
270 [212

212.

A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC 
MOTION.

[From the Memoirs of the Royal Astronomical Society, vol. xxvn., 1859, pp. 1—29. Read March 9, 1858.]
I venture to take up the problem of disturbed elliptic motion, for the sake of a further elaboration of the analytical theory. The points which present difficulty are the measurement of longitudes in the varying plane of the orbit, and (in the lunar theory) the determination of the position of the orbit by reference to the varying plane of the sun’s orbit ; it is, in memoirs and works on the lunar and planetary theories, often difficult to discover where or how (or whether at all) account is taken of these variations, and the analytical mode of treatment is for the most part very imperfect. I must except always Hansen’s Fundamenta Nova [investi g ationis orbitœ verœ quam 

Luna perlustrat, Gotha 1838] where the points referred to are treated in a perfectly rigorous manner. There is, however, a want of clearness in the form under which his investigations are presented ; and the comprehension of them is greatly facilitated by Jacobi’s remarks, published under the title “Auszug zweier Schreiben des Prof. Jacobi an Herrn Director Hansen” (Crelle, t. XLH. pp. 12—31 (1851)). Jacobi observes that the integration of Hansen’s system of differential equations introduces seven arbitrary constants, which, in the expressions for the coordinates referred to fixed axes, reduce themselves to six. The seventh constant, neglecting the disturbing forces, is in fact a constant which determines the position in the orbit of the arbitrary origin from which the longitudes in orbit are reckoned. I have, in my paper “On Hansen’s Lunar Theory,” Quarterly Mathematical Journal, vol. I. pp. 112—125 (1855), [163], termed this origin “ the departure-point,” and longitudes measured from it “ departures. The seventh constant may be taken to be the departure of the node. I reproduce in the present memoir the explanation of what is meant by the departure when the plane of the orbit is variable. If the problem is treated by the method of the variation of the elements, the seventh constant becomes, like the other elements, variable ; and we have
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271212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION.thus a seventh variable element, the departure of the node. The element just referred to (the departure of the node) forms, with the longitude of the node and the inclination, a group of three elements, which determine the position of the orbit and of the departure-point. The coordinates of the planet are in the first instance taken to be the radius vector, longitude, and latitude ; but the before-mentioned three elements bemg considered as given, the position of the planet depends only on the radius vector and the departure. These may be then expressed in terms of the remaining four elements; as to the choice of these four elements, it is to be remarked that there is one element which only enters through the mean anomaly, and that there is great con­venience in representing with Hansen the mean anomaly by a single letter; and that in the various formulæ we may use, in the place of the element implicitly involved in the mean anomaly, the mean anomaly itself, or treat the mean anomaly as an element ; the four elements may be taken to be the semi-axis major, the eccentricity, the mean anomaly, and the departure of the pericentre. And joining to these the before-mentioned three elements, we have the system of elements represented in the memoir by 
a, e, g, πτ, σ, θ, φ. It has been assumed so far that the three elements determine the position of the orbit and departure-point in reference to a fixed plane and origin of longitudes; but we may suppose more generally that, instead of the fixed plane and origin of longitudes, we have a variable plane or orbit of reference and a departure- point in this variable orbit of reference. The quantities which determine the orbit of reference and departure-point are naturally taken to be the departure of the node, longitude of the node, and inclination ; these are assumed to be given functions of the time, and they are in the memoir represented by σ', θ', φ'. The three elements of the planet’s orbit (viz. departure of node, longitude of node, and inclination) in relation to the orbit of reference and departure-point therein, are in the memoir represented by X, Θ, Φ, and the system of elements ultimately adopted is therefore a, e, g, vr, X, Θ, Φ. I obtain formulæ for the variations of these elements under two different modes of expression of the disturbing function : first, when the disturbing function is expressed in terms of the radius vector and departure and of the three elements X, Θ, Φ ; secondly, when the disturbing function is expressed in terms of the seven elements 
a, e, g, τσ, X, Θ, Φ. The establishment of the two sets of formulæ just referred to constitutes the chief object of the memoir; but the memoir contains some other inves­tigations and formulæ in relation to the general subject.The coordinates of the planet are

