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221.

ON THE SECULAR ACCELERATION OF THE MOON’S MEAN 
MOTION.

[From the Monthly Notices of the Royal Astronomical Society, vol. xxπ. (1862), pp. 171—231.]The present Memoir exhibits a new method of taking account, in the Lunar Theory, of the variation of the eccentricity of the Sun’s orbit. The approximation is carried to the same extent as in Prof. Adams’ Memoir “ On the Secular Variation of the Moon’s Mean Motion ” (Phil. Trans., vol. cxliii. (1853), pp. 397—406) ; and I obtain results agreeing precisely with his, viz., besides his new periodic terms in the longitude and radius vector, I obtain in the longitude the secular term(— f m2 + ⅛U mi ) J (e'2 — E'2) ndt,and in the quotient radius, or radius vector divided by the mean distance, the secular term (∣ m2 _ 1913 (f2 _ E'2),which is, in fact, as will be shown, included implicitly in the results given in Professor Adams’ Memoir. In quoting the foregoing results, I have written e'2 — E'2 in the place of (e, + f,t)2 — e'2 — 2ef't, which in the notation of the present Memoir it should have been ; and I purposely refrain from here explaining the precise signification of the symbols : this is carefully done in the sequel. The method appears to me a very simple one in principle ; and it possesses the advantage that it is not incorporated step by step with a lunar theory in which the eccentricity of the Sun’s orbit is treated as constant ; but it is added on to such a lunar theory, giving in the Moon’s coordinates the supplementary terms which arise from the variation of the solar eccentricity, and thus serving as a verification of any process employed for caking account of such variation.I have given the details of the work in a series of Annexes, 1 to 23 : this appears to me the best course for presenting the investigation in a readable form.
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221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 523I.The inclination and eccentricity of the Moon’s orbit, and, à fortiori, the variation of the position of the Ecliptic, and the Sun’s latitude, are neglected ; and the longitudes are measured from a fixed point in the Ecliptic. I write
n, the actual mean motion of the Moon at a given epoch ;viz., it is assumed that the mean longitude at the time t is e + nt + n2t2 + &c. where e, n, n2, &c. are absolute constants; and, moreover,
a, the calculated mean distance of the Moon ;that is, n2a3 is the sum of the masses of the Earth and Moon ; a is therefore an absolute constant ; and, in like manner,
n', the actual mean motion of the Sun at the same epoch, 
a', the calculated mean distance of the Sun;that is, if it were necessary to pay attention to the secular variation of the mean motion of the Sun, the assumption would be that the mean longitude was e+rit+ri2t2+ &c., 

e', n', n'2, &c. being absolute constants, and ri2a'3 the sum of the masses of the Sun and Earth ; a would thus also be an absolute constant. But for the purpose of the present investigation the secular variation of the mean longitude of the Sun is neglected, or it is assumed that the mean longitude of the Sun is e' + n't, e', n' being absolute constants; and that n'2a'3 is the sum of the masses of the Sun and Earth, a' being thus also an absolute constant.I put also
m, the ratio of the mean motions of the Sun and Moon;that is,

n' ,m —— , or n = mn ; n
m is also an absolute constant.The Sun is considered as moving in an elliptic orbit, the eccentricity whereof is e' + δe' or e' + f't, e' and f' being absolute constants ; the longitude of the Sun’s perigee may be taken to be m + (1 - c') n't ; so that the mean anomaly g' is = 

n,t _|_ e _ [ct' _ (1 _ c') n't] = c'n't + e'-m'; c', m, being absolute constants ; but c' is in fact treated as being = 1. Hence, if r', v are the radius vector and longitude of the Sun, we have
r, = a' elqr (e' + 8e', gj,

v = m' + (1 - c') n't + elta (e' + δe', gj 
= n't + e + [elta (e' + δe', gj - g'],where g'= c'n't + e'- m'.In the expression for the disturbing function the Sun s mass is taken to be = n -a 3, 

or, what is the same thing, =m2n2a'3.
66—2
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524 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221Let r, v be the radius vector and longitude of the Moon ; then, taking the usual approximate expression of the Disturbing Function, the equations of motion are
d dr (dv∖2 ι n2α8 . „ r .λ ,xδ δ-r W +^ = ∞⅛¾s7,(i+⅞<≈∞2≈-2tl),
4 X⅛, = m¾¾,- X ( — f sin 2u - 2√).
dt dt r i 2It will be convenient to assume

ρ , the quotient radius of the Moon’s orbit, 
p, the quotient radius of the Sun’s orbit ;that is

r = pa, r’ = p,a,.The equations of motion thus become
d 8p (dv∖2 n2 
dt dt ? ∖dt) p3

dt ∖p dt)where for shortness
= m2n2P,

= m2n2Q,

P = (⅜ +1 c°s 2« — 2√),
Q = -⅞( -⅛sin 2v- 2√),

Pin which
p = elqr (e, + δ√, g,),

υ, = rit + e + [elta (e' + Se', g') — g'].I now change the notation by writing ρ + δp,, v, + δz∕, in the place of p', v, respectively, using henceforward p', υ' to denote
p = elqr(e,, g'),

υ, = n't + e + [elta (e', g,) — g,] ;and I write also p + δp, v + δ-y, in the place of ρ, v, using henceforward ρ, v to denote the solutions of the equations obtained from the equations of motion by writing therein 
p, v' instead of the complete values p + δpz, √ + δ√.Suppose, in like manner, that the complete values of P, Q are denoted by P + δP, Q + δQ, where

~ n dP s, dP s dP 5s , dP s ,
sp=dfp + dlυ+df<, + d<Pv∙
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221] ON THE SECULAR ACCELERATION OF THE MOONS MEAN MOTION. 525with a like value for 8Q, the first powers of 8p, 8υ, 8p', δv' being alone attended to. Then, observing that the equations of motion are satisfied when 8p, 8v, 8p', 8v' are neglected, we have, it is clear,
i,⅞'-*(S!'-⅛Sι'-⅞'⅛=-'∙∙^

The second of these equations gives
p^ + 2pSp ^ = mw(C+f dQdf)ι

where the constant of integration, G, is to be so determined that 8υ may not contain any term of the form kt (for any such term is taken to be included in the term2 dront of v + 8v). Multiplying the equation just obtained by - -5-, and adding it to the P (tbfirst equation, we have⅛ ÷ (3 ©‘ - y( ⅛=mv (sp+~p⅛ (°+fd<w) ■
which, with the above-mentioned integral equation, are the equations for the solution of the problem ; but it will be convenient to write them under the slightly different form ⅛ + n⅛ = (n≈ + *-8 g)*} ⅛ + mW jδP + ? * (C + JdQdt}} ,

dδυ 2 ⅛j ^ m2n2 .^,
dt= --pdtsp+^c+∣^dt>

d8vIn these equations C is determined, as above, by the condition that may contain no constant term; the values of p, υ,, 8p', 8v' are of course given by the theory of elliptic motion, and those of p, v are given by the ordinary lunar theory, in which the eccentricity of the solar orbit is treated as a constant; and then, 8p, 8v being obtained by integrating the equations, the radius vector and longitude of the Moon are a (p + 8p) and v + 8υ respectively.We have
P = ⅞ (⅜ +∣ cos 2v — 2√),

P

Q=A~3( — f sin 2ι∕ — 2√).
PMoreover, by the lunar theory, observing that Planas a is, or may be considered, identical with the a of the present Memoir, and putting alsoτ = nt + e — (n't + ez),
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526 ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. [221we have

where the series are carried as far as τn2 and e'2; the terms in e'2 are given, as I shall have occasion to refer to them, but they are not used in the investigation, and, omitting them, the values are

- = l+ ⅜τn2- ⅜ m2e'2
P

— ∣ m2e' cos g'+ wι2 — f m2e'2 „ 2τ
+ ⅜ m2e' „ 2τ-g'

— ⅜ m2e' „ 2τ+g'— I m2e'2 „ 2g'

+ ⅛7- m2e'2 „ 2τ — 2g'0 m2e'2 „ 2τ + 2g',

v = nt + e— 3 me' +0 m2e' sin g'

+ ⅜1- m2 — ⅜⅜m2e'2 „ 2τ

+ ∣⅜ m2e' „ 2τ-g'

— τ⅜ m2e' » 2τ+√— ∣ τne'2 + 0 m2e'2 „ 2g'+ jj%7- m2e'2 „ 2τ — 2g'0 m2e'2 „ 2τ + 2g',

