llt 1 1nil - cp 
o 

wit.h som,, explicitly comput.ed positive constants cp and cp. Hence, F(t) provides esti­

mat.es for (u(t), u 1(t), ,(t)) in energy norms Hi(n) x L~(rł) x"H 1(rl). Integrating (3.2) 
wit.h respect. to time from t =Oto t E (O, oo), we get 

(3.5) 
JJulJL=(U,co;Hi(S1)) + llu,IJL=(U,oo;L,(fl)) + IIYIIL=(U,oo;H 1(fl)) 

+ ll·udli,(u,oo;H6(S1)) + ll'v11lli,1u,oo;L,(S1)) ~ Cu 

with cnnstant ru = r(jj(uu,u1,\u)IIH6(S1)xL,iS1JxH'(S1J,llbllit1u,oo;L,(S1)J)- Since F(·) 1s 
cont.inuous on [O, oo) t.his shows estimate (2.6). 

3.1.2. Additional estimates 

From (1.14) it. follows, on account of (3.5), that 

( :J.G) l/1ul.,1~c/(l\1'1 +le:(1t)l+l)cLr~c(cu) for lc".0. 
S1 S1 

Hf'llr<". byt.he Poincanc\ inequality. estimates (3.5) and (3.6) imply that for any t c". O and 
:rny fixed T > O, 

13.7) 

t+T ., 

ll1 1 IIL11.1+r,i,1o)J ~ c / (11<vplli,1oi +I/ wLTi-)c11 
I fl 

~ cJJ'vpi17_,11,1+T,L,lfllJ + cT sup I/ pd:if 
tE[t,t+TJ fl 

S c( co ){ T + l ) . 

10 z50 26-8-2008 



... 

Tlms. 

ll1,1łi,(1,1+T;H11nJJ S c(cu)(T + 1) 

which shows the second est imate in (2.8). 

The first ,·stimate in (2.8) follows by testing (1.14) by .6,\ and using the Cauchy-Schwarz 

}(Ju,1lity. whirh on account of (3.7) and (3.5) yielcls 

1ll.6\IIL,1u+-r,L,1nJJ s ll1dli,1u+T;L,1n1J + llx0 - \IIL,11.1+T:L,(n1J 

+ c(llc:(u)IIL,(t.1+T;L,1!1l) + 1) S c(cu)(T1 /i + 1). 

This together with (3.1 ). by the ellipticity property of the La.place operator, shows (2.S)i. 

3.2. Energy estimates of absorbing type 

3.2.1. A differentia! inequality for a modified energy function 

Let. G : [O. oo) ---+ [O. oo) be the function defined by 

13.S) G(t) = F(t) + 11c;d1 j [u,(t) · u(t) + ic:(u(t)) · Ac:(u(t))]clx 

n 

wit,1, cunstant. c. > O gin·n in coerci,·ity conclition (2.1) and c/1 > O denoting constant 

from the I~orn ine(Juality 

By definit.ion of G(t). it holds 

G(t) 2'. F(t) - ilJut(t)lli,(nJ· 

H,0 11c,0 • similm-ly to F(t). the funrtion G(t) provides estimates on (u, u 1 • \) in energy 

lllll'lllS H~(rł) X L1(!!) X H1 (rł). 
It has been proved (se<> [5], Lemma 3.3) that solutions of (1.1)- (1.3) satisfy the 

differentia.I inequality 

(3.9) 

d . ,,c.d1 ., 1 i 
dtG(t) + ;31G(t) + - 8-JJut(t)IIHb(flJ + 2ilv'1,(tJIIL,(!1J 

S A, llb(t llli, 1nJ + A1 for t > O, 

wit li sonw t·'Xplicit.ly computecl positive constants /31. J\1 . :\1 . 
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Tlw proof of ( 3.0) is based on the three identities: the energy identity (3.2), the 
ideutit.y 

