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217.

A MEMOIR ON THE PROBLEM OF THE ROTATION OF A 
SOLID BODY.

[From the Memoirs of the Royal Astronomical Society, vol. xxιx. (1861), pp. 307—342. Read May 11, I860.]
The present memoir was written for the sake of the further elaboration of the analytical theory of the Rotation of a Solid Body, upon principles similar to those of my “ Memoir on the Problem of Disturbed Elliptic Motion,” Mem. R. Ast. Soc. vol. xχv∏. pp. 1—29 (1858)’ [212] ; the like elements are adopted, and the course of the investigation corresponds precisely to that of the memoir just referred to. The formulæ for the variations of the elements in the two problems (the motion being in each case referred to a fixed plane of reference and origin of angles therein) are found to be (as it is known they should be) identical in form; an investigation, in the present memoir, of the transformation of the system to the case of a variable plane of reference and departure-point as an origin of angles in such plane, would have been a mere repetition of that contained in the former memoir, and it was therefore unnecessary to give it. A point in the present memoir to which attention may be called is the definition of the angle g (varying uniformly with the time, but used as an element) which corresponds to the mean anomaly in elliptic motion. Besides the ultimate system of formulæ for the variations of the elements in terms of the differential coefficients of the Disturbing Function with respect to the elements, it appears to me that the intermediate formulæ for the variations in terms of the differential coefficients with respect to the coordinates (which are in the ordinary investigation altogether passed over) are not without interest, and that it is possible that they might be employed with advantage in the integration of the equations of motion for the purposes of physical astronomy.
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476 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217

I.In the theory of elliptic motion, where the elements areα, the mean distance, e, the eccentricity, 
g, the mean anomaly,∙σr, the departure of pericentre, 
θ, the longitude of node, 
σ, the departure of node, 
φ, the inclination,and if, besides, we have
n, the mean motion (n2a3 = sum of the masses),and Ω denote the disturbing function taken with Lagrange’s sign (Ω = — R, if R be the disturbing function of the Mécanique Céleste), then the formulæ for the variations of the elements are

da = dt,na dg, 1 - e2 c∕Ω 7α √1 - e2 dΩ .
de — —— -υ- dt ---------~ -i-- dt,na2e dg na-e aw, 2 dΩ 7 1 — e2 dΩ 7
dq = ------- -τ- dt —---- -n----- τ- dt,na da na2e de-, √1 - e2 dΩ ,.a®· = —-r dt,na-e de7. cot φ dΩ . cosec φ dΩ τ,
dφ = - ~j~dt~ ~ra dt,

na2 v 1 — e2 dσ na? v 1 _ e2 dθ

dσ = .
na2 V1 — e2 dφιλ cosec φ dΩ 7,dθ = ------- -τ- dt,
na2 V1 — e2 dφwhere Ω≈Ω(a, e, g, ra∙, φ, σ, θ).And if in these equations we write

k = — - (sum of the masses) = — n2a2,

k = na2 √1 — e2 ;
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 477

Hthen attending to the equation dn = — ∣∙ - da, λnq have 
dh = n2ada,

dk= ⅜ na Vl — e2 da---- ™ae_* √1 - e2and thence d∩ o dΩ 1 ∕-------- cZΩ-τ- = n-a -7 7 + ⅛nα V1 — e2 -rr , da dh i dk

dΩ _ n2a dΩ
de √1 _ dk ,and the formulæ are very easily transformed into
dh = 2n dt, dg

d,J=~ 2nSdt∙

dk = dt,dm

dπ = ~ dt
dk

<⅛ = ~k didt~-ΙΓ dβdt∙7 cot φ dΩ 7 ctσ = -7 -7-r^ at,k dφiW=oosec* dΩ
k dφ

where ∩ = Ω (h, g, k, τx, φ, σ, θ).This is the system of formulæ which will be obtained in the sequel for the variation of the elements in the problem of rotation, the new meanings of the symbols being explained post, Art. IV.And if in either of the two problems, instead of the angles φ, σ, θ, which refer to a fixed plane of reference and origin of angles therein, we have the angles Φ, Σ, Θ, referring to a variable plane of reference and departure-point as an origin of angles in such plane, the position of these in respect to the fixed plane of reference and origin of angles therein being determined by
θ', the longitude of node, 
σ', the departure of node, 
φ,, the inclination,
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478 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217and if S' denote Θ — σ', then the system is

where Ω = Ω (h, g, k, vr, Φ, X, Θ, φ', σ', θ'), or what is the same thing, Ω = Ω (h, g, k, -Ut, d1, X, ^)). jA,s already rcmaιked, it is not necessary to repeat in th∙∙ present memoir the transformation to this set of formulæ.
II.Considering, now, the problem of rotation, let the axes xyz denote axes fixed in space, and the axes xlylzl denote the principal axes of the body; and if, to fix the ideas, xy is called the ecliptic and xlyl the equator (the ecliptic xy being considered as a fixed circle of the sphere and the origin of longitudes x as a fixed point therein), then we may write

T, the longitude of node,<8, the departure of node,
F, the inclination.

And if, as usual, p, q, r are the angular velocities round the principal axes, or axes of x,, y,, and z,, from y, to z„ zt to xt, and xt to yl respectively, so that
pdt = — sin >8 sin F dT ÷ cos >8 dF, 
qdt = cos $ sin F dT + sin >8 dF, 
rdt= cos FdT — dS;

dh = 2n dt,dlb

d'J— 2⅛di∙

dk = dt,a-srdτ≈τ = - dt,dk7-1- cot ÇÏ? cZΩ 7 cosec (f> cZΩ , ^tjι, i · ci/ · i,j∩,∖dΦ = — dt------- ^-r c^t “ (cos & dφ + sm $ sin φ dθ ),

ć/2 = —y— dt + cosec Φ (sin $'(/</>' — cos S' sin φ'dθ'),
k dΦcZΘ = cosθc Φ _l_ cot φ (gin S'dφ' — cos 8' sin φ'dθ'),

k dΦ
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A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 479and if A, B, C are the moments of inertia, then the Vis Viva function or sum of the elements of mass, each into the half square of its velocity, is
T = ⅜(-^jo2 + Bq2 + Cr2) ;and if ∩ be the disturbing function (taken with Lagrange’s sign), then the equations of motion

d dT drI _ dΩ . 
dt dT~ dT~dT, &C<give as usual

- A^+(G-E)qr sin<SsinJ,+ Bc⅛+(A-C)rp cosSsinF+ G^+(B-A)pq cosF=j^, 
A^+(C-B)qr cosS + Bt~V(A-G}rp sin$

~ ∏dr 1 /D .x Ί -∣σdi+(j5-^ = dS-or, as these equations may be written,
A ⅛ + (C — B) qr = — sin $ ^cosec F+ cot F + cos $
r>dq , „ sv, ci ( -∏ dΩ ι , r, dΩ∖ . c, dΩBft+(A-C)rp = cos «(cosecF gy + cotF^)- sin S33i
r,dr .r, .. dΩ
Gdt + (B-A^pq=~dS’which, with the equations for p, q, r, determine the motion of the body.

