CHAPTER XXVIL

DEFINITE INTEGRALS (L.).

988. It has been stated that when "-¢. () do can be integrated,

and the result of the indefinite integration is (), then the
bk

quantity v (b)—y-(@) is denoted byj ¢(x)da; and it has been

shown that (b)—r(«) is the result of obtaining the limit
when £ is indefinitely small of

L[ g(a)+ p(a+h)+¢p(a+2h)+...+ ¢p{(at(n—1)1}],

where b=a+nh; and the process of obtaining the value of
b
J- ¢ (x) dz has been termed a Definite Integration.

We have performed this definite integration in many cases,
first of all obtaining $he indefinite integral by the rules of
the early chapters and so finding v-(«), and then inserting the
values of the limits to obtain the expression yr(b)—+r(a); and
in doing this our chief attention has been centred upon the
discovery of the function (), whose differential coefficient
is ¢(x); e upon the reversal of the general problem of
differentiation.

It will have been gathered from the last two chapters that
the value of the definite integral between certain specific limits
can be obtained in many instances by some artifice, even in
cases where it is not possible to perform the indefinite integra-
tion; 4.e. that it is possible sometimes to arrive at the value of
W (b)—(a) without finding the form of /() at all. Such a

case was that ofj e~ dx discussed in Art. 864, where the
0
180
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DEFINITE INTEGRALS (L). 181

indefinite integration of e=** could not be expressed in finite
terms, but for which the definite integral from 0 to o« was

discovered to be \—/27—'- It is to this class of definite integral in

particular that we now turn our attention, and it is to this
class—viz. where the integrand does not admit of indefinite
integration in finite terms—that the term Definite Integral is
by convention mainly confined.

A very large number of such results have been found. A
collection of such definite integrals was made by Bierens de
Haan, and published under the title Tables dIntégrales
Définies (Amsterdam).

989. The artifices employed are numerous and of great
variety and ingenuity. It is impossible to give an exhaustive
list, but some of the more common devices are as follow :

(a) The use of a reduction formula connecting the integral
sought with one or more other integrals already
found, or more capable of investigation, or with some
multiple of itself.

d
(b) The integral j ¢(z) de may be regarded as

(o] o

in which the notation will explain itself. That is,
the summation from a to d may be broken up into
sections, (¢ to b), (b to ¢), etc., and each part may be
considered separately.

(¢) The expansion of the function to be integrated, or of
some factor of it in a convergent series, or in partial
fractions, with the integration of the several terms
and a final summation of the results.

(d) Change of the variable with the corresponding change
in the limits.

(¢) Differentiation or integration of a known integral with
regard to some constant which it may contain.

(f) A factor of the function to be integrated may itself be
the result of a known integration between certain
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182 CHAPTER XXVI.

constant limits. Upon substituting this integral for
the factor a double integral may be formed, and a
change in the order of integration or a transformation
to a system of new variables may succeed in obtaining
the value of the integral under consideration.

(9) Investigation of the integral from the original summa-
tion definition of an integral.

(k) The application of some general theorem such as those
already considered in the Eulerian integrals or
Dirichlet’s integrals, or the theorems of Frullani,
Cauchy, Kummer, Poisson or Abel, which will be
severally discussed in their proper places.

() Several of these methods may be combined.

(J) The application of Cauchy’s theorem in integrating round
some closed contour. Contour integration will be
reserved for a special chapter.

(k) The substitution of a complex quantity for a constant
involved in a known integral, and in its result, fol-
lowed by equating real and unreal parts, frequently
suggests new integrals; but the method requires
great caution if it is to be regarded as rigidly estab-
lishing the values of the resulting definite integrals
without further investigation. But it frequently
happens that such suggested results can be established
by other means.

These are the principal devicesused. There are many others
applicable to particular forms. A general statement such as
the above is necessarily vague on account of its generality.
The student should examine the mode of procedure in the
numerous cases which we shall have to discuss, and note for
himself the method adopted.

990. Illustrations of Definite Integrals deduced by Change of
the Variable.

11 =jL logsin 6d6 [Euler, Acta Petrop., vol. i., p. 2].
0

0 7

Writing 9=er— ¢, I= -j log cos ¢ d¢=j log cos 6 d6.
L 0
)
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DEFINITE INTEGRALS (L.). 183

Adding, we have

21 =j (log sin 6-+log cos 6) d@:j (log sin 20 —log 2) d6
0 0

4
=L log sin 26 de—%r log 2, and writirllg x for 26,
; 1 ok ;‘
[ og sin 20 do=4 [ 1ogsin xax= logsin 00~1;
0 0 0

3 2I=I—7§rlog2, giving l=glogé.

3 3
Hence j log sin 6d6=j 10gcosGd9=Z~,rlog%. ......... (1)
0 0 &

It also follows that

7 3
j (log sin —log cos 6) d0=0, .. I log tan 6 d6=0, ...(2)
0 0

H T
and I log sec 0 d6=j log cosec 0 d9=g oD, i ()
0 0
If we write sin §=2 we have another form of the same integral, viz.
log z
B xzdx— = log2 Rt LR R RRel Sl LA (4)

or again, putting z=e?,
¥
BT RN [ fL@=-’Ll L 5
~/0¢~/e”’—l =3 %: " ) Jeinhz N )
or again, integrating (1) by parts,
$ ¥ of P55 o
[Olog sin 0]0 —/; 6 cot 0d0=§ logg;

5 f:acotod0=:§rlog2; ........................... (6)

or integrating again,

[£ cot 0] +f'— cosec*§df="Tlog 2 ;

]
A f‘m,adf) S I0G s itk sresinsy (7)
or, which is the same thing, putting cot f=z,

[ (CotArPdaimalog® 51000 L HRRH S (8)
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184 CHAPTER XXVI.

[T Bsinfdo
i I—./o a+bcos?h’
Polytechnique, xvii., p. 624, case where a=b=1).
Writing =—¢ for 6,
I=——’ (m— d))squ iy [' sin ¢ ST

L et Boaede Arws v r

o [ e TR A A

pHeos ¢

a and b both positive (Poisson, Journal de ? Heole

o b o L gy
\/a_b2tan 1\/a, i I—N/‘;bt:m ‘\/a.

@sin 6

o -
m =7 tan —-Z.

The case a=b=1 gives /0

991. In illustration of the method of expansion we may, for the

-1
same example in the case @ > b, expand (1 +gcos'-’ ()) . *'Fhen

=1j [Gsin 0-—905in 0-:0529+b—30sin 6 costl - :I do,
aJo a a*

a convergent expansion if b <a.
But

o : ) 0 cos*+1 97" ¥
o el o RECURS e 2+ 1 = - z
./“ 0sin 0 cos™ 0 df= ST Zn+1/ LR 2n+1+0
y L I) 182 ]
I=zli-3ate@

T b -
=——tan™! \/ ~ by Gregory’s Series.
~ab a Y g

If, however, a <b the ex'pansion used would be divergent, and the
method would fail.

992. I}lustrations of a Combination of Methods.

Let I=J zsin"xde. Write z=m—y.
0

I="~(7r—y) sin” y dy=7r[sin"y dy—1;
0 0

£l
a . s
2 I=-j fsm“ x dwzvrjl sin"z dz,
0

0
and the result can be written down.
This integral is useful, in cases where F(z) is capable of

expansion in powers of sin z, for finding j @ F(x)dz.
0
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= i x y
Ex. 1. I—fsiuz_log(l-f-nsmx)dx (n<1)

i n? . S '_'I
_./o x[n—galnx-}-é—sm r—.,. |dz

nr? n? 7 17 nt 2 n5 317 0% 42

=T”§’r+§"§§‘z”§+'s"a§§‘€"55+
i 1723 1.3 78 2n4 24n"
=§( faartTast ) Ttagtis e

2 -] 2
=T sin—in - (—2—) . (See Diff. Calc., p. 90, Ex. 3, Part 3.)

xdx
. 1y I_.[ 1+4cos asin
={ 2(1 —cos a.sin 7+ cos?a sin?z - ...) dz
G MO L 5 2 4:_315_ 5,42 :l
—7r|:2 cos a + cos? a22 Cos' a3+cos i23 cosa. +
% 2 costa+ 224 0oss ]
= 77[008 a+3003 a.+3‘5cos [t
w? e A e SR e T T S ]
+ [1+,_ cos a+mcos a+2.4'600s at...
= |
= __ﬂ_s_;p__&_a % =(1 —vos‘u.) (See Diff. Cale., Ex. 3, p. 85.)
A1 —cos’a
T
g g a3 a
= — T =t =———=7———  (WOLSTENHOLME.)
sina 2sina sina

This integral might be treated thus :
Write 7 —x« for 2.

I=f' (r—2z)dz dz

3 T3
1+cosasina " Jo T+cosasinz 1

z
ik I
. sec 2d.z

ST R Ay
~2Jo 14cosasinz 2

& g
£ 1+2cosatan2+tan 3

tan g+ cos a
=7 itan-t " =-" | T _tan-tcot a]
sin a sina o Sinal2

= tantt (tan a)=1r =
“sina sina’
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186 CHAPTER XXVI

EXAMPLES.

(=

. Prove that j NETr 1dr=388+1logs.

3 [ST. JorN’s, 1884.]

s

4 1
Prove that j sec®0 df = BT 3 log (2 +1).
0 2 2
‘ [MaTH. TrIPOS, 1889.]
3. Prove that

S p@ o= [+ (5) ]
, P de= g :c)+x2 s ] .

[ST. JonN’s, 1882 and 1887.]
4. Show that, n being a positive integer,

(s=1) logz e l_+ 1 % 1
Tror @ Trz 20 a2 30 vap T

i __1_ _.l— =1 __f__ logx
. n-2{0+zp 2 8liz (T+ap-1’
and that

log:c RS 1 e | 1

“j(m;y oy L B A
loga:

@ I T +2)t +z)4 T [St. JomrN’s, 1882.]
1-3z

© j (T+a)p (l°g BPda=1. [St. JomN’s, 1882.]

5 Prove that
j (sin 6 — cos 6) log (sin 6 + cos 6) d6=0.
[St. JonN’s, 1884.]
6. Prove that
J. 6% log sin 6d6 = ——j 62 log (/2 sin 6) d6.

[St. JonN's, 1884.]
7. Prove that

. dz o a+b
O | FrerdEim+® Ba@radiF)
dx 2w 1

(ii) J._w (2% + az +a?) (2 3 bz + b?) W 7§ ab(a+b)
{ [CoLLEGES v, 1891.]
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™

b 4
5. Show that j g

—— dx
o tanz
9. Show that

0 4 -1 3
I Kta“ ”‘) do= (3 log2 — 31%).
Nl [Mats. Trreos, 1887.]

=T log?2
g 98 [OxForp II. P., 1888.]

10. Show that
kam sinh (pa)( - 1)k
PP + P $
[CLA}}E, Carus anp Kina’s, 1885.]

a r
I sinh pz sin sl o
§ a
11. Prove that
) T sin%z de B 1 [l+me—m__ IJ
o E@n%(cosw —msinz):  2m(l +m?) :

7’; Y4 / - —m’—r
@ j‘ cos zdz i 1 : 1 m, 2+1].
0

ez(sinz+meosz): 2m(1+m?) L 1+m
[St. JonN’s, 1886.]

™ 2 m
12. Prove that “.0 mdx=w—§' [OxF. II. P., 1885.]
13. Show that

L

£y
j log (sin z + cos ) dz = —glog 2.

=

[CoLLEGES, 1886.]

o dz T
14. Show that L SR i B

15. Prove that
j” wf (21 - 2)} dx=1}jb Fr(1 - )} da.
1-b 1-b

[CoLLEGES, 1882.]

16. Prove that Y sin"20 log tan 6 d6 =0, where n is any positive
integer ! [CoLLEGES, 1882.]
17. Prove that
Iﬂ 2"~Y(n - 2)a% + (n — 1)(a + b)x + nab} ) Tt =0

b (z+a)®(z+b)? 2(a +0)
[St. JonN’s, 1890.]

18. Establish the result

"
22 sin 2z sin ( - cos a:)
8
de=—.
0 ™

2% —
[MaTH. TrIPOS, 1882 ]

ol 3y
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188 CHAPTER XXVI.

19. Prove that

J { 3 }3 T 24
sma:——cos'c x=--—.

x 4
[CoLLEGES 8, 1890.]

0. Baovs B9 log (15 andpl 08 2
bt i & P 55 S . “—8_' [TriNrTy, 1885.]

21. If a be any angle between = and -, show that

3 3
r log (1 + tan a tan z) dz = a log sec a.
0

[e, 1884.]
22. Prove that, in general,
= ae z 2z 4 1
ij{log,x+ 4 log'(m+ 1)\/5} 2 (2 + 1)2‘1'”:0’
1 Ve
where LA g7 AL 'B—l—\/_e’
and F is any function. [e, 1881.]