/ / l'v\J1d,r + /r4•1(\)\ + H1,,(1a(u), y)y]d,r = / J.tycl:t, 

!1 !1 fl 

n•sult.iug from testing equat.ion (1.3)i by \(t). and the identity 

~/u,· ud.r + / H',, (1a(u), \) 

!1 fl 

= / b · 'lul:i- + / Ju,l~d.r. 
!1 fl 

· 1a(u)d.r +,, / 1a(u) • A1a(u1 )dx 

fl 

fullowing by testing I 1.1 )1 by u( t ). An appropriat.e t.echnica.l construct.ion based on struc­
tm,· assumpt.ions 011 Tl'(1a(u). \) and ·1,/.(\) and using stra.ightforward calculations allows 
to dPduc<" ( 3.9) from the ment.ioned above iclentities. 

3.2.2. Absorbing estimate for G(t) 

From (3.0) it follows that 

I 3.10) 

where 

This estimat.e is of key importance for prolonging the solution step by step on [kT, ( /, + 
1 )T]. /,- E N U {O}. up to k = oo. In particular, it provides the estimate 

I 3.11) 
ll ·u(t)lln~1n1 + llu,(t)IJL,(flJ + lly(t)llu 1 rnJ :S G(t) + c'F 

:S A.1 + G(U) + c'r, = c1 

011 c•a.ch time interval [l,·T, ( /,- + 1 )Tj with constant c1 independent of k. 

3.2.3. Absorbing set in energy norms 

ln<'qmdity (3.10) implies t.hat. 

limsupG(t) < .-l.1, 
1-oc, 

Tlrns. for any positiv,-• nnmber A.; sa.t.isfying .4.\ > .4. 1 , there exist.s a. time moment 11 = 
t I IG( O). A'1 ) givc•n hy 
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snch tlrn.t. G(t) < _-1; for all t 2'. t 1 , hence 

(3.12) 

This shows the :ihsorbing set for (u. u,.\) in energy nonns Hi(fl) x L"2UJ) x H 1 (fi). 

3.3. Regularity estimates of absorbing type 

3.3.1. A differentia! inequality in higher norms 

Let N : [O. oo) -, [O. oo) be the function constructecl on a regular solution, clefined as 
n lirn•ar comhinar.iun with appropriately chosen coefficients ( depencling on the constant 
c 1 in 13.11)) of the moditied e1wrgy G(t) and the norms 

IIQu(tlllL1n1· 
li\ (t lllL1n1, 

IIQ 1 /:'u,( t) IIŁ,in 1 , 

IIL'i\(tJIILrni, 
IIQu, (t )11Ltn i' 
ll\,Ullli,<m· 

Ht>re Q 1 /"2 st.ans ds for the fraetiona.l power of the operator Q wi th the cl oma in D( Q 1 /"2) = 
H t ( l1). sa.tisfying 

IIQ 111 ulli,rn1 = (-Qu. uh,1!11 = Pll'vul/i;,1ni + (>. + P)IIV · ulli,(!li for u E D(Q). 

Dr tlw rnnstrudion. function !V(t) satisfies the bound 

(3.13) 
:V(t) 2: cN(llu(t)111,1ni + llu,(t)l11,1ni + llutt(i)llil-;<nl 

+ II\Ulll~1.z1n1 + ll\dtJIILuiil - c'.v 

wit.h explicit.ly computed. positive constants CN and c'."I dependent on c1 . Thus, N(t) 
prnviclesestimates for (u(t).u 1(1),u 11 (t).y(l)., 1(t)) in the normsof Hl(f!) x H"2(f!) x 