III.First, to integrate the equations of motion when the disturbing forces are neglected ; we have, as usual, the integral equations
A p2 + B q2 + C r2 = h,

A2p2 + B2q2 + C2r2 = k2 ;where h, k are constants of integration, viz., h is the constant of Vis Viva, and k is the constant of the principal area.Moreover, if the coefficients a, β, &c. are those which belong to the transforma­tion from xyz to x,y,zi, viz., if in the table

217]
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480 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217

the values of the coefficients are

Then we have also, as usual, the integral equations
Apa + Bqβ + Cry = k sin θ sin φ,
Apa' + Bqβ' + Cry' = — k cos θ sin φ,
Apa" + Bqβ'' + Cry' = kcos φ;where θ, φ are constants of integration which determine the position of the principal plane (or invariable plane, in the undisturbed motion). Considering now a new system of axes x2y2z2, where x2 and z2 are in the principal plane, and x2 is in the first instance considered as an arbitrary fixed point -therein (afterwards when the plane is treated as variable, x2 is assumed to be a departure-point), let the position of the new set of axes in reference to the axes xyz be determined by

θ, the longitude of the node, 
σ, the departure of the node, 
φ, the inclination :

χl y, z,

X a β y

y °-' β' y'

Z α" β" y"

∞, y, z,

x cos S cos T + sin $ sin T cos F sin S cos T — cos S sin T cos F sin T sin F

I y cos >S' sin T — sin S cos T cos F sin <S, sin T + cos S cos T cos F — cos T sin F 

j z — sin S sin F cos S sin F cos F
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 481 so that the relation between the coordinates xyz and x2y2z2 is given by the table

where the values of the coefficients are given by

and let the position of the axes xiy,zι, in reference to the new axes x2y2z2, be determined in a similar manner byT3, the longitude of node,
S2, the departure of node,
F2, the inclination ;so that we have the table

c. πr. 61

¾ y2 ⅞_______________________________
x a b c

y a' b' c'

tt Z." ftz a b c

¾ ⅞
x cos σ cos θ + sin tr sin θ cos <∕> sin σ cos θ — cos σ sin θ cos φ sin θ sin φ

y cos σ sin θ — sin σ cos θ cos φ sin σ sin θ + cos σ cos θ cos φ — cos θ sin φ

z — sin σ sin φ cos σ sin φ cos φ

χ, y, z.

x2 α2 β2 γ2

y2 α2 β% ?2
ι⅜ <⅛" βz" γ2"

www.rcin.org.pl



482 A MEMOIR ON THE PROBLEM OP THE ROTATION OF A SOLID BODY. [217where the values of the coefficients are given by
χ, y, z,

x.2 cos ⅞ cos T2 + sin S2 sin T2 cos F2 sin S2 cos T2 — cos S2 sin T2 cos F2 sin T2 sin F1

y2 cos *S,2 sin T2 — sin <S,2 cos T2 cos F2 sin ∕S,2 sin T2 + cos *S,2 cos T2 cos F2 — cos T2 sin F2

∖ z2 — sin S2 sin F2 cos S2 sin F2 cos ∕12

The values of α2, β2, γ2 are
a a + a'a' + a" a", 
aβ+ a'β'+ a"β", 
ay + a'y' + a!'y",with similar expressions for α2', β2, y2 and α2", β2, y2"-, the last-mentioned three integrals are thus transformable into the form∠lρα2 + Bqβ2 + Cry2 = 0,-dpα2, + Bqβ2 + Cry2 = 0,2⅛α2" + Bqβ2' + Cry.” = k,which are, in fact, the equations which show that the plane x2y2 is the principal plane, or plane of maximum area.The equations just obtained, attending to the values of qt2", β2", y2", give

Λp = — k sin S2 sin F2,
Bq = k cos S2 sin J,2,
Cr = k cos F2 ;and, since the expressions for p, q, r, in terms of T2, S2, F2, must be similar to those in terms of T, S, F, we have

pdt = — sin S2 sin F2dT2 + cos S2dF2, 
qdt — cos S2 sin F2dT2 + sin S2dF2, 
rdt = cos F2dT2 — dS2 ;from which equations, sin F2dT2 = (- p sin S2 + q cos $2) dt ;and substituting for sin$2, cos$2, the values , i-.-‰⅞-, this becomes

ksιnd2 ksvad2

k2 sin2 F2dT2 = k (Λp2 + Bq2) dt ;
or, what is the same thing,

(k2 — G2r2) dT2 = k (h - Cr2) dt.
www.rcin.org.pl



217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 483The two equations Ap2 + Bq2 + Cr2 = h, A2p2 + B2q2 + 6*2r2 may be considered as cZτ*determining p, q, in terms of r, and the equation G + (B — A) pq= 0, then gives 
-Cdr

dt~(B-A)pq'whence also the equation for dT2 becomes
_ k (h - Cr2) - Cdr 

dl'2~ k2-C2r2 (B-A)pq'Instead of the time t, I consider a function g = nt + const., n being for the present an arbitrary constant quantity which may be a function of the constants h and /r; we have thus
7 — Cdr

⅛ = n<β-A)pq'and the integral equation is f — Cdr
g = nJ(B-A)pq-The equation for dT2 gives, in like manner,

[k(h- Cr2) - Cdr 
l2~^+] k2-C2r2 ∖B-A)pq,where it is assumed that the integrals are each of them taken from r = r0, r0 being an arbitrary constant value, say a function of h and k. The quantity g is analogous to the mean anomaly in elliptic motion, or rather it will become so when the signifi­cations of n and r0 are fixed ; it is considered as implicitly involving a constant of integration, and, consequently, no constant of integration is added to the integral : as regards T2, the constant of integration is ot, which denotes the initial value (corre­sponding to r = r0) of the angle Y'2.

IV.Recapitulating the integral equations, we have
A p2 + B q2 + C r2 = h ,
A2p2 + B2q2 + C2r2 = k2,

Ap = — ksin S2sin F2,
Bq— kcosS2sinF2,
Cr = k cos F2,

ί ~Gdr
9 ~ nJ(B-A)pq,which equations give r, p, q, and thence S2 and F2 in terms of g and the constants 

h and k. 61—2
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484 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217Moreover
_ (k(jι-Gr2) —Gdr ot+J k2-C2r2 (R-A)pq,which gives T2 in terms of g and the constants h, k, τr ; and then T, S, F are given in terms of T2, S2, F2, and the constants θ, σ, φ, as follows, viz., we have a spherical triangle ABC, the sides whereof a, b, c, and the opposite angles A, B, C, are respectively, Sides S2- 8, rΓ2 - σ, T — θ,Opposite angles φ , 180° — F, F2 ,as appears by the figure.

