CHAPTER XXV.

LEJEUNE-DIRICHLET INTEGRALS, LIOUVILLE
INTEGRALS, ETC.

958. We have seen that the formula (4, and 4, both +¢)
s 4 T'(2,)I'(3,)
i =1(7 — )ia—1 —_ 1 2
0=
leads at once, by putting y for az, to
L 4 i D e Y R(ss)
i-1(g—g)e-1dr=qghti-1-11 " \"2)
.[o ¥ i i ['(2,41,)
Now, consider the double integral

[t e

for all positive values of z, and 2,, which are such that their
sum cannot be greater than unity.

X2

o N %
Fig. 321
Then the limits for 2, must be from 0 to 1—z,, 2, remaining
constant in the integration with regard to @,, and the limits
for ; will be from 0 to 1.
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The geometrical interpretation is that we are adding up all
such products as z,1-1x,2-18z, dz, as lie within the triangle
formed by the axes Oz, Oz,, and the straight line z;+=z,=1.
We use this notation rather than the ordinary z-y notation
for Cartesians, because we propose to generalise the theorem
for any number of variables. The limits must then be such
as to add up all elements in a strip NQ parallel to the z,-axis,
1.6. &, increases from 0 to 1—z,, and in summing the strips, z,
increases from zl =( to #;=1,

Then I= x‘x Iy ]1 :Idx1=.lj-l:cl"l‘1(1—zl)‘1dxl

tg dy t2Jo
ot 4 F(‘l) (@, +1) _ T(e)T0E,)
Ty D@ttt 1) CE+oa+l)

959. Take next the case of the triple integral

tin ”xl"l"x,‘rlzs"s‘ldzld:czdz,

for positive values of z,, z,, 2,, such that z;+z,+z3 + 1.

*3

X2

Fig. 322.

The geometrical interpretation is that we are to add up all
elements such as z,41~ 'z, 24571 §z, 6z, Sx; which lie within
the tetrahedron bounded by the coordinate planes z,0x,, 2,0z,
x50z, and the plane x; +z,+z,=1.
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DIRICHLET INTEGRALS. 155

Then dividing by planes parallel to the coordinate planes
in the same way as explained in previous chapters, we have
first to integrate with regard to z,, keeping ; and z, con-
stant, that is, for all values of z; which lie between ;=0 and
x,=1—'b1—-z,, which, interpreted geometrically, means the
addition of all elements which lie in an elementary prism
parallel to the zs-axis and whose ends lie respectively in the
plane of ;=0 and the plane z;4z,+x3=1. Then, keeping
z, constant, we have to integrate for all values of z, from
2,=0 to the value of z, which makes 1—x,—2, vanish;
which means that we are to add up all the prisms which lie
in a thin slice parallel to the plane of #;=0. Finally, we are
to integrate from z;=0 to z;=1, which means that we are
to add up all the slices within the tetrahedron.

Then I=Il_‘.l IIJ.I ks I’xl"l‘lxz‘z‘lzs‘s‘ldzldxzdzs

0v0 0
1 (1-z1 — 0 — X))
=j J. xlin—lzziz—l(l_deldzz

070 3

=Il xlil—l . M (1 __.xl)irﬂ's dxl

0 3
k

[by applying the result J 21 (k— )bl de=Fkir+i-1 B(3,, 1,)].
0

o L S A

13
_ D)D) TE)Tliatiatl) _ TE)DE)G)
L(tp+13+1) L5 4-22+23+1)  T(é+2+95+1)
960. Similarly, in the case of four or more variables; but
geometrical interpretation fails. It is, however, clear that if
we are to integrate

I= jjj.wl"l‘lxziz‘lxa' el dosdag dog
for positive values of x,, s, 3, 74, which are such that
T+ T+ 2T+ 2 F 1,

(1) when z,, z,, z; are kept constant, z, will range from
2,=0 to such value of z,; as will make

l—z)—x,—z5—2,

zero, t.e. from z,=0 to x;=1—a,—, —,.



156 CHAPTER XXV.

(2) Having integrated with regard to z,, we now keep
x;, ¥, constant, and in integration with regard to s,
2, must vary from z,=0 to such value as will
make 1—x,—z,—x; vanish, s.e zz must not exceed
1—z,—a,, ve. the limits are 0 and 1—2z,—x,.

(3) Integration with regard to z, and z; having now been
completed, #; is to be kept constant whilst integra-
tion with regard to w, is effected, and z, must range
from z,=0 to such a value as will not make 1—z,—z,
negative, s.e. , must not exceed 1—z,. The limits
are therefore 0 and 1—z;.

(4) Finally, the limits for z, are 0 to 1.

Hence
1 (1=2y (1=21=23 [1~xy~29~23 : i ; i
I= -y f-lab-1g W1 dy, day deyda,
0do Jo 0

1 (1-2; (1-2,-2; i ey Wie e iy
= 2,101y 41 b S dz, dx, dz.
i 2 3 'l: 1 2 3
0do Jo 4

1 1-2 s
=I I xlin—lxzig—l(l_xl_xg)ig+i4%%‘+—_l)dxl dz,
4

0Y0

=Bl Wt D[ gio1(1 g rist By, iy it 1) day
0

1
Bl St B, i 1) B it i)
_ TEITG)  T(Dls+ict]) D) atiptickl)
Flatict D) TliptisTiatD)  DlititisticH)
YOI
TGPkt i1

and the rule indicated obviously holds for any number of
integrations, viz.