H,\(12) x H~.ml x I1(rl) 

lt h:is lw,•n prnw•d in [G]. L<>mnia 4.5. thai solut.ions of ( 1.1 )·-( 1.3) satisfy the differ­
<·ut ia l in<'qunlity 

d . ' - ., ., 
(3.14) dt:\'(t) + :J5 :V(t) + il,N(t) '.S A:illb(t)lli;,1ni + Adb1(t)lli;,i!ll + As for t > O, 

wlwre 

Hud f •. ,.J5 • :\3 , A4 , :\5 Hre explirit.ly computed positive constants clepencling on c1. 
Tlw d,·rirntinn of such inequality is ba sed on clifferentia.ting system (1.12)- (1.14) with 

n·sp,·ct tn time. A strnightfmward but. t.eclmica.l proceclure consists of the following main 
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skps. In the first step we clerive a differentia! inequality corresponding to the elasticity 
system ( 1.12): 

d . - -
dtH(t) + },H(t) + ;11 H(t) 

(3.15) ~ c11(llv,rtllli,1r!) + ll\ ,(tJV,(tJlli,101 + ll'7\,(tJ11i,io1 + llb(t)lli,10> 
+ Jlb,(l)IJ:i,! 01 ) for I> O, 

whne H : [O, co) -+ [O, co) is a linem· combination of the norms 

and 

H(t) = llu11(t)lli,io1 + IIQu,,(t)iiL1m· 

.i,. ,11 , c II are explicit ly cumputecl positive constants. 

ln th<-' second step we derive a differentia! inequality corresponcling to system ( 1.13), 
( 1.14) whid1 allows to handle the terms on the right-hand sicie of (3.15). The inequality 
has the form 

( :J.16) c/ , ,o- l 2 
dt.J(t) + 3;.l(t) + p3J(t) ~ c1(1łe:(ut(t))IIL,(OJ + Xm + 1) for t > O, 

wlwrE' .J : [O, ,;;,o) -+ [O, co) is a linear combination of the norms 

ll\(t)lli,m1, 116\(tllli,(nJ, llx,(t)lli,łnJ, 

and 

J(t) = 11,,(tJllt,(ni, 

d:i, /33 , CJ are positive constants. 
In the thinl step we combine (3.15) and (3.16) to conclude the differentia! inequality 

I 3.1,) 

cl . - -
d/A.(I) + 1J,X(I) + ~111~-(t) 

~ c,,(Jie:(u,(t))Jli,1n1 + llb(t)IIŁ,im + llb,(t)Jli,łnJ + 1) for t > O, 

ll"lwn' I, : [O, ·X ·) -+ [O. co) is a linear cumbination of the terms of H(t) and J(t); 

I~-(t) = H(t) + ](t), 

and ;3.1 . ,ci4 , c1, a.re positive constants. 

Finally, combining inequalities (3 .17) and (3.9) a.Jlows to absorb the term 
Jie:(u,(t)lli,in1 on the right-hand sicie of (3.17) and thereby conclude (3.14). 
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3.3.2. Absorbing estimate for IV(t) 

On acrmmt of (3.14) we have 

I 3.1S) 

wlwre 
1 . 

.-!2 = 1 (.\, sup llbU)IILrn1 + ,\4 s1tp llb,(t)11Lrn1 + i\5). 
i .s IE(U,,x;) IE(U,=) 

Est.i mate ( 3.18) a.llows to pro long a regula.r solution step by step on the intervals 

[l,T. ( k + 1 )Tj, /, E N. It provides the following uniform in k bouncl 

I :3 19 J sup max N(t)::; .42 + N(O). 
kEJ:u(u) IElkT,tk+l)Tj 

!\lon-•over. hy i11tegrating (3.14) wit.h respect to time. it follows tha.t 

13.20) sup 
kEJ:u(u) 

l!-+l)T J ,i'J5fl(t)dt ::; TAi/35 + A 2 + N(O). 

kT 

In ,·i,0 w of definitions of N(t) and _IV(t), estima.tes (3.19) and (3.20) imply the correspond­

i11!; bounds nn u and \ in (2. 7)- (2 .9). 

Fmthen11nre. IPsting ( l.2)i by 6.1,1. and using estimate (2.7) on y 1 gives 

IJ6.pJlcqu,oo):L 2 tflJI ::; c. 