23. Prove that

j log (sin%6 + k2cos?0) df == log ]—+—L (£=0).
[OxF. I. P., 1918.]
24. Prove that

-\‘ F(a%2 + 2‘:) dz= }.r [ (?+ 2ab) da.

sin™ T:E

993. Integrals of form j dz, (m < n), ete.

sin rz

Consider the integral I= —J. dax, r being a real constant.

“sinx

If we write rz=y, —~I smyd da:, which is

0

independent of . But it is obv10us upon changmg the sign
of 7 in the original integral that the sign of the result must be

changed, for all elements of the integrand il

change sign.

Further, when =0 the value of I is zero. Here then is a
curious discontinuity which must be examined.

The integral is of great importance in the theory of definite
integrals, and we propose to illustrate by means of it several
methods of procedure as mentioned above.
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994. MEeTHOD I. By breaking up the Integration into Sections.

Wo v B L 02 gy [(L+r>+(ﬁ+ 3)+
oty ) )75 e

a notation which will need no explanation.

In these pairs of successive integrals put x=r—y, m+y;
3r—vy, 3r+y; ... Cn—1)7r—y, 2n—1)7+y; ete.

Then

(2n—1)7 gin 0 sin = sin ¢
L

@en—-2)r T
anrl o ein g G Sing/
and —=dr= P
."(271—1)« W I @n—1)r+y"?
Thus, putting n=1, 2, 3 ... successively, the integral becomes

58 1 1 1 i ]
A i e cos
I Lsmy[w_y 1r+y+37r~y 37r+y+ y

dy,

='rsin Y % tan :%dy (Hobson, T'rigonometry, p. 335.)
0

=rsin2%dy=%r(l—cos Yy dy=-+
0 0

995. If we put #=—y it is clear that

J’ sm:cd __J'—‘”smydy=“"’ smyd __r smx
O 0y in -

Hence

e (R - e R

996. If r be positive we have, by putting rz=y,

j smm:dzzj' smg/dy_:-;_r
0o Z o Y

If » be negative we have, by putting rz=y,
* sin rz ~®siny sin ¥
d:z:=j S e —r vy
J.o o 1 Y : -~ Y -

z
e "’sinyd o I
Io Y y 2
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190 CHAPTER XXVI.

If r be zero the integrand is zero, and
J' sinrz .o
LT

997. If the integrand be regarded as a function of » the
discontinuity may be exhibited geometrically by tracing the

graph of y-—j a

——d8, which will consist of
the straight line y——— from z=—o to 2=0;
the point =0, y=0, when 2=0;

the straight line y=%, from 2=0 to z=o0;
and is shown in Fig. 323.

O9F]

(o) &
x
2

R ——

Fig. 323.

998. The graph of the integrand, viz. %"‘, is shown in Fig. 324.

The integral f” mda‘ is the difference of the areas between the

-

v-axis and the successive portions of the curve which lie above the z-axis

b

VALY

i o AT ¥
4T =3 -ar\_/-:r 0 1\./211' am ar x

Fig. 324.

in the first quadrant and below it in the fourth quadrant. The successive
maxima rapidly diminish. The positions of these maxima are given by
the equation tan =z, and can be determined graphically as the inter-
sections of the graphs of y=tan # andy=2. They occur in each case a little

www.rcin.org.pl



DEFINITE INTEGRALS (L) 191

sin @
%

earlier than midway between two successive cuts of the curve y=

by the z-axis, but rapidly approximate to the midway as « increases.

999. METHOD II. A Further Illustration of breaking up the
Integration into Sections.
Since the y-axis is an axis of symmetry for the graph of

sin &
— Ve may take

I= st_nvxd ——j bl—n—:fdm,
et 5

AP Yo i ] e
BT

In the integrals in the first row put

=y, w+Y, 2%+, 37+, etc.,
and in the second row
r=—7m+y, —27x+y, —3w4y,etc
Then
w i 1 1
2]=Lsmy{§—7+y+27+y—3r+y

s

1 1 1
—"—r+y+—2vr+y_~3r+y+"']dy

1 1 1
:j smy[y y+1r 1/—7r+y+21r+y—21r_'“:|dy

=I sin y . cosec y dy=fr ldy=m
0 0
(Hobson, T'rigonometry, Art. 295)

giving I =Z—: as before.

This proof is similar to that of Method I, but makes use of
the expression for cosecy in partial fractions instead of that

for tan%.

1000. Merrop IIL. Illustrating Differentiation under an Integra-
tion Sign.
(1) Consider the integral I= /c s

Fany finite positive quantity, which we shall ultimately diminish without
limit.

sin 7w
—-~dw, where » is positive and
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Then so long as # lies between 0 and +

8_I=/ 4 SID (74 8r)2 —sin 7z dz
o 3

5 [ne—"-'cos (r+68r)zdzr, (0<f<1),

k
= Errrasy (Art %),
and proceeding to the limit when dr is indefinitely small,
Z—,I_=P—%2, whence I—_——ﬁ - e SI0 m'd t”“’_l/c’

no constant being needed since each side vanishes with 7.
If in this result we diminish % indefinitely towards zero, the integral

tends to the limit f"sm g

dz, and tan“% tends to the limit 72: or -—g

according as » is positive or negative. But if »=0 the integral is
obviously zero.

in 74 :
Hence fs x”d.z'=72—r, 0or —g according as 7>, = or <O0.

(2) As a further illustration of this method, let

_[I(a. cos’0+B sin? )"’

o and S8 being of the same sign, so that the subject of integration has no
infinity between the limits.

[C]
Let A_.__+aB Then AL,= - nl,1.

Hence

-9
La=2lal, —n((n )y A= ote. =W pnr,

ey "BF secw‘: gl (Ve wn )] =57

Hence

el QR S
(-3 A75=] Tapla*p)
Similarly
16__/?(3 2B+[%),andsoon.
And since
OY(2 Y, Agt_(=1rH ki e, SR
(-a—u)(éﬁ)a A= 08 D03 0D g o,

_(=Ure@p)lEg! 11
2R (p)(g!) Jap BV
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the general result is

LI

2 5l 3/3 NafB
i o 1) Sue, I ERIE)! 2 ]
G oG B T
: 2(2p)!(29)! 1
2.e. In+1_2g"—+l ‘\/(lﬁg((;:‘))'(qq')' aqu’ where p+q=7l-
Also, since
oI, H cos?f .6 oly: - 5 sin?6 df

= " (e cos?O+ BsinZfy+ OB ,’ (o cos® 0+ Bsin? )"+
all integrals of the forms :
/§— df f; cos’§ df T sin?f df
o (acost+Bsin?6)* Jo (acos?O+Bsin?f)” Jo (wcos?G+ [Bsin?6)*’
can be computed, » being a positive integer and a, 3 of the same sign.

1001. Since

i) _ _axbsinbx—acos bz
fe cosbrdr=e T + const.
and fe““"sin brdr=—-e* bﬁ)m———%wx+ const.,

we have /we“"cosbxdw=m ...... (1),

=g

e b
/: e~ "*sin b dx:dﬁ‘-f-_b" ...... (2),
Integrating the first of these equations with regard to b from O to b,

@ being supposed positive.

/we’“’m—nirdx=tan“9,...........................(3)

Jo i a
and integrating the second from ¢ to b (both positive) and
_ax €08 b2 — cos e a4 c?
'[owe —T— 10ga2+bz I'l'l'l.'l-!l'l..l(4)
When a diminishes indefinitely the llmltmg form of (3) is

sin b2 -

/: dx %5 N g ATt veitvedigsasni D)

according as b is positive or negative.
If in equation (4) we make @ diminish indefinitely,

cos bx - cos cx
[ td o A M S )

If we differentiate (1) and (2) n— 1 times with regard to «,

e b
[ "¢~ cos bw dw=(—1)""" Z:"“l a’:- b’_:(n b,.l) - cos n@ sin™6),
where tan 6=-
ALY
and /: 2" le~**sin b de=(-1)"" j;;l a,’_l:_ e - = A sin 76 sin"6,

E.LC. IL. N

www.rcin.org.pl



194 CHAPTER XXVI

Here »n is a positive integer and a is positive.
The case when 7 is not a positive integer is considered later.

1002. Meraop IV. Deduction of a Definite Integral from the
Summation Definition.
We may employ either of the well-known trigonometrical series

% —g—sin0+}sin20+!sin30+...adinf. (r>0>-m),
1;—*sm0+ sm30+ sinb50+... ad inf. (7v>6>-m),
to obtain the value of /w L Z d:
sin z smh sin 24 sin 34
) F—d.z Lc._oh( LR +’§T+“'>

=Mh=0(snlx Iz+sm22h+su;3h+m)

sin 2 smh sin 3% _ sin 54
@) j: s Lt,._o2lz< e e )

sink sin3A  sin bk
- Zyga(d indh painth )

[For the first series see Diff. Calc., p. 108, Ex. 21(2).

For the second add to the first 3 =sin G—ésin 20+%sin 30-...,

or otherwise. (Hobson, Zrigonometry, p. 288.)
See Bertrand, Calcul. Diff. et Int., vol. i., pages 304, 383.]
1003. MerHop V. Again illustrating Derivation from the Defini-
tion of an Integral as a Summation.
Consider the series
S=c—qa sin 0+e_29’sin 20+e"39’ sin 3_0+ ad it

1 2 3
Let Cze_’"’;:os 0+e—29’cos 20+e"3"’cos30+““
2 3
These series are convergent so long as ¢ is positive.
w ,—ngf nb
C+S= ?u =—log(1- e~ %%%)
sl s
=- log\/ 1-2¢"%%cos f+¢~ 2+ tan—? a—::;—"-q— H
1-¢ %cos
B s
¢ SN o e 0
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In the limit when @ is made indefinitely small,

6 1 =
SetanVlte 0L Zgan-ioo T pan-tlg.
% =0 962 + sin 6 g 2 g
ow
—9% oinh e 2Pginoh o 3hgi
'o e :mxdx Lt,._oh[e sin +e 22111 +e ';lm 3lz+m]
ke [e_q"sin h+e_2q"sin oh e %gin 3h+ :'
e h=0 > LRI B
1 2 3
’” e sin T kg
k —_I—dx_é —tan q.

Now let ¢ diminish indefinitely to zero, the limit towards which the
result tends without limit is
./‘” sin dx_ ™

1004. The integral I= /: el‘lm_w dx=tan—1§ may be established
for the case ¢ >r thus; expanding sin rz, we have
q pa g

T

But f Z"evE dx=§n—,,,£1;
ot bt 1 e
I=gTagts g
This series, however, is divergent if ¢ <». See Art. 1000 (1).
1005. MerHop VI. Illustration of Use of Change of Order of
Integration.
Consider the double integral

IE_/:[e"" sin 7o da dy.

Integrating first with respect to y,

I=f[ 2y SID 77 '—“’dx=f"sm = b
y—0 0 x

Changing the order of mtegratxon, integrate first with regard to z,

'3 s ysin ra +1r cos rx =
g ,/w[ vz Fu S 1‘2+ys ]z:l)dy

fr‘+3/“dy [tan"y] =5 or iy

according as r is positive or negative ;

smm; m
“ d.z'—— or —3
./ow 5"

according as r is positive or negative,

—...=ta.n'17:
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1006. MerHop VII. The integral may also be established by the
method of contour integration. (See Art. 1302.)

1007. The expression for cotz in partial fractions (Hobson,
Trigonometry, p. 334) is

1 1 1 | 1 1

t—t ot —t et o

247 z—m 242m z—27m  2+8w s

cot z= 1+

1
—_+2 2 s

If ¢ (2) be any periodic function of z with periodicity o, 2.
such that ¢(z)=¢(z+r7) for all positive or negative integral
values of », we have

[ _{ LEE L
Nl % ) e ol o i

In these integrals, put
z=y, w+yY, 2n+y...in the first row,

and —m+¥y, —2m+y... in the second row.
J‘(r+1)n¢_(z) ¢(wr+y) j b (y) d
rm o rmt+y ™ o rT+y Y
j“"""wz) j W= g ["2W). gy
—rm Y= oYy—rmw
Hence

TN SO < Ul SO, 1 1
I_mTdzmjo(p(y)[;_/_l_y-{—vr+y—7r+y+27r+y—21r+"']dy

=j:¢(y) cot y dy,
ie. r @=r¢ (@) cot wdx, where ¢(z)=g¢(x+rm).
el &
Thus, if ¢(z)=tana, j_}?’:—m dz= j tan z cot z de="r.

Also @:—z is not affected by a change of sign of #, and its

graph is symmetrical about the y-axis.
I tan:cdx %j' tanzda::-g,

Hence
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and writing rz for z,

0
tan rz T T !
g or 0 as 18 4", —"° or zero.
1008. We now proceed to consider some consequences of the
result *gin e -
do=75.
0o 2

By the ordinary method of summation, we have

2Q, sin 2pz+7C,; sin(2p—2) 2+ ... +2C,_; sin 2x=27 cos’z sin pz ;

] cos”z sin px Tocar 1
. j ST BN P iy gy Tt Gy o 90 s 1= (1= 55).