”J. ...jxl‘l'l Zua—il. @ dnek da doty v ity s

for positive values of the variables such that their sum does not
D(3)D(ds) +-T(2,)
I'(c+1)

exceed unity = , where o=1,+ %+ ...+,
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061. An Extension.
Similarly, if the limiting equation had been
Z,+ T+ ...+, Fc (instead of 3 1),
the limits would have been,
for z,, from 0 to c—z,—Z,—...—T,_,;
for z,_,, from 0 to c—z;—Zy—...—@,_,,
ete.;
but we may deduce the result from that already obtained by
putting Zy=cxy, | Ty=caxy, ete.,
so that )/ +x +... 31
Thus we obtain

1=c«”... _[ ()1 Y(zg)2 1 .. (@)~ day dzy ... dw,

L'(%) I' () .. T'(4,)
I'(c+1)

962. DiricHLET'S THEOREM.

We are now in a position to establish a remarkable theorem
due to Gustav Peter Lejeune-Dirichlet,* who was successor to
Gauss at Gottingen in 1855.1

The theorem is known as Dirichlet’s Theorem, and is of
great use in analysis.

The theorem is that when there are any number of variables
Ty, Zg, ... T,, and integration is conducted for all positive values
limited by the condition

G+ G+ -+ ()

n

=c"

, where o=1;,+%+ ... +1,.

then
I= Ijj...jxli' Slpytec gl oy Gexldodr dey . do,

=a1"1uz"2...a,,"". F(;%)(p) 1S <p”> H{a;:r <')

PiPa:+-Pn P(;i+1%+"'+ﬁ,+l) F(H%ﬁ)

the several quantities 4,, %y, 13, -+« 15} Gy, Uy, +ee @y} Py, Pgs ooe P
being all positive, and II denoting the product of the factors
indicated.

* Liouville’s Jowrnal, vol. iv., p. 168.
T Cajori, Hist. of Math., p. 367 ; Kummer, Geddichnissrede auf G. P. Lejeune-
Dirichlet,
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158 CHAPTER XXV.
The limiting equation (=2) + +...31 may be made
g equation (31)"+(32)" y

linear by the change of variables £ = ( ) o= ( ) , ete.,

13{"1 pl 1352 P2 , ete.,
fl 1 fzazz zy’

and . J’=p,pg---puf—‘- 6.6 &

T e Sy

which give

The transformed integral is then

R I%%—f—lfldfz i,

in

S o I j n g g dg, . d
e | 1 6, . dfu,

with the limiting equation & +&+...4+ &+ 1;

i g (SRl o0(ER) - I n( 1)

Pis-Pa (+ ki +n+1) (“’?p,)

it

as stated.

963. As before, if our limiting condition had been
fﬁ P1 ﬁ Ps &' Pn B
(“1> +<a +"'+<a,,) ¥ ¢ (instead of +1),
we should have, after transformation as above,
£1+£2+"'+£ﬂ}c,
and making the further transformation
&i=ct), &;=c&, ... 'ele,
fl’+£‘_)‘,+"'+£ﬂ,}l’

and the result would be

s s “c’r(ﬁi)r(i)...r }%:)

Plpz «Pn I'(c+1)
h b5 . g . 3
where o p1+pg+ Pa

g i
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964. Ex. Find the centroid of an octant of the solid bounded by
r\*  (y\% (z %
HE RO
the volume-density at any point being given by p=ua'y™z".
f[ prdrdydz [f/z”" "z da dy dz
Here .
fffpdxdydz ff 2ymznda dy dz

{+2\n(m+1 (n+1>
@+t signe r(‘3) (%) r (e
Ok 2k 2k I,(l+2 m+1 n+l )

The Numerator =

ot tor tap t!

(+1 m+1\,+/n+1
athipmtighed F(W) F( 2k )1( )

24 . 2k . 2k (+1 m+1 7z+1
A )
142 (l+m+n+3 )
F(W,)P Y

l+l) l+m+n+4 )
4 LA B ST LS

In the case of an octant of a uniform ellipsoid I=m=n=0, k=1,

Ly
1‘(&) =a.%5 =2a.

The Denominator=

Hence r=a

Similarly for y and z.

965. A Particular Case.
In the case when = p,=p,=...=p,=1
and 4, =a,=...=a,=a,

the theorem reduces back to

=IJ....Iml‘1"w2i2'1 B e )

{ Dtk lsian SRR T )
] B S

and the limiting equation is
o S T it o N
viz. the fundamental case of Art. 961 assumed.

966. Extension.
If the lower limits had not been zero in each case, but such
that ,+z,4-... 42, is to be not less than b nor greater than a,
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160 CHAPTER XXV.