- = 1 + ⅜ m2
P

— ∣ m2e' cos g'

+ m2 „ 2τ+ I m2e „ 2τ - g’

- ⅜ m2e' „ 2τ + g',

v = nt + e— 3 me’ sin g’

+ ⅛1- m2 „ 2τ+ II m2e' „ 2τ - g'

- ⅛1- m2e' „ 2τ + g'

(g’ = c,mnt + const., 2τ = (2 — 2ra) nt + const.)
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ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. 527For the coordinates of the Sun we haveI - 1
P

+ e' cos g'+ e'2 „ 2/,
υ' = n't + e'

A 2 e' sin g'+ I e'2 „ 2g',the series being carried as far as e'2 ; but the terms in e'2 are only used for the formation of δp', δ√ ; and, omitting them, we have+ '. .
A e cos g,

v' = n't + e'
+ 2e' sin g'.If e'Aft is written for e', then the value of δe' is =f't; but as only the terms multiplied by the simple power f' are attended to, we may for convenience write δe' = t, the factor f' being restored in the final results: we thus haveδ-, = 1 tcosg'Ρ + 2e, „ 2g',

8v' = 2 t sin g'
+1 e' » ¾r',and we may add the equations

dυ n×— z-------- -λ------- X
dt 1— 3 m2e' cos g'+ ⅛1- w2 „ 2τ

+ -7g7- m2e' „ 2τ — g'
-ii-m2e' „ 2τ+g',δ ⅛ = 3 e, iP +3 t cos g
+ I e, „ 2g',⅛∙ = 2 t sin g'

P3 J+ ⅛1- e' » 2√,which will he found useful.

221]
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528 ON THE SECULAR ACCELERATION OF THE MOONS MEAN MOTION. [221

II.Proceeding now to the development of the solution, we have
8P = ⅛ (⅜ + f cos 2v — 2υ') 8p

P+ ^⅛^3( — f sin 2v — 2√) 8v

+ p (⅛ + j cos 2v — 2v') δ Ag + (3 sin 2v — 2v') ,

where the terms containing 8ρ and 8v are (see Annex 1)
⅜+ f e' cos g'+ I » 2τ 8p

+ ¾1- e' „ 2τ - g'

- i e' „ 2τ + g'

- 3 sin 2τ
- ¾1- e' „ 2τ - g' 8υ,+ j e, „ 2τ+g'

and also
8Q = K{-3 sin 2υ — 2v') 8p

+ P (— 3 cos 2v — 2v') 8v
p3

+ ρ2 (— ∣ sin 2v — 2v') δ ~⅞ + (θ cθs %v ~ %v'} ~⅜ > where the terms containing 8p and 8v are (see Annex 2)
- 3 , sin 2τ
- ⅞1- e' „ 2r - g' 8p + I e » 2τ + √
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221] ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. 529

— 3 cos 2τ-⅛e' „ 2τ-g' 8v,+ ∣e' „ 2τ+g'

but the additional term 1⅜1m2e' cos g' is ultimately added (see Annex 17) to the coefficient of 8v.Neglecting the terms in 8p, 8v, we have (see Annex 4)
8P = let+ j t cos g'

-⅛e' „ 2τ

+ -¾1- „ 2τ - g'

-I „ 2r + g'+ I e' v 2y
+ ⅝*' „ 2τ-2∕,and similarly (see Annex 5),

8Q = -⅛5- e' t sin 2τ
-⅞1- „ 2r-g'
+ ∣ „ 2τ + √-⅛e' „ 2τ-2√.But in the foregoing expression of δP the terms belonging to the arguments g', 2g' give in 8p, terms which rise by integration in 8v ; and in forming the expressions for 

8P, 8Q, it is proper to take account of these terms. Attending only to the terms in question, we have
n2 ×

+ n28ρ = m2n28P = j m2 t cos g'
Clt

+ ⅜m2e' „ 2g'.Now in general, if
cl~) + n28p = n2 t cos nat,then 2α . 1δP = (ι∑Γ^sιnwαi+l-α2 icoswai;and hence the foregoing equation gives in 8p the terms3 m3 sin g' + f t cos g'+ 18m3e' „ 2g' + ⅜m2e' „ 2g'∙,

c. in. 67
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530 ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. [221or, neglecting the terms which contain ra3, the terms of δp areI w2 t cos g'+ I w2e' „ 2g'.Substituting these terms in
dSυ ~ i 
,Γt = - 2nδ'≈-we have

n ×
dSυ ~ ∖—7~"— = — 3 m? t cos g

-∂m2e' „ 2g'∙,and since, in general, f 1 111 cos nat dt = cos nat H---- t sin nat,J n2a2 nawe obtain in Sv the terms
n~1 ×

s∙λ----------- s z∙---------------- a ;-------y×— 3 cos g’ + — 3 m tsmg

— Ie » ~ ⅜me » ⅜f »or for the present purpose the terms 
n~1 ×

S’ Λ r-l^— 3 cos g'

-le' „ 2/;and these give in SP the additional terms (see Annex 6) 
n~1 ×

z--------------- λ-------------- s¾7- sin 2τ+ j „ 2τ-y
+ f ,, 2τ + 0,
+ ^e' „ 2τ-2g'+ 1 e, » 2τ + 2g,and in SQ the additional terms (see Annex 7) 

n~1 ×
z-------------------------Xcos 2τ+ i » 2τ — g+ ∣ » 2τ +y+ 1F*' „ 2τ-2√

÷ ⅛ e „ 2τ + 2g.
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531221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 

Combining the foregoing results, we have,
n~1 ×

8P= ⅜e' t +^~

+ I t cos g' 0 sin g,

-^-e, „ 2τ + ¼e' „ 2τ

+ ¼ „ 2τ-√ + I „ 2τ-√

- i „ 2τ + g' + j „ 2τ+g,

+ ∣e' „ ⅜' 0 „ 2g'

+ ⅜e' „ 2τ-2g' + AfW „ 2r-2g'

0 » 2τ + 2g' + je' „ 2τ + 2g',
and

n~1 ×
z λ x

8Q= 0 isiny +0 cos g'

+ ⅛e' „ 2τ + ⅛e' „ 2τ

-⅜ „ 2τ-∕ +∣ „ 2τ-g'

+ I „ 2τ + ∕ + j „ 2τ + g'

0 » ⅛' 0 » 2√

-⅛e' „ 2τ-2g' + ^e' „ 2τ-2√

θ » 2τ + 2g' + § e, „ 2τ+2g'∙,

whence also (see Annex 8)
n~1 ×

Γ s------- λ-------X
η 18Qdt =0 t cos g' +0 sin g'

-^e' „ 2τ +⅞θ-e' » 2τ

+ V ,, 2τ-∕ +⅛∣ „ 2τ-<∕

-⅜ „ 2τ + ∕ +fi „ 2t÷<7'

0 „ 2g' 0 „ 2g'

+ ⅛e' „ 2τ-2g' + f⅛e' „ 2τ-2√

0 „ 2τ + 2g' + ⅛e' » 2τ + 2∕..

The equation for 8p may be written,

+ n28p = m2ri- (δP + 2n j^ 8Qdtj ,

67—2
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532 ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. [221and we have, (see Annex 9)
n~1 ×δP + 2wJ δQdi = I e' t +

+ f tcosg' 0 sin <7'

—15 e' „ 2τ +xf-3 * *∙e' „ 2τ

+ V „ 2τ-g' + V ,, *r-g'

- ⅜ » 2τ + ∕ + ⅞5- „ 2τ + ∕+ j e' „ ⅛' 0 „ 2g'+ 51 e' „ 2τ -2g' + ⅛ e' » 2τ — 2g'

0 „ 2τ + 2g' + ⅜ e' „ 2τ + 2g'.

d28Hence observing that a term n2t cos nat in -~ + n28p, gives in 8ρ the terms1 i 2α 1 .
f-- t cos not + (1_a,y - sm nat, 

d28and a term n sin nat in -^2- + n28p, gives in 8ρ the term1 1 ∙ ≠- ------ - sm nat,1 — α2 nwe have (see Annex 10, but restoring the factor f),

8p=f' into as follows, viz.
n~1 ×

S------- λ XI m2e t +

+ ⅜ m2 t cos g' 3 m3 sin g'+ 5 m2e' „ 2τ. — ∙^∙ m2e' „ 2τ- I τw2 „ 2τ-g' + j⅛ ra2 „ 2τ-g'