1009. In the same way
?(, sin 2px -0 sin (2p — 2)z+ ... +(—1)*"12C,_; sin 22
=(- 1)1‘3 22 sin?z sin pz, (p even)
-1
or =(— 1)"’7 27 sin?z cos pz, (p odd).

Honoe [smhxsm%xdv_( 1) 1r[(1 1 —1] =(~ 1)+

x 21

2:»4-1 ’

1 2 dr (-1 .
= /"sm zcos( n+1)z dz (%})l 1;[(1_1),”1_}‘1]:(_1)"2;:"

1010. Again,

1n2n+1
f”smx 2 g = o fp[sm (2n+1)a—2+1 0y sin (20 —1)2+...
0

+(—1)""‘*"‘0’,.sin.r]m—‘l’vf

~E T mhg g - (-1 0]
=%.12£ coeff. of z* in (1+42)*"*1x (1+42)7? 2,11"‘0,.
o 5...(2n—1)

TR QT AIGLE. PR

1011. Let @ and b be any two positive quantities (a > b).
Then rw Atk Al I”Mdz;
0 X 2 x o

Hence, adding and subtracting,

J'smaxcosbzdx=1 L J'cosaa:smbz‘h___o.
0 x 2 0 ®
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We may then state that

jo W—%Mda::g or 0, according as p > q or <q
both being considered positive.
If p=g,
“sinpzcosgr , 1 rsiu 2pz, 1w _=
jo, z oy | reeSs dang . o= .

1012. Graphical Illustrations.

Consider the graph of y= j: gin_x%co_s@ dé.

1 (*sin(z+1)@+sin(z—-1)6.
- s db.

We may write this as y=

If 2> 1, y=%(’2_'+72_f) -T
I z=1, y=%(1—;+0) =’Zr_
If <1 and >-1, y=%(g_"_;) w0,

1 T T
Hprrd r=3(0-3) --%
If 2< -1, y:%(—%—%):-%_

Hence the graph is discontinuous and as shown in Fig. 325.

=

a3

Gl

Fig. 325.

1013. Graph of y= jo' %m_x@ io

_ 1 (®sin(l+2)6+sin(1-2)0
A + dé.

www.rcin.org.pl



DEFINITE INTEGRALS. 199

Here, i a1, 1=%(‘%—g =0's
1/m T
o 3’=§(§+0) =%
—1<z<], y=%(§+7§r) =3
3 T T
s=-1,  y=3(0+5) %
1
Sk 9=§(‘7‘;+§)=°;

and the graph is as shown in Fig. 326.

2’ (o] x

y
Fig. 326.

being again discontinuous at #=1 and z= —1.

1014. Consider the integral

hcosz—1
L S dz,

and put z=az and z=>bz therein alternately.

h h
Then jacosax—ldx=jb cosbz—ldx’
0 Z 0 x
n L "
i jacosax—cosbxdz_jbcosbxdx=Fldz=log13.
0 2 b T 1_.2: a
h {
Now ."bcos bxdw: in b l] J‘b sin ln:d ’
T b 3

4 h

and when h is increased indefinitely, becomes %j:gl—;Tlmdw,

«©
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and this must lie in numerical magnitude intermediate between

the results obtained by replacing sinbz by —1 and by +1
h

respectively, 4.e. between i%)li_al_c]: or =+ %:h—b, 2.e. +0.

Therefore the second integral, for the infinite interval between

h h X
: and 3 vanishes, and we have

"' COS ax— COoS bxd:c=log !)
0 x a

This is a special case of a theorem due to Frullani to be
proved later (Art. 1183).

1015. It follows that

J i sin i zsin L z
2 2 1 b
o - dx -z log >

i.e. /w ﬂx_p;r;smg; dx =% lng%i—g (» > ¢ and both positive).

()
We have now considered

/“ sin pa sin qxdz i gp+q
Jo z 2 °p—¢q

kb /; Smp"’;osqxdx T of 0,as p> or <q (Art. 1011).

Also [0 CBPEOSGE gy iy infinite (Art. 348).
sin 70 T T
1016. Taking y= j —e—dO-——2 or —5,

as r is positive or negative, or 0 if r=0, integrate with regard
to r from r=0 to r=r,

1= coer Tr Tr
-—J. =g OF =5 e (1)

as r is positive or negative, or 0 if r=0; s.e. putting 27 for 7,

® sin’r6 Tr mr
y=L S d0="or =T @)

as 7 is positive or negative, or 0 if r be zero.
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1017. To illustrate this geometrically, consider the graph of

9 sinz26
y=zh & .

4
i ()
S 7z
Ty 3
Xt 0 %
Fig. 327.

which consists of the parts of the lines y= +a which lie in the first and
second quadrants.

1018. Integrate equation (1) with respect to r between limits O and 7.
Then '/; ’ﬁ_;—md0=gﬂ or —;—rﬂ, as r is positive or negative.

Thus the graph of _1/=§-_ ./: x—g—:ydﬁ consists of the parts of the

two parabolas y=2?% and y= —2?% as x is positive or negative, which lie
in the first and third quadrants.

Y

2

s

2N 0 x

2y

7

’

p i
Fig. 328.

Similarly we might proceed to further integrations.

2_aJmsin?<9sin§>d0

1019. Graph of kg

Since a change of sign of # evidently does not affect the value of the
integral, the y-axis is an axis of symmetry.
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Also
y=asinz if sin— be positive and y= —asin = if sin — be negative.
Hence the graph is that shown in Fig. 329.
2

X fe) x
Fig. 329.

sinrf

1020. If we integrate F df= +72-r with regard to » between limits

g and p (both positive and p > q), we obtain
cos g6 — cos pf T
[ttty x(,

0

Jnsm————ﬂsmpjﬁ M
0 _——92—_ =I(p—Q)n

i.e.

or putting p+¢=2a, p—q=2b,

sinafsinbf ., w
[} e ap=To,

where b is the smaller of the two quantities @ and b.

ihe
1021. Trace the graph of y=j: sj’—eaﬁoﬂth

In the first place a change of sign of » does not affect y.. Hence the
y-axis is an axis of symmetry.
Also we have -

y_2'/ smo{sm(x+l)0 sin(z—1) 6} do

sm0,sm(’v+l)0 sin @sin(z—1)
2/‘“ ag- 2f———d0
1

If 2>2, ,1,=-12..’§’.1—§.’—;.1 =0,
If 2=2, y=%.§.1-é.’§' il
If 2> 251, ;y=%.1—;.l—%.;(x 1)=T(2-2)
It p=1,  y=g.3.1-0 =%
If 1>2>0, y=%.1—;.l+%.g(l—x)=g(2—.r).
If #=0, g/=%.1—; +%g =1—;-
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The graph therefore consists of :
(@) the portion of the z-axis from #=2 to =,

(b) the portion of the line y=7—;—7¥ from =0 to =2,
¢) the portion of y=" 4% from r= —2 to =0
p Y=gy

(d) the portion of the z-axis from 2= —w to 2= -2.

& x

Fig. 330.

And the discontinuous nature is shown in the illustration (Fig. 330).

AT
1022. Trace the graph of y= /; wda (Math. Tripos, 1895.)

We note in the first place that a change of sign of z gives a change of
sign of y. That is, the origin is a centre of symmetry.

P
i i
ir
iz
x’ 3-2 _i o] | 5 X
xi
21
:
: 9
P’
Fig. 331,
dy_/‘” sin?@ cos 20 _{1r(2—x)/4 from £=0 to z=2,
Aleo dz o 62 i 0 from 2=2 to x=w;
f _{A+1r(4x—x2)/8 from z=0 to x=2, '
g G from #=2 to z=w,

where 4 and B are constants.
Moreover, the difference of adjacent ordinates at #—¢, x+¢, being to
in?
the first order 2 -/: sln_Bv%M
fore there is no abrupt change of ordinate at any point on the graph.

d@, ultimately vanishes with ¢, and there-
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Again, y=0if 2=0; s A=0;
and at 2=2, A+w(4.2-298=B; . B=’§'.

Therefore the graph in the first quadrant consists of a portion of the
parabola y = (42— 2?)/8 from =0 to =2, the vertex being at (2, w/2),
and a line, 2y =, parallel to the 2-axis from 2=2 to z=c.

And remembering that there is symmetry with regard to the origin,
the graph is as shown in Fig. 331.

It appears that the points P, P, where two of the discontinuities occur,
are the vertices of the two parabolic arcs, and that at the third discon-
tinuity which occurs at the origin the parabolas have the same tangent.

The discontinuities occur in the second differential coefficient.

1023. Cases of j e 2 d.

qm”‘x
dxz, where m is not less than n, and m, n

Let uy ,= j
0

are either both odd or both even positive integers > 2. We
have proved in Art. 265 a reduction formula connecting

TR TR B TR b
(n— 1)(”’_ 2)um,n+ m2um.n—2_m(”‘_ 1)um—2.n—2=0'

Now we have u“=12£, u,,,=72—r (Art. 1016),

sinx 1 [ 3sinx —sin 3z 1
and u“—f = dx—if_—i——-dx_1[3_l]2 i

and from the reduction formula,

m=3

n=3} 2. 1ug 3+ 9%, — 3. 294, ,=0;
G L 3

. A =T
.2u,,.—6.2 9.4 75 - he=g-

A S - i) ; g
Also “s.1=f s 14 sin 5z — b sin 31‘+105m.z‘dw
2 z
,(1 5+10)’2"_1’ir
Then the reduction formula,

':fg } gives 2. 1ug y+25ug , — 5. daty 1 =0,

and 2:2 } gives 4. 3us s+ 25u; 3 — 5. 4, 3=0 ;
whence - u, ,=5—" , 5=,],L5ﬂ' ete.
e L T T T R
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1024. In order to generalise these results it will be plain

that it is necessary to express sin**'z in the form
A sin z+ B sin 3z4-C sin 52+ ... ,
and then we shall have
> anitls
“21~+1,1=jo

(see Art. 1010).

And similarly if we can obtain

sin”~'z cos & in the form 4, sin 224 B, sin 4+-C, sin 6z+- ...,
we shall have ¢

R0 L9 in2ro]® L

s x sSin“'x Sin X COST

uw=j i dx=|:—— ] +2rj bl LR
0 X r 0 0 Zz

dx=’2—"(A+B+C+...)

© qin2r-1

Sin T Ccosx

daf “diidgas,,
0 r

=2r(4,+B,+C+...) 5,

and the sums 44-B+C+...,and 4,+ B,+C,+... are easy to
find. (Art. 1026.)

1025. It has been shown in Art. 1010 that
u _71.8.5..0(r=1)
PR DR I W T
and this with the reduction formula will enable us to obtain
the values of all integrals of form %y, 4,4, (n < P).

Thus, if r=3, u,,,=;:f::2.’21=52_’;,
and 2. 1u; 5+ 49%; ; — 42u, =0,
4. 3u; s+ 49, 3 — 42u, ;. =0,
6. buy 5+ 49u; 5 — 42u;5 =0,
giving m,=ﬁr U, =Z,—71r U =5—8-8—7£ and so on
SEIFT o & Wl LT L T T |
Collecting the results, we have
m™
ux.1=’2‘s
T 3
Us1=7, us.l:?’
BIC s R el S
5, 1 16’ 5, 8 32’ 5,5 384 L&
5w T 7T 5887w
'u'7,1=ﬁ7 u1,a=629 u7,5=%_y u’7,1=23o40)
ete.

1.3.5...(2r—1) =

1
pray et B sons” 0T | o 8 2 2
Y i11=—5 = e ~subay | the same result as ./o sin* 0 d6.
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1026. Again by differentiating the formula

s=r-1

27 (—1) sin*z=2 2 ) #Cy cos (2r —28)x+(—1)"#C,,

we obtain
r-1s=r-1
2r sin* -1z cos :z;—( 227‘)1 E (—1)*(2r—28) *C, sin (2r—2s),

and the sum of the coefficients required (Art. 1024) is

(‘_%)r_l {2r*Cy— (2r—2)*C,+ 2r—4)*Cy— ...+ (—1)12%C,_,}
22, = {”C’, 1—2%0,_y+3%C,_3— ...+ (—1)""r*C,}
xcoef of 7-1in (142)* x (1+2)?

- r i 2r—2)!
T, Xcoef of 77V in (142" "= o1, {(('r-— )1)}2

1
2’1 1

Sein S 1.8.5...(2r—3) = .
Hence u”'2=L—Ez——dx 3 —6 @r—2) 2 if r 42,

sad =7§’ if =1, and =£‘if r=2.