Hence, recalling ( 3.6 ), I.he elliptic property of the Laplace operator with homogeneous 

boundary condition implies that 

lll'llcqu,ooi;łi~tflll::; c((IJ2>11llcqu,001:L,ifl)) + sup I J pdxl) ::; c 
tEIU,oo) fl 

whid1 shows est.imał<" 011 I'· in (2.7). 

3.3.3. Additional estimates 

On the basis of (2.6)- (2.9) we ca.n clecluce additional estimates (2.10) which are used 

in the ln11g-time analysis. The estirnate on p 1 in (2.10) follows from the iclentity (resulting 
b)· diffen-ntiating (1.14) 1 with respect. to time) 

11, = - ,.:.'i\,+ u•"(\)\ 1 + ~"( \ )\ 1(B · e(u) +Dz(\)+ E) + z'(x)(B · e:(u,) + D z'(\ h,) 
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1,.,. i<'.stiuµ; it b}· /I I aucl applyiug the Cauchy-Schwarz inequality. Then 

(:3.:21) 

lll',IIL,(l.t+T:L,lflil S c(ll6\,IIL,(t,t+T;L,(fl)) 

+ li\ 'l\ I li L2(1.1+T:L,(!1) + li.\ ,li L,1 l,t+T:L,(!1)) 

+ 11\,e( u lll L,11,1+T;L,lflll + Ile( ui)IIL,( 1,1+T:L,(flll) 

:S c( T 11' + l), 

wlwre we u.sed (2.7) aucl (2.0), iu particular the bouncls 

E.stimat<' on u 111 in ( 2.10) follows from equation ( 1.12) 1 clifferentiatecl with respect 

to t. Theu for auy t.est function TJ E L,(t, t + T; H 1 ( fi)), 

1+'1' t+T J (U11t,'IJ)L,i!1)dt'/ = I J [-(Ae(ui) + vAe(uu),e(TJ))L,lrł) 
I I 

+ (z"( \)\,Bv, + =1(.\)B'v\t,T/)L,1!1) + (bt,TJ!L,(ndclt'/ 

S c(lle(u, )IIL,11,1+T:L,iflll + l[e(uu )lli,11,t+T:L,(flll)l['vTJlli,(1,t+T;L,(!1J) 

+ c( li.\, 'v\ li D,(l.1+T:L,1nJ1 + llvxtlli,11,1+T;L,1n1 

+ llb,II L,{ t,t+T;L,(!1)) )IITJII L,(l,l+T;L,(!1)) 

:S c(T11' + l)IITJIIL,1t.1+T:H'1!1JJ, 

11·lwn· ,n· usPd (2.T) and (2.9). This shows (2.l0)i. 

Similarl~-, b:,: t.esting equation ( 1.13 )i differentia.tecl with respect to time by a function 
( E l,(0. T: H'j..(rl)). and using (3.21) we get 

t+T 

I J (\11,0L,lflJcłt'/ = I 
t+T 

j (;t,, 60L,i!1)clt' I 
I t 

::; 111'·1IIL,11.l+T:L,1!1))11(11 L,(l,t+T;H,((!1)) 

. I('> 
::; c(T • + l)ll(IIL,1t,1+T;H,(i!1))· 

This shows (2.10) 2 . 
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3.3.4. Absorbing set in stronger norms 

For romplet.ness we recall also (see [5], Thm 2.2) the ahsorbing set in the norms 

inducecl by the function N(I). 