+ ⅜ ∞2 „ 2τ + g' - fl m2 „ 2τ+g'+ I m2e' „ 2g' — 18 m3e' „ 2g'

-I7m2e' „ 2τ-2g' + m2e' „ 2τ-2g'0 „ 2τ + 2g' — ⅜ m2e' „ 2τ + 2g'.The first column, containing the term in t and the terms t cos arg., shows that the constant term of p, and the terms involving the cosines of the same arguments, as obtained without attending to the variation of the solar eccentricity, are correct as
www.rcin.org.pl



221] ON THE SECULAR ACCELERATION OF THE MOONS MEAN MOTION. 533regards the first power of t, when for the constant eccentricity e' we substitute e' + f't.In fact, the above-mentioned expression (correct to e'2) of - gives 
Pp = 1 — ∣ wι2 + f w2e'2+ f w⅛⅞'2 cosy'— ?/î2 + jr∕i'⅛'2 „ 2τ

— ⅝ ∞⅛' „ 2τ-y'

+ ⅛ m2e „ 2τ+g'+ j m2e'2 „ 2g'— m2e'2 „ 2τ — 2g'0 „ 2τ + 2g',and putting therein e' + f't in the place of e', we have the first column of the foregoing expression of δp.The second column, involving sin arg., contains the new periodic terms considered in Prof. Adams’ Memoir of 1853, and the coefficients for the arguments g', 2τ, 2rr -g',1 δ2τ+y', agree with his values; observing that his terms belong to δ- =---- ⅛ = -δp, so
P Pthat the signs are reversed; those for the remaining arguments 2g', 2τ-2g', 2τ + 2g', are not given by him.The equation for δy may be written,

= — 2n8p + m2n2j 8Qdt,and we have (see Annex 11)
n ×

d8υ f~,—-×-1- = — 3 m2e t dt — 3 wι2 t cos g' — 6 m3 sin g
+ ⅛5- m2e' „ 2τ + -M⅛- m2e' „ 2τ

+ ⅞7- m2 „ 2τ-g' - ⅛%9- zn2 „ 2τ-y'
— ⅛1- ws „ 2τ+g' + -4⅛1- m2 „ 2τ + y'— 9 m2e' „ 2g' - 36 m3e' „ 2g'

+ ∙1∣-z∙ m2e, „ 2τ — 2g' — -x∣∣i m2e' „ 2τ — 2g'0 „ 2τ + 2g' + If m2e' „ 2τ + 2g',wnence, integrating by the formulæf 1 ∙ 1t cos nat dt = — t sm nat + —— cos nat,J na n2a2

ί sin nat dt = —— cos nat,
J na
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534 ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. [221we have (see Annex 12, but restoring the factor f'),

8v = f' into as follows, viz.
— ∣ m2ne,t2

n~1 ×. , z------ ’----- ~s— 3m t sin g + — 3 + 6 m2 cos g'

— ⅞5- m?e' „ 2r — -7g4- m2e' „ 2τ+ ∣⅜ wa „ 2τ - g' + -2⅛5- wι8∙ „ 2τ - g'

- ⅛ w2 „ 2r + ∕ - ⅜⅞7- τn2 „ 2τ+∕

- ∣ me' „ 2g' (-∣+18w2)√ „ 2/+ ι∣∑w⅛' „ 2t-2√ +2239,n2e' „ 2t-2√0 „ 2τ + 2g' — ∣∣ w2e' „ 2τ + 2g'.The first column, containing t sin arg., may be obtained from the before-mentioned expression (accurate to e'2) of v, by substituting therein e' + ft in the place of e,.The term — ∣ m2neft2 ; or, as it may be written, — ∣w2 J n[(e' +f't)2 — e'2] dt, is thefirst term of the acceleration ; the other terms of the second column are the newperiodic terms in δ-y, considered by Prof. Adams ; the coefficients for the arguments 
g', 2τ, 2τ — g', 2τ + g', agreeing with his values, but those for the remaining arguments
2g', 2r — 2g', 2τ + 2g' not being given by him.

III.Proceeding now to the calculation of the term in mi of the acceleration, we have, 
d3v 2 dv ^ m2n2 ( ~ i » „ 7 ∖di=-pdts?+-fG+fdt)·where the non-periodic part of δp is of the form,δp = (I m2 + □τn4) eft,ιnd it is in the first place necessary to find the value of the numerical coefficient D, ιn fact to calculate the secular part of δp as far as m4. Reverting to the equation

⅛ +n^ = («*+? -3 & ⅛+mv (sp+-p ⅛ (g+Μ) ■
md as before omitting in the process the factor f' :

n2 + — — 3 : y δp contains (see Annex 13), a term
= -a∣1 m4n2e't.
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221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 535The part of m2n28P, which involves 8p, contains (see Annex 14) a term 
= — min2e't.The part of m2n28P, which depends on 8v, contains a term 
= — -¾5- miri2e't.The part of m2n28P, depending on 8p' and 8υ', is found (see Annex 18) to contain, besides the term ⅜m2ne't in m2 already obtained, a new term
= — ⅞⅛∕- min2e't.And finally the part m2n2- jδQ^ is found (see Annex 19) to contain a term(2 . ^i∣55 + =) - 2234 m4n2e'ijwhere the component coefficient — j-j⅜a, which arises from the new periodic terms of 

8p and 8v is separately calculated (see Annex 21).
d^8Hence ~r3 + n28ρ contains the term 
az (□ = 4jl _ _ -V> _ fi42l _ 22 35 =) _ 197 3 mWt,and this gives in 8p the term _ i∣ 74 mie't,so that, restoring the term in m2, and the common factor f', the complete secular term of 8ρ is δp = (3m2-∙⅛^w4)e∕,i,which, as will be shown, Art. IV., agrees with Prof. Adams’ result.Resuming now the equation,

the part - - ⅜⅛ contains (see Annex 22) the term 
r p at (19.73 + 275 =) 2523 rn4∏e't,and the part (c + J 8Qdt^ contains (see Annex 23) the term 

(⅜⅛ _ J-45 4 =) _ 1274 mine't,

so that we have in -j- the term dt
(i^-i^=)^m*ne't,
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536 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221giving in δv the term AŁLL minet2,or, restoring the term in m2 and the common factor f', the complete secular term of δy is
8v = (— j m2 + 3∙⅛∕ mi) nef't2,which agrees with the value obtained by Prof. Adams. It is right to remark that the m of Prof. Adams is different from that of the present Memoir ; we have in fact,

m (Adams) = wι {1 + (j wa — ¾p- wι4) 2e'f't}in the notation of the present Memoir ; but as f'2 is throughout neglected, we may in the foregoing expression of the secular part of δy substitute the m of Prof. Adams. And then if the term be written in the form
8v = (— j m? + ¾ι m2) j [(e' + ft)2 — e'2] ndt,

the two results are seen to agree together. But as regards the before-mentioned secular term, δp = (j m2 - ⅛73 e'f't,the identification is less easy, and I shall consider it in the following article.
IV.It will be convenient to write M, N, A, E', in place of the m, n, a, e', of the foregoing part of the present Memoir, and to now use m, n, e', in the significations in which they are employed by Prof. Adams ; E' (the constant part of the solar eccentricity) is his E,, and his e' is E' + ft. As to his symbols a, a,, these, I think, ought to have been represented, and I shall here represent them by a, az(1). And I take a such that n2a? = Sum of the masses of the Earth and Moon ; or, taking this to be unity, we have A2A3=1, n2cd= 1.The formulæ of Prof. Adams’ memoir, which it will be necessary to make use of, may be written = 1 — -1π1- m2 — -2τ⅞1- mie'2— j m2e cos g'

+ m2 — jm2e2 „ 2τ+ j m2e' „ 2τ — g'

— ⅜ m2e' „ 2r + g'

1 Plana, in his Lunar Theory, uses the three letters a, a/} a ; his a and n being such that n2di = Sum 
of the masses of the Earth and Moon. There is an obvious inconvenience in writing a, al, in the place of 
his a, a,.
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221] ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. 537 the sine terms being disregarded,
n = N {1 + (— ⅜ m2 + ¾1 mi) 2E'f't},(whence also
m = M {1 + ( f m2 — ¾p- mi) 2Ef't∖

n, μ N\ since m = — , Al = ,r).n N - = a^{l + m2-1gfmi + ( j wι2 — ∙⅛f1'77i4) e'2},
1 = — {1 — ⅜ m2 + -⅛3- mi + (-⅜m2 + -∣∣∙1 mA) e'2}, a∕which formulæ (observing that + - = lead to the value of 8p, and we should obtainfor the secular part the foregoing expression, which will now be

