
CHAPTER XXVII.DEFINITE INTEGRALS (IL).LOGARITHMIC AND EXPONENTIAL FUNCTIONS INVOLVED.1071. In the class of definite integrals we are about to discuss, it will be convenient to remember the result
This is the result of integration by parts,

Or we might obtain the same result by the transformation x=e-y, viz.

including the case1072. Again, let F(x)≡A0+A1x+A2X2+A3x3+... be sup­posed a convergent series for all values of x between x=0 and x=l, and such that is zero or finite when x= 1,
244
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DEFINITE INTEGRALS (II.). 245so that even when the series for F(x) ceases to be convergent when x=1, the final element of the summation indicated bythe integration will have no effect. Thenwe shall have, by putting x=e-y,

and therefore I can be expressed in finite terms whenever F(x) is such that this series is capable of summation.An extensive class of definite integrals arises from this fact.1073. It will be well to recount several previous results obtained. We have now used the symbol Sp to denote the complete series
ad inf. (p>1),and the numerical values of Sp up to S35 are tabulated in Art. 957.Also, if then

ad inf.,and rules were given (Diff. Calc., Art. 573) for the calculation of Kn, the results being
etc.,

K2n being the nth “Eulerian” number≡E2n; whilst K2n-1 isthe nth “ Prepared Bernoullian ” numberB2n-1 being the nth Bernoullian number itself. Also we have seen that
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246 CHAPTER XXVII.
and we have the particular results

(Euler) (Euler)

(Tchebechef) (Euler)

(Tchebechef) (Euler)

(Euler)

1074. One class of series of this nature will not be obtainable from the tabulated results of Art. 957, viz. sayand so far as the author is aware the values of this series for various values of n have not been tabulated, and it would appear that there is no method of obtaining the values except from the series itself or from some transformation of it to render it more rapidly convergent. The most troublesome case for direct calculation is the case when n=l, on account of the slow rate of convergence. But in this isolated case, viz.
the value has been shown by Mr. J. W. L. Glaisher to be
(Proceedings of the London Math. Soc., 1876-7.)

Mr. Glaisher arrived at this result by means of the identity

a form of Gregory’s series, which upon integration yields
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DEFINITE INTEGRALS (II,). 247
and expanding the fractions in powers of T and integrating,

where

whence, putting for x, Mr. Glaisher obtained the remarkable series

and putting

whence the value above given may be derived. The details of the 
calculation are given in Mr. Glaisher’s paper (loc. cit.).

1075. It is to be remarked that in approximating to a case of the

general series if we retain any specified number of

terms, the error in rejecting the remainder of the series is less than the 
first of the rejected terms. E.q. if

say,

then etc., and is

and since it is

and the error in taking 4 terms lies between 0 and 1/81. Similarly, and 
more generally, if we retain r terms the error is less than the (r + l)th term.

The series for s4', s6', etc., are much more rapidly convergent than that 
for s2', and therefore the calculations direct from the series are much less 
laborious.For immediate convenience we may note that to six figures

1076. The integrals which follow are arranged in groups according to 
their forms. Where it is thought necessary the working is fully given. 
In some cases two or three of the steps are given, and in other cases 
merely the result is stated. It is intended that these should be worked 
by the student for his own practice. In some cases it will be seen 
that by treatment of the same integral by different methods various 
identities may be established.
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248 CHAPTER XXVII.1077. Group A. Examples of Integrals of form
Putting x=e-y, we have

2. Show that

3. Show that

4. Show that

5. Show that

6. Show that

7. Show that

It is to be noted that integrals with integrands of the same character 
as the above multiplied by rational integral algebraic polynomials 
present no difficulty, thus :

8.

9. Show that

10. Show that
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DEFINITE INTEGRALS (IL). 2491078. In some of the simpler cases, viz. when the power of the logarithmic factor is the first, we way write 1 — y for x, and expand the logarithm.Thus

Examples.

1. Prove that

2. Deduce from (2), Art. 1077, by putting

3. Deduce from (6), Art. 1077, by putting

4. Prove that

1079. Group B. Examples of Integrals of form
Prove that

1. approximately.

2.

3.

4.
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250 CHAPTER XXVII.
5.

6.

7.

and in the same way as 8, 9, 10 of Group A, prove that

8. [Euler, Nov. Com. Pet., vol. xix.]

9.

10. and so on for similar cases.