The above values of p, q, r, give
an equation which will be useful in the sequel.The coefficient n, and the value r0, which is the inferior limit of the integrals, are thus far considered as arbitrary functions of lι and k. As already remarked, g (which is a variable quantity, — nt + c) is used as an element, and the elements are Λ, k, g, π, σ, θ, φ.As to the signification of the different elements, it is proper to remark that it is not for the purposes of the present memoir necessary to completely fix the significations of the quantities n and r0 ; the only conditions imposed on these quantities in the sequel are that n shall be a function of h only, and that r0 shall be a function of h and k,

/ h _  (Jγ∙ 2 ∖satisfying an equation of the form r0 = f ip—} , where f denotes an arbitraryfunction. The values of n and r0 might, in accordance with these conditions, be fixed more definitively by reference to the cone rolling and sliding on the principal plane, used in the theories of Poinsot and Jacobi for the representation of the undisturbed motion, but to do this would require a further discussion of the integral equations, and it is a point which is not here entered into.

h - Cra = (⅛ - CM ) + c°∣ -) ■.
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 485This being premised, we have (corresponding to the orbit in the theory of elliptic motion) the principal plane, with a departure point therein, the positions whereof, in respect to the fixed plane of reference, are determined by θ, the longi­tude of node ; φ, the inclination ; and σ, the departure of node. The precise signifi­cation of CT depends upon that of r0, and the signification of r0 being assumed to be completely determined, that of -sτ will be so likewise ; ct is to be considered as an angle measured in the principal plane from the departure point, and determining in that plane a line (or, treating the plane as an orbit, a point) which I call the rotation pericentre, or simply the pericentre ; say -∏r is the departure of the peri­centre ; and then g is an angle varying uniformly with the time, used for expressing in terms of the time the angle T, which determines the position, in regard to the principal plane and departure point therein, of the node of the plane of xty,, or 
equator, upon the principal plane,—such node corresponding with the moving body in the theory of elliptic motion. We may in fact say: T, the departure of the last- mentioned node, =ct, the departure of pericentre, + (7,--sτ), the rotation true anomaly of such node ; T — τs being a function of g, the rotation mean anomaly of such node. The elements are then as follows, viz. :τ< Λ, the constant of Vis Viva,

k, the constant of areas,
g, the rotation mean anomaly,
π>, the departure of rotation, pericentre,
θ, the longitude of node of principal plane,
σ, the departure of ditto,
φ, the inclination of principal plane ;

where θ, σ, φ determine the position of the principal plane and departure point therein, in respect to a fixed plane of reference and departure point therein ; but it has been already remarked that the position of the principal plane and departure point therein might be, by the analogous quantities Θ, t, Φ, determined in reference to an arbitrarily varying plane of reference and departure point therein, and that the expressions for the variations of the elements would then be of the form given for this case in Art. I.
» *In the problem of the Rotation of the Earth, the principal plane is sensibly coincident with the plane of the equator, and on this account there is no actual physical representation of various quantities occurring in the mathematical problem. But a complete discussion of the mathematical problem does not thereby become unnecessary for the purposes of physical astronomy.
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486 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217

V.If, now, the Disturbing Function is taken into account, the equations are to be integrated by the method of the variation of the elements. I use dg to denote that part of the variation of g (= idn + dc, if g = nt + c), which depends on the variation 
of the constants, and in like manner for dp, dq, dr, &c. I assume, moreover, that λ∙2 is a departure point in the principal plane; this gives dσ — cos φdθ = 0 ; and we see that the equations which lead to the expressions for the variations of the elements are

Adp = — sin S ^cosec + cot F dt + cos $ dt,

r>ι cd rιdΩ 1 r,dΩ∖ 1l . rιdΩ 7i
Bdq = cos o (cosec ł + cot ł I dt + sin o dt,

Gdr =-dS, dt, 
dS

dT =0, 
dS =0, 
dF = 0,
dσ — cos φdθ — 0, where, of course, Ω = ∩(77, S, F).The variations dh and dk are obtained from the equations 

⅛dh — A pdp + B qdq + G rdr,

Jcdk = A2pdp + B-qdq + G'2rdr,expressions which will presently be resumed and reduced ; S2 and F2 may be con­sidered as given functions of h, k, r, and the variations dS2 and dF2 can be thus obtained. The expressions for T, S, F, in terms of T2, S2, F2, σ, θ, φ, and the equations 
dT=Q, dS = Q, dF = 0, dσ — cos φdθ = 0, then lead to the expressions for dd, dσ, dφ- and to an equation — dS2 + cos F2dT2 — 0 ; dT2 is thus also given in terms of dh, dk, dr. And this being so, the two equations

r — Gdr
9~ J(B-A)ρq,

[k(h-Cr2) -Gdr 2 - + J k2- C2r2 (B -A}pq ’lead to sions is cationsmanner
the expressions of dg, d-π, in terms of dh, dk, dr; the form' of these expres- simplified by partially fixing, in the manner already referred to, the signifi- of the quantities n and r0, considered as functions of h and k. In this
(dh, dk, dr, being given linear functions of -∕1 dt, dJl dt, dt), we obtain 

dl db dr
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 487

dh, dk, dg, dτσ, dθ, dσ, dφ, all of them expressed in the same form ; that is, in terms of the differential coefficients of the disturbing function Ώ with respect to the coordinates T, 8, F. We may then express the disturbing function Ω in terms of the elements, and transform the equations so as to obtain expressions for the variations of the elements in terms of the differential coefficients of ∩ with respect to the elements.
VI.Proceeding to carry out the foregoing plan, the equation ⅜dΛ = Λpdp + Bqdq + Grdr,putting for A dp, Bdq, Cdr, their values, givesirf∕z, = (— p sin $ ÷ q cos $) (cosec F + cot F dt) 

al dû

∕ a ' a∖ dΩj d Ω ,+ {p cos 8 + q sin N) dt — r dt,which may also be written
1 „ h(h- Cr2) f . ,a a∖ ∙ -n dFL 1λ 
⅜ dh = - C2r2 Γ Sin ^ Sm dF dt÷ cos (*S2 - S) sin F, (cosec F + cot F dt - cos F2 ~ dt J∙

+ ^ { ∞s(S2-S)sinΓ⅛
+ sin (S2 — S) sin F, Çcosec F d~j, + cot F dt^

r (Ch — k2) dΩ j 
+ dS dt-

In fact, if, in this expression, we consider first the terms involving dt, the 
dS ,coefficient is