On account of absorbing estimate (3.1:2) in energy norms we can infer from inequality 
13.18) t.hat for all I 2 11 , 

( 3 2:2) 

ll'll<'l'<' .i,,., and .-l2 „ ar<" posit.ive constants independent of the initial condition N(O), 
obt,ii1Jf'd 1,y replacing in rnrresponcling expressions const.a.nt c1 from (3.11) by c1a from 

(3.12). From (3.22) it follows that. 

lim sup N( I) j_A,a. 
t -OG 

Tlrns. for nll)' posit.ivE' number .4~ satisfying .4!, > A,a, there exists a time moment 

t, = 12(.'\'(0) .. -ł~ ). 
1 N(O) 

t 2 = -.. - log , , 
,.1s11 .-1.'.t - A:.!a 

sttch that N(t) < .-l~ for all I 2 t, = max{t 1 ,t2 }. Hence, on account of (3.13), 

r,v,,(l1u(t)llir1m + 1łu,(t)i11,(01 + lluu(t)111;rn1 + llx(t)117-f,~(flJ 

+ li\ ,(t)IILrn1) < A~ + c'.va for all t :C:: t. 

wllf'r<' c,va and r\,,, are positive numbers independent of N(O). This shows the absorbing 

set for (u.u,.·u,,, \, \1) in H 21n) X H 2 (!1) X Ht(l1) X H.~(!1) X L2(!1). 

4. Proof of Theorem 2.2 

(i) Dne t.o est.imat.P (2.'i) t.llf' orbit LJ,2:o S(t)(o starting at ( 0 = (u 0 ,u1 ,u2 ,Xo ,X1 ) is 
bounded in the space W. thus is relatively compact in Z. Hence, the w-limit set 

~•((u) is a. nonempty and compact. subset. of Z. Moreover, since by (2.3), 

(u. u,. u,,.\. \t) E C([O. oo): W) C C'([O,oo); Z), 

t.lie kuown n•sult.s of the I.henry of dynamical systems (see e.g. [3], Prop. 2,1) show 

that. this s,•t. is couneeted in Z. and positive invaria.nt under S(t). Indeed, if ( E w((o), 

say ( = lim,. _ 00 S( t 11 )(o. I.hen 

S(I )( = lim S(I )S(t,, )(o = lim S(t + t" Ko E w( ( 0 ). 
11-00 n-oo 
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(ii) The map Fn gin·n by (2.14) coincicles with the function F(t) clefinecl in energy 
id,-•ntity (3.2). Thus the Lyapunov property of Fn results immediately from (3.3). 

TIH· da.im that. Fn is COllStallt Oil w( (u) follows from a. generał result in [3], Proposition 
2.2. du<" to the rnntiuuity of Fn. lll<leecl, IE't Fn00 := lim,_00 Fn(S(t)(u)- Choosillg 
an)' ( E w( (u), say ( = lim 11 _ 00 S( t 11 )(u, we clecluce by the continuity of Fn tha.t 

Fn(() = Fn( lim S(t,,)(u) = lim Fn(S(t11)(u) = Fnoo 
11-00 11-00 

,,-hid1 sho,vs that Fn is constallt Oil w((u). 

I iii) WP shall drnract.Prize the elements of the c..,•-lirnit set. 

Let ( u 00 . Uoc,, 1, u -x, .11, \ 00 , .\oo,t) E w( uu, u1, u2, .\u, .\I), and tn be a sequence of pos­
itiYf' numbers such t.hat. t,, -> oo and 

(·U) 
(u(t,, ), u,(t" ), u,,(t,, ), x(t,, ), x,Un JJ _, 

(uoc, ,Uoo,t,Uoo,11,.\00,,\00,1) strongly in Z. 

For a tixed nuu1ber T > O a.11(1 t E [O, T) we clefine functions 

u,,(t) := u(t,. + t), u,,.t(t) := Ut(in + i), Un,u(t) := Utt(ln + i), 

(4.:2) \,,(f) := \(/ 11 + /), \n,1(f) := \t(f 11 + i), J.Ln(t) := J.L(tn + t), 
b11 (t) := b(t,, + t), 

where ( u. \, J.') is the solutioll of ( 1.1 )- ( 1.3) on [O , oo ). Thus, (u,,, X,,, µn) solve the system 

u,,_,, - Qu,, - 11Qu11,I = z'(_y,, )B'v\,, + b„ 111 07 = n X (O, T), 

(-l.3) 

(-l.4) 

1-l G) 

·u 11 (0) = u(t,,). u,, _1(0) = u 1(t,,) 

u,,= o 

\ "·' - 61,,, = o 111 nr, 
y,,(Ol=x(t,,) 111 n, 

n· 'vj.L 11 = {) 

111 n. 
on Sr= S x (O, T), 

11,, = -16.\,, + ~•'(.\,,) + z'(\,,)(B · e:(u,,) +Dz(\,,)+ E) 111 nr, 
n . \' \" = o on sr. 

