CHAPTER XXVIIL

DEFINITE INTEGRALS (IL).

LOGARITHMIC AND EXPONENTIAL FUNCTIONS
INVOLVED.

1071. In the class of definite integrals we are about to
discuss, it will be convenient to remember the result
1 n!
on?(logw)”dw=(— l)”W.
This is the result of integration by parts,

¥ n L ﬁ n ]__._”_"_.‘-1 n—-1
Lw’(logz) dx-[p+l(]ogz) ]0 11 o7 logaytde

el
a3 -‘.0 z?(log z)*1dx

n(n—1) (!

i s |

x? (log z)"~2 dw=etec.
o n!
==
Or we might obtain the same result by the transformation z=e-Y, viz.
1 0
[} e ogaymdo=[" e -1ypyn(- ey dy=(- 1 yre-t+rdy

T(n+1) i 17
iy

including the ca,sse/;l (log 2 de=(-1"T'(n+1)=(-1)"n!.
1072. Again, let F(z)=A4,+42+ 42>+ Aa*4-... be sup-

posed a convergent series for all values of & between =0 and
z=1, and such that

=(-1p

-+ Lty K () (logglc)p is zero or finite when z=1,
244
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5o that even when the series for #/(x) ceases to be convergent
when z=1, the final element of the summation indicated by

1

the integration_‘- F(w)(log ;}—)pda} will have no effect. Then
0

we shall have, by putting z=e?,

IE}'1 log 1 pF(a;)th:=I ype-vF(ev) dy

—I‘(p+1)(p+1 2p+1+3p+1+ )

and therefore I can be expressed in finite terms whenever F(z)
is such that this series is capable of summation.
An extensive class of definite integrals arises from this fact.

1073. It will be well to recount several previous results
obtained. We have now used the symbol S, to denote the
complete series

Syt st ast gyt gt adinf. (p>1),

and the numerical values of S, up to S,; are tabulated in
Art. 957.

Also, if secz+tanz=1+K

11|+

22,—}—1&’33‘4— , then

K,. 2”“”1 =14 (—3) M (R)H A (— 1) () ... ad inf,

and rules were given (Diff. Cale., Art. 573) for the calculation
of K,, the results being

K,=1, K,=1, K,=2  K,=5 = K,=16,
K,=61, K,=272, K,=1385, K,=7936, etc,,

K,, being the n' “Eulerian” number=4F,,; whilst K,, , is
22"(221}__1)

the n' “Prepared Bernoullian” number= 5, P

B,,_, being the n'* Bernoullian number itself.
Also we have seen that

"l min Luargisher e, ) _(@m)m
S’”=2(2n—l)!(22”—1)K2"'1=T+2—+32"+m+ (2n)!B3"—1’

mintl 1 1 1 1 mintl
gt @)1 Ko =T~ ganri g e T gm (g




246 CHAPTER XXVIIL

and we have the particular results

¥ 1051 T Y R AL | t
1~3t5— =g (Euler) 1—‘+——‘+3—‘+...=9—0(Euler)
| SR S ¢ C 1 1 !
F—§5+5_'_"'=— (Tchebechef) I,+3l+5,+...=—8~ (Euler)
g R | ) eh A ¢ s
pogtEpT = 1536 (Tchebechef) ftgitzt-=g (Euler)
) RIS NS | w3 | TR l
1—.+§i+§+—-—6—(Euler) T_§+§ Z -—1082
) il (B89 ¢ 1
ﬂp=1—“,+3‘,+5‘,+ ([_21,)
1 i oy sy 2 (p>1)
=p-ptappto= (1 2,)»3’,

1074. One class of series of this nature will not be obtainable
from the tabulated results of Art. 957, viz.

1 d 1 1 1 / ;
W-"ﬁ*‘ﬁiﬁ_ﬁ"%?_ <o =8y, 88Y

and so far as the author is aware the values of this series for
various values of n have not been tabulated, and it would
appear that there is no method of obtaining the values except
from the series itself or from some transformation of it to
render it more rapidly convergent. The most troublesome
case for direct calculation is the case when n=1, on account
of the slow rate of convergence. But in this isolated case, viz.

siml
S=pgtE e

the value has been shown by Mr. J, W. L. Glaisher to be
091596 55941 77219 01505 ....
(Proceedings of the London Math. Soc., 1876-7.)

Mr. Glaisher arrived at this result by means of the identity

L SllgRasp L] 2 4 Spoliy
b ey ol 3 tan?/sec?s+} tan't sec’t—...,

a form of Gregory’s series, which upon integration yields

1 1 . 9 | r
A vy e g St h 502t =2) sin T

=13 [1 e
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and expanding the fractions in powers of 7'and integrating,

—o+3 B0 +3 L2 +.

1 1 1
where Tm= 1w~ gm T gm 4“ (1 2m)Sg,.,

whence, putting 1—%’—: for x, Mr. Glaisher obtained the remarkable series

LT L T got+ )
tan - — 7 tan® 5 +5,tan g~ 2 x+30'g-%‘ tgourt..
! 5 Aaliakpl 1 1 1oy 10'4 ]
and putting x=4, s, =S nptp—nte 2 gt3 ety aut-

whence the value above given may be derived. The details of the
calculation are given in Mr. Glaisher’s paper (loc. cit.).

1075. It is to be remalked that in approximating to a case of the

AL 1
general series — g T
terms, the error in re]ectmg the remainder of the series is less than the
first of the rejected terms. E.g. if

7 s TR AR |
“=p-ptp-pte =

+ ~+5;, — ..., if we retain any specified number of

1 1
then s=912—<isz—]-§2;)—et,c., and .. is <9,,
and since €=(§13_i%‘)+(1l32~%‘)+'"’ it is >0,

and the error in taking 4 terms lies between 0 and #. Similarly, and
more generally, if we retain r terms the error is less than the (r+1)* term.

The series for s, 8¢, etc., are much more rapidly convergent than that
for s,, and therefore the calculations direct from the series are much less
laborious.

For immediate convenience we may note that to six figures
8, ='915,966,  s,/='988,944,
8¢ ='998,685,  85'="099,850.

1076. The integrals which follow are arranged in groups according to
their forms. Where it is thought necessary the working is fully given.
In some cases two or three of the steps are given, and in other cases
merely the result is stated. It isintended that these should be workED
BY THE STUDENT FOR HIS OWN PRACTICE. In some cases it will be seen
that by treatment of the same integral by different methods various
identities may be established.
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1077. Grour A. ExAMPLES OF Integrals of form
p
[(= ()
2
M - <3 da.

log -
sl P th Putting z=¢77, we have

o

1
I=£ yleV+e W te ¥t .,.) dy=1—2+@+3—,+...= it

o

fl log1
z 2\ 7?2 =?
Show that — dx:(l-?)F:l_f

3. Show that

J- 8% 1o ey
0 . [

1-z 18 P
2
f l(l°g alf> 3
4. Show that s o dx=§ Sy
5. Show that
" (1og (1o 5)’
J. (log 5) j 8y Tt
e 7 = do=—.
[ ) 15 S ET +x 120
6. Show that
1 (1 1)2»—1 1 1 1 2n—1
og — og - e
8 _@mn™ f ( a') gm—1_1
J; 1—7% d*"'-‘ an an—lr 0 1+.l' 2n B?n-l
7. Show that
2n 2n
<logl fl(log;>
o -l—x—- dx= (27L) ! S2n+1 ¥ 0 1+a dz= (2 )' S‘&‘w{-l

It is to be noted that integrals with integrands of the same character
as the above multiplied by rational integral algebraic polynomials
present no difficulty, thus :

!

log = £
g —2y | 8y 1 4y . gl
S.foxl_xdx—j; yleWte et .. ) dy 22+32+"'_6 T2
- log=
. x P il Shet
9. Show that .’0 x”-mdx=€_l_2-2_2.
10. Show that
I
log~ .
1 x 7™ a+b a
|, (@t +beto pesde=(atbio gy o
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1078. In some of the simpler cases, viz. when the power of
the logarithmic factor is the first, we way write 1—y for z,
and expand the logarithm.

Thus
llog J"’log(l—y) L _-"Hog(l—y)
jl TEE do= [ PBC=Y gy [ REE =Ygy

b j (1+1"+y +...)dy=—(%+212+?%+---)=—g-

ExAMPLES.
1 2 a
1. Prove that f t,a.nh"‘.wd—x="L = f tanh—1 < d_a:
0 21084 g alx
2. Deduce from (2), Art. 1077, by putting z=tan? 6,
f tan 6 log cot 0d0——

3. Deduce from (6), Art. 1077, by putting z=sin26,
f tan @ (log cosec ) d0- B,,._,

4. Prove that

f' tan 6 (log cot - do =T 221 B
1079. GrRour B. EXAMPLES OF Integrals of form
T . 1)1:
f & (085
0

1+a2 da.

Prove that

fbg;‘d ¥ f g_da: 91596
Llarma s ol T =3,'="915966... approximately.

(log 1) : (log —)2 %
2. )|~y do= 2(1-—).9,_2103599 LT:,_JM;LG,

1 1\3 1 1\3
(log Z‘) ! (log .;')
3. o

M e 1 E=Té, m—d.l‘=68‘ =5'9336... .

4 1 1 4
(log ) (log;) 5ms
4. ——rdt 4'(1——)35—24 10857.. o “T3a d.;,=ﬁ

www.rcin.org.pl
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1( 1 5 1 1 ]
log —) log —‘)
5. J; 2/ g w8 Jo ( z

s i B il .
l—x’ 8’ —l+7—d\l 5'38 ]19842....

() ()
g - g -~
G.J;—‘”.,-clz=6!(l—l>s7, Jo LRl

-2 7 T+ 7%
1(1 1\
'Og—) 2n(92n
z _me-1)
i fo 1-2a? e an Banas

1 1 2n
f ( log _;.) et
0

Trar =g b
and in the same way as 8, 9, 10 of Group A, prove that

log -

1
8 f‘ 23y = . [Eoizr, Nov. Com. Pet, vol. xi
S = Ll e [EuLER, Nov. Com. Pet., vol. xix.]

. log 3 .
10 f 3 —% d:c:=1r——1 and so on for similar cases,
L TR I 24 ‘4’ i

11. Putting z=sin @ in No. 7 (1st part) and x=tan § in No.
part), show that, if » be a positive integer,

7 T
i) J; sec 0 (log cosec §)*" 1 df= fo cosec 0 (log sec 6)**1d6

- 5 22n 2Ly y
=t g O

;r n+1
(i), [ (1ogcoto)'"da=’§’;+-25',,..