8p = (j M2 - ⅛p Mi) Eft.We in fact have 1 = a® = a § ί 1 + m2 - W w4 + ( j m2 - ⅛∣∑ w4) e'2}, 
n land thence α = az {1 + j m2 - ⅛9f ∞4 + ( m2- ⅛F m4) e'2 — ⅜ (w4 + 3 w⅛4 e'2)}= az itl + j w2 — jjj m4 + ( m2 — a∙ffa w4) e'2] ;but 1 = - [1 — j m2 + ⅛3- m4 + (-1 m2 + ¾∣1∙ m4) e'2],azand therefore a =a {1 + jm2-⅝j⅛^4 + ( m2-fP-mi)e2 - ⅜τn2+ ⅞3- m4 - ⅜ mi e'2— f mi + (— I m2 + 5∙ff1 m4) e'2 

— ⅜ mi e'2∖= a {1+⅛w2 +j⅛jw4 + ( ⅛ m2 + ⅜⅞1∕ w4)e'2} ; and hence, since for the non-periodic part
= i - V ∞2 - -t⅛l mie'2,C. III. 68
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538 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221 

we find - = 1 + ∣ τn2 +f∣∣ mi + (∣ m2 + mi) e'2— H w4 — ∙¾¾Λ m4 e'2= 1 + ∣ m2 — ∣∣∣ m4 + (∣ m2 — ∣∣∣ ra4) e'2= 1 +1 m2 — H∣ m4 -t- (∣ τn2 — ∣∣∣ m4) E'2 + (J m2 —∣∣∣ m4) 2E'f't.But I = (y)i =1 + (- ∞s + a⅛P ∞*) 2A7'i ; 
and therefore ^ = 1+⅛w2-⅛∣∣m4 + (∣w2-∣∣jm4)^,2 + ( ⅛ m2 - fjj m4) 2E'f't + (- w2 + A∣∣i w4) 2^∕'Z— I to4. 2E,f't= 1 + £ m4 — HI m4 + (∣to2 —f∣∣ to4) E'2 + (— ∣ to2 + ^∣∣z∙ to4) 2E'f't.But we have

m = M {1 + (j M2 - ¾ι M4) 2E'f't} ; and thence in the foregoing expressionto2 = df2 + 3Λf4.2E,ft, 

mi = Mi ;and therefore ^ = l + ⅜>2-∣∣∣Ai4 + (⅜J∕2-∣∣∣J∕4)^'2 + (-f M2 + ^M4) 2E'ft 

+ ⅜ M4.2E'f't

= l+⅛M2-^M4 + (½M2-^M4)E'2 + (-lM2 + ^M4)2Ef't-,and observing that in the periodic terms we may write A, in the place of a, and neglect the sine terms, we have∣ = 0^=ι-1∙⅜^-iHΛf*+(i^-+ (- } Jp + 2jω jf.) 2Æ/'i — I m2e' cos g'+ to2 (1 — f e'2) „ 2τ+ ∣w2e' „ 2τ-g,

- ⅜ m2e' „ 2τ + g',
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221] ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. 539say —--κ- = 1 + X ; and thence p + δp = 1—ι-~ = 1 — X + X2, the non-periodic part 
p + op 1 + A ∙whereof is 1 - ⅜ M2 +1⅝∣ M4 + (- ⅛ M2 + f∣j M4) E'2 + ( j M2 - jp) %Ef't 

+ ⅛ Mi + ⅛ M4 E'2 + I M4.2Ef,t+ ⅜ . I mie'2
+ ∣ mi (1 — 5e'2)
+ ⅜ . ⅜θ- mie'2 
+ ⅜ . ⅛ mie'2,where the terms in m,i and τn4e'2 are
= ⅜ rri + (j - ∣ + + ⅜ =) ⅞θ- wι4e'2,which are
= ⅜ M4 + ⅜* MiE2 + ⅜9- Mi.2Ef,t ;so that the foregoing expression of the non-periodic part of p + δp is= ι -⅛J∕2 + ( ⅛⅝∣ +⅛+⅜=) F⅜j^4+ (-⅛^2 + ( ⅜⅞j+⅛ + ^=) W^4)P'2

+ ( %M2 + (-^-½ + ^=)-^M4)2E'ft-,or the secular term of δp is
= (%M2-^M4) 2Ef't,which is the required formula.

V.It is interesting to see how the coefficient a⅞p∙ is made up. In Prof. Adams’ Memoir we have⅜F-= — j — î (=- I )+ ⅛5-+⅛5--1F + U⅞-W1-<-⅛-W-⅜⅞ (=-*H1)
V-W + ^F-^F-i + ^ + ^ + i + i (= + ⅜F)>where it may be remarked that the termsF∣-⅜8∕=(- ⅛⅛5-)and -¾5- + ^F = (+4∙W)make together 3.⅛θ∕ = ¾⅞5-, and that it is in fact by the addition of these terms that Plana’s coefficient ⅛⅛- is changed into ¾1.

68—2
www.rcin.org.pl



540 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221But in the present Memoir the coefficient is obtained by means of an entirely different set of component numbers, viz. we have
3 7 71 _ _ 381 ι 495 ι 15. -L 547. ι 1455 _ .6 75 ι .2 75. ι 45 _ 145.5 

^ G^-l ~ P-y2-^r 4 τ 52 16 32 ■ ΠΓτ Tff 64 ,I had imagined, from the way in which the numbers i∣⅜a - 1⅜τ5^ presented themselves, that, if they were omitted, Plana’s value ¾⅜7- would have been obtained ; but the result shows that this is not so.As just deduced from the formula of Prof. Adams, the number 1⅜4~ is obtained as follows, viz.⅛μ=(-suι-i)-i-ι+(⅛p+i)-i-w+¾ι-i-i+i-⅛
=—l—⅜-⅜ + f-⅜-⅜-⅜÷i (=-1)

I 3153 _ 20 1 3 9
ι 64 Iff 8 ’where ut supra V-W + 2F-Ui-i+ii1 + ⅛1 + l + l!J— ⅜4 is a number occurring in his Memoir, and which is in effect obtained irrespectively of the new periodic terms, and — ⅞- is a number obtained as above, irrespectively of the new periodic terms. According to the method of the present Memoir, the number 1f⅛- was obtained in the form

197 3 _ _ 1 /381 — 495 _ .15 _ 6 4 7. _ 1455 + 67_5\
2 32 4 32 Tff r 3 2 ∕,

VI.If the investigation were pursued further, a question would arise as to the proper form to be given to the arguments ; for in these, nt A e seems to stand in the place of υ, the value whereof is
v = ntAe — (I w2 — a j∣1 τn4) ne ft2,say v — nt + e + kne'f't2, and it might be considered that in the arguments nt A e should be changed into nt + e + kne,f,t2, or, what is the same thing, that τ should be changed into τ ÷ kneft2, but that g, should remain unaltered (this assumes that there is not in the Sun’s longitude any term corresponding to the acceleration). The arguments, instead of being of the simple form kt, would thus be of the form kt + k2f,t2. But this would not only increase the difficulty of integration, but would be inconsistent with the general plan of the solution ; and it would seem to be the proper course to imagine thecosine or sine of such an argument to be developed ( C?S kt Ak2f,t2- kt + k2f't2 Sm&Z] ∖sιn , sm cos ∕in such manner as to bring the secular part of the argument outside the cos or sin ; this is, in fact, the form which the solution takes when the arguments are left throughout in their original form, for the terms of the form f't2 c.os arg. would presentthemselves in the subsequent approximations. But I shall not at present further examine the question.
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221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 541

Annexes containing the Details of the Calculation.

Annex 1.
Calculation of part of δP.

8P = -,3 ( j + j cos 2υ — 2√) 8p
P

+ -⅛-3 ( — 3 sin 2υ — 2√) 8v.

For cos2t∣- 2√, sin2-y- 2v', see Annex 3.