Iły virtue of (2.G) a.lld (2.7) the following estimates hold true inclependently of T and n: 

(-l.G) 
llu„IIL~.1u.T:Hbifl)l + llu,,.,IJL~ (U,T;L,(fl)) + ll.\nlli= 1u ,r;H 1 (fl)} 

+ Ilu,,,, li L,1u ,T;Hb(fllJ + ll'v J.Lli L,(u ,r;L,(fll) '.::'. cu, 
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(-l ,) 
ll·u„ li 110', Iu,T,H'1!1JJ + llu,,,1,II L = IU,T;H)(!1JJ + 11\ n IIL=lU,T;H,~(!1)) 

+ li\ n,,lłi,~ IU ,T;L,1!1)) + li Pn li L= (U,T;/-/,~(!111 ::; C, 

l\!oreon'r, by (2,8) - (2.10). 

(4,8) 

!Hl) 

I ..J.10) 

li\: 11 li L,10,T;H,~11111 + 11,,,, li L,10,T;H'(!1JJ ::; c(T), 

llu,,,11IIL,1u,T;H'11111 + ll\,,,,IJi, 1u.T;H,~i!1Jl::; c(T), 

IJu,,,111 li L,1u,T;iH)i!1JJ') + li \ n,11 li L,10,T,1 H,i(!1J)') 

+ ll,i,,,1II/,,IU,T;L,1!1)1::; c(T) 

with rnn~t.ant. c(T) clepending on T but not. on n. 

Tlw above estimates allow to pass to t.he weak limit n -> oo in ( 4.3)- ( 4.5). In fact, 
it follows from (4.6)·- (4.10) tlrnt. t.here exist functions (ii, y,p) with 

( ..J.11) 
'tł E Tr~(O. T : H 1 (ll) n Hi(n)). 

U111 E l,(O.T:(H~(rl))1 ). 

ii11 E loo(0, T; Hi(rl)) n L,(O, T; H'(!J)), 

\ E Loc.(O, T: H'j.,(rł)), 

\1 E lx,(0.T:l,(!1))nl,(O.T;Ht,(n)), \li E l,(O, T; (H'/v(!J))'), 

p E lx,(0. T: ff!v(rł)) , 

and subsequences of (u 11 , \ 11 , p.11 ) (which we stil! clenote by the same inclices) such tha.t 
flS n----,, 00, 

(-l.12) 

(..J.1.3) 

(-1.1..J) 

uli-+ U weakly - * in W~(O, T; H'(!1)), 

U,1.11 -+ iłtt wea.kly - * in Loo(O, T; Hi(rl)) and 

weakly in L,( 0, T; H'(IJ)), 

'tln ,lit ---4 ii111 weakly in L,( O, T; (Hi(IJ)) 1 ), 

\'li-+\ weakly - * in L=(O, T; H'f.,(f!)), 

\ 11 , 1 ->y 1 weakly-*in L00 (0,T;L,(/J)) and 

weakly in L,(O,T;H'fv(IJ)). 

\,,, 11 -, \tt weakly in L,(O,T;(H'fvlf!))'). 

P11 -> it weakly - * in Loc,(0, T; H'fv(IJ)), 

11,,,1-> fi, weakly in L,(0, T: L,(f!)). 
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Hruce. by the standard rnmpactness results (see e.g. [6J) it follows in particular that for 
li --t ·X>. 