1080. Grourp C. EXAMPLES OF Integrals of type

1 b 1 P
[y,

(Axax)
p and q being positive integers (p<q).
1, Putting #=¢"Y, we have
J. 1( log é)p

: mh:]; PP+ 2 4 3+ ) dy

. 7 (2nd

1 2 3
=p!<m+§;‘ﬁ+§)ﬁ+---)=p!Sp (p>1).
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Prove that

1

2. f(logl) f log‘li
mdx P(l——)S, @>1. 3 ), gpde=log2

f dx 2 (8uat8,)

f(log )h_

W 31 (Sp—2 +38,1+28,).

% !
6. Jo T—z) dx—(qfl)!(SH+,+PlSH+3+...+P,_QS,),

where P, is the sum of the products » at a time of 1, 2, 3, ...(¢—2).

(el
!
i f" Ao == (qfl)x(""-¢+'+Pl°'H+3+"-+Pv—"’r)’

where o-,=i1;—--21-;+3l,— .--=(1 —;)S,--

1 (Iog _:‘:)3 v 1 (log )3 a
8 [ o trmmpae=a(i8-g5), [ @t de=3(v-5g)

g log cot 6 :
9. '/; md0=10g2. (Putx=ta.n9m 3.)

3
10. ﬁ sin 26log cot §d0=}log 2. (Put &=tan?f in 3.)

1081. Groupr D. Various Forms containing Radicals.
1

log
g S 1yl w13 )
& @ le oy f ( it s 7k ek v 1

) A R G I o ISR - T Yl
“nty atzantiie @
Again putting »=sin?6,
I=—flogsin’0.2sin()d0=—4/:sin610gsin9d0
0 T
=—4[—cos€logsin0+logtan§+c080]
0
i
=-4 [cos 0(1-1log 2) +2 sin? g log sin —g—- 2 cos? g log cos g]o

= —4[log2—1]=4log§-
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Thus we have the result
TP R R . T (LG . TR, TR

4l°g2 et ety g 5,+2 5+ @t ad inf.
I= f‘ 7 llog:;d [EuLEr, Now. Com. Petropol., xix., p. 30.]

Put z=sin 6, I=fsin2010gsin0d9=[1———c;s—2€logsin0d0

7 : i 1
=lf’log sin 0d0-]§[8m22010gsiu 0]0 +%£ cos?0 dé

T 1
= lg2 log4

3. Find the values of

1
I=f cos 2nflogsin 6d¢ and I’=/o sin® @ log sin 6 d6.
Since

sin 9% {0+sin 20+%sin 40+%sin66+...

+————1 sin(i!n—-2)(i+i sin 2n0} =sin 2n6 cos 6,
n—1 2n
we have

fsm2n0cot0d0 v ) 20_*_sm40 +sm(2n—2)0+sm2n0,

2 n—1 2n

also fsin 2n0 cot 6 df =sin 210 log sin 0 — ancos 210 log sin 6 d6.

Hence I-=‘fo,cos 2n6log sin §df= — 4In (n>0).
Again
sin?? 0= {'"C —2(, _ cos20+22"C,_,cos 40— ... +(—1)"2cos 2n6}.

f
I’Efo sin?" @ log sin 6 d6

=g {"Cu Flog 5~20, o - )+290, o -5 )- - +(-178( - %

2...“{"0 ‘°g2+ o,,_,__ 0.._z+— 8Os~ -+<—1>"“%"'oo}.
i logxd G

Putting sin =2, we have the value of -
-2

1 1
log - &
itky (R ok AR R R LR S e )
4. I_f alz'—j; ;y(e—'+2e e Gk SR L
1

o NT=2a?
ks
2.

w

==q4 -}§+

1 a5

3 -

2
2

.a;
Ot

www.rcin.org.pl



DEFINITE INTEGRALS (IL). 253

Again putting #=sin 6,

Jq log—
dx—— lo 51n0d0=—lo 2
\/1 / g g

whence it appears that
1 1.3 Lu8ub= 1

T 1
glog2=gt3 - mitg 52+2 3.8 AT

1082. Group E. Cases in which the Algebraic Factor is the
Generating Function of a Recurring Series whose Coefficients are
Powers of the Natural Numbers.

1+ o 3.
Lt crenosseniions Yo
& f P+ 2+ B 4 )dy

93 3 i
=3! ( =+ ‘+ +.4 ) 6. =72
Prove that

b 1+
2. f(l :‘)J(log )dx:%r‘, S ;)3<log )dx 188,
1+ 18 Gl 2n+1
E (—1_‘”)3(1 —) dr=
1+6x3+x‘< 1) 37r‘
3 | ey (logz) do="F-
14622424 At s
e =7 V%83
(1+2)(1+10x+2%) >’”+'
b (I=ap (gx =4

2m)*"Byyy-

2n+1

dz==—— (2" - 1)7*"By, ;.

LOnsR R4+ 1) 5,

2
5. ]1(1 xz)z(logx)zdx=7rr.
1426246622+ 262° + 2
o (1-2)
i
% [ ey (log2) do = gm(15- ),

1422 3 SN 472
[ o (10g2) de=27" 15+ 2m).

6.

1\8
(l og— ) de=28.7. 7%

s |, 1?14132( tog 1) dz=(n-+ 1) (@0 + 1) (@) B .

9. f'(}*;;e(log 1Y o =231 4+ et + ).
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10. If ay, ay, g, +.. @y, be defined by the equation
@1 =gh - n+101(3 ik 1)n+n+102(8_ 2)1; e +( 0 1).—1 n+10'_l .1n
for all values of s from s=1 to s=n, then

Yagt+ayrtagrit o+ a2t l)"‘“"H
0 1 n-1 e
./(; 1=z (log dx

_1(n+2m-1)!
27 (@2m)!

It will be recognised that the several equations defining the letters
0oy Gy Agyeee By 4, Viz.

(2m)*™ By

a=1% a;=2"—(n+1)17, a2=3ﬂ—(n+1)2"+@%1”1”
etc.,
(n+1)n

g =1 —(n+1)(n—1)"+ (n —2)ﬂ—...+(—1)n—1("1+—12)'”1",

are the results of equating coefﬁcxents in
g+ T+ A2+ oo+ A 2= (174 200+ 3022 + .. ad. inf.) (1 — )

up to the coeflicient of #®~*. And it is known that
()t =m0 (n+r—1)" ...+ (= 1) PR L (r—1)"

vanishes for all values of » from 1 to o, being the coefficient of +™ in
er—Dz(® 1) ge in [14+(r—1)a+...]J(2a"H - ...),

in which the term of lowest degree is 2™+,

aytax+ a4+ ...+ a, 2!
(1=z)H

recurring series 17+ 2%z +3%22 4 ....

Gyt r+azrt+... +a,,_,x"-1( 1>n+m—1
Therefore /: o log ™

Hence is the generating function of the

= j; YnHIm=1[1ne—V | One—2 4. 3Me—3V 1 | |dy
1n an
=(n+2m-1)![m+2—,¢ﬁ+3n+m+~ >
1 1 1

=(n+2m—1)!$12r’)’:; A

1083. Groupr F. Gaps in the Development of the Algebraic
Factor.
Let a and 3 be any two prime numbers.
In the series formed by the development of
z 2 2P

e 153 i AT in ascending powers of z (2<1),

w.rcin.org.pl
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-5 , te. 2 +a%4..., fro —x—, .e. the com-
— 2 1-z
2422+ 3+ . a2ttty gty

removes all terms whose indices are multiples of a.

the subtraction of
plete series

The subsequent subtraction of removes all those terms which

z
1-2f
remain, and have indices multiples of f3, restoring with the opposite sign
such terms as have indices multiples of af3.

If we now add we are left with-the complete series with all

ap
terms whose indices contain either o or 3 as a factor removed.
Exactly analogous to this is the effect of multiplying the series

N +++++,(p>1),

2788
I e 1 1
M) by 1-55-g5, (@ by (1 —;,-,)(1 —F’>
For §— %-— == the complete series S from which terms in which the

denominators are multipies of a and ( have been removed, but those
whose denominators contain both a and 3 are restored with the opposite

sign, whilst in the case S(l - %)(1 - B;) no terms occur whose denomi-

nators contain either a or 8 as a factor.

1/ g 2 zP 1\"ldz
o e S e 6 e

cn [}

by putting #=¢"¥ as usual, where the double bracket indicates that from
the series included all terms have been removed which contain a and not
B, or B and not a, as a factor, whilst terms with both « and S as a factor
occur with the negative sign

=(2n-1)z(1-al-,,—é,—,)s%
=(2n—1)!(1—$,—ép)% Bl

o) o

zP ] 1\=1 dzp
_f (1—r Tl Y el xﬂﬂ)( g;) =

(-8B B




256 CHAPTER XXVII.

It may be noted that
1 g INVIEY il sy 1\2-1 dy
J l—z#<l°gl*) T am l—y(logi) [
.o 1_”_(10 l)’”"‘if’
_a"'f., i—z\ %z z’
and therefore

f (_x__ P QR o RaP )(lo 1)"'—1@
Jo \1=2 1-2% ‘1-2f 1-2°F 82 z
£ R\ (@2m)"
=(l“m‘7§-‘» W»)‘Zﬁ“ B,
whatever numerical values may be assigned to 7, @, £

And more generally, if a, 3,7, ... be any prime numbers, and if #() be
the function of 2 which would be formed by first developing

(1-4)1-B)(1-C)1-D)... as 1-(4+B+...)+(4B+...)—etc,
and then replacing

xr
1by 1=, Abyl”

_.1/'“’

B
x
B by g ete.,

Y
ABC bv per and so on,

1B by 22
- yl—.z‘a'ﬂ’

then F(z) consists of such terms of the series z+a2%+a2%+ai+... as
are left when all those are removed which have a, 3, y or any combina-
tion of them as a factor of their indices ; and then

f F(a:)(log )’" eyt dy,

where the terms in the bracket are such that those whose indices are
multiples of any of the primes a, f3, v, ... are missing,

= (@n-1)! (1 -a]—,,—,)(l —'[%,Xl 7‘,—,,) Sans

4 f e (log i )’_ﬁ—x ?=(QZ;’" Bm_‘(l = %,)(1 b Flﬁ,XI = #,) )

If we press the theorem further, and remove all the terms from
except the first, then if a, B, 7, ... be all the prime numbers,

2P L aPrd 3 1\2n=1
4 3 o 1\t
f[l-x 4 xu +3-7 w e S Lt ...oui.mf.](logx) 3

1 1 1 1
=(2n—1)'(1 —W)(l_ﬁ)(l —5—”-‘)(1 7!") S2u
=(2n-1)! (by Raabe’s Theorem, Diff. Cale., p. 109, Ex. 29).
¥ P

And this result is a priori obvious, for the integral is merely

jol x(log 1 )m-x ¢l1; e Vyn=1dy=T"(2n).