— Cr(h- Cr2) + r (Ch — k2) -r(∕e2- C2r2) ... .
-------------------- = ∙*∙-cm whιch ιs =_r-cZΩNext, the terms involving dt, the coefficient isj— (∕t — Cr2) sin (S2 — 8) + (B — A)pq cos (fi2 — , - ∙ ≠τ
= j— (h — C*r2) sin S2 + (B — A ) pq cos $2j cos $

+ -i (h — Cr2) cos S2 + (B — J.) no sin $2 sin $ -7-—J—= ;( J J k sm F2
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488 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217

or, putting for sin>¾, cos N,, their values 1-.-l1 , τ-9 ∏ , the coefficient is 
r ° ksuιF, k cos FAj— (Λ — C*r2) (— Ap) + (B — A) pq. Bq∖ cos $

+ ∣ (h-Cr2)Bq + (B-A)pq(-Ap)^ sin £
and the quantities in { } being respectively p (&2 — C2r2) and q (k2 — Cfer2), and since 
k2 — G2r2 — k2 sin2 F2, the coefficient is = p cos $ + q sin S.In like manner, for the terms involving (^cosec F + cot F dt, the coefficient is ∣(A - Cr2) cos (S2 - 8) + (B - A)pq sin (S2 - S)!∙ zrsJ"7ξ

= ∣(λ — Cr2) cos 82 + (B — A) pq sin $2 cos Λy
+ J(Λ — Cr2) sin S2 - (B — A)pq cos $2 sin S √ - 7 „ ,I j κ sin -Γ 2which is = — p sin S + q cos $ ; and the foregoing transformed expression for ⅜dh is thus seen to be correct.The equation

kdk = A2p dp + B2qdq + G2rdr, substituting for Adp, Bdq, Cdr, their values, becomes
kdk = Ap j— sin $ fcosec q_ co⅛ F<^∖ dt + cos $ f-_Ê cfc∖

1 ( ∖ dT d8j dF )

+ Bq^ cos $ ^cosec F '~ + cot F dt + sin S dt^

+ cr{-d⅛dt 1 w
But, from the equations Ap = — k sin S2 sin F2, Bq = k cos S2 sin F2, Cr = k cos F.2, we deduce

— Ap sin S + Bq cos $ — k cos (S2 — S) sin ‰
Ap cos 8 + Bq sin 8 = — k sin (S2 — 8) sin F2,

Cr — kcosF2,and we thence find
dk = — sin (8s — 8) sin F2 dt + cos (S2 — 8) sin F2 (cosec F^ + cot 2'77J7) cj⅛ _ cθs cn ∙so that dh and dk are now determined.
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 489

VII.The expressions for dh and dk being thus obtained, and dr being also given by the equation Gdr = — dt, we may now express dF2 and dS2 in terms of dh, dk, dr. In fact, the equations
Cr =k cos^τ2,Λ-Cr2 = (β2-CM) (sι^A2 + Ξ2^2),give immediately

k sin F2d,F2 = — Gdr + cos F2dk,. a ci /1 1∖ 7θ G(Gh-k2)r j kdh (h— Gr2)kdksin S2 cos & - -gj dS2 - dr + ~ - C2r2)2 ’’or, multiplying by k2- C2r2(= A:2 sin2 F2), and replacing cos S2 sin F2 sin2 F2 by - ABpq, and dividing, the last equation becomes
r∏( —C - ^2)rdr ⅛ dh Ql ~ C*r3) ⅛dk
d^2 = (k-C2r2)(B-A)pq ~ {B-A)pq + (⅛2-CV)(£-ff)pç ’and thence also

p1 iQ -C2(Ch-k2')r2dr ⅜Crdh C(h-Cr)rdkcosΛα⅛2- k^_Ci^^B_A^pq ~ k(B -Ajqkq + (k2-C2r2) (B-A)pq ’which is the value of dT2, as given by the equation (not yet demonstrated) 
dT2 = cos S2 dF2.The expression for dF2, substituting for dr and dk, their values, gives 

k sin F2 dF2 = cos F2 sin F2 cos (S2 — 8) (cosec + cot F dt

— cos F2 sin F2 sin (β2 — $) dt

9 τι dΩ, , d∩ ,— cos2 F2 dt + dt ;or, combining the last two terms, and reducing,
dF2 = I (cos F2 cos (S2 — 8) (cosec F^ + cot F dt — cos F2 sin ($2 — $) ~ dt +sin Jτ2^ di j.

We might, in like manner, transform the expression for dS2, but it is somewhat more simple to obtain the new form by differentiation of the equation tan S2 = — ;this, in fact, gives
⅛=d⅛⅝≠*=⅛ (λp ∙ b⅛ - ¾ ∙ *⅛λ

c. in. 62
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490 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A .OLID BODY. [217 and the value of the numerator being
— k sin S2 sin F2 ∣ cos $ (cosec F + cot F dt + sin $ d⅛}
— k cos S2 sin F2 j — sin $ (cosec F + cot F dt + cos £ dZ∣ ,we find

dS2 = — g∙^1 jτ jsin (⅜ — S) (cosec F + cot F dt + cos (β2 — S) dt j- ;
the last-mentioned expressions for dF2 and dS2 will be used for obtaining dθ, dx, dφ.

VIII.I form now the equations— sin $ sin FdT + cos S dF=pdt — sin S2 sin F2 dT2 + cos S2 dF2

+ a2 (— sin σ sin φ dθ + cos σ dφ)

+ a2' ( cos σ sin φdθ + sin σ dφ)

+ a2" (— dσ + cos φ dθ ),cos $ sin F dT + sin $ dF = qdt + cos S2 sin F2dT2 + sin S2dF2 
+ β2 (— sin σ sin φdθ + cos σ dφ)

+ β2' ( cos σ sin φdθ + sin σ dφ)

+ β2" (— dσ + cos φ dθ ),

— dS + cos F dT = rdt —dS2 +cos F2dT2∙+ γ2 (— sin σ sin φdθ + cos σ dφ)