11. Putting x=sin θ in No. 7 (1st part) and x=tan0 in No. 7 (2nd 
part), show that, if n be a positive integer,

(i)

(ii)1080. Group C. Examples of Integrals of type
p and q being positive integers (p<q).

1, Putting x=e-y, we have
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DEFINITE INTEGRALS (II.). 251
Prove that

2.
3.

4.

5.

6.

where Pr is the sum of the products r at a time of 1, 2, 3, ... (q — 2).

7.

where

8.

9. (Put x=tan θ in 3.)

10. (Put x = tan20 in 3.)1081. Group D. Various Forms containing Radicals.
1.

Again putting
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252 CHAPTER XXVII.
Thus we have the result

ad inf.

2. [Euler, Nov. Com. Petropol., xix., p. 30. ]

Put

3. Find the values of

and

Since 

we have 

also

Hence

Again

Putting sin θ=x, we have the value of
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DEFINITE INTEGRALS (II.). 253
Again putting 

whence it appears that

1082. Group E. Cases in which the Algebraic Factor is the Generating Function of a Recurring Series whose Coefficients are Powers of the Natural Numbers.
1.

Prove that

2.

3.

4.

5.

6.

7.

8.

9.
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254 CHAPTER XXVII.
10. If a0, a1, a2,... an-1 be defined by the equation

for all values of s from s=l to s = n, then

It will be recognised that the several equations defining the letters 
a0, a1, a2, ... an-1 , viz.

are the results of equating coefficients in

up to the coefficient of xn-1. And it is known that

vanishes for all values of r from 1 to ∞, being the coefficient of xn in

i.e. in

in which the term of lowest degree is xn+1.

Hence is the generating function of the

recurring series

Therefore

1083. Group F. Gaps in the Development of the Algebraic 
Factor.

Let α and β be any two prime numbers.
In the series formed by the development of

in ascending powers of x
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DEFINITE INTEGRALS (II.). 255
the subtraction of i.e. from i.e. the com­
plete series

removes all terms whose indices are multiples of a.

The subsequent subtraction of removes all those terms which

remain, and have indices multiples of β, restoring with the opposite sign 
such terms as have indices multiples of aβ.

If we now add we are left with the complete series with all

terms whose indices contain either a or β as a factor removed.
Exactly analogous to this is the effect of multiplying the series

(1) (2) by

For the complete series S from which terms in which the

denominators are multiples of α and β have been removed, but those 
whose denominators contain both α and β are restored with the opposite

sign, whilst in the case no terms occur whose denomi­

nators contain either a or β as a factor.

Thus

by putting x=e-y as usual, where the double bracket indicates that from 
the series included all terms have been removed which contain a and not 
β, or β and not α, as a factor, whilst terms with both α and β as a factor 
occur with the negative sign

And
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256 CHAPTER XXVII.
It may be noted that

and therefore

whatever numerical values may be assigned to P, Q, R.
And more generally, if α, β, γ,... be any prime numbers, and if F(x) be 

the function of x which would be formed by first developing
etc.,

and then replacing

1 by A by B by etc.,

A B by ABC by and so on,

then F(x) consists of such terms of the series x+x2+x3+x4+... as 
are left when all those are removed which have α, β, γ or any combina­
tion of them as a factor of their indices ; and then 

where the terms in the bracket are such that those whose indices are 
multiples of any of the primes a, β, γ,... are missing,

If we press the theorem further, and remove all the terms from 
except the first, then if α, β, γ,... be all the prime numbers,

.. ad. inf.

(by Raabe’s Theorem, Diff. Calc., p. 109, Ex. 29).

And this result is a priori obvious, for the integral is merely
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DEFINITE INTEGRALS (IL). 257
Examples.

1. Thus we have

2. Prove that

(i) (ii)

(iii)

(iv)

3. Prove that

4. Show that

5. Show that

where p is any prime number.

6. Show that

1084. Limits 0 to ∞ .So far in this chapter the limits have been from 0 to 1. In some of the cases considered the integrations might have been taken from 0 to ∞; e.g. in the examples of Group B,
1. In the second integral put
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258 CHAPTER XXVII.
2. The second integral is

3.

4.

and so on for other cases.1085. Group G.Integrals of the class
i.e.form a group of some interest. (Cf. Group C, Art. 1080.)