X
1-—-

www.rcin.org.pl
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ExAMPLES.
1. Thus we have

L a8 28 & z% dx
f[l z 2 @ b g, e r”:ll z' x

11:21161;51@&13010
et B (e 3 8 24 x* 8r?
*(1 22)(1‘32)(1 52) oo et A I e T
2. Prove that
1+1,
(‘)/ ‘i""27’ (“)f1+xﬂlg dam 27’

-z 1\2n—1 (28-1-1)(3*"-1) ,.
(m)f l+.1;3(10g;:) dat= e Sy

(iv) f ra(log3)” dx=(2n)!(l—§%l)(l—2—3;‘)82,‘ﬂ.

114 2x+234+2° 208
3. Prove th t,f——(l )dz—-—— ‘,
Ve M L Ty 3125

1 3 =~ 2n—1
4. Show that f 1ALy 4 ( log Jl;) do=7- (1 e %.)(2#)’” Boy.
0

1-a%
5. Show that
e Tt B S S Aol e
b (1—2)(1 -.xv)("’g.?:) d"’_4—n(1 pm)(2"r) Byp,
where p is any prime number.

6. Show that
11422424428 T 1 1
e (bg 4 d"”=4_n(1 - gt gun) BT By

1084. Limits 0 to .

So far in this chapter the limits have been from 0 to 1. In
some of the cases considered the integrations might have
been taken from 0 to = ; e.g. in the examples of Group B,

log

: o)
| =aee=(f
¥ log : i logl
x 0 log y QY G & a
J; l__xzdx .,/—2( yz>dy— A P i

ulog- log = .
z 72 T
i J; E’d" T e e &

dz. In the second integral put x=;-

www.rcin.org.pl
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» 1
log 1 i log %z
2. ; ﬁ.{h:( j; 4 /:7 )l-i-—_x‘dz The second integral is

1 ]
log —
logy(_l) f logy . _ Z iy
y T+y A\ 22 L 0 l+y ady= fl e Al

Iog—
7dx =0.
. n—1 . n—1 1 A 1y
[ET /‘><°g) L[,
—.’r’ﬂ(ziﬂ_])B
T o 2n—1*

SO e [l

T 21 +1
=(—) E,,, and so on for other cases.

2
1085. Grour G.
Integrals of the class o 1\»
) j (logw e <10g 5:) i >1
i \—1 2.e. A (T:-a-:;"— x, M :

form a group of some interest. (Cf. Group C, Art. 1080.)

We have I=(/l +/‘”)(looz) dz, and putting x—l in the second
of these, y

[T 0L (B G e
1+z1 y (log z)*dx ; and putting z=e~,

I= [ 2" {1 e (n 2"}{ _‘+m_&+n(n-;1) "'+...}dz,

the expansion being convergent as e~* is <1 for all values of z between
0 and o ;

nn+l) 1  nnr+l)n+2) 1
=T [ e (1 2)3n+x+ : 1.2).3 )4"“

1 n 1  nn+l) 1 n(n+1)(n+2) 1
tacpmtient T mrpntT 1.2.3 @ygpat ]
T 1 T@+) 1 T@t) 1,

»w 1.2 an'. 1;2:3 3
P(n-1) T(m) 1 T(a+l) 1 _ T@+2) 1 +]
(n—1)» L' ar il g (ns1)he 1,9, 8t (niy )
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And if n be integral,
Thk 2.3...(n— 1) 3.4...m 4.5.. (n+l)

" - WA
1.2...(n-2) 2.3...(n— l) 3.4..
g (n—1)» n" (n+l)" Zt ]
W FEADEAD L hnoD) L 7F (D). = (02)
r._l e rnn—l

)42 rn= D)+ (r=1)(r-2) ...'(r-n-z) @)

r:l -r" . sesens
The case of this when = is even is given by Wolstenholme, [Prob. 1919].
It Sp——+21,,+;,+ and P, stand for the sum of the products p at

a time of the first #—2 natural numbers, this result may obviously
be written
I=2n(8,+ PySs+ PSs+ PeSs+ ...),
2 w? ! o w8 - :
t.e. —2‘”(—6+P29-6+P‘975+P6m6+l)8m+...)- (SGBAlt. 879.)

In the case when n=1,

/"’log.z' (f +f)loga:dx

—/1 log.z‘ log'ydy, where x=l,
Y= ¥ Y
1 1
[ ]

loga: f(_____)
_o.z'1+ xlxlogvdw

L
=2 [ FEjae-3[ogar],

of which the second portion is infinite.

R ¢ o
The first part is finite, viz. 2. &=73-.
ExAmPLES.
1. f(“g’) dn,_'/‘ 2X2) (e~ + 2~ +3e—% + ...} dz
;| 3 2n?
=4(1,+2,+3,+...)=?.

2. Prove

log » [’ logx) ( 21r4) 4 2 8
.[(z 1)"‘” b (z—ld’”ss % )3 t™

log « 573 11t /’“(loga) 2,14 , 83
j:(z'—l)"”“— 5 0 kgoy) it g et v

and so on. (Cf. Examples 1, 7, 9, Group E, Art. 1082.)
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1086. A General Principle.

More generally, it is an obvious principle that if F(z) be
any function of # which remains unaltered upon changing
z into its reciprocal :%, t.e. if F(z) be a symmetric function

F(z)

of z and ;;, then, provided A remains finite from x=0

to 2= inclusive,

i dw . da
jo Fo) = 2]014’(35);.
5 dw o dz.
For L F(o) ;=<L+L V@2,
and changing « to ?—i in the second integral,

[ Q) nd-[rt-fro

Hence r F(z) i: = 2j F (x)%

1
0 0
Similarly if F(3)=~F(a), j: FoZo.

1087. Again, if the value of any definite integral of the
above form, viz. I EIPF(z)%—w, has been found, F(z) being

F(z) do
1+ =
can be at once obtained, where #» may have any value. For

a symmetric function of z and ;}, the value of I’.=.J;

in this integral put ; for .

OynF(l)
e Al il toad d_y=j"°m"F(x)@.
Then I w1+yn( l)y STTA s

, (" F(x) do | (2" F(2)dz
L= fOR, [ ek

®142n de (% do
L 1+xﬂF(x)-E—jo Fa)%-r1.

Hence I'=31,

]
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1088. Similarly, if F(z) be a symmetric function of g and

%’, so that .
F(z):F(a.§>=F(a.(£>=F(%),
then putting w—%z,

=r ¥ (). dz Yﬁ(_l)‘ﬁ
oa”+a" x wa,,+? Y

j yFly)dy 1 ("2"F(x)da
a'l

N

o a™+y" y a" 0o A"+ X

1+_' 0
s pag ok BT de oot ciie
- 2I_j — "F(m)——a”jo F@)%,

: S P (x) del 1 dx
v.e. Ia”+w"w =52 ), F(:c)——

.
2
1089. Again, if F(x) be symmetric in ’— and —, so that F(z)=F (%),

I=[ P 2= [ F) %,

For writing 2?=2, we have

[t [ro %3 +[)ros
Putting 41:0‘72 in the second,
[roe [ #(@ondo] rote[ o
: fl F(.r’)?=fl F(z)—z-=fl )%,

We note also that it is therefore proved that
i dx 2 0% dz
[F(x)-;=2[F(x )—;—2 /: F(x)?

s 2
Again, taking f F(:z:)d—z if we put x=aT, we have

fF(x)———[ (4 ”)i‘=—ﬁrm‘i‘,

f F(x) f F(a:)——— with other similar results.

www.rcin.org.pl



262 CHAPTER XXVIL

0

1090. Since o) fﬁ A" 2 , it follows that

a,+
x
(]

/"’ » f ! dz_1(°_ 1 de_x
o (T+2)(1+2™) Jo (@+2 ) (1+a™) 2 2o 2+2 ! 2 4

Similarly, since

, [ dede [T
5 ,r-’ "o at+at 2 ad, ¢
we have 'F —ij——L 2
artat a at x  2at 4’
$2+ 2
& zdz T

that is

o (@) (a"+a"™) ~ 8 ah+t’
1091 It follows from Art. 1087 that since the expression

is unaltered by wrltlng for 2, writing z=tan 3 4

1—}-:1:2 2’

“’F 2:1:

L x dx_g : a6
—L ()% fruods

a transformation given by Wolstenholme (Educ. Times, 9981).

We may also see the truth of this result by differentiation with regard
to n, which gives -

ar f ()

dn~ " ), T+amp

fﬂF(lixxz)l P
0

a™log x dT‘f", and writing ;:‘ for z,

T I © e T dn

o g—I= and I is therefore independent of n, and therefore the same as
if n=0,
i F(_m_)
=) TR (2 L e
Tfs S yEar T 2y 2l 1+a%) = %

Putting '2 for z, it follows that

” 2ax
P (Fves) ae
a?+
J; at+a® a”[’F(Smo)sm@'

2
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1092. Thus, if F(z)=z, we have

f" Phmd. ®
(a’+x’)(a"+x") 2am1 3~ 4gn 1’
or if F'(z)=2", p being a positive integer,
s 21 1 L3
y @TRP@ T P o;’w[ e
B SPAIRY fad § S 2(01' %

Paamp_1p 33 ),asplseven or odd.

SIE!

1093. Consider next the value of I,Er (log tan 0)?"df, where
0
m is any positive integer. Put tanf=z.
(log z)* (log z)*
i f f o (f +/w) T+at &

In the second integral put x=;,

[ e[ ([ e

1442 ;

(og 2™
e 2/ W e el

s dg= 2"1)( . (—€*)dz, where x=¢—*
=2/:z*"(e“—e‘”+e‘“‘—e""'+...)dz O<z<w)
\ 1 1 1
=2l(2n+1)[1—,,,7,—3,—,,+~1+5—,,,—“—...]

r\2n+
Ezn(g)

=2I'(2n+1) T where £,, is the 2 Eulerian number;

/’ (log tan )**df= ( )‘”+1E2";

and the values of E,, being successively

E,=1, E,=5, E;=61, Eg=1385, etc. (see Art. 1073),
we have

f (log tan 0)“d0—— f[ (log tan 0)‘d0—-—

fl (log tan 9)‘d0=§112L3; f (log tan g)nd0_138527r , ote.

d*Msecz
1094. Since £,, =coef. of -—, (2 )' in the expansion of secz, 7.e. o ]-o’

241" Jan
we have f (log tan )™ d6 = ( )” e secz:L_0 [Wolstenholme].

dzlﬂ

www.rcin.org.pl
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1095. The integral J= f (log tan §)**+1d6 vanishes.
For putting 0=g—¢, I=-1; . I=0.
7 T\t ; !