+ yi ( cos σ sin φ dθ + sin σ dφ)+ γ./' (— dσ + cos φ dθ ) ;which will presently be useful, but which require some explanation. As the equations stand, on the left hand, dT, dS, dF, denote the entire variations of T, S, F, treating not only the constants, but also the time, as variable ; but on the right hand, 
dT2, dS2, dF2, denote the variations of T2, S2, F2, depending only on the variation of the constants ; if, on the left hand and the right hand respectively, dT, dS, dF, and 
dT2, dS2, dF2, were used to denote either the entire variations of T, S, F, and 
T2, S2, F2, or else the variations of these quantities depending only on the variations of the constants, then the terms pdt, qdt, rdt, would have to be omitted, and the equations would still be true. And it is to be noticed that, omitting the terms 
pdt, qdt, rdt, the equations express the relations existing between dT, dS, dF, 
dT2, dS2, dF2, dθ, dσ, dφ, in virtue of the integral relations implied by the existence of the spherical triangle, the sides and angles whereof are S2 - S, T2- σ, T — θ, and 
φ, 180° -F, F2.
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 491For the present purpose we are to omit the terms pdt, qdt, rdt, and to write cZ21=O, dS = 0, dF = Q. We have thus— (— sin S2 sin F2 dT2 + cos S2 dF2) = α2 (— sin σ sin φ dθ + cos σ dφ) + α2' ( cos σ sin φ dθ + sin σ dφ) + α2" (— dσ + cos φ dθ ),— ( cos S2 sin F2 dT2 + sin S2 dF2) = β2 (— sin σ sin φ dθ + cos σ dφ)

+ β2' ( cos σ sin φ dθ + sin σ dφ)

+ β2'(— dσ + cos φ dθ ),

— (— dS2 + cos F2 dT2) = γ2 (— sin σ sin φ dθ + cos σ dφ)

+ y2 ( cos σ sin φ dθ + cos σ dφ)

+ y2" (— dσ + cos φ dθ ).Hence we have— sin σ sin φ dθ + cos σ dφ = — a2(- sin S2 sin F2 dT2 + cos F2 dS2)

— β2( cosS2sin F2dT2 + sin F2dS2)

— y2( cos F2 dT2 — dS2 ),which, attending to the values of α2", β2", y2'', may be written,— sin σ sin φ dθ + cos σ dφ = — a2 (α2" dT2 + cos S2 dF1)

— β2 (βfdT2 + sin S2 dF2)

-y2(y2"dT2-dS2 )= — (α2 cos S2 + β2 sin S2) dF2 + y2dS2, since the coefficient of dT2 vanishes ; and, in like manner,cos σ sin φdθ + sin σ dφ = — α2, (a2" dT2 + cos S2 dF2)

- β2' (βi'dT2 + sin S2 dF2)

-y2'(y2"dT2-dS2 )= — (α2, cos S2 + β2' sin S2) dF2 + y)dS2 ;and so also
- dσ + cos φ dθ = - aa'' (α2" dT2 + cos S2 dF2)

- β2" (βfdT2 + sin S2 dF2)

- y2" (y2" dT2- dS2 )
= — dT2 — (α2" cos S2 + β2" sin S2) dF2 + yfdS2.But we have α2 cos>S2 + ∕32 sin S2 = cos T2, α2' cos + β) sin S2 = sin T2, 

a2" cos S2 + β2" sin S2 = 0 ,
y2 = sin Z,2 sinF72, 
y2' = - cos T2 sinJτ2, γ2" = cosF2,

62—2
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492 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217 and the foregoing equations thus become— sin σ sin φ dθ + cos σ dφ = — cos T2 dF2 + sin T2 sin F2 dS2, cos σ sin φ dθ + sin σ dφ = - sin T2 dF2 — cos T2 sin F2 dS2,

— dσ + cos φdθ --dT2 + cos F2dS2.The last equation, making æ2 a departure point, or putting — dσ + cos φ dθ = 0, gives 
dT2 = cos F2dS2,an equation above referred to. The other two equations give

dφ = — cos (T2 — σ) dF2 + sin (T2 — σ) sin F2 dS2, sin φ dθ = — sin (Tτ2 — σ) dF2 — cos (T2 — σ) sin Jτ2 dS2,which, with the equation,
dσ = cos φdθ,give dθ, dσ, dφ, in terms of dS2 and dF2.

IX.Proceeding to substitute for dS2, dF2, their values, we find 
kdφ = - cos ( T2 - σ) (cos K cos (&2 - $) (cosec F + cot F dt - cos F2 cos (S2 - 8) dt+sin F2 dλ

-sin(T2-σ)j sin (S2-S) (cosec cot cos(S2-S)^dt J,
or reducing
kdφ = — sin (T2 — σ) sin (S2 — S)+ cos (T2 — σ) cos ($2 — 3) cos F2 (cosec F + cot F J dt

— sin (T2 — σ) cos (S2- 8) — cos (Tτ2- σ) sin (S2 — 8) cos F dtJ ctb— cos (T2 — σ) sin F2 dt ;dband, in like manner,βsin<∕>cZ0=-sin(2τa-σ) (cosKcos($2-$) (cosec+ cotF^) dt-cotF2cos(S2-S)^dt+sinF2^ dt∖ 
+cos(T2-σ)j sin($2—8) (cosec+ cotdt+ cos(S,-8)~dt
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 493 

or reducing

k sin φ dθ = cos (Γ2 — σ) sin ($2 — S) — sin (Γ2 — σ) cos(S2-S)cosF2 (cosecF<^, +cotFd^ dt 
Ί d(l+ cos(Tτ2- σ)cos(S2- S) + sin(712- σ)sin(>S⅛-S)cosF., dtJ a/+ — sin ( 772 - σ) sin F2 dt.J dSThese expressions for dφ and dθ are in a form which is convenient for some purposes, but they may be further reduced by means of the spherical triangle. In fact, in the expression for dφ, the three coefficients in [ ] are respectively,sin b sin a + cos b cos a cos G = sin B sin A — cos B cos A cos c= sin F sin φ + cos F cos φ cos (T — θ),sin b cos a — cos b sin a cos G = cos A sin c= cos φ sin (T — θ),cos b sin G = cos B sin A + sin B cos A cos c

= — cos F sin φ + sin F cos φ cos (T — θ)∙,and we have thus
kdφ = - sin 2⅞in φ + cos F cos φ cos (T — θ)^ ^cosec + cot dt

— cos φ sin (T — θ) dt— f— cos F sin φ + sin F cos φ cos {T-Θ)∖d^dt∙

and the right-hand side is
— Ç sin F sin φ + cos F cos φ cos (27 — θ)^ cosec Fd^, dt

dΩ— cos φ sin (T — θ) dt+ cosec F cos φ cos {T — θ) -7^J dt, 
cιBor we have finally

kdφ = - cos φ cos (T — θ) ^cot F + cosec F dt

• a, d^i 1, -sιnφ ppdt— cos φ sin (T — θ) ⅜-p dt.
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494 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217In like manner, in the original expression for k sin φ dθ, the three coefficients in [ ] are cos b sin a — sin b cos a cos G = cos B sin c= — cos Τ'7sin {T — θ'),cos b cos a + sin b sin a cos C = cos c= cos(77- θ'),— sin b sin C = — sin B sin c= — sin Tsin (77 — θ∖and thence
k sin φ dθ = — cos J7sin (T - θ) (cosec F + cot F dt 

+ cos(77-6>)^⅛
— sin F sin (T — θ) dt,and the right-hand side is
-coi,Fsm{T-θ)^dt 
+ cos (T — θ') dt

— cosec J7sin(27-d) dt,
clbor we have finally

k sin φ dθ = — sin (T — θ) (cot F^^1+ cosec ) dt 
+ cos (T-Θ)^,dt.