⅜ +1 cos 2υ — 2v' = ~⅛ =

⅜ 1
+1 cos 2τ +3 e' cos g'.
+ 3 e' „ 2τ- g'
— 3 e' „ 2τ + g’

Product is =
⅜ + je' cos#'

+ j cos 2τ +∣ e' (⅜ cos 2τ — g' + j cos 2τ + #') 
+ 3e' „ 2τ-#'

- 3e' „ 2τ+g

⅛
+ je' cos g,

+ I „ 2τ

(+3 + ∣=) + ⅛e' „ 2τ-#'

(-3 + j=) -∣e' „ 2t+#',

which is the coefficient of 8p.

And
1

— 3 sin 2v — 2v' = ~⅛-

— 3 sin 2τ 1
— 6 e' „ 2τ — #' + 3 e' cos g'.

+ 6 e' „ 2τ + g'
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[221542 ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION.Product is = — 3 sin 2τ — 9 é (⅜ sin 2τ — g' + ⅛ sin 2τ + g')

-6e' „ 2τ-g'+ 6 e' „ 2τ + g'= — 3 sin 2τ(-6-∣=) -⅜te' „ 2τ-√(+ 6 -1 =) + ∣ e' „ 2τ + g, ;or, since p = 1, this is the coefficient of δv.

Annex 2.Calculation of part of δQ.
δQ = ∙⅞ (— 3sin 2υ — 2v) 8p

+ (— 3 cos 2v — 2√) 8v.pi ∖For cos 2v — 2v', sin 2v — 2v', see Annex 3.— 3 sin 2v — 2v' = À =P— 3 sin 2τ 1— 6 e’ „ 2τ —g' + 3 e' cos g,.— 6 e' „ 2τ + g’Product is = — 3 sin 2τ — 9e,(⅛ sin 2τ- <7' + ⅛sin 2τ + g')

— 6 e' i, 2τ-g'

-÷ 6 e' „ 2τ + g'= — 3 sin 2τ(-6-∣=) -⅛e' „ 2τ-∕(+6-j=) + I e' „ 2r+g'or, since p = 1, this is the coefficient of δρ.— 3 cos 2v — 2v' = -7τ =.p3— 3 cos 2τ 1— 6 e „ 2r — g + 3 e' cos g'.

A 6 e' „ 2τ + g

www.rcin.org.pl



543221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 

Product is =
— 3 cos 2τ — 9e' (⅜ cos 2r — g' + ⅜ cos 2τ + g')

- 6 e' „ 2τ — g'

+ 6 e' „ 2τ+g,

= — 3 cos 2τ

(-6-∣=) -⅛e' „ 2τ-g'

(+ 6 - j =) + I e' „ 2τ + g' ;

or, since p2 = 1, this is the coefficient of δv.

Annex 3.

Calculation of °?S 2υ — 2v'. 
sin

v — υ' = τ — 2e' sin g'

2v — 2υ' = 2τ — e' sin g'

cos 2υ — 2v' = cos 2τ

+ sin 2τ. 4e' sin g'

= cos 2τ

+ 2e' „ 2τ — g’

~ 2e' „ 2τ g'

sin 2v — 2υ' = sin 2τ

— cos 2τ. 4>e' sin g'

= sin 2τ

+ 2e' „ 2τ-g'

- 2e' „ 2τ + g'.

The expressions are calculated (post, Annex 16) as far as m2.

Annex 4.

Calculation of a part of 8P.

8P = p ∣(⅜ + j cos 2υ — 2υ') δ + (3 sin 2υ — 2v') ∣.

For cos 2v — 2v', sin 2v — 2v', see Annex 3.
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544 ON THE SECULAR ACCELERATION OF THE MOONS MEAN MOTION. [221

⅜ + ⅜ cos 2v — 2υ' = i δ -⅛ =
\ P

⅛ 3 e' t

+ f cos 2τ + 3 t cos g,

+ 3 e' „ 2τ-g' + 9 e' „ 2g'.

- 3 e' „ 2τ + g'

Product is =
je' t

+ j e' t cos 2r 
+ I „ 9
+ ∣ (j t cos 2τ — g' + ⅜ t cos 2τ + g' )

÷ θ e' (⅛ „ 2τ — 2g' + ⅜ „ 2τ )
- 9 e' (⅜ „ 2τ + ⅜ „ 2τ + 2g')

+ ∙∣ e' t cos 2g,

+ ⅞7^ e' (⅜ i cθs 2τ — 2g' + ⅜ t cos 2τ + 2g'),

which is =
I e' t

+ f t cos g’

(∣÷∣-∣=)÷je „ 2τ+ 1 » 2τ- g'
+ ∣ „ 2τ+y'
+ j e' „ 2g'

( i+¾7-=) +⅜5-e' „ 2τ-2g'

(-∣ + V-=) + Î e' 2τ + ¾∕

δv'3 sin 2υ - 2v' = =
P3

3 sin 2τ 2 t sin g'

+ 6«' „ 2τ-√ + ⅛e' „ 2/.
- 6 e' „ 2τ + g’

Product is =
6 (⅜ t cos 2τ — ∕ — ⅛ ί cos 2τ + g' )

+ 12 e' (⅜ „ 2τ - 2√ -J „ 2τ )

- 12 e' (⅜ „ 2τ - ⅛ „ 2τ + 2√)

+ ⅛ie'(A 2τ-2√ -⅜ „ 2τ + 2√),
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221] ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. 545which is = (— 6 — 6 =) —12 e t cos 2τ+ 3 „ 2τ-y'- 3 „ 2τ + y'(6 + ⅞4=) + ⅞7-e' „ 2τ-2y'(6-⅞a=) — f e' „ 2τ + 2y',whence, adding the two products, and observing that p2 = 1, the required terms arc j e' t+ j t cos g'

(j-12=) -V-e' „ 2τ(∣+3=) + ⅞1- „ 2τ-y'(∣-3=) - f 2r + y'+ j e' „ 2g'(¥+¥=) +⅛e, „ 2τ-2g'(⅜-¾=) 0 » 2τ + 2y'.
Annex 5.Calculation of a part of 8Q, viz.~ 1 5∖ ,-I

SQ = p2 (_ j sin 2v — 2√) δ — + (3 cos 2v — 2υ') ~ ,
P P J— j sin 2-y — 2√ = δ -⅞ =— j sin 2τ 3 e' t

- 3 e' „ 2r-g' +3 t cos g'

+ 3 e' „ 2τ + g' + 9 e' „ 2g'.Product is - j e' t sin 2τ- j ( j t sin 2τ + g' + ⅜ ί sin 2τ - g' )- 9 e'(⅜ „ 2τ + ⅜ „ 2τ-2y')+ 9 e' (⅜ „ 2τ + 2g' + j „ 2τ )- ⅞7- e' (⅛ „ 2τ + 2g' + ⅜ „ 2τ — 2y'),
c. hi. θ 9
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546 ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. [221which is = (-∣-9 + 9=) -je' ί sin 2τ
- ł » 2τ-√- f „ 2r +g'(-∣-⅞7-=) » 2τ-2y'(+f-¾7-=) "le' » 2t + 2√5and

o n zcos 2v — 2v = =P33 cos 2t 2 i sin g,+ 6 e' „ 2τ-y'
— 6 e' „ 2τ + √ +γβ' ” 2g'∙Product is 6 (⅜ i sin 2τ + 2<∕ — ⅛ i sin 2τ— g’ )

+ 12e'(⅜ ,, 2τ -i ,, 2τ-2√)-12e'(⅜ ,, 2τ + 2√ - i ,, 2τ )+ ⅞3-e'(⅛ ,, 2τ + 2g' -} ,, 2τ - 2g'),which is = (6 + 6 =) 12 e' t sin 2τ- 3 „ 2τ-y'+ 3 „ 2τ + y'
(-6-⅛=) -⅛e' ,, 2τ-2y'
(-6 + V=) + j e' „ 2τ + 2y'.Adding the two products together, and observing that p2 = l, the required terms are (— j + 12 =) V e' t sin 2τ (— I - 3 =) — V „ 2τ — g(- j + 3 =) + f „ 2τ+y'(-V-⅞7-=) -⅜e' „ 2r-2g'(- I + I =) 0 » 2τ+2g'.