Hence /: (log tan 0)"d€=(§) E, or 0, according as p is even or odd.
Also log cot §= —log tan 6 ;

P ) Pt
/: (log cot 0)’d0=(g) lE,,, or 0, according as p is even or odd.
Hence /: (log tan §)?d6 and /; 3 (log cot §)?df have been computed for

all positive integral values of p.

1096. Let I, Er (log sin 6)*d6 =r (log cos 0)2d9,
0 0

7
and I 25“‘ (log sin @) (log cos &) d.
0
Then
o+ 211~ /: (log sin @ +log cos 6)? d0=j: (log sin 26 —log 2)2d6
! [* (log sin 20)2d6 2 log 2 [; log sin 26 d6 + (log 2)2f 1d6
Jo V'8 82) 8 ) :
Writing 20=¢,

|} togsin 26ya0=] [ (1og sin g2dp= f (log sin B)*df=1I,,

L : 146% 7 H : ricn By
and'/; log sin 26 d6 =§_/; Jogsingde -/l;’logsmtﬁdd) —glogé,
> 2Il+2I,,=I,—2log2-;—rlog%+(log2)2g,

s I,+2IQ=3%' o T 8 R A A (A)
Again
x x a
oI, - 212=f: (log sin 6 — log cos 0)2d0=./:’ (log tan 0)2d0=% i v(B)
L L+ 20,=" (log 2y,
3
T —IF% :

F ] ¥ T w3

", solving, 115/7 (log sin #)*dd =f (log cos 0)*df = (log 2)2+ -,

0 0 2 24

t : T e AT

IZE'/; log sin 6. log cos 6 d6 =2—(log2) "y

These results are due to the late Professor Wolstenholme.
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Obviously it follows that
f% log sin . log cos 0d0=1f} log sin @ log cos @ d6=" (log 2)2—53-
0 ; 2Jo 4 96

1097. We may write the expression for cosecz in partial fractions
(Hobson, 7'rigonometry, p. 335) as

*
1 1 1] 1 1

cosecz=...+ -
z2—-2r z-w 2z z+m z+427m

it being wnderstood that this doubly infinite series extends equal distances

to tnfinity on either side of the central term % marked with an asterisk.

A similar expression for cosec?z is

*
1 1 1 1 1

G- T a=mp At Gy TGrEp tre B

with the same understanding as before. [614, Wolstenholme’s Problems.]
The latter is obtainable from a consideration of the factorisation of

cosec?z=...+

cosh 2+ cos 0’ %y ”ff 2?2 }

1 e
2 c082§ r=—w @r+17+0)

[viz. equating coefficients of 22 in the expansion and writing 7 — 2z for 6].
Differentiating these expressions respectively 2r+1 times and 2 times,

and then putting z=7—1; in each, we have

1 (I)”‘“ d (cosz
2r+1)1\2 dz"‘(sin’z):lm_;

*
ik i 1 1 1 il
+(2n —1)r+2 - 1)|r+:+ 17+2 n+ 1)”+'+(2n+ 1)+ B

1 T ‘f+l[ dll’ l —|
@2r+1)! (5) (l?"(sinzz)_. =

*
1 1 1 1 1 ,
t@ns et aoyEe T rEn eyt ()

(A9

Now consider the integral

" 1\2r+1 1\2r+
I=£ ( 1g+2:" gt (/1-"/@)( 1+J1)'l

In the second integral write x=

Then

@ (l 1 >g1+1 0 1 (log 1)Ir+1
og - 2
z o .7/)"'“( s l) e z n—3y
'[ T dx—'[ Thy™ 7 dy = , T a3y

www.rcin.org.pl
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s 2 - g—(n=1),
=R () e [y T whors oo
y!f+l{e—y = e—(n-—l)l}(l —e Y + e~ My _ o—3ny £, )dy

=fy"‘+‘{... +e—m_—u_e—n_-u+:—v._e—my+e—lﬁr_ )y
0

*
1 1 i 1 1
G 55 !{'"+(2n— D " (n )R T [ T Rt @y e -}

1 WA JI /cosz w\¥ 2~ d¥ [cosz
=)t () Lo () L =G (e (@),
1098. Again, if

f{log Pl /1+j'](1og)

putting z=§ in the second integral,

or41 1 1\2r41
(df*, (s
= dot | a2 _l.l_ dz
0 o 0

I~z —a®

1 T 2r+1 e m-1)y
=./o 11+—x:" (l gl> dx“f%‘—’”“dy, where z=¢7?,

=[y”+‘{e"+e“""”}{l +e ety Y dy

=/wy2r+1{“_+e—2n_—i v+e—1—l:li+:—'+e-'ﬂ_-ﬁ'+e“2"_'“'+...} dy
]

=(2r+1)!{'“+(211—1i)7'¢2+(ﬁ5§:’+1;j+m+(2n—%1)§'ﬁ+”'}
=G+ Dgmi() dz"t(ﬁ)]g;(";)w 5’;"(;.‘1—%)1_._-

’ © 1\2r+1 .
me [ B8 (e
(1o83)"™" omrawy 1
L Wd’”=(-i) [W’(Sin’z)l;

These results are due to Wolstenholme.*

1099. Groupr H. Legendre’s Rule.
IPEI (~———1~ a"'dx. (Euler.)

log @

provided 2 > 1.

Integrating the result ' amde=_1_ with regard to » between limits
0 and %, we obtain 0 n+1

f i L =log (1+n) s (1)
o logz Ll G L o b s B v s 4% B e 0 < s 14
* Problems, 1919, 41 and 42.
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Hence
Lo g% [ E™-1D-@"-1), ., 14+m
[ g do _f all do=10g Too e @)
1-"5 1 Y " 1(1.m+n—1_])__(xﬁ—l_1) o ( ﬂ)
and f ez " "L”_fo Yes do=log(1+2). ...(3)

If F(x) be any polynomial in which the sum of the coefficients is zero,
= A+ Atk At p L+ Ay i Ay, oiA,=o,
=Ag(a®-1)+ 4,(2" 2 =1)...+ A1 (z-1).

Then :

f mdx=1§ log(n+1)+ A4 logn+Aglog(n—1)+...+4,_,log 2
o logz o8 110§ 2708 e
=log (n £ DY RO THRBAn-1) [ L ssisusivsnisasines (4)
Let A be an operative symbol defined by
Avy=v, 0 —Vy.

Then equation (3) may be written

Vi e (TSR R SR At D (5)
Taking J,= £ g ('zi:;xl)’x”—‘dx,
al, [t a™—1
oh_y fo Toag #™ e =2(log (2m-+n)~log (m+ )}

Integrating with regard to m from 0 to m,

I,=2 [2m b log (2m +n) — i’m_-}-n] -2 I:(m +n)log (m+n)—(m+ n)]
=(2m+n)log (2m +n) — 2(m +n) log (m + n)+n log n =A% log n. ...(6)

Similarly L= §1~!A'n’ log n, A =% ey 0 e, ) RN SR 7

Some of these integrals were established by Euler (Cale. /nt., iv., p. 271).
The general rule was given by Legendre (Zzercises, p. 372).

1100. Kummer’s Integrals. (Crelle, T. xvii, p. 224.)

From equation (2) of the last article,

1 _Pat=ab ) de RSt T o dx

G I=), Hx‘-m;_/ (=)L -t bt~ ) o
a+c a+2¢ bt (g.b_+_c a+2c b+3c .,
—logb—logb—_}_c+lgb+2c i b at+ec b+2¢ a+3c” )

seing &b et 1 00 a atc a+2c a+3c
WP LR e TR G T e )

in the same way.
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Putting ¢=1 and a+b=1 in (i),
! 28 -2 1] e ad

142 logz = 185 Sl

f‘z""l il (a 2-a 2+a 4-a )
& 1+z logx B\t T =0 Fia"

J

at d o g a?
s by o dimglptile, b ibee g gl )
LD /- a——, ;—_—9?...]— 7 o P 12 37, (21&—1)2 oan+1
12 32 (2n—1) 2n+1

—log( tan"?ax’r) logtan—

ExXAMPLES.

1. Deduce the integral f log sin 0d0=glog % from the theorem

a::—1=(x’—2xcos"—r+l)(.z'2—2xcosg£+l) {x’ 2.z*cos 1)7"+1}
-1 n n

[Lesuie ELuis, Cam. Math. Jour., vol. vii., p. 282.]

2. Show that [: sin @ log sin 0d0=log.(%)-

3. Show that A 8in%f log sin 0d0=1§rlog,(£)-
[EvLERr, Nov. Com. Petrop., vol. xix., p. 30.]

4. Prove that ﬁ : mlg——';ﬁdx -108- 2. [CoLLEGES (3, 1890.]
5, Prove that jj log (1+tan 0)d0=§108-2- [TrrNiTY, 1885.]
6. Prove that f tan @ log cose00d0=;—r-:- [TriviTY, 1884.]
7. Prove that f sin 26 log (1+cos 6)d6 =4. [Trixiry, 1885.]

1+ax dz g
g NN .

8. Prove that if a be <1,_/(;l ]ogi—Tr' s
= Y EER

[Oxrorp, II. P., 1888.]
1 z\2 2
4 logw> f (]ogx) i
5. Frove that [; (1 g 1+ o [St. Jonn’s, 1881.]
10. Prove that

f’sm & ]og (M)dx=f sin # tan~ (tan a sin 2)dz =1 tan =
sinasinz o 2

[St. Jonn’s, 1881.]

www.rcin.org.pl
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! (log #)* (log z)? Lt
11. Show that By dz:—§ L T dz =15
1 l
s B g f i ot [Oxrorp, 1. P., 1889.]
j § 3
(log;) 2
13. Erots that T+a) S B [CovLEGES 8, 1883.
0
logl
g 00 8 +x)5‘h 2 [CoLLEaEs 7, 1882.]
2
15. Prove that f lo, % ‘!f—w(;—r-a) where w>a>0.
} [CoLLEGES vy, 1882.]
= -
16. Prove that jo log #log (1 -—x)dw=2——(—i—. [Sr. Jouy’s, 1885.]
how that [ f(a+)loga% =0
i f(x+;) P [CoLrEcEsS §, 1881.]
logsecw , x?
A5 Pl Hhss ./1 sin & g 8’ [CoLLEGES ¢, 1881.]
1+cos?6 T
19. Show th tf'l d6="log.2.
bl Sind v v o T [R.P.]
! log cot fdf ="
20. Show that /o tan @ sec 20 log cot 0=2—4- [St. Jomn's, 1882.]