1.e. b <2z, <a; then plainly we must subtract from the
result obtained, the integral found by making
T+ Tt ... +7, 3 b,
and the result will be ; ! ;
[@ir Hixtein_ pirtist...tin] P_("x)l.‘(”z) I:('n) .
L@ +o+...+2,1+1)

967. If the difference between @ and b be an infinitesimal

difference b, then to the first order
@it - Hin Bt Aine (b gb)int Hin— it Hin

=iy Gyt i) bt Hin- 180,

LE)I(5,) T'(3,) ... T'(,)
DR tsihte
For example, to verify this in a simple case, consider the volume of a
triangular plate bounded by the coordinate planes, and the planes
z+y+z=b and x+y+z=b+38b.
Here Lhi=h=ig=1, p=p,=p3=1,

] £330 T e 5108
v Ll ps=s (L. %),

i.e. the change in the volume of the tetrahedron bounded by the co-
ordinate planes, and the plane which makes intercepts b on the axes,
when b increases to b+ 8b.
968. Liouville’s Extension.
If we require to find the value of
I=jj. ) .jxlix—lxz‘z—l o vl fle 2yt 2y) day dacy L dy,,
subject to the conditions that @,, @,, ... @, are all positive, but
2,4+, +...4+x, o and €D,
we may then take the case when
0 P R
lies between » and v+ v, for which
R R e
differs from v by an infinitesimal e.
Then for this limitation the integral takes the value
T'G)EGR,) . T'(3,)
TG+ i)
'@, ... T(E,)

=i sict o LT

and the result will be

birtiat..+in-18h

pirtiake+in=1 gy f(y4-¢)
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LIOUVILLE’S EXTENSION. 161

to the first order of infinitesimals. And therefore, for the
whole range of values from v=>b to v=aq,

T T s
—I‘(ill+i;i-...+i,,) Lv +Hiat+in=1 f(y) dv.

969. Exactly in the same way, if we require

I=[I...jxlil-1 a;nin—lf{(% m—*— ...+<2—:>pn} dx, ... dw

for all positive values of the variables such that

4G ot (5 2

Ay «

At @) +@+- +E)

lie between v and v+ v, =v-+¢, say, where ¢ is an infinitesimal.
Then for this limitation, j
In
r(z)

[I]v+8v gy, ay P )I (Px) P(p.,>
. P1Psy - Pn (k)
where k= z‘—}—;}’-{— +——
and dvf(v+e) differs from f(v) v by a second-order infini-
tesimal at most, supposing f(v) and f’(v) finite and continuous
for the range. Hence in the limit, when we integrate with
regard to v from v="7, to v="~h,,

1

(=
(.

=a1i‘uzi2 Laih r <£> r (%i)

P1P3 - Pn F(h-}-h—i—-l-—z—'-')

where k_h_;_p TR +~_

This extension of Dirichlet’s theorem is due to Liouville.*
970. An Application.

As an example of this theorem, consider

fff\/a’jl:l:if;"‘ d‘t"— Xy

for positive values of the variables with the condition
2P+l .. trlt=va® P al

frstos

* Liouville’s Journal, vol. iv., p. 231.
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162 CHAPTER XXV.
Here Pr=pP1=...=pp=2, f=ly=..=0},=],

di=ay=...=a,=a; k=1, hy=0, [——

e (.17‘ (('n))] ./-a\/l - a;:1 '[I;‘_(gq_?/l-/:”,’}_l(l-v)‘_‘dv
2
PO (e)pl(;) e Z;:—l‘)'
6 I
Thus, for example,2i11 the case : =2, '
Toicade R
Var = o2 -2 45,,-5 2

Hence the area of the portion of a sphere 22 43?4 2*=a? which lies in
the first octant, and which is

f ~dxdy, te. a,f aoll Lt -, s =a.2%,

Jai—zt— g 2
and the area of the surface of the whole sphere =4wa?®
dx, dzv,dz. _m’a’
[ =
e Nar—z® gt — g —x, 8
(Gregory’s Examples, p. 474).
&
day duydagde, @ 7% . =t}
1i(ndy, f”’f \doydogdr, @ 77 7l
ks Val—zi—xp—zi-zg 1616 12’
ete.

971. Boole’s Theorem.

Consider I = ”IF (a2, + a2y + ... +a,2,)de,dx, ... dz, for
all real values of z,,, ... z, negative or positive, such that
2,24 2,2+ ... b %
Change the variables by the ortho-

gonal transformation in the margin. W A W P A
Then J=1 and the relations of

the transformation system are x, | my | my, | my
=1 etc.;
Zlm=0, ete, g lll Wy | M| Ny

and Zz LR Zu,.z :

* Gregory’s Hxamples, p. 474.
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BOOLE’S THEOREM. 163

and suppose the transformation to have been so chosen that

a,%,+a,T,+ ... +a,2,=ku,, where k2=2 a2
1
Then I=”...-"F(Icul)du1 du, ... du

(n signs)

Now for the first n— 1 integrations, u, remains constant, and

”...jduz a0, di

(n -1 signs)

where W2+ ul ... w2 P E—ul,
n-1
B e L
n— n ’
r(*3)
the first factor 27! occurring because at each of the n—1
integrations the result is to be doubled to take into account
the possible negative signs of the respective variables. Hence,
dropping the suffix, we have

n-1

2
2 it
<n+l>_[ F(ku) (c®*—u?) * du.
(See “ Catalan’s Theorem,” Liouville’s Journal, vol. vi., p. 81,

and Boole’s remarks upon it, Cambridge Math. Jowrnal, vol. iii.,
p. 277.)

972. Consider next the integration
Izjj jF(alzl+aﬁz+ +aﬂwﬂ)d dw d"ﬂ

NPy Ry ———
(n signs)
where o4zl 42, P A
for real values of z,, ,, ... z,.