r, the radius vector, 
v, the longitude, 
y, the latitude.The attractive force at distance unity is for convenience represented by n2α3, which denotes, therefore, an absolute constant ; but the significations of n and a are not yet defined.The disturbing function, as used by Lagrange, is denoted by Ω, that is Ω = - R, if R be the disturbing function of the Mécanique Céleste.
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272 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212The equations of motion are
d dr . ∕dv∖2 fdy∖2 n2a3 rf∩Sdi-rc0s2'U-rU + ^=dr'

d ( „ 9 dυ∖ dΩ
dtV~msydt) = dv’

dt^dt)+^cos^slaΛdi) = ⅛∙where Ω is regarded as a function of r, v, y, or (as this may be expressed) where 
Ω = Ω(r, υ, y).If we neglect the disturbing forces, the planet moves in an ellipse; and taking 
a to represent the semi-axis major, the mean motion will be n. The mean anomaly, which I call g, will be a function of the form nt + c ; but as c only enters through g, it will be convenient to use the mean anomaly g (considered as implicitly involving an arbitrary constant c) in the place of an element, and I write

a, the semi-axis major,e, the eccentricity,
g, the mean anomaly, 
θ, the longitude of node, 
φ, the inclination,
tj, the distance of pericentre from node.I assume also
f, the true anomaly,
z, the distance of planet from node, 
x, the reduced distance from node.We have then r and f given functions of t and the elements, viz. we may write

r=a elqr (e, g∖ 
f= θlta (e, g),(read elqr. elliptic quotient radius, and elta. elliptic anomaly). These valuessatisfy r = ∣ + g cos/’ Moreover z, x, y, are the hypothenuse, base, and perpendicularof a right-angled spherical triangle, the base angle whereof is φ ; the equations which connect these quantities are thereforetan x = tan z cos φ, sin y = sin z sin φ, tan y = sin x tan φ, cos z = cos x cos y,
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212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 273equivalent, of course, to two equations. The first and second of them give in fact 
x, y, in terms of z and φ.The value of z is * = fc+∕,so that x and y are given functions, and the longitude v is given in terms of x and 
θ by the equation

υ = x + θ,and consequently the three coordinates r, v, y, are by the system of equations given in terms of t and the elements.From the equations which connect z, x, y, φ, treating all these quantities as variable we deduce sec2 xdx = cos φ sec2 zdz — tan z sin φ dφ, cos y dy = sin φ cos zdz + sin z cos φ dφ, sec2y dy = tan φ cos xdx + sin xsec φ dφ, sin z dz = cos y sin x dx + cos x sin y dy,equivalent of course to two equations; and the system is easily reduced to the more convenient form
dx = cos φ sec2 y dz — tan z cos2 x sin φ dφ,
dy = sin φ cos x dz + cos x tan z cos φ dφ,
dx = cot φ sec x sec2 y dy — tan z cosec φ dφ,
dz = cos φ dx + cos x sin φ dφ,joining to these equations the
dz — d⅛ + df, 
dv = dx + dθ,and considering at present the mere analytical forms, first if dφ =0, dV> = 0, we have 
dx = cos φ sec2 y dz, 
dy = sin φ cos x dz, 
dz = df, 
dv = dx.Next, if dy = 0, dv = 0, we have
dx — — tan z cosec φ dφ, 
dz = — tan z cot φ dφ, 
dz = cos φ dx, 
dx — — dθ,
dz + cos φdθ = 0.I remark also that the equation, tan y = sin x tan φ, may be written in the form cos2 φ sec2 y + sin2 φ cos2 x = 1.