1101. GrouP I. Derivations from

et /"m""+m
U | el S it 0), A
f:l+m Mot o dax=mcosecam, (1>a>0), Art. 871....(1)

Put 2=y", a=£. Then

,/p—l yﬂ—l + yn—p—l Ak pr
b 157 dy= Alonds g dy = cosec o, (n>p>0). ...(2)

The case n=2 gives

r—1 .Z'I—P T
l+.z‘5 fx 1:xz T 590‘%, 2>p>0). ...(3)
Putting p=m+1, we have
0 AT ... >
./w]+$'2 ~f l+.1;1 —2580 9 (1>m> 1)...-(4)

Put p=1in (2),

‘1+x"" ey ™
fl+x” —/ l+x" =, cosec—, (n>1) coeeee ()
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m (2),
1 1
zp— 5 dx =T cosec 2T, (a>p>0). +..(6)
P n n
[, (-2
Put p=1in (6),
' _dr T ™
o VT —a= =, cosec—, (¢, 041} AN rrpee! (7)
' 1™t ™ dx o L i
From (4), e b =g sec 5, (1>m>-1).

This may be written as
cosh(mlogz) dz _m mm 1 1 8)
b cosh(logz) # 2 0 2’ b B

Put #=¢"%, ¢ positive; mg=p, and replace z by z,

s RO il R
© 1
RS 1575, 1 o et i) | oo

Pat 2= in (1),
A
b b+y dy
Diff. 7 -1 times with respect to b,
Yot il a)(2 a) (r=1-a)

=mwb*1cosecamw, (1>a>0). (11)

wb* " cosecawr, (1>a>0). (12)

(b+!/)' e (r=-1)
Integrate (11) with regn.rd to b from b, to b,,
by+y b® - b,
1 2 o WL
j:y“" ]ogbl+J dy=mw-2—L ——- cosecar, (1>a>0). ...(13)
Write =5y in (1), -
£ ya—l
jo wdy =mb—* cosec a, (I1>a>0). ...(14)
Diff. r—1 times with respect to b,
o __ala+l)...(a+r=2) . . .,
b F y),dy —w—————-(r ) b cosec amr,(1>a>0). (15)
Diff. (10) with regard to p,
sinh pz i, T il
LY e =z%cs tan 3 (r>p> —x). (16)
Integrate (10) with regard to p between 0 and p,
sinh pz dy 1r+p 9
_/: e e =log tan —~ (r>p> ~). (17)
Diff. (1) with regard to a,
[511_—‘_0—%—” d—; = — 2 cosec am cot ar, {1>a>0), ...(18)

ete. Thus obviously a large number of such results may be derived.
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1102. Grour J.

2 -1
Next consider the similar integral j u— da; (1>a>0).
L
Here the mtegrand _a.i__ has infinities a,t z=0 and at z=1.

[
when ¢, is indefinitely diminished, is zero (Art. 348). We
have to examine the behaviour of the integral in the neigh-
bourhood of z=1. Consider the integral

{apiikg e

where e and 5 are small positive and arbitrary quantities.

At =0, since a is posmve and <1, the limit of j

In the second integral put x=}/.

Then
) §
°° xﬂ-l 5 jl+na-,—¢
= “2)dy = — d
l+') r .’I'l( Y o -2 ’
ju=
1
1-¢ Ty

And in the second of these let z=1—¢.

F gl Iﬂ‘v(l—ffw it

1—e 11— €

‘+" aa+1
o ¢ ot Ty e+ )dE
a convergent series, since £ <l,

—_loge_(f-’-i-—»ﬁ —a(lL_*_"—e)-—... 3

and if » and ¢ are made ultimately zero in a ratio of equality,
the limit of this portion is zero, otherwise it is of arbitrary
value.

Hence we shall take n=y¢, and then

o e
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is in the limit the same as

J’I—c xa—l dx J’l-: x—a
o )

1.e. the Principal Value of
(B s 1| 2w
the General Value being an arbitrary quantity depending
upon the relative mode of approach of ¢ and 5 to their limits.
: I ol ‘—ar'
Now in | ———
0 1
unity, is —(2a——1), and is therefore finite, so that the last
element of the integral when expressed as a summation from
2=0 to =1, contributes nothing.

—e pa—1__ 3 -1 __
Therefore Lt r i B x=j s Tl
0 0

dz, the limit of —za, when z is

11—z 1—2
=J1(z"‘1—a:-“)(1+:c+z’+x3+...+w"+x”+l)da;
0 1—2
koot S W08 TSR
1—a¢ 2—a 3 —a n—-a 1 1 zo-l—g—o
W Tz+ Lo U | "n-—cH-l“"L,”"”'1 g
1+a 2+a 3+a n+a

Now in the limit when = is infinite, the portion in the
brackets is ultimately equal to  cot ar.

The limit of the term =

1 : : ;
. o is zero; and in the integral
the subject of integration is ultimately zero for all values

£ 1, ze. g A
of 21,2 Lt,,_,,r xn+1x¢ 1_z-a
g l—2
And for the remaining part of the integral

1 a—1__ pr—a -1 _r-a
z z . 2 1—g
j ez S dx, viz. _r an-1 e dz,
0

dz=0.

we may remark that, the integrand being finite, if we take
P and @ as its greatest and least values in the region between
1—e¢ and 1, this integral lies between

Pf 1 A s o Qr 3
1—¢ 1—e

1.e. between Pe and Qe, and therefore vanishes in the limit.
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Hence, summing up, the Principal Value of the integral

@ ga—-1 3 1 pa—-1_ p—a
j dz! 18 I iy,
- Lo i

and is equal to  cot am

QI gy i xtad e Al 3]

1

1103. In the derived results which follow we shall regard all the
integrals which occur as Principal Values.

Starting with Prin, Val. of

@ a1 ]‘1 P S
fa \l—xdx_ 0 1-2

we proceed as in Art. 1101.
Put =", a=f~;. Then
i /"“ o afi
./o =% =y = Jo=gpt dy
The case n=2 gives

© -1 P ,1—p
—dr=| ———g—dx
Jo 1-2 K] 1-»

Puttmg p=m+1, we have
v—[ =
=
Putp 1in (2),

/‘ fl i 1(n—2
i—2¢ “Jo 1=z L
From (4), f: T

-2t »
This may be written as
f ! sinh (m log 2) dz
0

sinh (logx) =

dx=m cot am,

T an T
= —gtan o,

2

mmw
=g tan X

[ >a=0) 1 i (1)
(=p=0). o (2)
(B=n=0) e (3)
1>z —1). ... (4)

(1> —1)iens. (7)

Put x=e¢"%, ¢ positive ; mg=p, and replace z by z,

""’ sinhp.z' -
o sinh g

“ sinh px
Pt g=p .’; sinh

Differentiate with regard to p,

[[aomhee,,
b " sinhwz

Integrate (9) with regard to p from 0 to 1,

@

sinh222

2 dx
sinhme »

1 V2
=5 log sec 3

www.rcin.org.pl

(g>p> =g)1 v (8)

(m>p> ~w)h E11H(9)

(>p>—w). ...(10)

(r>p>-m), ...(11)
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or between b and a,
cos =
/ cosh ax — cosh bz dz o, 2 (r>a>b> —m), (12)
(]

’
sinh rz z
cosg

and it is as before obvious that many further deductions may be made.

1104. Lemma. We shall require the factorisation of
cos umr +cosh v,

U+ U— v

cos um -+ cosh vr =cos um -+ cos (wr =2 cos g TeosS—5—

=201 (1) (- G 1)

=TT [(2r+ 1+ u)2+02][@r+ 1 —u)2+02)/(2r+ 1)%,
0
Logarithmic differentiation with regard to  and v gives

— 7 sin uwr 2r+14u 2r+1—u

(1) CoswrTcosh v1r=2; <2r+1+u]’+v’ 2il|:—i'~‘u[’+v’)
7 sinh v Z, 1

@) cos um -+ cosh m,=2”204 <2r+1+u]2+v2+2r+1—u]»2+1)2)'

1105. Group K.
Type I —j s hp wsin ma dx, ete. (¢ positive, p® + ¢?).

Here I—[ (eP“+e'P¢)(e 9@ 4 =342+ =54 4 . .) sin ma d, the integrand
being finite for all positive values of # and the series convergent ;

L I= '/w i [e-fer+natn}o g o{@r+Na-p}=] gin 1y dis
0 o0

m + m ]
{(@r+1)g+p}i+m? " {(2r+1)g—pP2+mt
mm
sinh —
b —-——1—— , by the Lemma, ....................(A)

¢ being positive and p intermediate between g and — g, inclusive.
Similarly

P E gk G i o S

= f > [e"{(z'“)q“’}’ & e‘{(”’*’)‘lﬂ’}’”] cos ma dzx

2[ 2r+1)g-p (@r+D)g+p ]

{(&r+T)g-pPr+md™ {(27+1)q+10}’+m2
Bll’)p'lr

O T TN S - T SR (B)

2q c0sZE 4 cosh 27
q q

WWW.rcin.o org. p!
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Writing 2z for z in (A) and p+ p—g in succession for p, and

subtracting,
f" cosh(2p+ q)z— cosh (2p — q)xsin
0 2 sinh g cosh gz
sinh 2% sinh 2%
e V! 4 )
Ly sin 2% 4 cosh 2F  sin 27 + cosh 22
q 2 q
f" sinh 2pa T sin 7 sinh 7
_FL sin 2ma de = —
B e cosh? L _ gin2 27T
q q
sin 2% sinh 2% (pz e
i & ¢ );
7 cosgp—-+c h2m’r A
q
and replacing 2p and 2m by p and m,
n e Gk
sinhpe . . x WBggeiohos R L
j: cosh g sin ma daec=- —m (g positive, p?$ ¢?). ...(C)

cos 2 +cosh —
q

Treating (B) in the same way,
/"’ sinh (2p+¢)z —sinh (2p —g)x
o

2 sinh gz cosh gz cos 2mx dx
cos 2% —cos X
il q 7

Y —smpq +cosh

L mmr
cos 27 cosh 77

F eouhr e cos 2mz da = 5.2
o coshgqe 2q

mr . P
cosh? & —sin?2T

mmr
cos 2% cosh 27

™
7 ¢os %r+co hgm—r

and replacing 2p and 2m by p and m,

P osh T

P
sin — + cosh
q

(P':P%?);

f" cosh pa SOl o ___l_ (q positive, p? P g?). ...(D)

cosh qx

mm

2 cos L +cosh — q

ANANA/T
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We thus have (p? 3} ¢*)

s eIl
R o sinh —
f COSA DT sin ma de= " BRSO (1.9
‘sinh gz 2q c0s T 4 cosh T
q q
- sin X
f Sl.nh pxcos ma dx— —— 3 rensereananncnieand (B)
T i e cos — +cossh’—’—l—"E
: sin £Z sinh 27
fn sinhpz . @ dr=T _ﬁ__L, R IE0 7 ()
: o 7 cos 2T +0osh
q
cos 2T cosh =X
[ o iy T B (D)
e b 7 00s 2T 4 cosh ™%
q q
1106. Special Cases.