1027. Thus

131r3rr '355_5_75.“0
2.4.6°2 1 o

mw
‘"rx,r—iy Uy, 2= 4» Ug, 2= A 16' Ug, 2= =33

the first of these having been found before.
And now the reduction formula can be used,

(n—l)(n—2)u,,.,..+n;2u,,.,,._2—m(m— 1) Um—g,n-2=0 (m<n),

:i } 3. 2u, (+16u, .~ 4. 30, =0 ;
=6
_4 f 325 +36ug5-6.5u,=0;

g } 5. du, ¢+ 36u; — 6. 5uy =0

ete.,

e T T 11w
giving Uy =7 us.("'gy %.—W' ete.,
and collecting the results,

T
uﬂ,3=§»

T T
Ypammony My
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37 T 117
hi=Tgr We=g BT g
u, ——5—“- ete. ;

3, 2 32y ot}

and generally,

1.3.5...(2r=3) =
2.4.6...(2r-2)" 2

x

3
Ugy,2 = (r<2), and therefore= j; sin”=20d6.

1028. A result due to Wolstenholme follows at once, viz.
Sea L ] "
j SN P (sin? z)dx=j F(sin®a)de,
- 0

provided F(z) be any function of z which can be expanded in
a convergent series of positive integral powers of z. For let

F(R)=A4A,+A4z+4,2+....
Then

w 9 L ITERE
j e xF(sinzx)dx=2I =2 x(Ao—*—Al sin?z+ 4, sintz+-...)dw

x? ete®

=2(AgUg o+ A thy 5+ Aot o+ ...)

=2j‘ (4y+ 4, sinfo 4 4, sin's+-...) do
0

7 "
=2j F(sin’z) dz=j F(sin’s) da.
0 0

1029. It is also plain that if F(sin 0, cos ) can be expressed
in the form 4 sin pf+ Bsin ¢0+Csinr6+ ...,
where p, ¢, 7 ... are all positive; then

]' * F(sin 6, cos 6)
0 0
or if F(sin 6, cos ) can be expressed as
A cos p0+ B cos ¢0+C cos 6+ ...,
where 7, g, r are all positive, and if A+ B+C+...=0, then
r F(sin 0, cos 0) d9=r A cos p0+ B cos g0+ ... 0
Y 02 i 02
=r A(cosp0—1)+32(cosq0—l)+ 40
0

de=<A+B+0+...)§,

=—3 (dp+Bg+0r+...),

and evidently other propositions of similar kind may be
enunciated,
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: _1.3.5..(2r-1) 7
1030. Ex. 1. Since u2,+“—72 16 9 ‘3 Ve have

/“’l l+nsma.z‘dx
1 “nsinar ©

=2/w(1{sin ax+— sin’a.t+g sinfax+ ) d_z

z

(n<1, a>0)

n1rn rrn‘i
_2[

l37r
2 Lo

]-—w sin~!n (Diff. Calc., p. 85) ;
fa tanh=!(n sin ax) d—”: 3 sin~!n ;

d_”_w_
=

and if n=4, f tanh—1(} sin ax) TR

A 1.3.5...(2r-3) =
Ex. 2. Since Uy, 2= 2——4——6—_(27'—2). § (T> 2),

/"’l 1+nsinfax dz

81 _nsintaz 2? {81, 620

5
=2[ (T sinzaz+§ sin"a:ﬁ-1 sin'%ax + )

88

5
=2a2(n+”13 n1'357+ )

32.47 0 2.4.6.8
! g R 17 iy o 0 o SRR
: /:tanh ‘(nsxllzaz)ﬁ=7{\/l+n—\/1~n}-

_ [* sin’z 12 vy )
Ex. 3. I_/-_ﬂD pe) tanh (cos g sin'z dx.
By Wolstenholme’s principle given above, this integral
¥ p ple g y g
=2 /—Yta.nh-‘<cosgsin’x)dx

: = cos® = sm‘ox +.. :l dx

2 5
—-2”[cos——+ cos%g§%+écos5%%%g§% :|
[t Jedaseiaases,

and writing z=cos 20, this integral
= __1___'/"(_177 __1_>4sm 0 cos 0d0
~ 2J2/z\sin@ cosB/ cos 20
T g (9 )
_‘J2j; cos @+sinf g G 28

Hence putting 46=a, I=mlog cot —8'{11.
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1031. If p and g be positive integers and p < ¢, the integral

I =j sih % dx may be investigated by a methed which does
0

not entml the successive calculation of previous results of the
same form leading up to this integral, as was done in
Art. 1023.

Since j 297 te=dz= Ilq)’
0 z1
we have r ginlc S r r 21-le~%gin?x dz dx.
0o (=11 Jo : g

Now, p being taken greater than unity, and a positive

j e ginez dz—PP—1) 1)[ e~*sin?~2g do  (Art. 104)
(1]

0 pia?
p! f 3
(a2+p2){a2+(p N (a2+22) 1I p be even
or (@ pY (& (p—2)%) ... (a2 F 1?) if p be odd.
Hence
s WL r 2971 dz &
L @ TGN, TP L G P Peeven

i 281 de
“ - 1)'.[0 (2% 1%) (2" +3%) (224 5%) ... (22 +p7)
The integrand can then be put into partial fractions of the
form :

if p be odd.

L 4
P
p even, Zzz+(2;k)2 or Zzz—{—(?.k)*

(q even) (g 0dd);

4+

1
dd T By By
podd, X ar iy & NAT (=1

(q-odd) (q even);
and their coeficients have been found in Arts. 162 to 165.
In the two cases p even,} P odd,} the integrals are of the
q even,) q odd,
inverse tangent species, viz.

r ol —[}—tan—lz:r——
o 22 +n? Ln il

but in the remaining cases the integrals are logarithmic,
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1032. Particular cases are simple.
sin® % 1 2dz f’ l: :|
Thus f’ f(z’+1')(z” 3" 82’+1’ 8z2+3' %

BH9 —1] _3.(9_ )5_3_"
'[‘t‘“‘ 13-tan~ts | =5 (5-1)5=3"
/"mn”x zdz Gf(— e 5 )d
o at (z’+l”)('+3’)_ 8 22+1% 8z’+3'

g | i o “ [
=g og;a_'_a..,o-—élog:} —4log3.

1033. The general result is not difficult to obtain ; the integrations

have already been performed in Arts. 162, etc.
! #3d;z

p even, .
E+2) (2 +4Y) ... (P +p?) ( }a"d”{q)'

g even

sm"x
o ot UG-k
o by WEHIRG g ST 27} in result (A) of Art. 162,
andp for 2n
sin?x (— l) ) Ly _—x L
[ Soas=tsr 2,[ Ot =20 -2yt (-1 20, 2 ] ()
And if p be odd} and p g

and ¢ be odd
sin"xdx_ p! 271dz y
g “@-Dih EIHEET @

i .4 i 29} in result (C) of Art. 164, the integral

and p for 22
=1
e (1T O | (B)
2

—p»
=((; 1_)] ! 2 pCOPq—l pr(P 2)7_1"'?02(}’ 4)'—l
If p be even
and ¢ be ndd) 1 ree,
sm” f" #2dz 2
(9 1)' #F+)(@+4Y)... (P +pY)’

0

and writing ¢—3 for 29
and p for 2z

p+g-1
I 1 ‘
(¢ 1 D) s ["Cop"‘ log (22 +p%) - *Cy(p - 2y ~'log {2 +(p — 2)} +...
+(~ 1)‘5-1;@'%_‘ 29-log (2 + 21)]_

Now in the expansion of (¢*—e *)?=(22+...)?=2%27+ ... there are no
terms of lower degree than 2. Hence, if ¢ be $p, the coefficient of

2?1 is zero ; z.e. the coefficient of 22~ in
"—
e (=1)F e, @y -1y
§- 5

} in result (B) of Art. 163, the indefinite integral is

»Qyer—v(Qy eP-Ax 4 PO olp-dx _

P
+(-1)Te0, =y 400,
]-4-1
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is zero ; and p being even and ¢ odd,
2yt =20 (p— 2y 420 p— 4y — .+ (- 1)F 20,90
P2
vanishes identically. Hence, multiplying this expression by log 2% and

subtracting it from the portion of the indefinite integral in square
brackets, we have

2 _9)y
"Cop"‘log(l +%)—’C,(_p—— 2)* log {1 +(’;zz—?—)~} +.ue

2.1 22
+(-1)" ”0%_12'—‘10g(1+;§),
which vanishes when z is infinitely large.

Hence
p+a+l

[ g (Tq}ll—;—.—; »Cyp*~log p~?Cy(p~2)log (p-2)
+2C,(p—aytlog (p—4)— ...+ (- 1) '2e, 2rlog2 | ...(0)
s

Finally, if p be odd
and ¢ be even

and p< g,
sm"m 2 22dz
o oy (g- 1) ,/Q (+19)(22+3%) (2 +5%) ... (2 +p2);

and writing g—1 for 2¢+1
and p for 2n—1

in result (D) of Art. 165, the indefinite
integral is

e=p-1
G:IT)‘! 1N [PC., p*tlog (24 %) —PCy(p - 2log {2+ (p— 2} +...
)T 0 tog 1)
and in this case (p odd, ¢ even) we have, in the san:e way as before,
20y g1t —2Cy(p— 21 +2Cy(p — A — ... +(~ 1)‘9»0%41:-150,

an identity. Multiplying by log 2’ and subtracting from the portion of
the indefinite integral in square brackets, we get

2 -
20y p-! log(l +%)—"0.(p —2)'log { 1 +("z—22)2} +s..

- 1
H(=1) 7 20,1 log(1+ )
2

which vanishes when z is infinitely large.

Hence we get
@=p+l

P 1)
fo m:axdx-(‘——) Nl [ Cop*~log p—*Cy(p - 2)~"log (p—-2) +...

+(=1)T 70,1 log 1], ............. (D)
2

the last term vanishing.
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Hence, summing up, the four results may be written as

L ATTHE 1) o1 pol =y ;
'/;Sl;qudv <(q 1)'2?[7;9 -p(p-2) +%(p_4)c—_m:l

tog or 7% terms, if » —¢ be even, or as

p—9-1

(—(;)—1;, ,,_1[10 “log p-p(p—2y~log (p-2)
+’—’%’—’_—2]—)(p-4)v—llog(p—4)-...]

tog or p%l_ terms, if p—¢ be odd ; p being < q.

This generalisation is due to the late Prof. Wolstenholme.
It will be noticed that more is effected by the treatment of

/; ggq_x dz in this article than in Art. 1023, as the limitation p, ¢, both
even or both odd, is now avoided.
1034. Thus, for instance,

el o

“sin®z , (= 1)1r o 3___
[0 S[69— 6. 49415, 9= — T ( - 48)= 2 =T,

sin®z
/: dz—g' 24{5“’1035 5.3%log 3}.

EXAMPLES.
1. Show that

2 O yatis B
jsma‘ J‘ (Ey)dx=éj (ﬁ)_:_c) dx=§j‘ sma; d
z* 3Jo\ = 2)o

[MaTH. Txuros, 1884.]

dz =

2n+1 i
2. Prove that (1)J' sin®™ g 1.:73...(21» 1) =

sin”*'z . 1.3...(2n-38)(2n+1) =
2) L I i 2.4..%n . L

[TriniTY, 1889.]

3 p that sma: rw | JORE fk o
rove tha I " de 2" [MarH. Trrros, 1887.]

4. Find the value of jl (sin 2+ sin !) 4 .
0 v/ x [CoLLEGES B, 1888.]

” cos @ sin30x

5. Trace the locus _1/=J. oy de.
0
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6. Describe the discontinuous surface %f-.[ %0:0—810 de.
0
[TrixtTY, 1888.]

7. Show that
r{¢0—x"’¢l + 242 - ete.} do=Jro (- ),
0

; * sin az
and apply this theorem to find L —x——dac. Bl kasit
8. Discuss the locus

(2z "+ 1)osinn—ecosecg ¢
¥ 2 20

where n is a posmve integer.

9. If 0<a <7r, prove that

) lo l+smasmx@ ol
€1 _sinasinz z

2 2
(ii) j Ly nr's sl dx—w(\/l + sin%a - cos a).

lo
€ [ _sinfasin’z 22

*  sin’z cos?z =
10. Prove that j_w m dx=1r(~/2 et 1)

1035. Let Il=je'“cos Y I2=Ie—“ g Bk, 1 (GOW).

» —acos br+bsin bz e @
Then I,=e™® 2t b? , and [Il:lo =T’

ey —@8inbz—bcos bz Fhglaib
I,=e A , and [Iz:lo b < &

Integrating each with regard to a, from a=p to a=gq,

j:fwcosbxdz=%log%. o3 ST
j:dp%eizsinde=mn—1%—tan—l%. 4L (D)
e A '} in (2) gives
I: sinsz de= :t—; as bis 4+ or —7

- WWW.I cin. org.pl
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1036. Again starting with the same integrals, integrate
with regard to b; then

r ¢ Sinz’zz_—f_iwdz=m—x£_m—lg, ......... 3)

0

o ¥k 24+
e.useyw_w@mdz*_ lo ggz_*_; SR 5

Then
o aBnpE s e T s p
Ioe “——w dz=tan i Le“—x dz= log 1+ )

1037. Consider the Integral I =L e~ cos ax d.
(Laplace, Mémotires de UInstitut, 1809, p. 367.)
Differentiating with regard to «,

g e g e
B, oe 'z sin ax de= sma:vo 20e cos ax

2
a .
=—31;

a*
;. I=Ae ¥ where 4 is independent of @. Putting a=0,

Y o—j e-’"da:—l/,—r A-—ﬁ. Hence I=:/2lr et

)

The proof is that of Legendre (Ezercices, p. 362).
1038. Laplace established the result by aid of the integral

rz”‘e“"dF%P(%“),

2
2,8 it
viz. —-I —’" 0 aa:‘ )dx

T
J a21 at 1.3
T?(I—ﬁ §+4_1'2_._2_“')
/w ad ol a y BN L N <8
_L— —_—— _— ‘t
=7 (1-F+ran-raast)=g
1039. Differentiating I m times with respect to a (D.C.,
Art. 106),

ﬁ"e-*x"cos (a5 ) o= 22

ks ]),, ‘j(2a)” n(n— 1)(2(1)"‘8 n(n - 1)(n 2)(n-3) (2a)"~* }
4" 1! 4»—1 4n-2 b

"/— 1{(1"'—”(/’; ! l)an-ﬂ_’_n(’n 1)("'2! 2)(n_3)an—0_.“}.