Annex 6.Calculation of terms in 8P, viz.
n~1 ×. z---------- ∙λ----------~S— 3 sin 2τ — 3 cos g

— e t> 2,τ — g — j e „ 2y ;+ I e' „ 2τ + g'
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221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 547the product of which is 9 (⅜ sin 2τ+∕ + ⅜ sin 2τ - g' )+ V*'(⅛ „ 2τ +⅜ „ 2τ-2√)~ ł e' (⅜ » 2τ + 2y + ⅜ „ 2τ )+ V√(⅜ „ 2τ+2√ +⅜ „ 2τ-2√),which is =
n~1 ×(¾a -1 =) ⅛e' "sin 2τ'+ ⅜ »+ I „ 2τ + g'

(⅞3-+⅞7=) ÷W „ 2t-2√(-∣ + V=) + ∣ e' „ 2τ+2√.
Annex 7.Calculation of terms in δQ, viz.

n~x ×X-----------A---------- ,s— 3 cos 2τ — 3 cos g'- ⅞1^ e „ 2τ — <7 — I e >, 2<∕ ;+ I e' „ 2τ + √the product of which is 9 (⅜ cos 2τ —g' + ⅜ cos 2τ + g' )

+ ¥ e' (⅜ „ 2τ - 2g' + ⅜ „ 2τ )— I e' (⅜ » 2τ + ⅛ „ 2τ + 2^')
+ ⅞7 e' (⅛ » %t + ⅜ ” 2τ + 2g'),which is =

n~1 ×( V - I =) ¥ e' cos 2τ+ f „ 2τ — g+ 1 j, 2τ+y( ¥ + ¥=) +ψe' „ 2τ-2√( î+¥=) + I e' „ 2τ+2g'.
69—2
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548 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221
Annex 8.Calculation of n f 8Qdt.

We have f 1 1 .n sin nat dt =----ί cos nat H----- sm nat,J a na( cos nat dt= — sin nat,
J naand in all the arguments a is taken = 2.

n~1 ×
n j 8Qdt = -^- e' t cos 2τ (+ ⅛a+ ¥ =) + ⅞a e' sin 2?+ ⅞l „ 2τ — gf (— f⅜ + f =) + ⅜f » 2τ — g-⅛ „ 2τ+y' (+⅛+i=) + Ił » 2τ + y'

+ -⅞te' „ 2τ-2y, (- ⅞1∙ + -11r63 =) + ⅞⅜ e' „ 2τ-g'0 „ 2τ + 2y' ( 0 + τ⅜ =) + ⅛ » 2τ + 2y'.
Annex 9.

Calculation of 8P + 2n ∣ 8Qdt; viz. this is 
I e' t
, . ∕ n~1 ×⅜ t COS g r----------->---------- s— 15 e' „ 2τ (+¥+¥=) ÷1Pe' sin 2τ(+⅜t + ⅛ι=) + ⅛ „ 2τ-g' (+ Ï +⅛=) + V „ 2τ-<z'

(_}_J=) _j „ 2τ + ∕ (+ ⅛ +¾i=) + ⅞3 „ 2τ + √(+ ⅞ + 0 =) + j e' „2/ ( 0 + 0 =) 0 „ 2/(+⅛ + ⅛=) + 51 e' „ 2τ-2√ (+1F + ⅛=) + ¥ e' „ 2τ-2sr'(0 + 0=) 0 „ 2τ + 2∕ (+∣+{=)+ji, „ 2τ + 2√.
Annex 10.Calculation of 8p from the equation

+ n2dp = w2n2 (δP + 2nf δQ dt} .
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221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 549

τ d2δp . . . csIn + w2δp, a term n2t cos na,t, gives in ôp,1 , 2α 1 .j—-J5t cos mt + - sin mt ;and a term wsinwαi, gives in δp, 1 1... 2 - sin nat,1 — α2 nand α = 2, and therefore - 2 = — ⅜, for all the args. except g', 2g, : for these, a = m or 2m,and therefore _ * - _ = 1.1 — α2
8p— ∣ m2e, t n~1 ×

,S------------ κ---------- X+ ∣ m2 t cos g' (+ .3 =) + 3 w⅛3 sin g'+ 5 m?e' „ 2τ (— ¾0- — ⅜l =) — ^τθ^∙ m2e, „ 2τ- I w2 „ 2τ-√ (+^4_i7=) + 6i w2 » 2τ-g,+ ⅜∞2 „ 2τ+√ (- ⅜ ~⅞F=) - f⅛ » 2τ+√+ I m2e' „ 2g' (+ 18 + 0 =) + 18 m3e' „ 2g,—17m2e' „ 2τ-2g' (+⅛ + ⅛7-=) + &£ m2e, „ 2τ-2g0 „ 2τ + 2/ ( 0 - I =) - I m2e' „ 2τ + 2g,.

Annex 11.Calculation of ~ ; viz. this is dt

= — 2n δp + m2n2 [ 8Q dt.

dδv _
dt ~ n ×(—3 =) — 3 m2e, t(-3 =) - 3 m2 t cos g' (-6 =) - 6 m3 sin g'(-10-J∕=) - m2e' „ 2τ (+jT+τr=) + 1⅛iZm2e' „ 2τ(+ 7 +⅞t=) + ⅞7- m2 „ 2τ-g' (-⅜⅜+l⅞=) ~ j⅛a » 2τ-∕(-l-∣=) - ⅛- m2 „ 2r + g' (+⅜⅛+⅜∣=) + ¾st » 2τ + d'(_ 9 + 0 =) _9 m2e' „ 2g' (- 36 + 0 =) - 36 m3e „ 2g'(+34+V=) +1⅜2-m2e' „ 2τ-2g' (-^+∣⅜=) -±joιm2e' „ 2τ-2g'( 0+0 ) 0 „ 2τ + 2g' (+ ⅛ +τ¾=) „ 2τ + 2g'.
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550 ON THE SECULAR ACCELERATION OF THE M00N⅛ MEAN MOTION. [221
Annex 12.

d8vCalculation of 8v from the foregoing value of .
We have

r 1.1n cos nat dt = -t sm nat -1—- cos nat,J a na~

I sin nat dt = ------ cos nat ;
J na

a = 2 for all the arguments, except only a = m, 2m, for the arguments g', 2g,, respectively.
bv= — j nι2ne' t2

+ n~1 ×- 3m t sin g' (— + 3 — 3 + 6 w2 cos y⅛,- V m2e, „ 2τ (- jj -jM⅛a=) - ¥ ^2 e „ 2τ+ ∣∣ m2 „ 2τ—y (÷ ⅛⅜ ÷ ⅛¾θ =) + ¾1si w,2 » 2τ ~ 9- ⅛ m2 „ 2τ + y' (- ⅜⅜ - ⅛8<r =) - ⅞⅛- » 2τ+y'
- i me' „ 2g' (- + + 18 =) (“ Î + 1S∞1X' ,∙ 2/+ A∣i∞⅝' „ 2r-2g' (+-i⅛ + ι⅜oι=) + ⅛⅞> m3 e' „ 2τ-2√0 „ 2τ+2<∕ ( 0 - f⅜ =) - ∣∣ ∞s e' ,. 2τ + 2√.The remaining Annexes relate to the determination of the non-periodic or secular terms of the order m4, in 8ρ and 8v respectively.

Annex 13.Calculation of term of [n2 + — 3 δp.

We have
o 2n2 o (dv∖2 ∖ s,t+y-3Ul = ∖ sp =

n2 ×(l + 2 + τn2-3=) m2 j m2e' t(- 9 + 18 =) + 9 m2e, cos g' + § m2 t cos g'(+ 6 - 4j =) - ⅞l m2 „ 2τ +5 m2e' „ 2τ(+21-*ji=) - 1⅛l m2e' „ 2τ-g' - ∣ m2 „ 2τ-g'(- 3 + ¾3- =) + ¾,- m2e' „ 2τ + y' + ⅜ m2 „ 2τ + y'+ &c.
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221] ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 551where, in the second factor, the arguments not occurring in the first factor are omitted, as not giving rise to any non-periodic term ; and so in other similar cases. Hence term of product is
min2e't 1 . j+ ⅜ ∙ 9 ∙ I+ ⅛ . . 5+ ⅜ . -1F ∙- I+ ⅜ ∙ ¥ ∙ ⅛= ( j +¥ - + 1τF+f ⅛ =) + -∣1 ™ W t∙

Annex 14.Calculation of term of m2n28P. 

m2n28P, the part involving 8v is
8υ =

m2n2 × « . , ∙z---------- ---------- s — 3m ί sm y- 3 sin 2τ - V ™?e' „ 2τ
~ ¥ e' » ^τ-g' + ∣7m2 „ 2τ-y'+ j e' „ 2τ + y' - ⅛⅜m2 „ 2τ+y'+ &c.and term of the product is

min2e't ⅜ . — 3 . — ¥+ i ∙ - V ∙ ft ÷ ⅜ ∙ i∙-τ⅜= (W - ∙4F - Ü =) - ⅜θ∕
< Annex 15.Calculation of term of m2n28P. 