Changing the variables by the same orthogonal transforma-
tion as before,

F(ku,)
={{..{ i e

(n -1 signs)

(n signs)
Now for the first n—1 integrations, u, remains a constant, and
L ¥ 1 n
j‘ J‘ J‘ duy du, ... du, gk (®—u?2)? e :
(U2 — 2 —ugl... —u,?)} e (g)
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by Art. 970, the first factor 27! being introduced because the
several variables are not now restricted as to sign as was
the case in Art. 970, so that at each of the (n—1) integrations
the result must be doubled. Also at the final integration the
limits must be —¢ to +¢ for the same reason. Hence, drop-
ping the suffix,

I=-l';—j° F ) (— )~ 'dus
r(3)
973. Further Generalisation.
We next consider the still more general integral

g @,® 5_?_"_2
I-ﬂ..._[F(aig+...+an2)f(A1z1+ i i YER TR
for all real values of :vl,z2, ... T,, such that
mn
2+ 02+ +

First we expand F(v) in powers of 1—v, say I B,(1—v)
[or if it be possible to expand in positive integral powers of
1—v, we may write 1—v=w; then F(v)=F(1—w), and by
Maclaurin’s theorem, we ma,y put

F(0)=F(1)—wF (1) F(1)—. +(—1)";’—:F"”(1)+...].

Then we consider the integration of

HJ( _%Z_ ..._z_::)" g (V.0 Sl L5 DO Al
If I, be the result of this integration, the whole result will be
‘ 2 Byl
[or  IF(O)-LFQ)+ 2F”(1)—...+(51)P2I7”!F1"(1)+
as the case may be:l.

To obtain I, first put
By=0 &}, | BgF=Cloly 1t By st i bli==Bnln:
Then J=a,a, ... @, and

=”..tf(1_gﬁ— BT A Aty e

* See Todhunter, D.C., Art. 281; Gregory, D. and I.C., p. 474,
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Now make a further transforma- |
tion to variables w,,u,, ... w, by
the orthogonal transformation for- BRE Tl
mulae in the margin. The Jacobian
of this system is unity, and & lmy lmy| ... | my

E2HE€2 ... =u P u .l
and further choose u,; to be

(Ayyéyt Aganls .. )k, &

where k=4 20>+ ...} 4,203

Then I,=a,... anj...j(l —ul— ... —w2)Pf (kw,) du, ... du,.

In the integration with regard to w,, s, ... %,, the remain-
ing variable u; remains constant, and

j-\....j(l—uf—uz'z— oo —UR2)P dup dug ... duy,

(n -1 signs)

1 F(%)]H Il-*ﬁ? b,
A Wi

if restricted to positive values of w,, us, ete.; and if the several
variables may have full scope as to sign between the specified
limits, each of these n—1 integrations must be doubled.

The result of the n—1 integrations is in that case

o) e o

n i tp
r() r(%+s)

(1= *
n-1

_m® I'(p+1)

n-1
)y

r(*+»)

Therefore, as the limits of the final integration with regard
to u, are from —1 to +1,

(1—u2—2)Pdz,
0

+p

n-1
& & n—1
% J‘l 1(1 —uf) T +pf(/cu) du,
LC\——=+p): "

2

Iy=0,04... a,
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it being now unnecessary to retain the suffix of the . Hence

n-1 n 1
=ty a,m * 3 By—LED) [ -7 ey an,
A e kit
where k2= A4 %2+ 4202+ ... + A, %2
This result, of course, includes former cases discussed.

974. Extension.
If the limits had been defined so that
z,2a. 2 47,2 a’+ ... +2,%a,? > a® (instead of 3 1),
we could deduce the new result from the former by writing
@,a in place of @;, aya in place of a,, and so on,
and therefore ka in place of k;
and, finally, if the scope of the range of the variables is still
further limited by
zdfald+... 4232 P a® and.' 484
we must subtract all cases for which z,*/a,*4...4+2,%/a,? is 3 82,

and we shall have n—1
/ala2... a,T 2

o I(p+1) NP fkau)— B
3B, "GN >j () * 7 [anf(ha)— f (k)] du.

975. Deductions.
Compare with the foregoing results the series of integrals

-

jxl"l “phride, where z,+z,=1,

”zfl“a:zfl el b= dory ding, where z,4,42,=1,
ete.,

”j...jxfl" e Zymlde, ... dTy,, where o;t-...4@, +aa=1,

for positive values of the several variables.
Take for instance the second. Here z,=1—2,—,, and the
integration

I= jjm,‘x“mzfz—‘ (1—2z,—x,)! da, dz,
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EXTENSION OF DIRICHLET INTEGRALS. 167
is to be conducted for all positive values of z,, x,, such that
zyt2 ¥ 1,
_F (1) T (39) Ry is—1
Then i T 'v (1—v)s1dv

F("'x) I (iy) P (4 + 1‘2) F('Ls) P("l) L'@)lr ("/s)
L(i+1y) T(t+igti)  DEtrta,)

976. Similarly, in the general case,
I=HJ‘ ah-1g bl L g™ g -1 da, d, ... d,
(n—1 signs)
for positive values of ,, z;, ... z,, such that z,+... 4z, +z,=1,
=HJ‘ zi1 L gt (=2 — . — 2, )y . ATy,
(n—1 signs)
where z,+Z,+ ...+ 2o+ 1
_P@E)IT Gy - F(":n—l)jl Mt ik o hdn =1 (] 2 SR =1
M i T, | g KTl Eah e
_TDG)TG,) o D) Dy iyt . +4,)T(6,)
L@ tigt .. +y) TEt%+ ..+, 4+17,)
_T()T(y) ... TG,)
L2+ %+ ... +14) i