We have and potting in the second
of these,

and putting x=e-z,

the expansion being convergent as e-z is < 1 for all values of z between 
0 and ∞ ;
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DEFINITE INTEGRALS (II. ). 259
And if n be integral,

(A)

The case of this when n is even is given by Wolstenholme, [Prob. 1919].

If and Pp stand for the sum of the products p at

a time of the first n-2 natural numbers, this result may obviously 
be written

i.e. (See Art. 879.)

In the case when n = l,

where

of which the second portion is infinite.

The first part is finite, viz.

Examples.

1.

2. Prove

and so on. (Cf. Examples 1, 7, 9, Group E, Art. 1082.)
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260 CHAPTER XXVII.
1086. A General Principle.More generally, it is an obvious principle that if F(x) be any function of x which remains unaltered upon changing

x into its reciprocal i,e. if F(x) be a symmetric functionof x and then, provided remains finite from x = 0to x=∞ inclusive,
For

and changing x to in the second integral,
Hence
Similarly if
1087. Again, if the value of any definite integral of theabove form, has been found, F(x) beinga symmetric function of x and the value ofcan be at once obtained, where n may have any value. Forin this integral put for x.

Then

Hence
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DEFINITE INTEGRALS (II.). 2611088. Similarly, if F(x) be a symmetric function of andso that
then putting

i.e.

1089. Again, if F(x) be symmetric in and so that F(x)

For writing x2=z, we have

Putting in the second,

We note also that it is therefore proved that

Again, taking if we put we have

with other similar results.
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262 CHAPTER XXVII.
1090. Since it follows that

Similarly, since 

we have 

that is1091. It follows from Art. 1087, that since the expression is unaltered by writing for x, writing

a transformation given by Wolstenholme (Educ. Times, 9931).
We may also see the truth of this result by differentiation with regard 

to n, which gives

and writing for x,

and 1 is therefore independent of n, and therefore the same as
if n = 0, i.e.

etc.

Putting for x, it follows that
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1092. Thus, if F(z)=z, we have

or if F(z)=zp, p being a positive integer,

or as p is even or odd.

1093. Consider next the value of where
n is any positive integer. Put tan0 = x.

Then

In the second integral put

where x=e-z

, where E2n is the nth Eulerian number;

and the values of E2n being successively
etc. (see Art. 1073),

we have

etc.

1094. Since in the expansion of sec z, i.e.

we have [Wolstenholme].
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264 CHAPTER XXVIT.
1095. The integral vanishes.

For putting

Hence or 0, according as p is even or odd.

Also log cot Θ= - log tan θ ;

 or 0, according as p is even or odd.

Hence and have been computed for

all positive integral values of p.

1096. Let

and
Then

Writing 2θ = φ, 

and

i.e. (A)
Again

These results are due to the late Professor Wolstenholme.
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WOLSTENHOLME’S INTEGRALS. 265
Obviously it follows that

1097. We may write the expression for cosecz in partial fractions 
(Hobson, Trigonometry, p. 335) as (A)
it being understood that this doubly infinite series extends equal distances 
to infinity on either side of the central term 1/z marked with an asterisk.

A similar expression for cosec2z is

(B)

with the same understanding as before. [614, Wolstenholme’s Problems.] 
The latter is obtainable from a consideration of the factorisation of

[viz. equating coefficients of x2 in the expansion and writing π -2z for θ]. 
Differentiating these expressions respectively 2r+l times and 2r times, 

and then putting z = π/n in each, we have

(A')

.(B')

Now consider the integral

In the second integral write

Then
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266 CHAPTER XXVII.

1098. Again, if

putting in the second integral,

Thus

provided n > 1.

These results are due to Wolstenholnιe.*

1099. Group H. Legendre’s Rule.

(Euler.)

Integrating the result with regard to n between limits
0 and n. we obtain

(1)

* Problems, 1919, 41 and 42.

www.rcin.org.pl



KUMMER’S INTEGRALS. 267

Hence

(2)

and (3)

If F(x) be any polynomial in which the sum of the coefficients is zero,

Then

(4)

Let Δ be an operative symbol defined by

Then equation (3) may be written

(5)

Taking

Integrating with regard to m from 0 to m,

(6)

Similarly (7)

Some of these integrals were established by Euler (Calc. Int., iv., p. 271). 
The general rule was given by Legendre {Exercises, p. 372).