=(_1)n2_ﬁ_:ie 4
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1040. Integrating I with regard to a, from 0 to a,
SR IAT (e __“I' _ﬁr a1t
_L f# x dx—__‘-oe da= 9 o(l E+§~|4—‘2 )da,

2
P bty el W ST (N )
R al R R
a rapidly converging series for small values of a, but not
capable of summation by means of the known algebraic or
trigonometric functions.

—

*
1041. Laplace’s integral /= [ & ¢os 2bzd:¢:=ﬁr e @ follows immedi-

ately from the form of Art. 1037 by writing therein ?Eb for @ and x=ay.

It should be noted that the process of differentiation in Art. 1037 is legiti-
mate though the upper limit is infinite. (See remarks in Art. 356.)
For, taking the present form, the integrand e~**+* cos 2bx remains finite
for all values of z. Change b to b+8b. Then
I+81= j: e~ cos 2(b+ 8b)x dz.

Hence

(7 A 13 €082(b+8b)z —cos 2bx , f‘ el ek
B LY 5 dz= Ly {— 22 sin 2bx + e }dz,
where ¢ is a finite quantity which vanishes in the limit when &b is made
infinitesimally small,

Le. 87 =-2 fn re—*** gin 2bz dz + ft €.e M dy.
b o )

If ¢ be the greatest numerical value of € in the range of values of »

from O to o, the second term is numerically <e; ’; e Widilte <e Qg’
and therefore vanishes in the limit when e is infinitesimally small.
The process of differentiation is therefore justifiable.

L dI_ 2 e
Proceeding as before, B 5 pl=Aa"o%

1 N N

and putting 6=0, I=fe"""dx-—=2—:; Sl | =-2%r,
JE
and I=—2;‘ it

* Mémoires de I'Institut, 1810, p. 290,
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EXAMPLES.
1. Show that
» e
J- xe—2sin ax dx =£e =G
° 4

j: %~ cos az de == ¢ %'<l )
(-5,
'(3 302 + )

?
» a* 5
I a:%"'sinu.tdz—ige 4 <l5a—5a3+az),

l.u| =

.

j a;se—z’smazdx——e #

I 24e—%" cos ax dx =
0

0
and show that we can calculate

‘r [ (22) cos az + ¢ (a®)z sin ax)e~=" da
0

when ¢ (22) and ¢ (2?) are rational integral functions of #2
[LEGENDRE, Ezercices, p. 363.]

2. Show that if I =j ¢—%" sin az dz, then
0

1 —‘}’“ﬁ: 1 a? a® a’
dng ¢ L" ‘Z"=§(“'2‘._3”3.4.5‘4.5.6.7*“')‘

[LEGENDRE, ibid.]
a., a*

3. If I - _Ej e* da, prove that
0

' ) pis iz Ad il

L e ’mcosaxdz—ﬁ—‘:)al,

G n s 1 1 a?

L =% ‘3sman:dw=za+él<1—§),

i 1 a® 1 ad

L e chosaxdz:‘-)—g—zl(m—?z—),

* 5. el

-2 in grdr = — @ — — 4 ~
Le 24 sin ax dx g% 16+41(3 3a + 4>
ete. [LEGENDRE, ibid.]

4. Show that

w
(i) L e~2(} asinar+zcosax)de=1 ;

(ii) j e~ (1 -31a? - 22?) sinaxdz = - la.
[LEcENDRE, ibid. ]
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o da ik i
1042. The Integral I=L @FA T2 ablath)

useful in a certain class of Definite Integrals, (@ and b both +¥¢).

Since 1 L e ) we have
(a2—+-:::2)(b2-i—:1:2)"b?—ag<ag+ar:2 b2+a:2’
Tid 1 [lt syl J N7« 1
b*—a’ a b 8 —-—a’ a b2 2ab(a+b)
f tan“a
Thus, if u= b mdw, (a, b both +),
du fh 1 Lo (L_l) !
(a-+x2)(b‘+x‘) "2 ab(a+b) 202 \a+b a
i 1¢—2bzloga+b+d,
where 4 is independent of . But when a=w, u=0; .. 4=0;
x
Snsil l dz =573 lo; (1+b> (1)
i m-) —2b2 Gl L= ). ecieiiiiniiininin,

tan"(b tan 9) b
Putting =0 tan 6, we have ——m—do_— log <1 +— )

or writing ¢ for =5 Ecot 6 tan7(c tan 0)d0=1r2- Tog(=Fo)s  wosvivanaas (2)
¥
The particular case c=1 gives [} 6 cot 0 db =7~; 175 O R M (3)
x ;‘
Integrating by parts, [6logsin 0]: —ﬁ log sin @ d0=g log 2,
g ; T
or _/; log sin 0d0=§ Togd ol Gavess (4)

as in Art. 990.
i i

& dx, (bFa), is of similar form,

b
1043. The Integral I —f ~/b T
but best evaluated by expansion. Put z=>bsin 6.

I=J;'tan ( s1n9) If ( b2 sng bt sintd ...)d@

3 Ta 5
b1 15 1.3 1% /b
=2—b(z‘§' §cﬁ+§.—4'5a—~-)—2‘55“"‘ (a)
. ;: . W . ™ e aw’,
ie. '/; cosec @tan~!(csin 0)d0=§ smh"c=§ log (¢ +~1+¢Y),

WWW.rcin.org.p
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CHAPTER XXVIL
or, for the case ¢=1

7 tan~(sinf) ,, =« 5
fo m——d@—glog(l+J2).

log (1 + a?x? dl 2ax?
1044. Let IE[ %———T—)d@ Theud

b (DT ™
T S L ey g
_l—a"b”f (a'l ﬁ—ab b”+x2)dz_1—

: A ar*‘

25 2 [ 1—ab]= g5 +Nab’

(a, b each being taken +).
Hence l=1—£log(1+ab)+A, where 4 is independent of a
ifa=0; ;. 4=0"

Also I=0
log (1 + a%z?)
)y ——[;”_sz‘ log(1+ab)
e x®
: y log(l o )
log(2+2%) ,  [* logc* f it
It follows that 5 ——m—xg‘—d@'— b2+x2d # —W
loge? = =

b
i blog(1+ ) "—glog(c+b),
(b, c each +™).
And writing x=>5tan 6,

f’log(cz+b2tan20)d0=1rlog (b+c); and addingf log cos?@ df=m log 3,
f log(bzsin20+czcos”6)d0=1rlog—b—;—c, (byc +").
: ¢ : ta

1045. Again, taking the expression for —— in partial

x
fractions (logarithmic d differential of cos expressed in factors)
viz.

tan:v_ & 2.22
E-:(Zr——l)2 29842’

put z=mkz: ; then

T tanh wkz

= 2. 23
_213(21'—1)2 PAja,s
iy ™ * tanh 7 kz dz

o 2dz
kJo (a®+2%) ?—Zj

K (a?+ 2) Z'r 1) +z2}

=% T
=Zk2 2r—1<a+2r~—1>’
2k 2k
Lo r’tanhwkzd_z 4k &
} 0 (a2+z2) z

Z(?r—l)(’ka+21—1)
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Thus, in the case a=k=1,

“tanh mz dz _ 1
f (32 z L1.3 3 *+5 5+5 g o o "‘f]

1 ]_
‘2[1 3t 3 5 5‘7+‘" K

or taking a=1 and % any positive mteger,

tanh ferz dz _ k[ 1 g
(1+2?) =z 1 (2k+1) 3(2k+3) 5(zk+5)

1 RAET) 1
=2[(T2/c+1)+(§"2/c+3)+ (2/c+1 4L+l)

1 1 i
-—2( +3+5+ +2k 1)
and if @, £ be any two positive integers, the series will terminate as in
the last case.

‘ba.nh}mrzdz 4k 1 ( SR 1 )
(a?+2%) z a 2%ka“\2r—1 2%a+2r-1

il R S Sl e
T a?l\1 2ka+1 3 2%a+3/" " \2%ka+1 4dka+1/ "7

0 s N oy
i R oY L

If #=4% and @ an even number, the series will also terminate.

w2
ta'nh2 dz 2 1 )

o (0P+2° z_a 2r—l Ta+2r-1

If a=2n, this becomes

+

]
-]

Thus

[ 1o B g e
o {Cny+zy z 42lL\1 2n+1 3 20+3/7 "
)l | g | 1
=§72§<i+§+"'+2_—_n--1)'
But if @ be odd, =2n+1, the series does not terminate.
Tz

e -t (- )
o {(2n+1)+2%} z_(271+1)2 1 2n+2 3 2n+4/ """

b
(Qn + @n+1)? [log 2+3 2n

2
1 1
(2n+1)z[]og4+1 + oot :l
Similarly if 2k be any odd number =2p+1, 7.e. k=£2il,
o 2p+1
Jtanh 3 wz@~3v<l X 1 )
0 (@+2) 2z a@°“\2r—1 (@p+Da+2r-1/’

1
4++
1,
iy

‘www.rcin.org.pl
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and this will terminate, or will not terminate, according as a is even
or odd.
If @ be even, =2n, the result is

11 1 1 1
“ont (T‘zn(2p+1)+1)+(:§‘2n(2p+1)+3)+'":|

1
212"{1+ b +2n(2p+l)-—1}'
If @ be odd, =2n+ 1, the result is

1
(2n+1)2[10g2+2+4+6+ FeniDEprn-1J

1046. Let IEJ e‘°'("'+¥’) dz. (a+").
0
[Laplace, Mém. de UInst., 1820, for the case c=1.]
The integrand is finite for the whole range of integration.
Change a to a+-da.

Then I+6I= I
6I_J'°°_.,{ B ) }
Hence W oe 0 i ( >-|—e dz,

where e becomes infinitesimally small and ultimately vanishes
when da is indefinitely diminished.

. 61__ s Gt | —c'(z‘+a—:) jw M
5 2¢ aL—ﬁe 2/ dx-}- 0e.e 'z da,

Let ¢, be the greatest numerical value of e in the range of z.

_.cl z|+(“+3"')' E.

da.

e dx; i.e. <€1'%%r’ and

Then the second term is <elj
ultimately vanishes with da.

Hence the process of differentiation with regard to @ under
the integration sign with an infinite limit is justifiable.

In the first put z=a/y.

Then

0% gt iy
Z—i=2czj e’ (?’+y)dy=—2czI L= et

0

where 4 is independent of a.
But when =0,

IaaO—J e~ dg= JT A=\£—:, ¢ being supposed -+
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Hence
i Ej:e_°’(x'+%)dx=%r e~ (or JT e~2¢a if ¢ be —“).

Laplace’s form, viz. the case c=1, gives

j e dz=§/2—r e, (a+7).
]
If we replace a® by b%a* and ¢? by -’i we have the form
ik (z'+ b') \/ T a -21;2
ot 2/ dy= 7 G o Bl 1
jo 2 2 Jk k 0

where a, b, k are positive.
This result may be written

j:e—k(g_z_).dz=;\/%. e B B0 ikt e )

1047. Cor. 1. 1f k=1 and a=>, we have

f” (’ m)dz———ae“2 ..................... (3)

Cor. 2. If we differentiate /; with respect to @, we have

dl f (27‘2 2“) 11’+ )d-Z‘=:;—;e—”

R
ie. l (%—%)e & A = W meed verned. il (4)
Differentiating (1) with regard to %, and then putting £=1 and a=b,
f o —(z—:+g)d NTae™? 5
y \@tz)e w=8Nmae s ceoiiiiiinns (5)

(4) and (5) give

j; aﬁ (a‘+ )dv=%~/7—rae‘z, «++(6) ];ncfe—(%+%)dx=§~/;ae—”,...(7)

2
Cor. 3. We also have
R 0 AL AR IAT, IR, s Y
/;é‘hn(a“":n_e ka::)dx:'_‘_/_"r_{'t(e 2La_e Qku\,
2

and making a indefinitely large,

= by’ be?
ﬁ (e"‘?’—e"’“ )dx—i} 2k(by— b)) =NTHh(by=br). oo ®)
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o, T oosi v i
1048. Let I -jo T wzd‘” (a positive).

i T

—(at 22 J, y

We have L 2ze dz praripe
Then

7 i =I j cos rx 2ze—(@*+2)7 dg dz
0Jo
=‘[ 2ze*““’q e~%" cos rxdz) dz
0

_j QZe—u'z' R 8 41’) dz ,\/.n-j —(a = +42‘) dz

w = N . oje .
o or N %% ete” as r is positive or negative.