Thus, ifA.=_”...J.z1"l‘1...xn‘n"1 dag s dxg, for zn:x,} g
1

(n signs)
"
and BE”....‘.zlil—l... z»lde, ... dx,_,, for Dx,=1,
T
(n—1 signs)

ey Lo vl oF TR Pl T(5,)
we have (4,+%+...4+1,)A=B= I‘('ill————!-iz—{—...—{-i,,)'

977. In the same way, if we require the value of
I=Hj a1zl gl g e da, da, ... day -
(n—1 signs)
for positive values of the variables, such that

(B2t (™ (-,

nel
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%

z,\P1 T Pn-1)Pa
we have Z,,=a"{l—<al) _._‘_< n—l) !
()

s

and I=_[I"'jzlil_lz2i2_l x;."_l—lunin—ﬂn

(n—1 signs)

{ ((L1> ? ( "-1>7'" " } b o dry i ATy

i ﬂ P ,x_”_‘;l Pn-1
where ("1 “+ .t (a,, 1) Sl
r (tn_y) ;
{ in-1 in _y
2(;; ;n- ot ¥ -—-1——1-< ) (f"‘) jt“ H1—w) Tde,
1° n=1 + + n—1
( 2)1l—1>
'L )
where 1+ AR 0 i
P2 Pﬂ—]

_ Pn @105 ...y ’ <1_11> # (Pz) ! (Pv)

T4 PiPeee I o
iPs 1‘(p+ o2 )

978. Ex. Find the value of f/.r*—lg/u—lzv—l da dy for all points of the

ellipsoidal surface 2*[a®+ y*/b* +2*|c*=1 which lie in the positive octant.
Here 6,=A, i4=p, ts=v+1, p,=p,=p;=2, ay=a, a;3=>, azg=c¢,

2 abrevil ( )l’ (F (V+l>

E72.2.2 <A+p+v+1>
i Wirs g

I=

Thus, for instance,

o Bk
././zdmd‘l/=£§~)’d_) 2”1,I g))—%wabc 1. § wabe.

979. Relation of the Integral Forms discussed.
We note then that the two integrals

n

A -——.—jj...jxli,—lxzig—l p-d iyt dacx Agssstlayg, for Z(ﬁ); ,.} 1

= Nty
(n signs)
i \"ﬂ bR
) i— iy— in-1 oo ) i i
B=jj...jml‘l L loe, apniiae, e g, dags ode, 5 f01 41'<E) =1
r
(n -1 signs)
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for positive values of the variables in each case, are so related
that : ; ’

U\p (e (Lﬂ)

@GP p _1as" ... a,™ F<pl> £ (p > el Pu/

Sra= a_—
T Pr Pn DP1P2 - Pn r U, __,*_.&'
(P1+Pz+ pn)

980. A LEMMA.
In order to abbreviate the work of the articles which follow,
let us note that the Binomial expansion
@ —z)‘"=1+n2+%z2+ m+n(n+l).;.1(n+r—l) 2.
! = I'(n+r)1
5 K () ) — =
may be written as }FJK,. 2", where K, T@) rv

and that, writing ¢, +14,=j,, %,+%,+1;=7,, etc., we have
K LT (Eat+1)_T(istr) TE)T(Gt)
" T (6t tn)  TUgr! | L(Ggtr)

_D(@)P@) Dtn)_T6TG) g
F(jz) INCAYS I (2y+15) g

kLT @I (4r)_T(js+r) L@E)TE)T (s +r)
4 (v +1o+15+7) L(gg)r! L' (js+r)

_TG)T @Gy Ttr)_TEITG)T G g

(%) I'@y) 7! D(ty+9a+2) 7

ete,,

and
& Goin DGO g+ p)DGatr) _T(jytr+p) DI (gt p)Dlig 1)
i L@ttt p+is+r)  T'(9s+7)p! L'(jg+p+7)

_T@T@)T(str) Tliatp) TE)TE)T () g
L(gy+7) P@@)p! Tlttptigtr) 7

ete.

981. We propose now to consider integrals of the class
il Bl e (I:"in—-lf(ﬁ: A,x,) d A st da,
It ” I O F a,z,+ a2+ ...l+a-,,x,,)"l+"+--+""
for all positive values of the variables, such that
h<A,@+A4,0,+4...4+4,, <h,
all the letters involved representing positive quantities.
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Putting
A x,=¢,, A,x,=§,, ete, and %=bl, %’—=b2, ete.,
1 2
y o S 1 H il bt (G - EW)dE, - dE,
o AHAh, AW A+b,.€,+b 8o+ ...+ b, £, )ntiat -+

Consider first the case of a double integral,
AR S\ DA o 7)
Ia_Ax"Azi’J‘.‘.(A‘f‘blfl""bz lz)"“'dfld&,

a particular case of which is discussed by Todhunter (Int. Calc.,
p- 263). Of the two quantities b, b,, let b, be the one which
is not less than the other. Then

A0, €+ by b =N +b,(§;+€)} — (b —b) & =u—v, say,
where v=(b,—b,)§,. Then asA+b,£,+4b,&, is a positive quan-
tity, we have » < u, and

A+b &+ by &) ttin= (u_v)—(u+~.>=u—(-,+-.>(1__

)—(‘:-H«n)

= —(h+) ; K, Gt u)(bl_ bz),<,:_f)"
a convergent binomial expansion. Hence the integral becomes

,T;r I N 1f<s,+£2>2 Kf(iﬁi.)(bl._bz)'(%)rdfld&

whtiy

L e ‘S‘ K St (b, —b,)r jjfli‘—lfilﬁ-{.’—_lf (£, 1+&2) dg,dg, ,

A ‘1A "a‘—l whatitr
and % bemg a functior; of ¢,+¢&,, we have, by Art. 968,

i1+1s rr(,"l) P(7’2+"') ha t'l+‘1+'—1f(t)