C. III. 35
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274 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212The equations
r = a elqr (e, g), 
f= elta (e, g),treating all the quantities as variable, give

dr = + Π⅛Sf da -a c08≠*∙

rf∕=<⅛⅛>a <⅞Z +
to which is to be joined

j ae(l - e2) sin/ 1 - e2 , a(2e- 1 + e2cos∕) ,
dr = 7-1-7----- ⅛ df+ 1---------> da d—-ziι--------- 77r- de,(l+ecosy)2 j 1+ecosy (l+ecosy)2all which formulae will be useful.If we treat the elements as constant, then in the foregoing expressions for dr and df, we must attend only to the part involving dg, and must put this equal to 

ndt∖ the values first obtained for dx, dy, dz, dv, correspond to this assumption, and we have
dr _ nae sin f 
dt ~ √1 -e2 ’
df _ na2 √1 — e2 
dt r2

dz na2 √1 - e2 
dt r2

dx . , na2 V1 — e2_ = cos ≠ sec2 2∕--- -2-------- ,
dυ . „ na2 Vl — es-υ- = cos φ sec2 y------------- ,dt ψ a r2 ∖
dy . j nα2Vl-e2-74 = sm φ cos x------- τ----- ,dt r2and we then deduce
d dr _ na3e cos f
dt dt r2

St (r"cos^δ) = θ-
d ( a dy∖ n l . , n2ai (1 - e2)
di V dt) = ~ cθs ψ δin y sθc y------ r*------ ’

d fdf∖ 2ιι2a3e cos f
dt ∖dt) r2values which satisfy the undisturbed equations.
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212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 275The disturbed equations may be dealt with in the usual manner by the method of the variation of the elements, and attending only to the variations of the elements we have
dr = 0, 
dv = 0,⅜= 0,

7 dr dΩ 7.⅛ = *rfi-
d(rs⅛) = ⅞di'or, what is the same thing,

dr = 0, 
dv — 0,⅜ = 0,

7 nae sin f dΩ 7, d , j =-τ-dt,Vl _ e2 dr

d na2 V1 — e2 cos φ = -7- dt,Ύ dv

i------- . cZΩ
d πα8 Vl — e2 sin φ cos x = dt,where as before Ω = Ω (r, v, y).In virtue of the relations dv =0, dy = 0, we have the above-mentioned equations,

dx = — tan z cosec φ dφ, 
dz = — tan z cot φ dφ, 
dz = cos φ dx, 
dx = - dθ,
dr + cos φdθ = O,

we have
d sin φ cos x = — sin φ sin & dx + cos x cos φ dφ,

= cos x cos φ sec2 z dφ,— sec x cos φ sec2 y dφ ;and the last two equations for the variations becomez______  .------- . 7 dΩ ,,
d na2 Vl — e2 cos φ — na2 Vl — e2 sin φ dφ ~ ~d↑),

d na2 Vl — e2 sin φ cos x + na2 Vl — e2 sec x cos φ sec2 y dφ = dt,

35—2
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276 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212and attending to the equations cos2 φ sec2 y + sin2 φ cos2 x = 1 we deduce at once7 /—------  . dΩ^ f . , dΩ 7
d no? √1 — e2 = cos <∕> sec2 y ^dt-∖- sin φ cos x dt,1 ( . dΩ 7 , dΩ 7Λdφ =------- ,-_____ — sin ώ cos2 x -ι- dt + cos <f> cos x-j- dt}.

ψ no? √1 - e2 ∖ dv dd 1Now the position of the planet may be determined by the quantities r, z, θ, φ, or we may consider Ω as a function of the last-mentioned quantities. And if on the right-hand side Ω = Ω (r, υ, y) as before, the formulas of transformation aredΩ 7 dΩ 7 dΩ 7 dΩ 7 dΩ 7 dΩ 7^ , dΩ ,
-drdr + ~dvdv+liydy-drdr+T,dz+dSdθ + dφ^where

dv = cos φ sec2 y dz — tan z cos2 x sin φ dφ + dθ, 
dy = sin φ cos x dz + tan z cos x cos φ dφ,and we have dΩ _ dΩ 