(i) Put g =, then (P"”?‘"")» iy A h"_'}
f" cosh NP _1 sinhm /" sinh B ki sl s i
o sinhmz 2cosp+coshm’ Jo coshma cos p +cosh m

coscosh
j’” sinh Pz, mdx—- sin p '/“’ COSthcosmxd.v hi 2 2
b sinh 7z 2cosp+coshm’ Jo coshmz cos p +coshm

(i) Put q-—— then (4p $ n?)

» cosh sinh 2m = ginh pa . sin p sinh m
smm.zdw————, smmxd.v=2-—2——h——..
cos 2p + cosh 2m T cos 2p +cosh 2m
) smh - A cosh?
= sizh pz e ‘)sm 2p : = cosh C LSRR AT cos p cosh m 4
cos 2p + cosh 2m T cos 2p + cosh 2m
smh—— , cosh 5
m) Put p=0 in (A) and (D),
Sll’l mx ™ mmw cos mxw mm
./; sinh gz =2—qtanh 2’ /: cosh q.vdx 2% 5 “ech 2"
(iv) Putting q=1r in these results,
f Samra t.mh f bt 3 P2 ——sech o
o sinhwz cosh wa 2
(v) Putting m=0in (B) and (D) (p*} ¢%,
sinh pz T pT /‘ cosh px B T
/: sinh gz e _2q g ©) 2’ o coshgqw 29 9¢"
(vi) Putting g= in these results (p?$ 7?),
sinh pz 1 P f” coshpz , P
fﬂ snhws ™ ~30 o coshme ™ ~2°Cg

WwWWw.rcin.org
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(vii) Putting q—— in (v) (4p*$ 7?),

Jm—!-n—ﬂdx tan p, “(ios__p_dx sec p.

, sinh —- J; cosh %
(viii) Putting p=qg in (A) and (C),

/: coth gz sin madr= qu coth %;:, f: tanh gz sin madr="2" 2—{1 cosech %r
(ix) Putting g=m in the latter,

]: coth rz sin mxd.z'— 3¢ hz—l, f tanh 7z sin ma dz‘—— cosech v—L

1107. Other Modes of Derivation.

Besides such integrals as those indicated, which are merely
particular cases of one or other of the four formulae 4, B, C, D,
many definite integrals may be obtained by differentiation
or integration, between specitied limits, with regard to one or
other of the constants p, g or m.

EXAMPLES.

FLEL) * sin ma
b l‘akmg‘/; sinh 7z

regard to m from 0 to m. Then

cos 2ma|™ 1
’/: cosech 7z [ = :L dz = log cosh m,

dz'— tanh — , write 2m for m and integrate with

that is [ cosech m sin®*max %1; —% log cosh m.
2. Deduce from fn :;sh’?:; di— % sech %’ 1
@ [ L B, ) [[E5RE 2 ur(on)
3. Deduce from j: :?:ﬁﬁi sin ma d.l‘=% m;i%ﬁ,
(a) f cosech 7 cosh pz sm?%— d—;:— i log (%ﬂ)
O e fpEinmeds = ooy e

» cosh pz é _1 1+cospcoshm
© l; ¥ Sinh 7wz %™ o " 2 (cos p+cosh m)?’
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et ol gnp
4. Deduce from ﬁ Shas cosm,.z'da,_§ YT ot et
[ EREE i e 2 = tan (tanh P tan B,

And it will be obvious that a large number of such results may be
obtained. The results of putting m=0 will in many cases lead to
integrals obtained in a different manner earlier.

1108. GrouP L. Poisson’s Formulae.

Let f(z) be a function of z such that Taylor’s Theorem
gives convergent expansions for f(a+wu) and f(a+wu-?), where
u=e*. Then expanding
fla+w)+f(a+u™)

=2 [f(a) +f(a) cos 0-{-;—!)"’(0) cos 20+3l!f”’(a) cos 36 + ]

Multiplying by
15508 y
1-—20(:TO+G’=1+26008 0+42¢cos 204..., if 2 <1,
or by
$i
m=1+2¢:—1 cos 0+2c-2cos 20+ ..., if 2> 1,

and integrating between 0 and 7, we have

-] ) § a 4
of(‘ftuz)ctﬁaeﬁz )d9=1_"c. {r@+eg @+ f (a)+...}

—gc—g (@-te)y iE <1}

—2
or =E,2_Ll{f(a)+c—1f'(a)+"2—!f”(a)+...}
=c’2_zl—f(a+c—l)’ if 2> 1.
EXAMPLES.

1. Show that, u standing for ¢*%,

[} sin M%%ﬁd#%’ at+o)-fa) (if 2<1)

or =T {flate)-fl@)} (if *>1).

2. Show that
* l1l-—ccosf
[ s @t i) tf@+uy do=n (f@) +f@+0) (2<1)

or =w{f(a)-fla+c?)} (E2>1).

Www.rcin.org.pl
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3. Show that
0 4
./ (1- 2cs<]:25 0+ c%)? bt At dG-— 02 U qpifeticT).

4. Ta.kmg f(x#)=2a", show that

(——————1 froaces 0+a:) cos (n tn-t 2100 ) df= (a+c)'l (2<1).

o 1—2ccos@+c a+cos 6,
5. Show that
f"———&(l+2ac030+aﬁ)’sm n tan™! A g )d@
o 1—-2ccosf+c? a+cos 0

=g {(ator-am (¢<1).

6. Show that

. sin 0 R ( _, sinf )
j; (1—200080+02)2(1+2aws0+a) sin ( » tan 1a+c030 do

n(@+c)*t (2<1)

e Y
1=
7. Deduce known results from 4, 5, 6 by putting n=1.

x Jkcosx 2
8. Prove f ¥ St me(hing) dx= Wc'z & (< ).
o ol

1—-2¢ccosz+c¢* 1

1109. Group M. Abel’s Formula. (See Bertrand, Calc. Int.,
p- 171

Supposing F(c+ a) capable of expansion in a series of powers
of ¢=* in the form 4,+ 4 e 2+ 4,e~%+ ..., whether a be real
or imaginary, then putting (8¢ for a, we have

Ay+ A, cos Bt+ Ay cos 2Bt ... =3{F(c+Bt)+F (c—Bt)}.

It follows that

F(c+ ‘Bt)'l'F(c ‘Bt) dt
0 b2+t2

A, cos Bt

A, cos 23t
™4 j <b2+t2+ IR

b2+t2

4 o) de
—g{Ao+Ale—bﬁ+A2e—2"ﬂ+ )

=}F(a+bﬁ).

In Abel’s Formula b is taken as unity.
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ExAmMPLES.
1. Taking F(z)=2",
F(c+uBt)+F(o—uBt)=(c*+ B2 ¥ 2 cos (n tan-15¢ )

cos (n tan—! %) dt »
. PR NS g (ETRE —n
“Jo (@rpraE VAP 55 C+OR™
2. Deduce the formulae

) T8 1 0T s
o (*+a2?)(B2+1t) — 2bc c+ab’

cn—1
[BERTRAND.]

®) j; ¥ cos npcostpdp w

a’cos?+csindp 2a (c+a)®
008 (at) oo (¢ sin (at)) e o
3. Show that ft b+ i b :

1110. Groupr N. A Set mainly due to CAucHY.
The integrand of j adx 5 (@>>0) has infinities at @ and
0

at —a. The latter lies outside the range of integration.

Now
a—e dil) 1 a-tx)2e 1 z+a [
.‘- +j i a-—acz 2a [l% a— :z;:l + %a [log x—a]a+,,

0
_ 1, %a—c 1, %ty 1, » 20—
_2a10g € Zzlog n _Zlalogs'ﬂl'f‘rl'

Jf 5, ¢ be made to “vanish in a ratio of equality, this

vanishes; .. the Principal Value of j &zd__zz is zero.
0 B—

1111. Consider next the Principal Values of

7 =J’"’ dz g J‘ z2dx
7)o (@2 —2) (2> + ) o (@2 —2%) (@ +p%)
il Al AT dx 1 7 1
Legipl st I CET A T

a’ J‘” de ¢ J"" dx _0____2“___ b AT N
a+ptlyai—a a*+p? 0w2+p2_ a"’+p2'2p_ é_a“’-l-p?'
If then ¢(z) be such a function as can be expressed in
5, We have as
z

1,

i

partial fractions of the form ¢(x)—ua2
Principal Values,

www.rcin.org.pl
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af B®) T A w
I, _Jo jp2+z2dz——2pza2+p2_2 ‘P(P'\/ 1),

P X0 Lo I oy At
> ,‘-p—l—zzd_ 2pza2+p 2pF(p~/ 1),

g e B LE L L ; ;ﬂg % Ralia

[The results obtained in the following articles to 1118 are all Principal
‘Values of the several integrals discussed.]