1100. Kummer’s Integrals. (Crelle, T. xvii., p. 224.)

From equation (2) of the last article,

(i)

(ii)

in the same way.
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268 CHAPTER XXVII.
Putting c = l and a + b = 1 in (i),

Examples.

1. Deduce the integral from the theorem

[Leslie Ellis, Cam. Math. Jour., vol. vii., p. 282. ]

2. Show that

3. Show that

[Euler, Nov. Com. Petrop., vol. xix., p. 3O.]

4. Prove that [Colleges β, 189O.]

5, Prove that [Trinity, 1885.]

6. Prove that [Trinity, 1884.]

7. Prove that [Trinity, 1885.]

8. Prove that if a be <1,

[Oxford, II. P., 1888.1

9. Prove that
[St. John’s, 1881.]

10. Prove that

[St. John’s, 188l.]
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DEFINITE INTEGRALS (II.). 269

11. Show that

12. Prove that [Oxford, I. P., 1889.]

13. Prove that [Colleges δ, 1883.]

14. Prove that [Colleges γ, 1882.]

15. Prove that where π > a > 0.

[Colleges γ, 1882.]

16. Prove that [St. John’s, 1885.]

17. Show that [Colleges δ, 1881.]

18. Show that [Colleges e, 1881.]

19. Show that [R.P.]

20. Show that [St. John’s, 1882.]

1101. Group I. Derivations from

(l>α>0), Art. 871. (1)

Put Then

(2)

The case n=2 gives

(3)

Putting p=m + l, we have

(4)

Put p = l in (2),

(5)
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270 CHAPTER XXVII.
Put in (2),

(6)

Put p = l in (6),

(7)

From (4),

This may be written as

(8)

Put positive ; mq=p, and replace z by x,

(9)

Put q=π, (10)

Put in (1),

(11)

Diff. r - 1 times with respect to b,

(12)

Integrate (11) with regard to b from b1 to b2,

(13)

Write x=by in (1),

(14)

Diff. r— 1 times with respect to b,

(15)

Diff. (10) with regard to p,

(16)

Integrate (10) with regard to p between 0 and p,

(17)

Diff. (1) with regard to α,

(18)

etc. Thus obviously a large number of such results may be derived.
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DEFINITE INTEGRALS (II.). 271

1102. Group J.Next consider the similar integralHere the integrand has infinities at x=0 and at x=1.At x=0, since a is positive and <1, the limit ofwhen e1 is indefinitely diminished, is zero (Art. 348). We have to examine the behaviour of the integral in the neigh­bourhood of x=l. Consider the integral
where e and η are small positive and arbitrary quantities.In the second integral putThen

And in the second of these let x=l-ξ.

a convergent series, since ξ<1,
and if η and e are made ultimately zero in a ratio of equality, the limit of this portion is zero, otherwise it is of arbitrary value.Hence we shall take η=e, and then
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272 CHAPTER XXVII.is in the limit the same as
i.e. the Principal Value ofisthe General Value being an arbitrary quantity depending upon the relative mode of approach of ε and η to their limits.Now in the limit of when x isunity, is — (2a— 1), and is therefore finite, so that the last element of the integral when expressed as a summation from x=0 to x=1, contributes nothing.Therefore

Now in the limit when n is infinite, the portion in the brackets is ultimately equal to π cot aπ.The limit of the term is zero; and in the integralthe subject of integration is ultimately zero for all valuesof x<1, i.e.

And for the remaining part of the integral
we may remark that, the integrand being finite, if we take 
P and Q as its greatest and least values in the region between 1 —ε and 1, this integral lies betweenand
i.e. between Pe and Qe, and therefore vanishes in the limit.
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DEFINITE INTEGRALS (II.). 273Hence, summing up, the Principal Value of the integral
and is equal to π cot aπ (1)

1103. In the derived results which follow we shall regard all the 
integrals which occur as Principal Values.

Starting with Prin. Val. of

(1)

we proceed as in Art. 1101.

Put Then

(2)

The case n = 2 gives

(3)

Putting p = m +1, we have

(4)

Put p = l in (2),

(5)

From (4), (6)

This may be written as

(7)

Put positive ; mq=p, and replace z by x,

(8)

Put (9)

Differentiate with regard to p,

(10)

Integrate (9) with regard to p from 0 to 1,

(11)

www.rcin.org.pl



274 CHAPTER XXVII.
or between b and a,

(12)

and it is as before obvious that many further deductions may be made.1104. Lemma. We shall require the factorisation of

Logarithmic differentiation with regard to u and v gives(1)(2)1105. Group K.
Type etc. (q positive, ρ2 > q2).