=J7.5

« 7.7 cosrz g tin) PP
s I= j o xzdm 2" °F 3, e, as 7 is positive or negative.

This integral is more commonly written as
” cos r e o : < :
v dx=z e~ or 7 asr is positive or negative.
Thls result is due to Laplace (Bulletin de la Soc. Phil. 1811).

1C49. Both results may be expressed in one as

f cosrz , { e—'}
o 1+7:1 =3 \1ro— 1507

for 07 is zero or infinite according as r is positive or negative.
This form was given in Crelle’s Journal, vol. x., and is due to Libri.
(Ses Gregory’s Examples, p. 486.)

1050. Differentiating with regard to r, we obtain the integral

(a+")
® xsinre T Tiis 5 i p

jo mdz’:—fe or —gev,asr1s positive or negative.

This integral vanishes if r=0.

The differentiation under the integral sign may be shown
to be justifiable, although the upper limit is infinite, in the
same manner as in previous cases.

1051. If we integrate with respect to r between limits r,
and 7, (both positive),

.r sin r,z—sin "% g T (e
o x(a*+2?) 2a>

—ary . e-ur,)'
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If r,=0, we have
* sinre
Io w(avz—i—wl)d 2a2(
a result given by Laplace (Mémoires de U Académie, 1782).

1 _e—ar),

If we write #=tan 0 in the integral

CORTIN . L il el
1+,z"‘dx_2e or 5 ¢,
3
we have f cos (7 tan 9)d0=72—re“' or ;—re’,
0

according as 7 is positive or negative.

1052. Graphical Illustrations.
Graph of ZI cloiaég

We have y=e?® or y=e¢?, according as x is positive or
negative, the y-axis being an axis of symmetry.

The logarithmic curve is traced in Diff. Calc., Art. 442.

The graph now required consists of the two portions of the
above curves which run asymptotically to the z-axis from their
point of intersection upon the y-axis (Fig. 332).

|
x’ |0 £
Fig. 332.
1053. Graph of y= 2/ cos.lzf-(;).s L do.

The y-axis is again an axis of symmetr
Ys

1{* cos(z+a)f 1 [® cos(z—a)6
-'y="£ T1t6 d6+f g

If @ be regarded as a positive constant and 2 > a, we have
1rm T ]
== | S eg-lxta) 4 = g—(z-0a) |= oL/
9 ﬂ_[ze N5 e cosha.e™=
If a > z > 0, we have
1 T ]
= | Sig—lizta) g _ glz=a) I —a
: _’r[2e tge cosh z.e7%,

The graph therefore consists of a portion of a catenary from z=0toz=a
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and a portion of the logarithmic curve from x=a to 2=, with the image
with regard to the y-axis of these portions (Fig. 333).

b

€ %osha pma e~ %osha

X’ -a [¢] a a
Fig. 333.

(" cos ( 6log ;2) -

1054. Graph of BTk

a* & P
i my_x S8 _x lufs_
Here, if z < a, ="3 =ze =5
z.e. #*=ay, a parabola ;
; o i P e
if o> Ly =52
2%y =a’,
and the y-axis is obviously an axis of symmetry (Fig. 334).
o

! -a
Fig. 334.
w COS (610g sin? ‘:)
1055. Graph of & f .
log sin’g is nega.tive. Hence
Ty T log sin’a T o ¥ o &
5.5 =3 sin 3 and y=asin (Flg 335).
el
x na (o] ra X
Fig. 335.
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1056. Another mode of discussing the integrals of Arts. 1048
to 1051 is as follows:

Let u=jo i%gi—% dx, (a positive).
Then du__ J‘ * cos g du J' Z sin ..
dr Jo a®+22 dz, - AP ds;
v ShEatig a2 sinrg , (" sinre
! atu= j a2—|—x2 dr— jo 3 dx

=—7/2,0 or +vr/2, as r is 4" zero or —'°;
. u=m/2a’+ Ae~v+ Bev for any positive value of r
(1.C. for Beginners, p. 250),
where 4 and B are constants as regards 7.

But w is finite when » is infinite; ., B=0. Also there is
obviously no discontinuity in the value of le—:, which is also
finite for all values of », as ~ diminishes through the value
zero and becomes negative; for a small negative value of r
cos 7!

af o

wn
value, and when 7 is zero the value is j — e
0. @'+

gives the same value to j ® dz as an equal small positive

e
LT
Therefore —Ada=m/2a and A=—m/2a%; .. uz%ﬁ(l——e““').

£ s j S dw= T (1)

o x(a?+x?)
© e
cos 1rx
Iz=j i =5 e ( —}—“‘) ;
a’tx 20 4
x sin ra
1 I dx=- e—’“
0 a*ta*
The collected results are for the various signs of @ and 7 :
a+ a+ a- a—
1 (i Tk -2
o Y R T iy _ —ar
Lo | gat ) | -sa(l- gt =) gl -em)
T —ar Worar 2T or Ll
s 2a° 9a° 2a° %a°
™ —ar _T ar ™ ar _ T _—ar
I, 5 ¢ 9 ¢ 3¢ e
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1057. A Reduction Formula.

Let I -—j (cos " dz. Then Il=ga-le""“,

2+27‘)”
cos 7T
and == 90 J. @ty 7 0= —2nalpi1.
Therefore\ the successive integrals for the cases n=2, n=3,
L.dl,

etc, may be calculated by the rule I,,+1=—% T

In each case g e~ will appear as a factor. Let I n=%A,‘e"“

Then a, _ (dA

da da
Hence the form of A, may be calculated by successive
applications of the formula
Lr iy vl a4
il

—rA > -r¢  and I,,+1=7—;A,.+1e"“.

App1= "], where 4,=a™.

a «da

Thus A2—~ 311 '[7a‘2+a“],
S B B2 R R e K
3—2—,§—l[ra +3ra~t +3a7%],

A= 213 % [Pa+6r?a=5+15ra=8+15a~7], and so on.
So that if

1
g1 (n_-—-llT K2 +K2r"‘2a‘("“) +Kg"Sa="+A 4 . ton terms],

-

4,

A,.+1=% ;Ll—’ [Ky"a~("+1) 4 Kp—lg=(n+3) 4 K pn—3q-(143) 4
+ 0Ky ta=+3) 4 (n 4+ 1) Ky 3a-+3 4, ],
and the coefficients in 4,,,, are
K, (=1), K;+nK,, K;+(n+1)K, K,+(n+2)K, etc....,(2n-1)K,,
and the law of formation of the successive sets of coefficients is easy.
It may be shown by induction that the general formula is
A 2”_1(711 iy l:r"“a‘”+
(n+ )a(n—1)(n—-2)
2.4

(n+2)(n+l)n(n 1)(n—2)(n—3)
2.4.6

n (112— 1 ) pn—2g—(n+1)

pn=-8g—(n+3)

rnbqm(n+3) 4 ] ;
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® cosrxy A W a3 n-1g=n 4
o [@+a2r T m-1)! [’ it

prtn(@-1)(n-2)
2.4

Thus

n (nz- 1) pn—2g—(n+1)

3=+ | ton terms:l A
® rsinre S et by
o (@ +a)2 " T 4 (m=1) wirh

or we may deduce the result from the former by differentiation with regard
to 7.

In the same way

; % sin rx da
1058. Consider the Integral /= '/; Py I = T e
We have
cosrxdx a1 —xsin_rggi_xﬂ_m §
P 2aa%cosdatat’  drt Jo ¥ 2aatcos 2atat’
—a%cosrxdx 7 o? AR 23sin rx da

b A+ 2aiaicosatar’ drt Jo 25 +2dtateos 2at

Hence, when the first of these integrals has been found, the other four
of this particular class follow by differentiation. Adding the fifth to
(—2a?cos 2a) times the third and «* times the first, we have
0‘?—{—2a2cos2a§—+a41—f —g,
according as r is positive, zero or negative. We shall assume 7 positive,
for the case r negative will be at once deducible from our result by
changing the sign of . We also take « positive and a an acute angle.

The differential equation is of the ordinary class with linear coefficients
(1.C. for Beginners, pages 244 to 263). It may be written

[{D?—a?cos 2a}*+ atsin®2a] I =5

sinrz
dz-—— 0 or

and the general solution is

I= ”4 +e7 %% 4 cos(ar sin a) + 4,sin (ar sin a)}

24
+e*7 %% % (4, cos(ar sin a)+ A sin (ar sin a)}.

Since an infinite value of r does not make I infinite, the last two terms
must vanish, i.e. 4;=4,=0. And when 7 is diminished indefinitely to
T
2at

To determine the remaining constant A4,, we may differentiate with
regard to 7 ; we obtain

zero, I should vanish. Therefore we have 4, = —

dI a7 CoS @ {A.

3y = —acosae 1cos(ar sin a) + A,sin (ar sin a)}

—arcosa {A

—asinae 1sin(ar sin a) — 4,cos(ar sin a)},

and when 7 is diminished indefinitely to zero this becomes in the limit

j_f= —acosa.A;+asinag, 4,.

\""‘ NVW.Icin.o
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But when r is diminished indefinitely to zero, we ultimately have

4 dx ™
_____=f° 24 2a%7cos Za+ b daPcosa {See.0 X0, Vel 1)

£ T
. asina. A;—-acosa. A‘_m’
> y T T cos2a
t.e. asnna.Az——%cosa+m_—mc—mz,
and ‘ A,= - 2%4 cot 2a.
Hence I=2=[1-e % (cos(arsin a)+ cot 2a sin(ar sin )}
2at
{1 —trcosa sin(ar sin a +2a)
=24t sin 2a %
i.e. we have for values of » >0
f" sinrz dz {1 i e_a,co“sin(ar sin a4 2a)
(o' + 2a%2%cos 20+ at)  2at sin 20 .
b5 cos rxdx _ T g—arcosa sin(a+arsin a)
o 2 +2a%r%cos2a+at 243 sin 2a 4
zsinredz _ T —arcosa sin(ar sin a)
o 2+ 2a%x%cos 2a+at 2a? sin2 ’
o x2cos redx T gmar cosa Sin(a—arsin a)
o 2+ 2a%22cos 2a.+ at 2a sin 2a 2
j’“’ _ aisinrxdz _fe_mcousm@a ar sin a)
b 2*+2a%%cos 20+at 2 sin 2a

1059. Taking for instance the case when a—z, a=cv?2, so that

asina=c,

T sinredey  ow [T ( . f) LT oy —re
./;xm_ Sc‘{l e ’sin r¢:+2 }_Sc‘(l e 'Ceosre),

“cosrxdr il ( 5_1r) T e s

/; 7 gl ——40;~/§e sin( 7o+ =ga® (sin rc+ cos rc),
wsinredr W i ( 8_1r) (40 A e
/; e g iz¢ om re+ 7 =za¢ smre.

f” s Lo e“"sin(ro+—17—r> =T ¢™"(cos e — sin rc)
o a4t T 9042 T 4e h
* x3sin re dz T ve 141r) o e
o PR e sm(rc+- =ge cosre

L 3 sin 2 _ r positive,
1060. Consider I= | TP+ aﬂ)d.%, & positive. }

al * cosry a2l zsinry
We have e M mdx, W=—fmdx’
{ @I [7alcosrr , dI_ .x'sinrxd .
= "h Pra T = )y Pras i
www.rcin.org.pl
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@I ""x‘cosn’dz‘ ﬂl__f"’aﬁsinmd”
s~ Jo a5+ab d drt~  Jo 2%+ab 7

5l R /"’ =Y\ minEs /"sinrx Ha
. Gam o= - | (45 ) o= |, ST de= 5.

Solving this equation,

ar ar 4

I= §7La,+A,e—“"+A2e 2 cos (ar2\ 3+A )+ B,e" + B,e? cos (ar2~/3+ B.).
Now, since the integral obviously remains finite when 7 becomes infinite,
the terms with positive indices in their exponential factors must disappear.

Hence B;=0 and B,=0, and the form of the integral reduces to

ar\/3

ar
I=2%+Ale_‘"+112e ?cos( +4 )

2 3
Now I, :li—rg’ %;‘{ ultimately vanish with 7.