The expression for dσ can be obtained from either of those for dθ, by the equation dσ = cos φ dθ, and we have thus the values of dσ, dθ, dφ.

X.It remains to find the expressions for dg and dπr. We havef — Cdr
9~ n!(B^A)pq'r., _ i flc(h ~ Cr2) ~ Cdr 

l2~'σ+J~^-G^ (B-A)pq,
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 495where p, q, are considered as functions of r, h, k, and where, besides, n and the inferior limit r0 of the integrals are functions of h and k. We may write
— nC

<⅛ = (B-A)pq dr + %dh + 9dk,dτ>=<fo ÷(2Ξ‰ *+«+w⅛
where 31, 33, @, φ, are functions which contain integrals with respect to r, and there is not any algebraical relation between them, except the equation 33 = — 2w(£, which will be obtained presently. I retain, therefore, 21, 33, (5, Φ, in the formulae. The first equation gives the value of dg : from the second equation we havedcr = dT2 + dr-⅛dh- ι>dk,or substituting for dT2 its value cosF2dS2, the expression for which has been obtained above [p. 489], we have, _ — (z2(Ch — k2) r2dr ⅛Crdh G(h-Cr2)rdk

k (k2 — G2r2) (B — Λ)pq k (B — A)pq + (k2 — G2r2')(B — A}pq

Gk2 (h - Gr2) dr ir crs
+ τ^77τ—A o∖ ∕ η λ ∖------- ⅛dfι — c∑)dk,k (k2 — C2r2) (B - A)pqor reducing, this is

, Chdr Γ — kCr irΙ „ Γ^ G(h- Gr2)r rr,Ι ,7
~ k(B-A)pq + ^^ ® J dh + [(k2 - C2r2) (B - A)pq ~ ® J dk,which might be retained in this form. I obtain, however, a different form as follows, viz., we have

fc = cos Λ dft + (⅞,Z⅛7ff⅛ - «Λ - ®<tt ;or using the other form of dS2 [p. 490], and substituting also for dr its value from the equation G dr = — dt, we havedur = — cot F2 -jsin {S2 — 8) (cosec F + cot F dt + cos (S2 - S) ~ dt∣
-z, ¾ dt - G,dlι - ⅛dk.

(k2-C2r2) (B-A)pqdSWe have now to prove the before mentioned equation BC=-2rdA We have
~ _ d C —Gdr _ iι d —G dn l' — Gdr nC dr0

~dkn](B-A)pq~nΓrdk (B-A)pq + dk](B-A)pq + (β-A)p0q0 dk ’

κ d [k(h-Cr2) -Gdr l' d -Ck(h-Cr2) Ck(h-Cr2) dr0
L “ dh J k2- G2r2 (B — A)pq~ J dh (k2 - G2r2) (B -A)pq + (k2 - G2r2) (B - A)p0q0 dh ,
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496 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217where p0, q0, are the values of p and q corresponding to r = r0. If we assume that
n is a function of h only, the term multiplied by will disappear, and by properlydetermining r0 as a function of h and k, we can, as regards the terms which contain 
r0, satisfy the equation 33 = -2w(S; the condition for this is

dr0 _—2k(h — Gr02) dr0 
dk k2 — G2r02 dh ,which will be satisfied if r0 is determined as a function of h and k by an equation of the form

_ ,(h-Gr,2∖ 
r° ~ f ∖k2 - C2r<2] ’where f denotes an arbitrary function.It remains to show that, as regards the terms involving integrals, we have the same relation 33 = — 2wS, and this will be the case if

d -C _ e, d -Ck(h-Cr2) 
dk (B-A)pq~ dh (k2- G2r2)(B- A)pq ’or, what is the same thing, ifcZ 1 _ d k(h- Gr2) _ — 2k d h — Cr2

dk pq dh (k2 — C2r2) pq (k2 — C2r2) dh pqin which equation p, q, are considered as functions of h, k, given by the equations
A p2 + B q2 + G r2 = h,

A2p2 + B2q2 + C2r2 = k2.We find without difficultycZ. pg _ — ⅛ (A2ρ2 — B2q2) d .pq _ k (Ap2 — Bq2) 
dh AB(B-A)pq ’ dk AB (B — A) pq’and thence

d h — Gr2 _ 1 ⅛ (h — Gr2) (A2p2 — B2q2)
dh pq pq ~*~ AB (B — A) p3q3

= AB (B - Z)⅞3 ^AB (B ~ A>)p2q2 + 2 ^Api + Bq^ (A2p2 ~ β2q^= ZJ(Γ⅛γ i ^Ap2 ~ Bq*> ^A2p2^+
_ ⅛ (&2 — C2r2) (Ap2 — Bq2)

AB (B — A)p3q3 ’
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 497 and the right-hand side of the equation in question is therefore
_ —k (Ap2 — Bq2)

AB (B — A)piiqi,which is obviously also the value of the left-hand side. Hence, under the assumed relations (n a function of h only, and r0 =f J , we have the above-mentionedequation 33 = — 2n®.

XI.It will be convenient to recapitulate the various formulæ for the variations, as follows ; we have
⅛dh = (-psinS+q cos S) (cosec F + cot F dt

+ ( p cos $ + q sin 8) dt — r dt,and
= {cθs <⅛ - sin F* (cθsec F 2t + cθt F jjβ) dt - sin (⅜ - s) sin f^ dt - cos F2 dt

+k^k2-Griq~ K- s>> sin (c°sθc f d?+cθt Fj$)dt+cθs sin <*4

r (Ch - k2) dΩ 
k2-C2r2 dS ,

kdk = (— Ap sin S + Bq cos S) (cosec F + cot F dt

+ ( Ap cos S + Bq sin S) dt — Cr d^ dt, and= cos(S2 - S) sin F2 (cosecF~ + cot FdJ^ dt - sin (S2 - S)sinF2,~dt- cos S2d~dt∖
kdφ = _ cos φ cos (p _ β) (cot p 9f∖ q_ cosec F d~^ dt

— sin φ d^1 dt — cos φ sin (T — θ) dt,C. III. 63
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498 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217 and
kdφ = — (sin (T2 — σ) sin (S2 — S) + cos (T2 — σ) cos (S2 — S) cos P2∣ (cosec P + cot F di