Here , the integrand

being finite for all positive values of x and the series convergent;

by the Lemma, (A)

q being positive and p intermediate between q and -q, inclusive. 
Similarly

(B)
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DEFINITE INTEGRALS (II.). 275
Writing 2x for x in (A) and in succession for p, and

subtracting,

and replacing 2p and 2m by p and m,

positive, (C)

Treating (B) in the same way, 

and replacing 2p and 2m by p and m,

positive, .(D)
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276 CHAPTER XXVII.
We thus have (p2>q2)

(A)

(B)

(C)

.(D)

1106. Special Cases.
(i) Put q=π, then

(ii) Put then

(iii) Put p=0 in (A) and (D),

(iv) Putting q = π in these results,

(v) Putting m=0 in (B) and (D)

(vi) Putting q = τr in these results
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DEFINITE INTEGRALS (II.). 277

( ii) Putting in (v)

(viii) Putting p=q in (A) and (C),

(ix) Putting q=π in the latter,

1107. Other Modes of Derivation.Besides such integrals as those indicated, which are merely particular cases of one or other of the four formulae A, B, C, D, many definite integrals may be obtained by differentiation or integration, between specified limits, with regard to one or other of the constants p, q or m.

Examples.

1. Taking write 2m for m and integrate with

regard to m from 0 to m. Then

that is

2. Deduce from

(a) (b)

3. Deduce from

(a)

(b)

(c)
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278 CHAPTER XXVII.
4. Deduce from

And it will be obvious that a large number of such results may be 
obtained. The results of putting m=0 will in many cases lead to 
integrals obtained in a different manner earlier.

1108. Group L. Poisson’s Formulae.Let f(x) be a function of x such that Taylor’s Theorem gives convergent expansions for f(α+u) and f(α+u-1), where 
u=ei0. Then expanding

Multiplying by
or by if

ifand integrating between 0 and π, we have

or
Examples.

1. Show that, u standing for

2. Show that
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FORMULAE OF POISSON AND ABEL. 279
3. Show that

4. Taking show that

5. Show that

6. Show that

7. Deduce known results from 4, 5, 6 by putting n = l.

8. Prove1109. Group M. Abel’s Formula. (See Bertrand, Calc. Int., p. 171.)Supposing F(c+α) capable of expansion in a series of powersof in the form whether a be realor imaginary, then putting ιβt tor α, we have
It follows that

In Abel’s Formula b is taken as unity.
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Examples.

1. Taking

2. Deduce the formulae(a)
(b) [Bertrand.]

3. Show that

1110. Group N. A Set mainly due to Cauchy.The integrand of has infinities at a andat —a. The latter lies outside the range of integration. Now

Jf η, e be made to vanish in a ratio of equality, thisvanishes; the Principal Value of is zero.1111. Consider next the Principal Values of

If then φ(x) be such a function as can be expressed inpartial fractions of the form we have asPrincipal Values,
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CAUCHY’S INTEGRALS. 281

where F(x)=x2φ(x), provided be finite.
[The results obtained in the following articles to 1118 are all Principal 

Values of the several integrals discussed.]1112. Thus, for instance, since we have

it follows that, considering Principal Values,
(A)

1113. Again, it is clear from the expressions for sin β and cos θ in factors, that the fractions (α < b)

are expressible as the sums of an infinite number of partial fractions with pure quadratic denominators (e.g. see Ex. 52, p. 169), and therefore, when a <b, we have immediately
(i) (ii)

(iii) (iv)

(v) (b)

www.rcin.org.pl



282 CHAPTER XXVII.
1114. In the limit when α=0, we have cases (i), (iii), (iv) giving a zero 

result, but from (ii) and (v),

and (C)
Also in the case when a = b, we have,

(i) and (ii) become

(iii) (from A (i)),

(iv)

(see Art. 1007)

(v) (from A(iii)).

(D)

1115. The cases in which a> b can readily be obtained by means of 
the following identities. Let a = 2rb + c, where r is an integer and c is 
positive or negative, but numerically less than b.

(1)
(2)
(3)
(4)

Now

Therefore

. to r terms
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Hence, if α = 2rb+c, c2<b2, we have

according as 0>c2>b2, or c=0 or c=b.