These considerations will determine 4,, 4,, 4.

ar~/3

n 1L
Now 3—’"£=A1(—a e %" + Aqa”e 2 cos( + A5+ ;),
we therefore have

0=—7r—5+A1 +Azcos 4,
2a

i whence 4,=0,
0= +A,a%+ Asa®cos (A, +—3—),

m™
4,—24,= o L
0 A 4 87
= +Aa*+Aza'cos A,+—3~ A
Hence, for values of » >0,
sinrz T -5 arJ3
dr =, [3—e—“"—2e 2 cos 5

o z(2%+af) 6a®

/i
b 2%+ab 6a®

ar =
COS 1% d o e~ _9g 2 cos(ar 3+21r ],

28+ a® 6t

® )2 » 28 3
a%cosrx T I: ol £ 9T oo (ar\/:} 61r>
0

a8+ ab 6a®

A ar —
© 2%sin re T 5 e arN/3 8

dx

2%+ a® “Ba?

fm wsinrz ;o _ _1[ . S 700 (an/E 3 A%r)
0

o 4 - 3
areosrz,  _ w[ —ar_g,"3 cos(arx/ii 107

028 +a% 70 Fa6e 2 3 )
B A ar =
rsinrxg, 0w Lo eg) arv/3 127 :I
ﬁ =y de = 6 e “"+2e 2 cos 2 5 ) )

www.rcin.org.pl
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some of which admit of a little simplification, but are left in their present
form as exhibiting the general law followed by the several members of
the group.

1061. The same process may evidently be extended to any integral

of the class fu e
o w(x+2a™x* cos na+at")’

and its family of 2n other integrals may be obtained by differentiating
2n times with regard to r. But we exhibit another method of procedure
in Art. 1067, which avoids the labour of determination of the various
constants.

1062. We have seen that

“cosrede _w _,, Wt

L ?tar  2a° NolRE i
according as r is positive or negative, a being supposed positive.
If a be negative, since the integrand is unaltered, the result

. ™ ™ . . P
will be G LAt o L according as r is positive or nega-

tive (see Art. 1056). The result must be positive in either case,
and the index of the exponential must be negative, for the
integral does not become infinite when » becomes infinite.

The four results are therefore

0 (a-i-"). T jar (a+");
2a *\p4-ve/? 2¢ ' \r—"°

L a— e J i % a—"e
~24 (\'r +“>’ g3 (r—")’
Taking the case @ and » both positive, it is clear that the

integrand is not affected by a change of sign of z.
Hence

0 costw i | [Hcogrm VB 1epl 26 ok gl
I_wmdw—jo md%, and j_wmdx——ae ! ...(1)
with the modifications above specified, if @ or » or both of them
be negative.

Again, j s closie I ey v (2)

—w L2t
for elements of the summation represented by the integral, for

which the values of x are equal but of opposite sign, cancel
each other.

www.rcin.org.pl
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1063. These facts enable us to calculate

I j—uo (-’D—b)z-l—az
For, putting z=b-+2, I =j

—w

cos rz

=cosrb j

r COoS 7'

"‘/.e. A (x_b——w

R 2dz——sinrb_[

dx:

Cos 1%

de.

cos rb cos rz—sin rb sin rz
2%+4-a?
sin 72
— 2207
s 0>
a>0/

dz

dz,

m™
~ e~ cos br <

It will be observed that this is independent of the sign of b,
but subject to the same modifications as before with regard to

the signs of @ and .

Differentiating (3) with regard to r,

r 2 sin re
—w (—b)*+a?

dz=g e~ (g cos br+bsinbr);

and integrating (3) with rega.rd to » from r=0 to r=r,

r‘ sin 7z dz e

. T @

{a—

e~ (a cos br—bsin br)}, ..(5)

where each formula is subject to the same modifications as
before with regard to the signs of a and r if they be not

both e

Putting b=pcosa, a=psina, a<m, p positive, we have the integrals

sinrzdz

™ —prsina

./:z(ﬂ 2pmcosa+p2) P

f" cos rxdx it
—o 22 _2prcosatp?

/"’ 2 sin rz dx oy
—o2?-2prcosa+p?

which again can be readily

2+

Foin e sin(pr cos o — a),

™ e—prsln a
psina

cos(pr cos a),

_‘"' e sina

ey sin (pr cos a + a),

modified as before for the cases in which

any of the constants involved have negative values.

1064. Again, differentiating f

f’" 2 CoSrT
S z£+a2

sin rz
2+ 2

dz=0;

da=0 with regard to r, we have

and from this we may obtain the value of the integral

If(

Z Ccosry

z— b)2+at2

. Wwww.rcin.org.pl
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Putting x=b+2, Il=f" (b+z)cosr(b+z)d

2+a?
b cos br cos rz+z cos br cos rz — b sin br sin 7z — z sin br sin .,
St z2+a2
cos 7z zsinrz
=bcosbr z—sin br
bcobfl_l_ﬁd 8 _/-:z’+a‘

since the other two integrals vanish,
=bcos br g e~ —ginbrme™"";
zcosrrdy P
Iy e (bcosbr— asinbr),
and

/"’ xcosrxdr T —prsina

~o 2%~ 2pxcosa+p® sina fosigr eon gk o)
where b=pcosa, a=psina, and it is understood that a is positive,
P positive, sina positive ; and the formula can be readily modified as
before to meet other cases, and other integrals may be deduced by in-

tegration with regard to r.

sin rx
(x—b)*+a?
tained in the same way. Put 2=b+2.

1065. The integral I= --J- dx may also be ob-

i J‘ * sin br cos rz-+cos br sinrz iz
i 22+-a?
sin 7z
d

A ? cosrz F
=sin er‘ dz-}-cos brj s

2+2

for the second integral vanishes.

T G
z=—e~" gin br,
a

v »

: cos X g by
- T R s i i TR de=-e " cosbr;
~= (z - b)+a? @ ;

o sinre LT i—ar g g
f_m =P FD dz—ae sinbr;
/"" ZCosTE
J-w (2 - b)*+a?
*  mxsinrz ™ —ar
/m(& Byt at do= (a cos br +bsin br),
it follows that by dltfexentlatmg n—1 times with respect to a2 we can
obtain the following integrals :

do= g e “"(beosbr—asintr);

5 COS 1. sin ro ;
f”m‘},A =Pcosbr; _/‘au((’l—b)z 2}” dex=Psinbr;
/m e ic(?;ﬁz‘}" =Pbcosbr-Qsinbr;

rsinre

o (@ O+ af dix=Q cos br + Pb sin br,

www.rcin.org.pl
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where
l)n-l n-—1 e‘ﬂ' _(_l)u—l s e o T s
P_ (n—1)! (2ada) ( ) i (n—1)! <2ada) (™).
1066. It follows that if f(z) and ¢(z) be rational integral
algebraic functions of z, of which the degree of f(z) in z is

lower than that of ¢(z), and if the roots of ¢(z)=0 be all
(@)

unreal, then since ) may be expressed as the sum of a set of

partial fractions of the types
Axz4-B A'z+B
G—bta (@b e
the latter only occurring in the case of ¢(z) having repeated
imaginary roots, we can obtain the value of any definite
integral of either of the forms

I J(@ )smmdz or I f@) cos rz dz.

- ‘/’( ) o ‘l’( )
cos rz dx 1 €OS 7%
s f.n(.z«'- )@+ b‘)(x2+c2)_2 I g ehe.
E sin rx dr
R [ Y T
1067. Integrals of the class I %sr_a,; dx may also be
0 @ ﬂ_*_a n

conveniently treated as follows, without the formation of
a differential equation as used in Art. 1060.

Putting @;—_}_—aﬁ into partial fractions, we have

100 Dl g dagt a— coS a)
@ t-a* nathl & (2—acos ay)®+a’sina;’

2\
where ay= 2:
of values of \ from 0 to n—1, and sin a, is therefore positive.
r COS 7T R r (a—=z cos ay) cos 7z dx
e z"‘-l—a"' na*"‘l Z —w (Z—a cos a))?+-a?sin®ay

17r, and a, is less than = for the whole range

1 n—1
~ nat1 2 sin ay

e—orsinay, {cosgarcos ay)—cosay cos (arcosay+ay)}

o™ - 1
= E e~orsin ) gin (ar cos ax+ay) ;
0
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and since the integrand - is not affected by a change

of sign of z, we have
I _cosTx dx=1 j cosre o

a;
2n_{

P 2)-n a*ta™
“ cosre
Therefore I Ejo 2 gt
gl 92
L et e Bl Al 2tl,)
ety o, (ar A T

I'he other members of the family of integrals obtainable from this are

o ;
sinrz - ! ¥
/o 2@+ am) dz by integration with regard to r, from r=0 to r=r, and
* xsinre “ xcosrx LRI Yy ® z*-1gin ro d
oz ain D ) pmgem Gysiigs 2% 1 gin b a2t aim

the latter system by differentiation with regard to r.
Since

ol y Lot : T
P "SI gin(ar cos a+ a) =ae ‘”“"“sm(arcosa+2a+§),

we have

0 kr
f " cos (m‘+—2—) e
dr=
0

20 L gin dr*

PoA
=4 —ak Se T2 " sin [ar cos";—— +(k+ 1)2—)—‘—":-! +k—21r],
0

where k3 2n — 1, which gives all the integrals from

- 1 -2n—1 g7
xsinre Fh sinrr
f dx... to f L AT TS
A :

2 gin 220 4 q2n

sinrz

mdx is of the form

The integral '/;

n=l —arsin gkl 2A+1 .

-1 n LG pushi—bdialy b
A+——a™ Zo:e sm(arcos o " 2),

2naln—-l
where 4 is a quantity, independent of 7, to be found.
And since the integral vanishes with r,

™ ko

T
0= A+ :,. 28!n(—§)=.4—-272;.; A=W;

2A+1

sin rz T T "3 —arsin " 2A+1 )
e M ey e o il 2n [
f z(2*" 4-a?") 2a%  2na" ? $ ik (ar b o ks

www.rcin.org.pl
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1068. Those interested in the history of the subject may
refer to an article by Poisson in the Jour. de i’£cole Polyt.,

? cosrz
0 1 +(I}2”
and to articles by Catalan in the Jowrnal de Mathématiques,

xvi. p. 225, where the integral of _“ dx is discussed,

“ cos rx dz
o (L4

1069. In the same way we may evaluate the integral

/“ cos rx da (a = 0)
o o' —2a*"xcos 2na+a'® \a<m

with its attendant family of integrals derivable by differentiation and
integration with regard to 7.
For

vol. v. p. 110,* for integrals of form j

1 i 1 1 »é sin 2nx—2 sin(2n-1)x
24" — 2433 cos 2na+ '™ 2nsin 2na a1 < (r—acos )P +atsintx

)

where X=°~+);—Zr , the summation being for 27 consecutive integral values
of A.

And it is to be noted that x is greater than 0 and less than 7 (and

therefore sin x positive) for values of A such that )\;r—l> —aand <7m—a
respectively,

e X ssie B ooy e gl
m ™

ie. for A=—k —k+1,...n—k-1, where k is the greatest integer
in 2%; and that sin x is negative for values of A from A=n—k up to
T

A=2n—-k-1.
Now

cosrzdx S A
—wo (2 —acos x)*+a?sin?x  asinx

¢ ™ Xcos (arcos x) if siny be +%

™ i P v
and —_—_me‘”s“"cos(arcosx) if siny be -",
and

z cosrx dx _ ™ _—arsiny T v

./i.,(z‘-— R A s v e cos (arcos x + x) if sin x be +
i LBy o s ias e
and e e cos(ar cos x — x) if sin x be —".

* Gregory, Kaxamples, p. 486.
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ain-1 cos rz dx

Hence 27 sin 2na
—o XA — 2a2M23% cos 2na + ath

n—k=1 e-—aralnx

= ey [sin 2nx cos (ar cos x)--sin (2n — 1) x cos (ar cos x + X)]

-k 8

2n—k-1 earsinxl

= ———{[sin 2ny cos (ar cos x) —sin (2n — 1) x cos (ar cos X — X)]
a-k  SIDY
"3 —arsin k-1 grsin
= Ek e Xcos{arcosy —(2n—1)x}— X e *"Xcos{arcos x+(2n—-1)x}

- n—k

where £ is the greatest integer in 7;—“ and x=a+ ):1'_1r

Also, since the integrand is not affected by a change in the sign of 2,
f' cos 7z dz oAt cos rz da ool
o 24" — 2a2MyMcos 2na+atth 2/, 24T — 2a*"a? cos 2na + alh

The attendant family of integrals formed by differentiating 42 —1 times
with regard to » can now be written down, and are of type

p a
4n s8in 2na -

n—p—1 /—n .z*’cos(m‘+ p%) dx
0 2% — DI Cos Ina+ b
n-k~1

=3 e “""“xeos{arcosx-—(2n—])x+p(%+x)}

2n—

i Ekd T X cos {arcos X+ (20— 1)X+P(%' X)}’

n—k

and the integration with regard to » from O to # furnishes the remaining
member of the family, viz.

4n sin 2na v /1 Sin 7o dy —2n 8in 2na
. w Jo 2(2*" —2a¥Mx?" cos 2na.+ a'")

n—k-1

=3 e_“"i"xcos{ar cos x —(2n—1)x —(g+ X)}

-k

2n

T grsinxgog {ar cos x +(2n— I)X“(g’ X)}

M

"1 _arsink =1 arsiny;
=3 ¢ Xsin (ar cos x —2na)— X € sin (ar cos x +2na),
-k n—k

k and x being as defined before.