— (sin {T2- σ) cos {S2 — S)- cos (T2-σ) sin (S2 — S) cos P2∣ dt 
— I -cos(P2-σ)sinP2

k sin φdθ = — sin (T — θ) (cot F + cosec F dt 
+ cos {T-Θ)~dt,and

k sin φdθ = (cos {T2 — σ) sin {S2 — S) — sin (P2 — σ) cos (S2 — S) cosJτ2∣ (cosec F + cot F dg∣dt

+ (cos (T2 — σ) cos (S2 -S) + sin (T2 — σ) sin (S2 —8) cos Jτ2j∙ dt

+ ( - sin (T2 - σ) sin F2 j dt ;

dσ = cos φdθ ;

dg = zd~^ - dr + 2WÀ + %dk, 
j (B-A)pqand

<⅛ = 7d-Λv- xsdt + 2l<ft + ;y {B-A)pq dS

7 Chdr , ( -⅛Cr zr) j7 1 [ C(h-Cr2)r τJ 77
fte=+ ∣Γ(JJ-Λ)e1 -⅛∖dh+ {(i^CV)(B^A^q -ι,∖dk∙ and
dm = -1 cot F2 (sin (S2 — 8) (cosec p^ + cot p dt + cos {82 — 8) di∣

B sin2 S2 + A cos2 S2 d∩ 7, zr77 ~,77+ τw-----.x ■ ∖∏ ∙—«----- ft -το dt — (⅛dh — cSdk ;k (B — A) sιn2 F2 sm 82 cos S2 dbwhere it will be remembered that 6 = — 2n⅛. The different forms for the variations oi the same element are, or may be, each of them useful. The first expressions for dg and 
dm respectively are to be considered as giving these variations in terms of dr, dh, dk^, and the second expressions are those obtained by substituting for these quantities then values, but in the terms multiplied by the integral expressions 21, 23, (£, 2), which, on
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 499account of these multipliers, do not unite with the other terms, dh, dk are retained as standing for their values. The following equations may be added,dr≈ -<te - (⅜-¾⅞w dr+g<tt+3>⅛
j τ, — Ck sin F2 j ι k sin F2 cos F2 ^77 
a*2 ~ k2 - C2r2 dr + k2 - C2r2 dk'

λ a _ —C (Ch — k2)r , ⅜dh (h — Cr2) kdk
2 ~ (k2-C2r2) (B-A)pq ~ (B-A)pq + (ώ2 — CM) (7? — A) p∕ ’which give dF2, dS2, in terms of dr, dh, dk; and I call to mind, also, the equations 

Ap = — k sin S2 sin F2, Bq =k cos S2 sin F2, Cr=k cos F2.

XII.To find the differential coefficients of Ω with respect to the elements, I proceed as follows ; considering the function first under the form Ω = Ω (T, S, F), the total differen­tial is
which must be equal to the total differential of Ω considered under the form Ώ = Ω (h, k, g, π>, σ, θ, φ) ; that is, it must be

dΩ 7, cZΩ 77 <7Ω , 7, 7 x iZΩ 7 cZΩ 7/1 cZΩ 7 cZΩ 7,---- 7τ- dfι 4—yγ- dk 4—7- (ndt 4^ do ) -)—7— oct 4—7^ c∕c∕ -1—7— rfff 4- -=-j- dφ 1dh dk dg a α-sr dθ dσ dφ rwhere, as elsewhere dg denotes only the part of the variation of g, which depends on the variation of the constants ; so that the total variation of g is represented by ndt + dg. The value of dΩ,

=fTdT+dÈds+dêdF·is to be obtained in a form comparable with the last-mentioned expression, by means of the formulæ suprà, Art. VIII., which, for shortness, I represent as follows:— sin $ sin F dT + cos >8 dF = dP, cos $ sin F dT + sin $ dF = dQ,

— dS + cos F dT = dR ;these equations give
dF = cos $ dP + sin $ dQ, ,

dT = cosec F (— sin S dP + cos $ dQ), 
dS = cot F (— sin S dP + cos $ dQ) - dR ;

63—2
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500 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217and we then haved∩ = ( cos $ dP + sin $ dQ)

+ (- sin SdP + cos $ dQ) (cosec F + cot F

and substituting for dP, dQ, dR, their values, the resulting expression may, for shortness, be represented by dΩ = d1Ω + d2Ω + d3Ω, where 
d1Ω = ( p cos $ + q sin S) dt

+ (— p sin S + q cos S) (cosec F + cot F dt

-r^dt.
dS⅛∩ = (cos (¾ - S) sin F, (cosec F ⅛ + cot F - sin (¾ - S) sin F, d~ - cos Fa (g( dT1

+ ( sin (¾ — 6,) (cosec F + cot F ( + cos (*S'2 — 5) ( di∖
, JO

+ dS 2,

which, for shortness, I represent by d2Ω — XdrΓ2 + YdF.2 + ZdS2 ; and
( ( a2 cos S + β2 sin S) (— sin σ sin φdθ + cos σdφ)

d3Ω= ∙< +( α2' cosS + β2' sin$)( cos σ sin φdθ + sin σdφ)+ ( a2" cos $ + β2, sin S) ( — dσ +cos φdθ ) y

f (—a2 sin$ + /32 cos S) (— sin σ sin φdθ + cos σdφ)'+ - + (— a2' sin $ + β2 cos S) ( cos σ sin φdθ + sin σdφ~) - (cosec F + cot F
k (— a2" sin $ + β2" cos S') ( — dσ + cos φdθ ) J
( 7o (— sin σ sin φdθ + cos σdφ)'

dΩ— - + γ2, ( cos cr sin φdθ + sin σdφ) >- ,k + 72" ( — dσ + cos φdθ ) j
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217] A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. 501

or substituting for α2, &c., their values, and reducing, ⅛Ω =

J([cos (Sa — S) sin (T2 - σ) - sin (S2 - 3) cos (T2 — σ) cos Jτ2] sin φ — sin (S2 — S) sin F2 cos ft>)dθ) dΩ 
∣+ (cos (S2 - 3) cos (T2 -σ) + sin (,% - 3) sin (Γ2 - σ) cos J,2) dφ + sin (S2 - 3) sin F2dσ J dF

j ([sin($2—>S)sin(2,2-σ)+cos(>S>2->S)cos(T2-σ)cosJτ2]sin<∕>+cos(>S2-S)sinJ,2cos<∕>) dd∣ ,
( + (sin(⅝-tf)cos(Tτ2-σ)-cos(S2-3)sin(712-σ)cosF2)dφ-cos(S2-3)cosF2dσ J ∖ dT + dSJ

- cos (~ σ) s^n sin φ + cos J*2 cos φ^ dθ + sin (T2 — σ) sin F2dφ — cos F2dσ∣ d~ .