(4.15) 
U, 1 --t U, U 11 ,t --t U, strongly in C([O, T]; Hii(fl)) and a.e. in nr, 
u,,_,, --> iltt strongly in L2 (0, T; Ht(rł)) n C([O, TJ; L1 (!1)) and a.e. in nr. 

i-UG) 
\,,--> \ strongly in C([O.T];H1(!1)) and a.e. in n,T, 

\n.I--> \1 strongly in L1(0.T:H1(rl)) nC([O.TJ;(H1(!1))') and a.e. in nT, 

(4.17) /In--> f, strongly in C([O.TJ;H1(!1)) and a.e. in nr. 

~Ioreuvt·r. due to the bounds on the dissipative terms (see (2.6)) 

w,-• dednn· tlrnt as n. --> co (t,, --> co) 

i-US) un.d ·) = u,i(tn + -) _, O strongly in L1 (0. oo: Hii(l/,)) 

and 
'vp,,(·) = 'vp(t,, +-)--> O strongly in L 1 (0,oo;L2 (!1)). 

Heun•. i11 vi<-'11· of (4.15). (4.17). 

(--110) u1 = O and 'v p = O. 

Tl1is implies tlrn t u cl oes not. depend on time and p does not dep end on space variables. 
Cousequently, by (4.15), 

I 4.20) 

aud 1,,- (4.14)1. 

(--l.:21) 

u,, -->u=u(O) stronglyin C([O,TJ;Hii(l/,)), 

un.t --> u1 = O strongly in C([O, TJ; Ht(rl)J , 

u,,_ 11 --> u,,= O strongly in C([O, TJ; L 2(!1)), 

D-/1-n--> 2:,.p = O weakly - * in L 00(0. T: L1(rl)). 

Si11n? \,,,/ = D.J.ln in nr, (4.16h and (4.21) imply that 

14.:22) \,,_,--> \1 = 6µ. = O strongly in C([O,T];(H 1(!1))'). 
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Hcnce. doPs not. dep<"nd on time. and in accord with ( 4.16) 1 , 

\11 _,\="\:(O) strongly in C([O.T];H 1 (l2)) . 

Now. owing to (4.20)- (4.23) and reca.lling assumption (4.1), we deduce that 

I 4.24) u(t) = u(0) = lim u,,(OJ = lim u(t,,) = U oo , 
H -00 lł -OCI 

O= u,(/)= u,(0) = lim Un,,(O) = lim u,(t,,) = Uoo,t, 
n-oo 11-.00 

O= u11 (t) = u11 (0) = lim u,, ,11 (0) = lim u 11 (t,,) = u 00 ,11 , 
11 -00 n -oo 

and 

\(t) = \(0) = lim \,,(0) = lim \(t,,) = \oo, 
(-1.25) 

11 ---.00 n -oo 

O= \,(t) = i: 1(0) = lim \,,, 1(0) = lim \1(t,,) = .'<oo,t· 
·11--, 00 n-oc. 

This shows t.]rnt auy element (oo = (uoo,Uoo,1,uoo,11,.\00,\'oo,,l E w(uo,U1,u~,\'o,\'1) 

sati.sfi,,s 12.15). 

It remains to prow (2.16). (2.17). To this end we pass to the limit n-, oo in the 
weak fonnulation of ( 4.3)-( 4.5 ): 

T T /(u,,, 11 - Qun - I/Qu,,, 1,71)dt = /( z'(y,,)B'vy,, + b,,,ry)dt 

u o 

1/71 E l,(0. T ; L~(D)), 
T T 

I 4.:26) /(\,,,,.E,)dt = l(..':.fl,.,Odt \;f( E L~(0,T;LAD)), 

o 
1' T 

/(/.1,,, ( )dt = /(-16 \,, + 1/•'(y,,) + Z 1(\n )( B · e:( Un) + Dz(y,,) + E, ,)dt 

o u 

\/.; E l~(0. T: LAD)) 

\\']wre ( ·. •) denotes the scalar product in L~(!1). 
Cl<-arly. h>· Yirtue of the weak convergences (4.12)- (4.14) the linear terms in (4 .26) con­

n,rµ;,. to rlw corresponding limits. The convergence of the nonlinear terms can he con­

duded with the help of the standard nonlinear convergence lemma (see [4] , Chapter 1, 
Lemma 1.3). 