1070. It will be noted further that the integral

f” cos 7z dx
o 2%+ 2aMcos 2n 3+ a*®
and its accompanying family of integrals can be deduced from the above

ya . i a3 Lol o
family by writing a=g B.
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PROBLEMS.
1. Prove that

2
U’ ——— bacdx:l + U’ e~aain ba de — e=%2/(q? 4 12).
® ! o [, 1893.]
TN u,.=j ae—02%dx, show that u,.=l‘_—1u,._2.
0 2a

Hence calculate u, where n is any positive integer. [Trnrry, 1881.]

® ~Zaind 1 625
3. Show that | ¢sin‘z, 1, 625
o g L RN | b i I8, 1891.]
—(az*+-ba+c)
4. Evaluate J._w i da. [CoLLEGES, 1879.]

5. Deduce from the integral J. (ﬁ—::dx the result
0
“ sinrz T . (n+T
Io mdﬁ: W(l-e‘”’), (7+'°).
6. Find the value of j (W—:— )”dz, where n is a positive
integer. t ! [Mara. Trre., Pr. 1., 1890.]

N e il S
7. Show that L {cosh gz + cos qz)“‘dz_ 2 [B, 1891.]

*  sinh pz sin gz L
8. Show that jo (cosh ps + 006 G 2 > e

9. Show that, if p be a positive quantity,
“ sinh pz 1 0 1 ) _11 P2 +a?
o % \coshpz+cosar coshpx+ cosbz x_§°gp“+b2'
[MaTH. TrIPCS, 1890.]

10. Prove that
%

Y zdy s e g4 -
(a) Esin—xca;a_; = ;lob 3 ! (b) I;_‘ W=‘ w tanh (tan a).

11. Prove that f (cos71'0 + sin’% 6)~"df= L8 LI
i 0 “am+1)(n+2)...(2n-1)’

where 7 is a positive integer. [Mars. Trrros, 1889.]

0

12. Prove that I e~ cos 2nax dx = N =,
! 51 [e, 1883.]

13. Prove that j b oo Md:c = cot‘l( s ¢ .
0 coalie T sinh 7,
2 [a, 1885.]
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cos bz

14. Prove that j tanh o dz_log (cothb>

[CoLLEGES, 1879.]

du 1
15. Prove that (e i m | 1)"-*_[ (¢ cos 6 + 1)n—1d0,
if (e cos@+1)(ecoshu—1)=e?-1. [Mars. TrIPOS, 1885.]

? cos 4kx tanh

16. Prove thatj
- 0

dx=log,coth k.

[MaTH, TrIPOS, 1889.]
17. Prove that, if a lies between — /4 and /4,
" a0 _ mcosa
jo 1 - 2sin2a cos 0+¢cos20 /2 cos?2a
[MaTH. Trrpos, 1885.]

dz T

Lo x'-"')"" u 2n sin — :
2n [B, 1888.]

19. Prove that 4f dz 2J.1 2 _{I'G )}2
0

Q- U G gt
[TrINITY, 1889.]

it
18. Prove that f (

20. Evaluate
z
(a) e-z‘j z?®dz; (D) e""‘[o zie®dz ;

(¢) e—”‘j He¥dz; (d) ze=* xe"dx,
0 0

where in each case z becomes infinite.

21. Prove that e oS dr =5 coth R .
0 31 nhz LTy
: cosz ®  cos® 8(” cosz
22. ShOW that J- 1 g 2 dx -" (l-+—z"’)§dz = 7 Io mﬁdﬁl.
[MATH. TrIPOS, 1876.]
*®  cosme
e o i I R 57— o [MaTs. Trreos, 1892.]

24. Prove that, if m be positive,

®  cosmx
Jo Tarde= Jyeinisin Gm )
0 [MaTE. TrIPOS, 1892.]

n __a
25. Shoiw that (i) | 22%g =Le~/2{ a }
at (i) J.o T+ 5/ cos"/z-e-sm\/2
[LAPLACE, Mém. de VInst., 1810.]
“coszdy mwe~ i
@) ) Frig— s  (cos a +sin a).

[Mara. Trrros, Pr. 1., 1914.]
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* zsin 2ax T 5
RS O 0 s aNE &%
26. Show that Io 2+ 1 o 2 e~ sinay/2. [St. JorN’s, 1883.]
2 sin b web—gab g4
27. Show that (1+r‘)(a‘+x2)dx—§ L A A (b+'°)'

28. Prove that
i aMskda o am—ldy

o (1+2zcosa+a2)ym(1+am)  J, (1+2zcosa+a?)m

i

T 9mgip2m-1g

e 1 d}""‘1<a
=g (m=1)! \sin da et

[WoLsTENHOLME, Educ. Times.]

a
j (cos x — cos aym1dx
0

? sin 7w
29. Prove that L z(1 - 2?) dz=m. [Mara. Trre., Pr. I1., 1919.]

30. Prove that

Jw g-u_z-dx=3_"a—"'{1 S o . 4} approximately.
a 2a+n (2a+n)* " (2a+n) [y» 1891.]

£ ; : NCI
—2z%cos § 2 = il
31. Prove that .‘.o ¢—#lcosdgin (z sin 0) dz = 3 5% [Corx., 1892.]

32. From the integral j d = % Jm e=2¢ show that

0 (o _r_a'cosec'o
e T drd6f=me-ta,
.‘- 0 j 0 6 b [TrINITY, 1886.]

33. Express the sum of the series 1 4+aVT+ 2V +2V3 4 ... ad inf.
by means of a definite integral, z being a real quantity less than
unity. [TriNITY, 1895.]

34. Prove the formula

"' a sin (2n + l)bz ~/1r[1 . 22

1o sin bz

_r'de.

0

[St. JorN's, 1881.]

1
—+
35. Prove that "‘ r dady =1 s 1b ):
zy(x+Y) e
(/2 [TrinITY, 1886.]

03

» b

36. Show that-‘- tan—1= tan"*% ‘—if—fl %‘

4 abhe

[BERTRAND, Calc. Int., p. 200.]
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37. Show that j: ¢(§) 4,(%) dz=log [(a + b)a+ba,—ab—b:|,
where $(z)= j e‘“du. [MaTs. Trre., 1882.]
38. Prove that r e— N Ry — /27 ',
-? =3P b 24

du.
ez (20 = aut

[St. JorN's, 1882.]

and deduce ameM'=

39. Having given that

I B i
I e - dz= 1/— %,
0
1
" -t =5 3\/ ™
2 & e .
prove that L z% dz = 4¢? [CoLLEGES, 1882.]

40. Having given that '|. e-“‘dx=—\/ deduce the value of

—az* cos ba dz.
Io T [CorLEGES, 1879.]

41. Prove that “- e~%'cos ax {(a? - 6)x — 4a°} de=1.

0

42. Find the value of J- e—¥'cos z dz,
0

0 ' 1
and prove that j e~¥'singdz = lj eW'dy.
0 Jedo

®sin2z dr  m sinhn
o sinz 1+a? 4e?sinhl’

[St. JorN’s, 1886.]

43. Prove that
nteger.

n being a positive

. Sx 1 lop — a9
44. Starting with joxpdx e deduce L de =log~—.

Putting p = av/ - 1 and ¢ =54y - 1, deduce the values of the integrals

J' e_zcosot;cosatdt i J‘ e_tsmbt-t-smatdt’
0 0

and verify your results by a rigorous independent method.
Show that Flm(p———lﬁdz tan=1p.
0 log @
45. Prove that

1 T o\, o T la, 1la,
Iologcos(i\/l—:z‘)dx—log—-2{1-32— Bﬁ-—"'}'

! =
where Gn= Z {, r+1 )} [St, Jomx’s, 1885.]
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46. Prove that m(«e_?ﬂi:—e_fq?:)a?ar:=\/'7F( -p)
) 0 1-P) [MarH. TRIPOS.]

47. Prove that
H ¥
“‘ ¢ (sin 22) cos z dx = J ¢ (cos?z) cos z da.
0 0
[BEsGE, Liouville's Journal, xviii.]

48. Deduce from Laplace’s Integral
Jm dre (x’+z') */” ~—¢%

0
the results *

® a? NS <1r
GG o RN i
L cos (:v +z2> dx 5 €08 4+2a>,
? gin (22 4+ %) do = V7 sin ( )
L sm(a: +x2)(lx 3 sm(4+2a- :
o _ (9.9
j ¢ (z +”') o” {(.12+ )sm G}dx—— "?“°°"’cos(2asm 0+2>
0

0 __[g,.0
I e (z +:l:‘) cos 951“ { (9.‘2 12>91n 9} dz=\/?e—2a cos 95]“(2(1, sin 0 + g)
0

[CavcHY, Mém. des Sav. Et.]
49. From Laplace’s Integral

73 J_ A

= ot

e—02cos N dr=~-e ©,
a 2a

’\/7‘ m™ 12
* 202008 2 do = —— <__ _>
uce COS a@“x“COS 21% ax Ccos
ded jo 2 4 a2)’

i NESRC
sin a%?cos 21w dr=——sin ( - - ).
. 2a 4 a

[FOURIER, T de la Chal.]

50. Prove that if f@(z)= (t%)r f(2), and all the differential

coefficients up to the (r—1)® inclusive remain continuous from
2= —1 to z=1, then will

I fD(cosz)sinzdr=1.3.5... (2r- l)j. f(cos z) cos 1z dx.
0 0
[JacosBr, Crelle’s J., xv. ; GREGORY, Examples, p. 501.]

* See remarks on the use of imaginaries (Arts. 1189 to 1201),

. www.rcin.org.pl
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51. Prove that

x d
m being a positive integer. [CuLLEN, Educ. Times, 14808.]

52. Prove that

i 1
a_‘- (- a?)mcos tz dt = 2mm! (l i)m+ COS ax,
0

w . (1T
'“‘“(7 % “”) _(a=1)(n-2) ... (n~r) man—r-1
an=r I'(n) . '’
i 2 sin 5
7 being an integer and 1>2> 0. [U. C. GrosE, Educ. Times, 14954.]

53. Show that if
A =J. e—9%"cos bz?dx, B =I ¢—%'sin batdz (2> 0),
0 0

then 42+ B? and 24 B can be expressed in terms of elementary
functions. [Mars. Trreos, Pr. I, 1914.]

tan—12 1 1
54. Show thatj ( g ) do =§1r(3 log, 2 -§1r2).
[MaTr. Trreos, Pr. 1., 1887.]

$8 25 22n
55. If BMZ=%—grtgi— T 1)"(2n)‘X
a3t gl
and cosx=l—m+4, S Gt @n-1)! X’
iy 4 T X’
prove that jo ;d“’ g _L -;:-dz. [MaTg. TrIPOS, 1875.]

56. If a and y be positive, prove that the value of

® sin (yx) cos (ax) o
0 x
is 3= or 0 according as ¥ is greater or less than a.
By multiplying by e~%coscy and integrating with respect to y
from @ to o, or otherwise, prove that

? (224 b2 - ¢%) cos ax s 1 e—abb €08 ac — ¢ 8in ac
o @FE-Tr AR 2 bBtet

a, b, ¢ being positive constants. [MaTH. TRIPOS, Pr. IL., 1920.]

T (r-46)tand ™
57. Show that j_{_l__-tm_odo..w(logz_z).

[TriN. HALL and Magp. CoLL., 1881.]
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so that even when the series for F'(x) ceases to be convergent
when =1, the final element of the summation indicated by

1

the integrationj F(a:)(log ;}—)wdz will have no effect. Then
0

we shall have, by putting z=e,

sz (log r@ dxzryp vF(ev) dy

=I(p+1) (1p+1 2p+1+3p+1+ )

and therefore I can be expressed in finite terms whenever F(x)
is such that this series is capable of summation.
An extensive class of definite integrals arises from this fact.

1073. It will be well to recount several previous results
obtained. We have now used the symbol S, to denote the
complete series

i e i T Sl (AN | "
Sp=i—p+§;}+3_p+;;l+5—17+“' ad 'L'nf: (})>l),
and the numerical values of S, up to S,; are tabulated in

Art. 957.

Also, if secz+tanz=1+K, — —|— /81 3,-i— , then

22|
n+l ;
Ko g = L+ (= )M (P (— P G ad inf,
and rules were given (Diff. Cule., Art. 573) for the calculation
of K, the results being
K,=1, K,=1, K,=2  K,=5 = K,=16,
K,=61, K,=272, K =1385, K,=7936, etc,

K,, being the n'* “Eulerian” number=4~#,,; whilst K,,, is

22n (22 1)
L. 9p  an-b

11

the n “Prepared Bernoullian” number=
By, being the n'® Bernoullian number itself.
Also we have seen that
2n 2n
Spn== £ _(2m)

S(en—1)1 (2= 1) 2"-1—1=n+ LS A =gty Ban-r:

Aartt 1 1 grinil
gEna gy | e = Tawe 32n+1+ gz?;i" et S gmra gy Pon
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