dr dr ,dΩ _ cZΩ 
dθ dv ,

dΩ f . . n dΩ l , d⅛∖~dφ = tan z sin φ cos- x + cos φ cos xdΩ ∕ , o dΩ . , cZΩ∖-v- = cos φ sec2 y + sm φ cos x -τ- ,
dz ∖ r i, dv Ύ dy)where on the left-hand side Ω = Ω (r, z, θ, φ) ; and these equations give

dΩ . ,dQ adil
aoiidφ=eoiφdi~eosecφdβ'an equation which is satisfied by Ω == Ω (r, 2, 0, φ). We have thus 

dr = 0, 
dv = 0, 
dy = 0,

7 nae sin f dΩ 7
d = w- dt,√1 - e2 dr

d no? √1 - e2 = ⅛- dt,
dr71 cot z dΩ 7 

dφ = -~τ=- ~rγ dt,
na2vl-e2 dΦ
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212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 277which may be replaced by
dr = 0,
^=_cosec^dndi_ 

na2 v 1 - e2 dφ7 — cot φ dΩ 7ldz =  —-— 7. dt,
na2 v 1 - e2 dφ

1naesinf dΩ ,,
d ■■■■. = -τ- dt,

√l-e2 dr

dna2 √1 — e2 = dt,
dz7, cot z dΩ, . 

dφ =-----7--∙=7.... -jτ dt,
na2 v 1 — e2 dφwhere as before Ω = Ω (r, z, θ, φ).I remark that in the case of any central force whatever, we have, an element h corresponding to nα2√l-e2 in the elliptic theory, and the system for the variations is

dr = 0,7z, cosec φ dΩ 7. 
dθ = —r-r -rτ dt,d dφΊ — cot φ dΩ, 7, 
dz = —7-x- -7-γ at,n dφ

7 dr did 1.
ddt = drdt∙

dh= ~ dt,dzcot z dΩ -1 
dφ = ~h~ dφdt>where Ω = Ω (r, z, θ, φ).Imagine a point in the orbit, which I call the departure-point, the angular distances from this point are termed departures. And I writeJ?, the departure of planet, ot, the departure of pericentre, 

σ, the departure of node,so that we have J> = OT+∕, 
z = J? - σ,C = ot — σ.
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278 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212I write also8, the longitude in orbit of departure-point, or, as it may be termed, the adjustment;

In the undisturbed motion the departure-point is simply a fixed point in the orbit, but when the orbit is variable, the departure-point is taken to be the point of intersection of the orbit with any orthogonal trajectory of the successive positions of the orbit, a definition which is expressed analytically by the equation,
dσ = cos φ dθ.The equation, z = p — σ, gives

dz = d}> — dσ = d]> — cos φ dθ,or, what is the same thing,
d∖> = dz + cos φ dθ.But we have dz + cos φ dθ = 0, and consequently cZp = O, an equation which expresses that the increment of departure, in so far as such increment arises from the variation of the elements, is equal to zero. Or, what is the same thing, the total increment of departure is equal to the infinitesimal angle between two consecutive radius vectors of the planet.I propose to consider the departure-point as a point which is constantly defined as above, viz., when the orbit is variable, the departure-point is the point of inter­section of the orbit with any orthogonal trajectory of the successive positions of the orbit ; and as a particular case of the definition, when the orbit is- fixed, the departure-point is simply a fixed point on the orbit. The orbit here considered is that of the planet and the position of the planet is determined by the departure and radius vector (the latitude being zero), and this is assumed to be the case whenever the departure is spoken of, and it is such departure which is denoted by the letter p∙ But we might consider a departure-point (defined as above), upon any other orbit whatever, and use such departure-point as an origin of longitude (for instance, in the lunar theory we might consider a longitude measured along the variable plane of the

that is
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212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 279sun’s orbit from a departure-point, defined as above, in that orbit), and the position of the planet would then be determined by means of the longitude, latitude, and radius vector. The term sidereal longitude is, I think, used in Physical Astronomy rather loosely to denote the longitude in the mean ecliptic from the mean equinox, less the precession ; so defined it is not practically different from, and may I think in all cases be replaced by the longitude as measured from a departure-point in the mean ecliptic.Returning from this digression, the assumed equation, dσ = cos φdθ, gives the expression for the variation dσ of the departure of the node, and we now have in the place of the former six equations the seven equations
dr = 0, dp = 0,