1112. Thus, for instance, since we have

Y R (~1r@r-1r
¥ 803 g e O,
(—1)" 2a2®
xcotaz——+22Wp mcosecax——- Zazwz—rzvrz

it follows that, considering Principal Values,

*tanar dz m tanwp 7 i
x p" T2 T2 wp T 2p? P,
(i f =T secua =T secha
(i) | sec awp T x2 =% 74 =% D,

(idi) f z cot ax ﬁ? = 21 tpcotiap = 7—; coth ap,

P
. da
(iv) _/w Z cosec axpz i

™
zp cosecap=g cosech ap.
1113. Again, it is clear from the expressions for sin 6 and
cos 0 in factors, that the fractions (@ < b)

sinar cosaxr sSinax 2xsinaxr «cosax
sin bz’ cos bz’ wcosbx’ cosbxr’ sinbx’

are expressible as the sums of an infinite number of partial
fractions with pure quadratic denominators (e.g. see Ex. 52,
p. 169), and therefore, when o < b, we have immediately

) /“’ sin ax w sinh ap (i) /” cosaz dz _ m coshap
@ sin ba p +.¢,2 2p sinh bp’ o cos bz p?+a? 2p cosh bp’

sin az x sihhap . sinar xdr _  w sinhap
ik ./w cos bz x(p +x) 9p? cosh bp’ @v) [:cos bx p*+4? 2 cosh bp’

cosar xdx _w coshap
(o [romge PR R i B TRl (B)
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1114. In the limit when @=0, we have cases (i), (iii), (iv) giving a zero
result, but from (ii) and (v),
gechy.. = » f“ 2 cosec b T
[p,+x2d.r—2pseclxbp and L T dr= 2cosechbp
Also in the case when a =b, we have,

: 3 dz -« m
(i) and (u) become s e el '

tanbrdzr w
(iii) b (42D~ o tanh bp (from A (i)),

x tan bz tan br  p’tan bx
(iv) f’ e —f{ x(p*+x”)} = —tanh bp
(see Art. 1007),

r (D)

z cot ba T 2o
) [P“+ﬂ dz=73cothbp (from A (iii)). ,
1115. The cases in which @ > b can readily be obtained by means of
the following identities. Let a=2rb+c, where » is an integer and c is
positive or negative, but numerically less than b.

e sinaz sincx
(1) 2{cos(a—b)z+cos(a—3b)x+...+cos(a—2r—10)x} ot g

cos a.z' cos ¢
FLal)

(2) 2{cos(a—b)z—cos(a—3b)z+...+(—1)*cos(a—2r—-1 b)x}— =%

'3) 2{sin (a—b)z —sin (@~ 3b)z+...+( - 1)**sin (a— 2r— 1 b)a} =::;‘;z-(— ¥y :;';;

'4) 2 {sin (a— b)z+sin (a —3b)z+...+sin (a— 2r— 1 b)2} =

® cosrx T ®xsinrzy T _
Now j; 2 +x2d-=2pe—", j; Pt dx—ie &2

sin 7z T
fm dz'=2—p2(l—e"") (r >0, p>0).

)

Therefore
fé cos(a—2r—1b)z 7d’L2 =2 {e-@-Wppg~e~Bp 4 . to r terms)
[ Ptz 2p
i o i i
“4p sinhbp ’
r A e S (T b
j:?(—l)'—‘cos(a,—Zr—lb),z'p—:ﬁ_iz_—2 =Z1% e—-F)(s—h-;’;’ch,

' ALy e de’! im [Tl P = (=1 e®
f?(—l) lsm(a-2r_lb)xx(p"+x2)_2p2 SIS0, Seosh by ’

% 3 zde  waeP-(~1fe®
fZ( 1)r-1sin (a—2r -1 b)z T i cosh Bp ’

1
zdx ML A B
/wxsm(a Ir—1b)z Prat =4 Tsinhbp

www.rcin.org.pl
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Hence, if a=2rb+c, c2< b% we have

sinar dz
sin bz p* + 2%

[ =2/:$cos(a—

T e P — e"""

sincr do
sin bz p?+ z*

2r—1b)x Zl:‘xz+/w

.

~2p sinh bp

(smh P o l),

2p sinh bp’

according as 0> ¢?>b? or ¢=0 or ¢=b.

1116, Thus we have the several cases :

a [

®) [

© [

sinar dz _ = sinhap il
sinbr p+2® ~  2psinhbdp’ 2
i Lo we¥<e® xpivhep yw coshep—e®
_2'2p 9sinhbp ' 2psiuhbp 2p sinhbp wmbrbito,
T eP - x 1—e
=2.%m +0 _%S_IEITE’ a—2rb,c—0,
T e~ e‘“"  coshbp —e~?
= il e S e (9
2'211 2sinh bp 2p 2p  sinhbp Z=§) i
cosar dr _ m coshap G<B
cosbrp®+a® ~  2pcosh bp’ 4
o e = (—1)'3"" ety S cosh cp
“7'2p  2coshbp 2p cosh bp
T (— 1)'smhcp+e“"’ "
o cosh bp ERN
g X (T e X
—2.% ey +(-1) 2psechbp
—ap
=21;—’ c—————oesh W a=2rb, c=0,
o Ie‘ap“("l)re-q’ _1y T
& 2p  2coshbp Faall 2p

m (—1) sinh bp+e—‘"’

a=(2r+1)b, c=b.

2p cosh bp
sinar dw m sinh ap
cos bw z{p*+4a?)  2p* cosh bp’ a<b,
-G e R
‘—2[1_(_1)”4‘(1),‘(‘2:——%:2,]’ a=2b+c,
ki _[1 = e_ap2—cf>s—hlg;e—@]+0
=ﬂ[l—(—1)'+(—-:—£h:b:—“:ly a=2rb, ¢=0,
=2, 27,%[1 (=1)" e—ap2_cf);]1b);e w:|+ (ad 1)r mnhbp
=2LP2[1-0;;:;,;,]’ a=(2r+l)b,c=b.
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D sinaz zdz _ _msinhap
(D) ./:cos bz p*+a? 2 cosh bp’ a<b,
; Sme (ST | 7 sinhion
5 a4 2 cosh bp (-1rg coshbp
_me®—(—1)coshep &
%7 Veothbo . .’ a=2rb+c,
! omem—(=1fe®,  we®—(-1)F
" =23 2 cosh bp =% “coshbp i;g.rb’
L me—(=1) e : ;
o =2.3 ~Zcoh bp +(—1)'(§—§tanhibp)
ol a=(2r+1)d,
~ 2 cosh bp’ e=b.
E j""c?sax xdx L cosh ap
(®) o sin bz p?+a? 2 sinh bp’ a by
AR ¥ o9 & e P—¢* coshep
~ 7'2 2sinhbp ' 2 sinhbp
_msinhep+4e % o
R TR @&+ o
TP et i}
or ==2, ¥ m+ T cosech bp = smh Snic e’ Z;gf‘b,
T e T
v T T%°2 92sinh bp coth "
_wsinhbp4e?? a=(2r+1)b,
522 ginh bpis 2 e=b.

1117. Adding the results of (D) to p? times those of (C),

fsmaxdx
o cosbx z

F0-(=1,
a<b, a=2b+te,

T T
é{l—(—l)f} or )
a=2rb

according as

or a=(2r+1)b.

If a=b we have fo @dx:% as established in Art. 1007, and used
above. The majority of these results are due to Cauchy [Meém. des

Savans Et., T.1.].*

1118. Some of the general results above (a<b or a=2b+c¢) may be
derived from others by differentiation with regard to a; bearing in
mind that if b be kept constant da=de.

Differentiation with regard to b, p or p?% or integration between

specified limits, will furnish other results.

For example, taking o < b

: |

. ., [Psinaz dr _ w sinhap i : qe iy
and starting Wlt;hf0 B0 e a0 3p snhbp and integrating with regard
to b between b, and b,, we have

f tan o g tanh Il‘—E
sin az log _7)— 7 s ™ sinh ap log

o_ tan 2= AP ra) 2P tanh ZP

*See also Legendre, Ezercices, vol. ii., p. 174 ; Gregory, Ex., pp. 491-499.
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or, differentiating with regard to p,

(“sinax _de _ w d(smhap)
/o sin bz (p*+2%)? 4p dp \psinh bp
Again, since f x;;)ie:f alx:—2 cosech p (from Art. 1114), we have

1 2epdp .,r eP T o4
cosecz | tan—2 ] de— F == o
f“' [ 2 ), %1 2 €1 Iou b

Ve = tanh‘%l

fie. /m(tﬁm—‘ Pr_tan-1 p.) =2 log
(] x x/sinx, 2 Ty 2
2

coth 21
or [ (t;a.n'1 — —tan™?! ) :izx="-;log - s
Jo P1 Pa/s Coth %2
and so on for other cases.
5 27 223 222
1119. Since  zcosech z=1 _z2+1rg+z"'+221r2_22+321r’+ Loy

“zcosech z 22dz 1)
l R A=t (-1y [ FETr) @) 2b+"2(b+m)
and when b is an integral multiple of m, =nm say, we have

1

zcosech z i L9 "
[Frposechiam - <1y {log2-T4g- 34+ (- 103}

2 +nPmr?

1120. Some Special Forms given by LEGENDRE (Ezercices, p. 243) and
LANDEN (HMath. Mem., p. 112, etc.).

Taking _%2=f01l"g(l_.%'_"’)dr=(-/;“+ﬁ)log(lx—x) iy

write 1 —2=y in the second integral. Then (v <1)
fl log 1 =2) do= /1_.. g dx

a % l1-2

1-a -
= —[log(l—z)logx] +f ]0_0;_1_)‘”
1-a fhor|
=—loga]0g(l—a)+j; log(;_x)dx'
a 1-a i
Hence ([ +f )M“:]oga]og(l_a).‘_

and if ¢(a) f gz (l 24 dz, we have

¢(a)+d>(1—a)=logalog(1—a)—-%2, ...................... G)
auil $W=1logdy -T2, (@=h) oo s (i)
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Also ¢'(z)={log(1 — )}/, and
d -z -2 -1 log(1+i—f—x) -1 1 |
% (S5 ¢ (e

1-z/(1-2)? -z (1—x)”=x(l—x)logl—-x;
l-2

s o(2)=-[ i+ £ ) log (1 ~a) dr= - b(a) + Hlog (1 - 2
Let 2=y/(1 +y), then

$(-0)+6 (71 ) =Hlog (L +9),

i (-x)+¢(ﬁk )=wog W el (i)

s g[Sl
L @) +P(-2)= (‘;’f+j:+gf+ ) 1b(2?);

. ¢(x)+§¢(x?)+¢(1%t)=§{log TR e A )

(LEGENDRE.)

z . V5-1
In the case m—x’, ie z(z+1)=1 or z= 3

=a, say,
26(09) - (o) = Hlog (1+a)}?,
3(1-0)- (o) =105 ;) =}(log ).

w° e
But $(1 —-a.)+4>(a)=logalog(l—a)—g=logalogo.“—§

2

=2(log ) — % g
Hence solving

e 2
$(1-a)=(loga)~ 7=, b ()=(loga)*~T5,
J5-1 S 2 )2
where a="—7 =2sm1~(~), (1-a)=~a?= (2smﬁ
Thus

2 sin - 4sin? -
10 log (1—2) (1 z) ( ) f 1o log (} —4) (
j; dz=(log 2sin i6) ~ 1o’ da=log ( 2sin 10

These curious results are due to LANpEN. They are quoted by Bertrand
Cale. Int., pp. 216-217.