1116. Thus we have the several cases :

(a)

(b)

(C)
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(D)

or

or

or

(E)
or

or

or

1117. Adding the results of (D) to p2 times those of (C),

according as

If α=b we have as established in Art. 1007, and used

above. The majority of these results are due to Cauchy [Mem. des 
Savans Et., T. I.].*

1118. Some of the general results above (a<b or α = 2b+c) may be 
derived from others by differentiation with regard to a ; bearing in 
mind that if b be kept constant da =dc.

Differentiation with regard to b, p or p2, or integration between 
specified limits, will furnish other results. For example, taking a < b

and starting with and integrating with regard

to b between b1 and b2, we have

*See also Legendre, Exercices, vol. ii., p. 174 ; Gregory, Ex., pp. 491-499.
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or, differentiating with regard to p,

Again, since cosech p (from Art. 1114), we have

i,e.

or

and so on for other cases.

1119. Since

and when b is an integral multiple of π, =nπ say, we have

1120. Some Special Forms given by Legendre (Exercices, p. 243) and 
Landen (Math. Mem., p. 112, etc.).

Taking

write 1 — x=y in the second integral. Then (x < 1)

Hence

and if ϕ(α) we have

(i)

and (ii)
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Also , and

Let then

i.e. .(iii)

Again

(iv)

(V)
(Legendre.)

In the case or

i.e.

But

Hence solving

where

Thus

These curious results are due to Landen. They are quoted by Bertrand, 
Calc. Int., pp. 216-217.

The series is therefore summable in the

four cases
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PROBLEMS.

Prove the following results

1. 2.

3. 4.

5.

6. 0)

(ii)7.
9.

10.

11.

12.

13. (1) (2)

(3) (4)

14.
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15.

16.

18.

19.

20.

21.

22.

23. (1) (2)

(3)

24. Prove that

25. Establish the following results :

(1)

(2)

(3)

(4)
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26. Show that

where B2n-1 is the nth Bernoullian number.

27. Evaluate (I) (2)

(3)

28. Show that (0<α< 1).
29. Establish the results (a)

(c)
30. Establish the results

(α)

31. Establish the result

32. Prove that

33. Show that (π > a > - π),(1)
(2)

(3)

(5) [Gregory, Ex., p. 495.]
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34. Show that

(1)

(2)

(3)

(4)
[Gregory, Ex., p. 496.]

35. Show that

[α, 1891.]

36. Show that

n being a positive integer > 2.

37. Show that the integral has the value

if a be < b, but has the value if a > b and = 2rb + c,
where r is an integer and c <b. [R. P.]

38. Prove that the coefficient of xn in the expansion of sec x in 
ascending powers of x is equal to

[Math. Trip., Part I., 1888.]

39. Show that

40. If show that

(i)

(ii)

(iii)

and that the value of the series χ (x) is known in the four cases

[Legendre, Ex. , p. 247. ]
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41. If show that, ϕ(x) being as defined

in Art. 1120,

(i)

(ii)

(iii)

(iv) ., where θ= 2sinπ∕10.
[Landen, Math. Mem.]

42. Prove that

[Morley, E. T., 9224. ]

43. If and r

be a positive proper fraction, show that

[M. Trip., 1883.]

44. Prove that  where b is the

real coefficient of the imaginary part of and hence find the
value of the integral to four places of decimals when n is 2 or 3. 

[SanjAna, E.T., 13,609.] 
45. Prove that

[SanjAna, E.T., 13,636.]

46. Prove that
[W. J. C. Miller, E.T., 13,784.]

47. Prove that the value of

the integral being taken so as to give the variables all positive values 
consistent with the condition x + y > c; (0<k<1). [Ox. II. P., 1885.]
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48. Show that 

where x1, x2, ...xn are the roots and Δ the discriminant of the 
equation 

the integral being taken over all values of the variables such that 
the sum of the rth powers of the coefficients in this equation, which 
are all positive, does not exceed a given quantity a.

[Math. Trip., 1884.]

49. If and , prove

(i)

(ii)

50. If f(z) be an even function of z, and

show that

Use the expansion of in powers of sin θ.
[Cauchy.]

51. If f(z) be an odd function of z, and

show that

[Glaisher.*]
52. If f(z) be an even function of z. show that

show also that is independent of a.
[Glaisher.]

* Camb. Phil. Soc., 1876.
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