m2n28P, the term involving 8p is
m2n2 × 8p =⅜ j m2e' t+ j e' cos y' + j m2 t cos y'+ j „ 2τ +5 m2e' „ 2τ

+ ¥ q' „ 2τ-g' - ⅛m2 „ 2τ - g
- ½ e' „ 2τ + g' + ⅜m2 „ 2τ + g'+ &c.
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and term of the product is

min2e't ⅜ . f
÷ ⅜ ∙ ł ∙ I
+ ⅜ ∙ i . 5

+ ⅜ ∙ ⅞l ∙ — ⅞
+ ⅜ ∙ - 4 ∙ I

= (I+1+⅞5- - Mr - A =) - ¥ mi^e' t∙

Annex 16.
COSCalculation of . 2υ — 2υ', as far as m2. sin

cos 2v — 2v' = cos 2τ + X = cos 2r
— X sin 2r 
— ⅜ JΓ2 cos 2τ,

sin 2v — 2v' = sin 2τ + X = sin 2r
+ X cos 2τ

⅜ X2 sin 2τ,
where

X = — (4 + Qni) e sin g,

+ ⅛1- m2 „ 2τ
+ ^-m2e' „ 2τ-g'

--i∕m2e' „ 2τ+g',
and thence

X sin 2τ = — (4 + 6 m) e, (⅛ cos 2τ — g' — ⅜ cos 2τ + g')

+ -⅛t m2 (⅜ — ⅛ „ 4τ )

+ ⅞7- m2e' (⅛cos∕ - ⅜ „ 4τ-∕)

- ⅛ m2e' (⅜ „ g' - ⅜ „ 4τ+∕),
which is = ⅜t rm2

(τ⅜-τ⅛=) +⅞3-w2e' cos g'
- (2+ 3 m)e' „ 2τ-g'

+ (2+ 3 m)e' „ 2τ+g'

— ⅛∙ m2 „ 4τ

- ∣∣ m2e' „ 4τ - g'+ fl m2e' „ 4τ + g' ;
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X cos 2τ = — (4 + 6 m) e' (⅜ sin 2τ + g' — ⅜ sin 2τ — g')+ v ™2 (⅜ „ 4τ )+ ⅞7-τn2e' (⅜ „ 4τ-√ - ⅜ „ g' )- -⅛1-τn2e' (⅛ „ 4τ+∕ - ⅜ „ g' ),which is = (-τ⅝-⅛⅜=) ⅛1-w2e' sin g'+ (2 + 3 fit) e „ 2τ — g— (2 + 3 τη) e' „ 2τ — g'+ -1g1- τn2 „ 4τ+ {∣ τn2 e' „ 4τ - g'— ⅛ τn2 e' „ 4>τ + g' ;we have, moreover,
X2 = — 2 (4 + 6τn) e' sin g' . -141- τn2 sin 2τ= — 22 τn2e' (⅜ cos 2τ-g, — ⅛ cos 2τ + g') = — 11 m2e' cos 2τ — g'+ 11 τn2e' „ 2τ — g',and thence
X2 cos 2τ = — 11 τn2e' (⅜cos4τ-g' + ⅜ cos//)+ llτn2e'(⅜ „ 4τ + ^' + ⅜ „ g')

= (-¥ + ¥=) 0 cθs 9'— -⅛1- τn2e' „ 4τ — g'

+ m2e' „ 4τ+g'",and
X2 sin 2τ = — 11 m2e' (⅛ sin 4τ — g' + ⅜ sin g')— 11 τn2e' (⅛ „ 4τ+g, + ⅛ „ g')— igL--U=)-11 m2 e' sin y— JJ- zn2 e' „ 4τ - g'

+ ⅛1- m2 e' „ 4τ + g' ;and thencecos 2v — 2v' = — ⅛1- m>2+ 1 cos 2τ_ ¾⅛ .m2 e' f g'+ (2 + 3 m) e' „ 2τ - g'— (2 + 3 m) e' „ 2τ + g'+ ⅛1- τn2 „ 4τ
(+H + ⅛=s) + ⅛⅜1-τn2e' „ 4>τ-g'(-⅛⅜-141-=) -⅝m2e' „ 4τ + g'∖
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554 ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. [221and sin 2v -2υ' = 1 sin 2τ(-¥ + ¥=) O ™?e' „ g'+ (2+ 3 m)e' „ 2t — g'— (2+ 3 m)e' „ 2τ + g'+ ⅛1- m2 „ 4t
( τ⅞ + V=) + ¾3-m2e' „ 4>τ-g'

(-¥“¥=) ~⅛m2e' „ 4<τ + g'.

Annex 17.
Calculation of term in 8Q.

p2The part of 8Q containing 8v is ∙i⅞ (— 3 cos 2v — 2√) 8υ ; and it is necessary to find in 
P

~τ3 (— 3 cos 2υ — 2v') the coefficient of cos g' as far as m2 ; this is in fact required, post 
PAnnex 21, for the calculation of m2n2 (θ+j^δQ dtj .

ρ2 = 1-15m2 J__ ]+ 3 m2e' cos g' + 3 e' cos g'
— 2 m? „ 2τ— 7 m?e' „ 2τ-g'+ 1 m2e' „ 2τ + g'

and thencen2-⅞ = — 3 cos 2v — 2υ' =
P3

1 — j m? -3g3- to2÷ (3 + 2 m?) e' cos g' + V m? e' cos g'

-2 m? „ 2τ - 3 „ 2τ(-7-⅜.2.3=) -10m2e' „ 2τ-g' - (6 + 9 m) e' „ 2τ-g'(+1 — ⅜ ∙ 2.3 =) — 2 m? e' ,, 2τ + g' + (6 + 9 m) e' „ 2τ + g'&c.
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ON THE SECULAR ACCELERATION OF THE MOON⅛ MEAN MOTION. 555where, in the second column, the omitted terms have arguments containing 4τ, and consequently, do not, by combination with the first column, give rise to any term with the argument g'. The term arg. g' arises from the combinations⅛ w2 . 3e' cos g'

+ ⅛θ- m2e' .1 „ g'- 3 . — 10 m2e' (cos 2τ cos 2τ — g’ = ⅜ cos 4τ — g' + ⅜ cos g')- 3 . - 2 m2e' ( „ 2τ „ 2τ + g’ = ⅜ „ 4τ + g' + ⅛ „ g')

- 6 e' . - 2 m2 ( „ 2τ „ 2τ-g' = ⅛ „ 4τ - g' + ⅜ „ g')+ 6 e' . - 2 m2 ( „ 2τ „ 2τ + g' = ⅜ „ 4τ + g' + ⅛ „ g')

so that the required term is(^ + ¾9 + i5 + 3 + 6-6=) + w2e'cos√,and annexing this to the terms found Annex 2, the part of 8Q which contains 8v is
1+1- m2e' cos g'-3 » 2τ

8v.- V- e' „ 2r-g'+ I e' „ 2τ + g'

Annex 18.Calculation of term of m2n28P.The part of 8P involving 8v' and 8p' is 1 8vf~
8P = p (⅜ +1 cos 2υ - 2v') δ -3 + (3 sin 2v - 2v') -s ;

L P P -

P= ⅜ + I cos 2v - 2√ = 8 jr3 =

l-⅜m2 ⅜-τi^2 3 e' t+ I m2e' cos g' -⅝m2e' cos g' + 3 i cos 2g,

- m2 „ 2τ + ∣ „ 2τ +9 e' „ 2g'

-⅛m2e' „ 2τ-g' + (3 + jw)e' „ 2τ-g'

+ ⅛m2e' „ 2τ+g' -(3 + jw)e' „ 2τ+√+ &c. 70—2
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556 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221where, in the second factor, the terms belonging to the arguments which contain 4r (i. e. the arguments 4r, 4τ — g', 4τ + g') are omitted. In fact, the terms in question would, in the product of the second and third factors, give rise to terms with arguments containing 4τ, and as there are no süch terms in the first factor, there is no resulting- secular term.The product of the second and third factors is(⅜ - τi ™2) e' t + (⅜ - τi ™2) t cos 9'+ j e' „ 2τ
— m2 d (⅜ t + ⅛ £ cos 2g' )+ f (⅛ t cos 2τ - g' + ⅜ „ 2τ + g' )