EK< i (g S L e e £

R firtatr—1£(¢) it
LA+ b tyatitr

I,=

hA ia
_ 1 &T@rG)
AlilA iz [ P(il”' ] )
1 TlQEy) (M e 1f(¢) < 1
=T T 6 In b o0 Ke P (bi—byr (x+b %
VAN Yt/ DR T
W 4y T(1,+ 1) Ja,(A+ b t)at A+bt
_ 1 T()I'(y) (M __ tati1f(f)
—APAGE T 45,) Ja (AHbt) (A byt)s
_T(E)I() J' i titi—1£(¢) dt
L% L(i,4 %) Ja (A A+ a,)2 (42 +ayt)s

Eoo-by [

dt
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982. Next take the case of the triple integral
o j j jf“‘lf'* Ve (6 6+ 6 dE dE, dEy
A AFBET b b T by Fots

Of these three quantities by, b,, by, let b, be that which is
not less than either of the other two. Then
7\+blfl"‘bzfz"l'bsEa={>\+b1(€1+£3)+bzfz}

—(b1—by) &5, =u—v, say,

where v=(b,—b;) £,, and is < w and positive. Let 1,41, 4,=,.
Then

; " v
(A+b,6, 6,65+ by6y) H=u"s (1—,&)
a convergent binomial expansion.
" ae s (3 £
: (b - bg)
; ]3-_:%‘ A(I‘}A 2"3313" .U u W<$s) a€,dgydés,
where u is, however, A\+b,(£,4+&,)+b,£,, and is not this time

a function of the sum of the variables. Hence a further trans-
formation is necessary.
We may write

u=A+b,(£,+£,)+b,6,=[A+b,(£,+£,+£5)]—(0,—by) €,

—Js

=ik 2 K99 (b,—b,y ( %s)’

=U—V, say,
where V=(b,—b,) £, is < U, and U is a function of
Elgite.
Also, writing ¢, +17,4¢;+7==j5' where necessary to shorten

u_j“’=U_j”’(1~—g>_ja’ U850, -00(5)

a convergent binomial expansion.
Hence

[ T D 4, ag, a,

-]/ Qﬁ%&’i’:ﬂza S B0 - b(§ e dgadz,

PT® i S‘l—l f+p—1s i3+ r—1
il 2 B - by S—E i [(Rf) df dy s

U’s +p
Gs) L' (%) P(i2+P)I‘(i3+7') L AP [73+P—1 f(l)
hy pEO K, P('L.l +1'2+p+i3+r) by~ by) (A+b t)h +p dt
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: 3 p jg=1 p=w 3
_ MLE) T @) I(Es+1) ¢! ’z K,,(") (b= by £

O e L= (A +b)°

_TE)T @) Tlis+r) (o 7! (b~ b)) ™™
= TETLEL+R) b AR AT - 7 SOk

_P@) (@) TG+ 7) # Ay de
P(i1+ig+l'3+r) I (A+b‘t)il+i’+r()\+b.‘t)i' f

f(t)dt

123 =ty D@ TG Dltn) ™ S f0d
r=0 44,047 L@+i+ia+n) A+b) T (A4 by0)"

1 T@E) @G Ll O M (N /)

AIHA;.A;‘ P(ll+13+ 1-3) h (A+blt)"+“()\+bgt)h A (X+blt)'

-1  T@TGETG ey () SR {1 (b= byt }'- &
404,245 TCrita) oI (A 452" 5\ +b0)" A+byt

1 TET@TGE) ™ 270,
TRILTE L@ +ip+is) n 19"1()\+b B
1

_TE)TGE TG ™~ 7 fnde
I‘(i1+,-,+i3) hy I§I(A,A+a.t)“
1

983. Exactly the same process will hold for a multiple
integral of higher order, so that in general we have

I =I‘(il)l"(iz) wa L) Mﬁ+i‘+m+i"—lf(t)dt.
P(h+t2+m+‘").£. li'I(A,X-i-a.l)"

984. Extension.
The result may obviously be extended to the integral

o i L lepd g z,,"~“f< 2”3 A,a:,h) dwydx, .. da,
e ” J' T
A+ a2+ agZyt s+ ...+ a,z,n),

where Rl St

al az an,
all the letters involved being positive quantities and the
conditions of the limits being

h<dgs+Adzeat ...+ A2,2<h,.
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For putting 4,z,1=¢,, 4,x,2=¢,, etc,, ;‘iJ =0, Zg=b2,etc.,
we have -

ety | jff':---f,.-‘:f(£1+--.+fﬂ>dfldfz--..dfn
SRR R ez Eammy v Ay 7 A

1

L 1 F(al) (az) F( ,,) fay el () dt i
Ylier e I‘(Zﬁ+;—§+...+(—£) L 1’;‘I(A3>\+aat)£

Thus in all such cases the multiple integral is reduced to a
single integration.

985. Differentiation with regard to a parameter contained in

the integrand.
In a multiple integral

-j I j (21, 2, .-y, ) Az, dasy ... Ay,

which contains a constant ¢, differentiation with regard to ¢
may be effected by the same rule as for a single integral,
provided that the limits of the several integrals are all inde-
pendent of ¢. That is
b1 (b bn
%‘: g L L a¢dz,dz2

The proof of this is the same as in the case of a single

integral.