Hence, comparing <Z1Ω + cZ2Ω + ⅛Ω with the other expression for cZΩ, and observing that 
dT2, dS2, dF2, do not involve dθ, dσ, dφ, we have

d1Ω = ndt, dg

j _ dΩ ,, fZΩ „ cZΩ j cZΩ jα2Ω = -τr dh + -r, dκ ÷ -τ- dq + 7 d-σ,dh dκ dg j ofe∙

7 7~, cZΩ 7~ cZΩ 7 fZΩ τ.
d3n = llθdθ+d^dσ+dφdφ∙

XIII.

The first equation gives

(ZΩ ∙ o , α∖ ∕ ∏cZΩ r,cZΩ∖
n dg ~ ' P Sm + ⅛ c°s ^cθsec * JT + c°t, F )

, cι ■ cιx dΩ, dΩ,+ (p cos>S+ q sin 3) - r ,

and, comparing this with the first form of ⅜cZZι, we have

dh = 2n d^ dt. 
dg

The third equation gives

= j[sin(S2- S)sin(Γ2-σ)+cos(<S2->S)cos(272-^)cosiτ2]sinφ+cos(jS2->S)sinJ,2cosφ j∙ (cosec F^ +cot Fd^

+ j[cos(S2-∕S)sin(T2-σ)-sin(⅛i- <S,)cos(2,2-σ)cosJ12] sinφ-sin(∕S2->S)sinJF,2 cos φj∙

+ ∣ cos (772 — σ) sin J12 sin φ — cos J,2 cos φ } dS '

www.rcin.org.pl



502 A MEMOIR ON THE PROBLEM OF THE ROTATION OF A SOLID BODY. [217 

((2 = - cos (⅛ - S) cos Λ (cosec
+ sin (j⅞ — S) sin J,2 ~ + cos F2 ,= (sin (S2 — S) cos (2τ2 — σ) — cos (Sa — S) sin (Γ2 — σ) cos F2 ((cosec F + cot F -^}

+ (cos (S2 — S) cos (Tτ2 — σ) + sin (S2 — S') sin (T2 — σ) cos F2 (

. ,m x - τι dΩ — sin (Γ2-σ)sιn K ,and thence
1 dil , dΩc0t≠3i+cθsecψrf5 =(sin (.% — S) sin (Γs — σ) + cos (⅛ — ∣S) cos (2τa — <τ) cos ∕1j( (cosec F + cot F

( . ) dil+ J cos (S2 — S) sin (772 — σ) — sin (S2 - S) cos (Γ2 — σ) cos ^2j∙+ cos (T2 - σ) sin F2 d⅛ ; 
and we have therefore cot ώ α∩ ,. cosec φ dil Ί± 

d^-^rihdt--kTθdt∙. cot φ dΩ Ί± 
dσ= kdφdt∙ 
dθ = c^d^dt.

The second equation, viz.
dh + dd dk + ⅞1 dg + d^ dπ = ⅛∩ = X dT. + YdF, + ZdSt, 

dh dk dg v dπif we substitute for dg, dT2, dF2, dS2 their values, becomestΛ + f Λ + Ϊ (- (B⅛ dr + Mh + H +
- x {-<⅜ - m⅛-I) wdr+*dh+Mf C⅞sinF2 7 l k sin F2 cos F2 λ)+ F( - F∑W dr+ k2-C2r~d)

C(Ch-k2)r ⅜dΛ____ ι (n - Cr2) kdk ]
+ zγ ~ (j? _ Cir2') ÇB-A)pqC1 (B-A)pq (k2 - C2r2) (B - A)pq∖
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The comparison of the terms involving eZ-sr gives at once = X, or, substituting for 
X its value,

d⅛d ∕ ry ry∖ ∙ T7 ( TA dû ∣ T7T fZΩ∖■— cos(o2 — S) sin F2 (cosecF+ cot r -^∖
- sin (S2 - S) sin F, - cos F2 ;

and comparing with the expression for dk, we find
dk = dt. dπThe terms involving dr give

did _ k (h - O2) γ k sin F2 (B - A) pq y (Ch - k2) r „ 
n dg — k2 — C2r2 k2- C2r2 k? — C2r2or, substituting for X, F, Z, their values,

n 1% = τΞ&Γ {cos <⅛ - s) sin r (cosec F r^,+cot F - sin (ft - S) sin ft - cos F,

+ ⅞⅛¾F {sin (¾-<s>sin^ (coseθ F TT+ cθt F ®) + cos (S‘ ~ S) 8in Λ W }
ι r(C½-fcs)dΩ 
+ *»-CV dS ,which agrees with the second form for ⅛dh, and gives as before 

dh ≈ 2n dt ;the terms involving dh give+ a ~=gx - z⅛ t z, 
dh dg (B — Λ)pqand thence - 2n = 2«S1 - MX + 7b-Λt- Z ;

dh dg (B-A)pqor, substituting for — 2wS its value 33, for X the value , and for Z its valuecZΩ ,τ~, we have 
clb

-2ndii- 2n?l d- + ® — +_____ -_____ dil
2n dh ~ dff+ d^ + (β-A) pq dS ’
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where, on the right hand, and ~ may be considered as standing for givenfunctions of ^∣, for the present purpose, however, multiplying by dt, and
substituting for 2n and the values dh and dk, we have

- 2,ι '¾ dt = adA + Sd⅛ + ,p ”, *S ⅛ 
dh (B-A)pq dSwhich agrees with the foregoing value of dg, or we have

dg = — 2n dt.

The comparison of the terms involving dk givesd∩ ς~dΩ ~ v ι k sin Fi cos Fi γ {h- Cf2) k „.
dk+ dg + k*-C2r2 * + (k2 — C2r2)(B — A)pq ,or, substituting and reducing,cZΩ λ ∕γ∙ d∩ f~ dd 1 . p f ∕ c* c*∖ dd i ∙ ∕ cf er∖ ( τι dΩ j-, dd 1- d½ = - 2"e ⅜ - ® ⅛ “ Â °θt λ Γ°s (Ss~s>dF + sιn <s= -S) (c0sθc f dT + c°t fTs]∖

(h — Cf2) k dd 
(k2 — C2r2) (B — A) pq dS ’

where, on the right-hand side, and may be considered as standing for given functions of , , ; for the present purpose, however, multiplying by dt andputting for 2n dt and dt the values dh and dk, we have
_ dt = - ⅛dh - ⅜dk -1 cot F2 {cos (S2 - S) dt + sin (& - S)(cosec F ~ + cot dtj

(h — Cr2) k dd ,
“ (k2 — C2f2) (B — A) pq dS dt,which agrees with the foregoing value of t‰r, or we have

dπ = -d^ dt, 
dkand we have thus the system of formulæ for the variation of the elements in the problem of rotation, given in Art. I.
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