+ (9 + m) e' (⅜ £ „ 2τ — 2g' + ⅜ „ 2τ )- (9 + tym)e' (⅜ „ 2τ + 2g' + ⅜ „ 2τ )+ (9-¾7w2)√ t „ 2g'

+e' (⅜ £ » 2τ — 2g' ÷ ⅜ £ „ 2τ + %g'),and we may in this product omit the terms with arguments containing 2g', since the first factor does not contain any such term. The product then is(-fi-W = -W) (l-W™2)*' ∙*+ (i - τl w,2) £ cos 9'

((f + i-∣)β' + (V-V)∞e'=) + ⅞ V .. 2τ+ Î 2τ-√+ f » 2τ + g', ∖which is to be multiplied by the first factor, p, and the whole by the factor m2n2.The term in the product is
m2n2e't (∣ — ¾5∙ m2) (1 — ⅜ m2)+ ⅜ ∙ I ∙ I ™2+ ⅜ . I . - m2+ ⅜ . I . - ⅜ τn2+ ⅜ . I . ⅜wι2,giving the term ⅜m2n2e't, which was found above, Annex 9, and the new terms

www.rcin.org.pl



221] ON THE SECULAR ACCELERATION OF THE MOONS MEAN MOTION. 557The term of the part containing δυ' is found to be = 0 ; in fact we have

where in the second factor the terms with arguments containing 4τ are for the before- mentioned reason omitted.The product of the second and third factors is6 (⅜ t cos 2τ — g' -⅛ i cos 2τ + g' )+ (12 + 18m)e'(⅛ „ 2τ-2g' - ⅜ „ 2τ )- (12 + 18 m) e' (⅜ „ 2τ - ⅜ „ 2τ + 2∕)+ ¥ e' (⅜ » 2τ ~ 2√ - ⅜ » 2τ + 2√)which, omitting the terms with arguments containing 2g', is— (6 + 9m + 6 + 9m) = — (12 + 18w) e' t cos 2τ+ 3 „ 2τ-g'~ 3 „ 2τ+∕which is to be multiplied by the first factor, p, and the whole by m2n2. The term is
min2e' t. ⅛ . — 12 . — 1+ ⅜ ∙ 3 . - ⅝+ ⅜ . - 3 . ⅜which is (θ — ¥ — f =) 0 w4n2 e' t.Hence the entire term in question is the before-mentioned value 

— ¾7- mirii e' t.

Annex 19.
Calculation of term in m2n2 -

p= 3 sin 2v — 2υ' = δw _p31 — ⅜ rm2 3 sin 2τ 2 t sin g'

+ ∣ m2e' cos g' + (6 + 9 m) e' „ 2τ — g' + ⅛1- e „ 2g'

— m2 „ 2τ — (6 + 9 m) e' „ 2τ + g'— I m2e' „ 2τ — g' &c.+ I m2e' „ 2τ + g'

www.rcin.org.pl



558 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221We have
ρδ = mw{θ+fsQdt) =

n × η ×Ζ-------- Λ-------- s z-------- Λ--------s2 + ⅜ m2 — J¾js mie' t— 9 m2e' cos g' 0 t cos g'+ ⅛5- w2 „ 2τ - ¼ m2 „ 2τ+ ∙1∣δ m2e' „ 2τ — g' + ⅜1^ m2 » 2τ — g'
— ¥ m2e' „ 2τ + g' — ∙j m2 ,, . 2τ — g'See post Annex 20. For the term — t see post Annex 21.

The term in the product therefore is
min2e t. 2 . — - j ¥+ ⅜ ∙ ¥-·--¥+ i ∙ 1⅜s ■ - ⅝l

+ i∙- V∙ îwhich is =(2∙ += (2 . - w + W =) - min^e' t∙

Annex 20.
Calculation of - .

p atWe have
dv _ 2 _
dt p

n ×
S------- Λ------1 2 + I m2— 3 m2e' cos g' — 3 m2e' cos y'+ V m2e' „ 2τ +2 m2 „ 2τ+ V w-2e' » 2τ — y' +7 m2e' „ 2τ — y'

— ¥ nι2e' „ 2τ + y' — 1 m2e' „ 2τ + y'
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so that the product is
n ×

S-------Λ_------
2 + ⅜ m2

(— 6 — 3 =) — 9 τn2e' cos g'

(+ ⅜1- + 1 =) + j∕ ra2 „ 2τ
(+γ + 7=) + ijiw⅛' „ 2τ-√

(-⅛1 1=) --1∕ m2e' „ 2τ + p'.

Annex 21.

Calculation of a term in m2n2 Çc +1 δQ dt) .

The part (— 3 sin 2υ — 2v') Sρ of δQ gives
Γ

-⅞ (- 3 sin 2υ - 2v') = δρ =
P n~1 x

3 nι3 sin g'
- 3 sin 2τ - 2gs m⅛' „ 2τ

Qe' „ 2r g + y m2 „ 2τ-√
+ I e' „ 2τ+√ _ j∣m2 „ 2t + p'

and we have thence in w2w2δQ the term

ml· ne! ⅛ . — 3 . —

+ i∙-V∙ tt

. + ⅜ ∙ ⅜ ∙ - f⅛ jthat is
(⅜1-⅜⅜7--i⅛=) + ⅜7-^4W.

The part ∙⅛δ (3 cos 2v — 2v') δv of 8Q gives 
P

(— 3 cos 2υ — 2v') = 8υ—
P3r n 1

,------------- ^------------ S
j-p- m2e' cos g' - 3 cos g'

- 3 „ 2τ ~ ¾l w2e' „ 2τ

- V e' „ 2τ-g' + ⅞⅛τn2 „ 2τ-g'

+ f e' „ 2τ + √ -^-m2 „ 2r+g'
See ante, Annex 17.
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560 ON THE SECULAR ACCELERATION OF THE MOON’S MEAN MOTION. [221and we have thence in τn2n2 8Q the term
min e' ⅜ . xp-. — 3+ ⅜ . - 3 ∙ - ¥+ ⅜ ∙ - ¥ ∙ ⅜5-

4. 1 3 _ 257
2 ∙ ∙ 48that is

(_ 5j3, + 37 _1δΔ5 _ =) _ 1749 mtn J.and, combining this with the other term just obtained, the two together are
(⅛J- _ 17 49 ≈) ±4 55 min e' .and this term in m2n28Q gives in nι2n2[C + ∣' 8Q dt^ the term

— min e' t.

Annex 22.Calculation of term in — - ⅜* δp.
p atW e have— - (see Annex 19) = p =

p at
n ×- 2 - ⅜ ra2 S (I m2 - i∣F mi) e' t+ 9 m2e' cos g' + § m2 t cos g'

— ⅛ m2 „ 2τ +5 m2e' „ 2τ—τz⅛2e' „ 2τ — g' — ¾ τn2e' „ 2τ — g'

+ ⅛s- nι2e' „ 2τ + g' + ⅜ nι2 „ 2r + g'giving, besides the term ∣ m2n e' t already taken account of, the term
min e' t . + 1⅜⅝a ∙ ~ ⅛ ∙ 2+ ⅜ . 9 . j+ ⅜ ∙- ¥· 5+ ⅜ ∙-j4i∙-⅜+ ⅜ ∙ ¥ ∙ ⅜which is

= (¥F - ⅛ + ¥ - ¥ + 7A5 - W=(4F + 2F =) 2fF ^2e' t.
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C. III. 71

Annex 23.

Calculation of term in Çf* 4. ∣ gQ cfo) .

We have

—2 = τzι2n2 Çc+1 δQ =

n ×
s-------- λ--- ---- s

1 + ∣ wι2 — j4⅞- m2e t
— 3 m2e' cos g'

+ 2 m2 „ 2τ - jr t θθs 2τ
+ 7 m2e' „ 2τ-g, + ⅞- rrr^e' » 2τ — g'
— 1 m2e' „ 2τ + g — § m2e' „ 2τ + g'

giving the term
mine' t — 1∣f5∙

+⅛∙ 2.-¼

+ ⅜∙ 7. V

+ ⅜.-ι.- I
which is

= (- -⅛F - ¥+jtf A)=(- 1⅛F+⅛ =) - 4⅞i ∞w t,

ana this completes the series of calculations.
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