986. Liouville’s Integral.
Consider the case
2R A itq 3-1 "_1
I“_‘- -‘-o I g S darldcz;2 AL

0 0
an

where t =42, .. +x""‘+m
an integral discussed by Liouville.
Differentiating with respect to a,
dI J‘” “‘” o ta i, nlads . doy
0 0

S—=—na"! B
Wl BT, s Ty

da
* Bertrand, Calc. Intéyral, p. 476.
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Now introduce another variable , defined by
Ty oo Ty Tp=0ar",
.. change to a system
aﬂ

xr, =—
¥ ’
/3 BTN

Bg=0y, (Wyg=0g} 5 Ty y =Ty,

¢ il o(@y, TyeAmagia) ety Ll
Then i ., mh, o] i) dal Aot

Then t=x 24+ 5y + PRLL A replaced by

AT

x2+z3+...+z,,+:gwa:—, =t say,

WL
1 2 n—1
ahae ST Dois ¥ 0B 514
and 2" " ..z,% dL‘lz———”—"lsreplacedby
1 2 n—1
ZTy oo By
1.
et P i ia =gy dg,...ds,
s = - e adisy n )
ToZg... Ty ar [Ty

) 21 3 n—1

a6 (—1)”‘1a‘-“a:2;'-la:3'_'— R o dz,da,... dz,,
and in the transformation of the multiple integral the sign

is adjusted by a proper assignment of the limits.
Hence, as 2, is «© when z, is zero and vice versa, we have

dl N g Sl 2
—— —nan-} 1-ng—t'p n 7 n
P '[o ...L gl e L SR ) da,dz,... dz,

=—nl (for if a is increased I is decreased).
Hence dTI =—nda, logI=—na+const., I=Cema,

To find C, take the case a=0.
Then I becomes

il 41 D 1eiaity n-1 ,
I j I e—@tnt. o DG g g B da, divg .. A, 5,
0 Y0 0

and as the variables are independent and the limits constants,
this may be written

o 1_1 o _2_1 %0 ”_"1_1
Uo e~ax," da:l:l X Uo e fagh dx,] % U w12, do, |,
0
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thall is I‘()I‘<> (3) p(" 1) o e

n—_l 3
Hence C=(2) *n 2
Hence the value of the integral is

n—1 1

I=(27) * m %eme,

987. Liouville’s Method of proving Gauss’ Theorem.
Consider the product

1 2 n—1
I‘(z)I‘(z+ﬁ)I‘(z+1—1) I‘(z-i——n—).
This may be written
0 00 z+}—l ] z+-——|
2 e ax*-dw, X JETT " %, s JE T " dx

n-1

®, 1
+--1 | i |
e e € +... -1, %
—LJ.O Le“ it P €o Lol Ll gt L e dor R0

Now change the variables according to the scheme
zﬂ

Ty=—————, L=y, Lz=Ty...T,=Tp.
1 » 2 2 3 3 n n
Ty s

nzn1
Then J= —ﬁ and the integral may be written
I j j z=+z,+ +=v,.+ma = ) nz"-1

Dol vos T

e -1
2 2=l g4l-1 z42-1 242221
x(——————) z, oy iy ™ dzdegday...
xﬂ

PRI
that is

Bag v Aty
jj Ie"z""lx" TP ...z, dedwydz,...dz,

175

J. (21r) T n"*c‘"’z""—’ 4z, by the preceding article,

=n*(27r)"21j eegme-ldy— n*""”(27r)”2ll‘(nx)
viz.
n"’l‘(w)l‘(z—}—%). (+—> nd(2m)T T(na),

which is Gauss’ result.
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PROBLEMS.

1. Find the mass of the triangular lamina bounded by the axes of
coordinates and the line z + y =a for a law of surface density pavy2.

2. Find the mass of the tetrahedron bounded by the coordinate
planes and the plane a=lz+ b~y + ¢"12=1, the volume density being
p = pyz.

3. Find the centroid of the area in the first quadrant bounded by
the lines z+y=h,, +y=h,, for a law of surface density o = px?y1.

4. Find the centroid of the volume in the first octant hounded by
the coordinate planes and the two planes

alz+bly+c12=8,, alz+bly+clz=3,,
for the following laws of volume-density :
(@) p=p(@z+ bty +ca), (i) p=payter, (iil) p=p(a? + 92 +2).

5. Apply Dirichlet’s theorem to find the mass of an octant of an
ellipsoid in which the density at any point varies as the square of
the product of the distances of the point from the principal sections
of the ellipsoid.

6. Find the moment of inertia about the z-axis of the portion of
the sphere 2 + y2 + 22 = a?, which lies in the positive octant, supposing
the law of volume density to be p=puayz. Obtain the corresponding
result for an octant of the ellipsoid #2/a? + y%/b% + 2%/c?=1.

7. Find the mass of the positive octant of a sphere of radius R,

whose centre is the origin, for a law of volume density
p=pla, b ¢ [, g, h)(z, ¥, 2>

8. Find the mass, centroid and moments of inertia about the axes,
of the positive octant of the ellipsoid z2/a?+y?/b2 + 22/c2=1, for a law
of volume density p=pu (22 + 92+ 22).