8 (S
The series 12+ 22+” +Iz+—,—2+ ...ad inf. is therefore summable in the

2
four cases z=+1, =4, z= 92 sin - i &= (2sm 10)
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PROBLEMS.
Prove the following results
1. (¥ oot O(1og seo Bpdo= 2. 2 mnel L
j cot 8 (log sec 6) =3550° > (log cot 0) =1990
(log )
ass 122 —z+1 1 w201
3. £ 63 4, J'o—-l——_—;——log;:dz=~g—z
~ o Ly 3 : 272 -3
5. I (cos*8 + sin% 6 cos? 0 + sintf) tan 6 log cosec 6 df = b T
0
1+a: i} 73-3
6. (i) log du="-2",
(ii) j tan 0 sec? @ sec 26 log cot 0 40 = —12.-3 ;
(1 +2)? _8x2-39 132 — 4 Lig & 2a 4 B
7'E_1—w logdo="T2 . 8. [' T Riog da- 20,
ok 1 672 - 49
9. ﬁmlogzdx= Tk
10. jl Ay + A&+ Q02 + ...+ Gy 2"+ " g 1 s
° l-2 z
T2, 1 1¢ 12
Dk PILa PIL S
1]—gn 1 nr? n-1 n-2 n-3 1
i L(l por Bl Pl e o W Ty
11 —(n+1)a® + naen+t, 1 a(n+1)72 (n—1)(n+2)
9 il = e
o L (T-2)p P o 12 7.12
_(n-2)(n+3) (n-3)(n+4)  1.2n
3.9 7.3 -1
z o = T , d0
13, (1)[ log(secﬁ)m S (2)I (log sec )2 L0 T,
6 8
(3)I (log sec O 20 -, (4)[ (logsee 60 1T,
log1
1 B i L ] 1
2 i U T ke R inr
14. jox"l_ = STt Py
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La + ba? + cot a+b ¢
15. ‘[ Wlog de= (a+b+c)—"'———‘3—2-
o
1-aft 3n?- 19 At o] 972 -8
16. [, 1 olos; Lt Mok s | Iomlog;cdx= s
1 p2n
18. 1+9J2(1°g )
I e T i ) 4
~2(-1) [32 13+§3-g,+.‘.+(-1)'*(_,21'_‘__1)»3].
19 “+b5‘2+“4(1 )dx @-0+07; +‘>b—)
e e B a fise +"7
3 1] - 28 2
20. .[01- (log )dx etor
1+ 1 3r3 106
2, om(“’ga) g3 ¢ W 7
T w8 9
22. j (1 + tan? 0 + tan* 6) (log tan 0)2d0=ﬁ+ﬁ'
5 9
H ik H
23, (1)}' (logcot 6)?d0 =T, (2)j (log cot B)1d0 ="
0 0
i 617
6 =t
(3) L (log cot 6)°d6 = 556
g log cot 0 "4y5: ey
24. Prove t;hatJ0 msm" 29d0—Flog 2.

@)

(2)

3)

*)

. Establish the following results :

f’%{ logtanf }d9—4—1r-2
sm(&—z)

rg ‘ M} 0s 0d0 = 2722,

J, \ein{0-3)

rZ ( log tan 0 2 3274
{_20%_)1 20d0=15" 4 27,
J, |sin A J
{logtanel 0580 d0— <7~(§}1;+:%_7r4>\/§.
ik sm(G—Z)J
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26. Show that

0

J‘%l+4sin20+sin40

cos® 6

289

. tan 6 (log cosec 6)2n+2d6
_(n+ l)g'2n+ l)ran

2n—-1

where B,,_; is the 2™ Bernoullian number.

% 0050 sin"-16 d6 % 6085 0 sin"~10 d0
9 COSSHIBINERRY IR0 ;
37 S () j logcosec & ’ @) _L "(log cosec 6)? ’
3) % cos? 0 sin"1 0 d0
" (log cosec 6)°
28, Show that &gz 2 _ ooseddak’ (0<a<1).
R
L 2
29. Establish the resuits (a)j li)o_(l__x)d = —%
log T Rilogm)ds, & | 1752
(b)r =T, @ L 08" drm - 12,
30. Establish the results
1o —gPds pr ’
(@) _‘-owr——x:"?_?q % g>pr>-9;
lgp+a?ds w  pw
V) AT T 2qsec—q (q>p> -9
e AN
31. Lstdbhsh the result .‘1 S, QE s Y (2>a>0).
* sinh px de P
32. Prove that L oy o log tan oy .2 (x>p>-m),
33. Show that (w>a> —),
cosh ax 1 sinh
(1) _‘- P T ki s § 8 Py
sinh ax crnEl sina
) J.o Hioh e " 0017 = 3 Couh v oo’
® sinrz 3 7 “sinhaes , 1, @
®) L F e mg g 44 L G G gy
T acosrm, 51 il
®) L sinh 7z ok 4 - 2" [GREGORY, Ha., p. 495.]
www.rcin.org.pl
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34. Show that

e cosh cos
(1)-[ COSTde mos—a (1r>a>-1r),
COS 1% 1
@) _r cosh 1ra: b 1 sech 5 2
sech ) 1 1 22-1
(3)r 2+z’ =270.re‘msechzd1 =I-'.[ 1—+—de'
sech 1ra: sech 72 T
(4)r dz =log,4, (5)r Tia? z=2-3
[GREGORY, Ez., p. 496.]
35. Show that
at+beter®, ) e im0
i dz—g[a+blogz+c(log..) 4+ 12]- [a, 1891.]
1
log -

I z ) ) U A 1
36. ShOW tha,t Io mdﬁ=m(f+§ +§ + ... +11T2)’
n being a positive integer > 2.
’ sinax dz 7 sinh a
37. Show that the integral r s has the value 3 sioh B

if @ be <&, but has the value g%h—;— if a>b and=2rb+c,

where 7 is an integer and ¢ < . [R. P.]

38. Prove that the coefficient of z® in the expansion of sec in
ascending powers of z is equal to

7}—! (i)ﬂﬂ L (log tan z)" dz.

) [Mars. Trrp., Parr L., 1888.]
39, Show that_[ i 3;, (log 2)4da = 2%,

40. If x(z)Ex+§—:+5—2+ ..., show that
0 x(152)= j:l‘iggﬁz
(ii) x(w)+x(1+x) +§logx log1
® (7)1 ()
and that the value of the series x (z). is known in the four cases

== T
z=1, z= 2sml—0, z=+5-2, o=tan g.

[LEGENDRE, Ez., p. 247.]
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41. If A(z)=2+5; +33+x4+ , show that, ¢(z) being as defined
in Art. 1120,
@) A(x)+A(1—x)+A(_1_f_x)
=A(1)-logz. ¢(z) —log (1 —z) $(1 - z)
-—lovlL ¢><—li)+logz.log’(l—m)—%log”(l—z),
(i) FA)=A@) +15 1032 (log 2)%

(i) A(1) =§A(4 sinzl"—o) - %—log(2 sin 110) +§ log3<2 sin %)

4 s | 02 6+ 66 68 :
(iv) %,+;—3+33+43+ F+§+3—5+E+...,wher90=2sm1r/10.

[LANDEN, Math. Mem.]
42. Prove that

—V2 T dx
log = —=}log (V2 -1)log{2(v2 - 1)} - } (log 2)? -
’ 1-3° [MogLEY, E.T', 9224]
n—1 n
43. If f()=f(0)+2f(0)+ ... +h £9(0) +% f(6z) and r
be a positive proper fraction, show that

J’“’f""("w) _T+)T'() (C /") ;.
. &

Bn+y) 1) @ T [M. Trir., 1883.)
44. Prove that rsin z"dz=>bI'(1+1/n), (n>1), where b is the

0 1
real coefficient of the imaginary part of (- 1)*, and hence find the
value of the integral to four places of decimals when 7 is 2 or 3.
[SANJANA, E.7T'., 13,609.]

45. Prove that

3 1 2
j j ot 2’1"c°50d0d m=""-2log2, (O<m<l).
ey [SANJANA, E.T., 13,636.]

T w

7 (7
46. Prove that J. j cost(0 + ¢) sec’p df dp = }.
0

p [W. J. C. MLer, E.T., 13,784.]
47. Prove that the value of

”xk-l rrewddy s T (e-1),

the integral being taken so as to give the variables all positive values
consistent with the condition z+y ¥ ¢; (0<k<1). [Ox. IL P., 1885.]

NWW
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: r@))
ha r
Tl n

r(;)

where @, @,, ... 2, are the roots and A the discriminant of the
equation 2" 4+ 9@ 4 o+ Py @ + P =0,

the integral being taken over all values of the variables such that
the sum of the ™ powers of the coefficients in this equation, which

are all posiﬁive, does not exceed a given quantity a.
[MaTH. TrIP., 1884.]

49. If lmEL (cosz—cosa)mdzy and Jy,= ginTL—l" I, prove

48. Show that IIIJE da, dz, ... da,,

i) m7,, + (2m -1)cosal, ;- (m-1)sin%al, ,=0,
1 d \miiia
(i) o “m! (sm a da) (m>'
50. If f(2) be an even function of 2, and
i =I 20 f(z iz 1) Phowsi =j o () da
i z

9 A
show that Ipp=J, (n+1)n (n+ i(n;—;)nli(n 1).]'4-)-...+Jg,,.

[Use the expansion of c:(.::;ﬁ in powers of sin 0.]

[Cavucny.]

51. If f(2) be an odd function of z, and
Iiper=[ 221 (0= i, Jins= [ -4 10) d
0

show that Top—1 =1}/ + (—”‘*—11212‘("—‘1).1'

(u+2)(n+1)n(n 1)(n - 2)
1:.2:. 3.4 5

Ji 5+ eos le,,_l.
[GLATSHER.¥]
52, If f(2) be an even function of 7, show that

[ 7(a-3)ds=[ ryas;

show also that j i (x— ‘_‘) dz is independent of a. )
0 z [GLAISHER. ]

* Camb. Phil. Soc., 1876.
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