In fon. reca.lling assumptions (A3). (A4) on z( · ) and 1/'(·) and using estimates (4.6) we 

have 

(4.27) 

ll 1/'1(\,,)IIL=1 0.T;L,i!li) ~ c(ł1Y.nllL10,T;L,(ll)) + 1) ~ c(co), 

llz1(\,, )B'v\,,IIL=1 0,T;L,1n)J ~ cll'v,,,IIL=10,T;L,(ll)) ~ c(cu), 

li ,;'(\,, )I B · e( u,,)+ D z(\,,)+ E)II L=(O,T;L,(ll)) 

~ dlle:iu„Jlk~io.T;L,i!l)) + 1) ~ c(cu) . 
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Thanks to these uniform estimates and the pointwise convergences ( see ( 4.15 ), ( 4.16 ), 
(-l.24). (4.25)) 

u,,--+u=uoo, \u--+ .\= .\oo a.e.in n7. 
the nonlinea.r com·ergence lemma implies that 

1/" ( \ n ) = \ :, - \ n --+ \ ~ - \ 00 = -if,' ( .\ oo ) 

Z 1(\ 11 )B'v\,,--+ z'(\ 00 )B'v\oo 

weakly- * in L 00 (0,T;L2(fl)), 

(-l.2S) 
weakly - * in L 00 (0 , T; L 2 (fł)), 

.::'(\,,)(B·e(u,,)+D.::(\,,)+E)--+ 

--+ Z 1(\ 00 )(B · e(u00 ) + Dz(\ 00 ) + E) weakly - * in L 00(0, T; L2(fł)). 

l\Ioreover. since by assumpt.ion (A7 ). b E LJ(IR:.+; L 2 (ll)J, we have 

b,,(·) = b(t,, +·)--+O strongly in L1 (0 ,oo;L2 (fl)). 

Cousequent.ly. pa.ssing t.o the limit n --+ oo in ( 4.26) yielcls 
·r T 

- J(Qu=, "l)dt = j(z'(\ 00 )B'v\ 00 ,11)clt V11 E L2(0,T;L2(fl)), 

u u 

(-l.:29) '1' T 

j µ.( 1, ,;)di = j (-1 D. \cxo + 1//( \ 00 ) + z'(.\oo )(B · e(ucxo) + Dz(.\00 + E), .;)cli 

I;/,; E L 2(0. T: 1 2 (11)). 

Sian~ u "" aml \oo do not clepencl on time. it follows from (4.29). that p. cloes not clepencl 

on t.inw as well , t.hus p = const. Moreover, the above iclentities recluce to 

(-l.30) 

- (Qu 00 • i/)= (z'(.\ 00 )Bv'\'oo, i/) l;/ij E L,(fl) , 

(ii,;;)= (-')D.\oo + ~• 1(.\oo) + z'(.Yoo)(B · e(u=) 

+Dz(\=)+ E),.;) WE L2(fl). 

HE'nCt' . rmdling tha.t (see (4.11), (4.24), (4.25)) Uoo E H 2 (f!) n Ht(n), \'oo E H'f.,(ff), it. 
follo\\'s t.lwt ·u oc, \-xo satisfy the following system 

I 01.31) 

(4.32) 

- Quoo = .::'(\cx,)B'v\= 

U cx, = 0 

n·'v\ oo =O 

I \ood,t' = \ ,,,. 
n 

\\'lwn· I' is a constant.. 

in n, 
on S, 

on S. 

Ciearly. in view of (1.11) the abuve system is equivalent to (2.16). (2.17). Thereby 
t lw proof of Tbeorem 2.2 is cmnpletecl. O 
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