9. Show that the volume of the solid, the equation of whose

/9

surface is a4zt + b4t +c 424 =1, is %—" {T'(3)}+

10. A homogeneous solid is bounded by the surface
(z/a)t + (u/b)} + (zfe) ¥ =1.
Show that the centroid of the portion of it in the positive octant
is the point 2la 21b 210)

128’ 128° 128 [OxF. IL, Pus., 1901.]
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11. Find the position of the centroid of the portion of the solid
bounded by () ay2 + (y/by2m + (2fc)2n = 1,
which lies in the positive octant, the volume density being paryzr.

12. Show that ”z“”“ly“’m‘l dady for positive values of  and ,
such that 22 + 2} ¢2, is
1 2+ 2m ()T (m) >
S T'(C+m+1) [L. C. S., 1893.]
13. Obtain an expression for the value of

“.met—l v f (aa + by?) di dy
for all positive values of 2 and 7, such that az?+ by?$ c%

[I. C. S., 1893.]
14. Prove that the value of the volume integral

j”-( AL + py + v2)?ndx dy dz,

taken through the volume of the ellipsoid 22/a®+ y?/b%+2%/c®=1,
A, p, v being constants and n a positive integer, is
dmabe (N2 + p202 +v2¢2)"/(2n + 1) (2n + 3).

[ C 8., 1912.]
15. Find the value for positive values of 2, ¥, # of

”J.zyz sin (z +y + 2) dedy dz
with condition z+y+2z< . [L C. S., 1899.]

16. Prove that J I b(@+y)zyPds dy
0 Jo

_I‘(:L+1)I‘(ﬁ+1)r
-~ T@+B+2) Jo

and extend the theorem to any number of variables. [Corr. v, 1887.]

b (2)z+p+1dz,.,

17. Prove that the area of the curve

(az +by)*™ + (br —ay)®»=1 is |:I‘ <§1R>T/n (a®+08%) I‘(}L)
[CoLL. v, 1891.]
18. Find the volume enclosed by the surface
(x/a)?n + (y/b)2" + (2[c)*" =1,
where n is an integer. [MaTs. TrIp., ParT IL., 1919.
Show that the distance of the centroid of the portion for which z
is positive from the plane z=0 is

- ()@ Or()

www.rcin.org.pl



178 CHAPTER XXYV.
2 p2\p-1
19. Prove that jj(l Ly (% o ;}%)l [flaz+ By) dzdy

=Jr M : _ 22—
~rab (p%)j_l(l )4 f(kt) dt,

where k= (a%?+ l»ZB?)’}, the double integral being taken for all
values of « and y, such that
2*a® + 92/ < 1. [v, 1899.]

20. Show that, ayzu being equal to af,
— (2 A ut 22 d | Tl
,[o jo .[o i albia g 32/2¢ta
[St. JorN's, 1882.]
21. Show that

J' J' J' dedydz W abe
(rt et + By ey o s @) ps PR o )
where @, 7, z have all positive values such that
a2a? + 2% + 2% < 1. [COLLEGES 7, 1891.]
22. Prove that
— g — g )k—1gn—1yn—1
J- j (:P +xa:1,' Z-);By )Zl+m+'j11+1 i
T'(k) T'(m) T' (n) m n 1
TT(k+m+a+l) {p+p+a P +/3} PE(p+ay(p+ B
the integral extending to all positive values of z and y such that
a8 z+y< 1. [CoLLEGES 7, 1891.]

' 23. Show that

oLt g1 (g i 4 ppfa 4 L. 2y) bl |
(A + @y + agye + .+ @)™ ki Faniy

s 0y 1 [0 0
R ') (n) < (ay —ay)(ay — ay) ... (ay — ap) Jo A+ a5t

the summation referring to a cyclical change of letters from «, to a,,

and the integration being effected for all positive values of the

variables for which et apt .. L

24. Prove thab n, 7 being positive whole numbers,
_dzydzy...dzy, @ (ntr-1)! (2r)!
T em IntIrEl 9u%rf1 (on +o% -1 17! P Ty
a"’ + Zz, e

[MaTH. Tr1p., 1870, WOLSTENHOLME, ]
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25. Prove that

J n__ dz f % day f n  da, Feie) d$
n—1 n—1 n—1""" n—1
0 0

@ =2g) ® O (@y—2g) O (2g-z) P O (- f) "
~{r(})} @ -s0).
(See Ex. 30, Ch. XXIV.) [Mara. TrIpos, 1875.]

26. Prove that
pLE ad f
j I - (araraz) 2, ¥} ‘% ‘_i"_z’ =¢ 3D (HT(3)
0Jo &L
[LiouviLLE. ]

27. If » be a positive integer, show that for an integration
conducted over a triangle of area A in the z-y plane

j yhds dyshil,

where H, is the arithmetic mean of the homogeneous products of
the ordinates of the corners, and find the corresponding result for
any plane polygon. [RouTH, Rigid Dyn., p. 425.]

28. Show that if the integration be conducted for all positive
values of @, #,, z,, %, such that #, +z, 3 1 and 73+ 2, 3 1, then

Ijjjzl‘l—lxzh g a=1g =1 dm, du,drydo,
=T(1,)T'(5) T (i) T (3,) /T (4, + iy + 1)T' (65 + 3, + 1),
29. If t=zr+a+...+2" and 2@,...T.=a",
evaluate the integral

0 o0 0
etz s .. at” 105, doy Aoy
Yt a T ;
0o Jo Ty By

[N

n n n n | % i 1
30. If t=2,T+2,° + 2,5 + ... 2,8 and ;12,223 ... 2," =a, show that

2
II I ~tdz, dz, .. dx,,_l_n:j_i (2"7)“ :
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