7 ) ιe sin f dΩ 7
d - -—— = -7- dt,V1 - e2 dr

.------------------ dΩ 7ι
d na? v 1 — e2 = dt,7. cot 2 dΩ 7, dφ = ------j- dt,

na2 V1 — Q- dφ7 cot<f> dΩ 7, 
dσ =--------------  -7, dt,

na? V1 — e2 dφ7/1 cosec φ dΩ 7,dθ —---- -r r τj dt,
na2 v1 — e2 dφwhere as before Ω = Ω (r, ζ, θ, φ).But the value of z is z = p — σ, and Ω can be expressed, and that in a single way only, viz. by means of the substitution of p — σ in the place of z, in the form Ω=Ω(r, p, σ, θ, φ), and if on the right-hand side Ω = Ω(r, z, θ, φ) as before, then we have

dΩ _ dΩ 
dr dr ’dΩ _ dΩ dp dz ,dΩ _ dΩ 
dσ dz ,dΩ _ dΩ 
dφ dφdΩ _ dΩ 
dθ ~ ^dθ ,

www.rcin.org.pl



280 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212where on the left-hand side Ω = Ω (r, ⅛, σ, θ, φ). The function Ω so expressed satisfies, of course, the partial differential equationcZΩ <ZΩ _ θ
ty+dσ(which conversely implies that p, σ only enters through the function ]>-σ), and it also satisfies the partial differential equation obtained from the before-mentioned equation

cot s = cot φ ~d~ - cosec φ ~dQ , (Ω = Ω {r, z, θ, φ)),

by the introduction of the transformed expressions of the differential coefficients, and which may be written dΩ , , <ZΩ , dΩcot23≠=-cot*^-cosec≠3⅛'where Ω = Ω (r, |?, σ, θ, φ).Using the last-mentioned equation to transform the value of dφ, the expressions for the variations become
dr = 0,
d∖> = 0,

7 nae sin f dΩ 7, 
d ,----- ~ = -j- dt,√1 _ e2 dr

dna2 V1 — e2 = dt,,, — cot φ dΩ , cosec φ dΩ 7,
dφ = ,—T-- i - dt--------- z-- -γz dt,na2 v 1 — e2 dσ ncp y _ e2 dθ, cot φ dΩ ,1
dσ = 7—-— -7, dt,

na2 y 1 — e2 (Φ,n cosec φ (ZΩ 7,
dθ =------- . -.T=- -jjdt,

na2 v 1 — e2 dφwhere Ω = Ω (r, ]>, σ, θ, φ) as before.I suppose now that the orbit of the planet, instead of being referred to a fixed plane, is referred to a moveable plane or orbit of reference. It is assumed that the longitudes in the orbit of reference are measured from a departure-point defined as above,—that is, from the point in which the orbit of reference is intersected by any orthogonal trajectory of the successive positions of the orbit of reference. And the
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281212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION.position in regard to the fixed plane, of the orbit of reference, and of the departure- point in this orbit, are determined by θ', σ,, φ',—that is, we have for the orbit of reference,
θ', the longitude of node, 
σ', the departure of node, 
φ,, the inclination.The position of the planet’s orbit in relation to the moveable orbit of refer­ence is determined in like manner by Θ, X, Φ,—that is, we have for the planet’s orbit in relation to the orbit of reference,
Θ, the longitude of node,X, the departure of node,Φ, the inclination.Hence if, as before, θ, σ, φ, belong to the orbit of the planet considered in relation to the fixed plane, X — σ, Θ — σ', Θ — θ', will be the sides of a spherical triangle, the opposite angles of which are φ', 180° — φ and Φ.

Putting for shortness $ = X — σ, S' = Θ — σ', G = θ — θ', so that these symbols denote 
S, the distance of node, along planet’s orbit, from fixed plane,
S', the distance of node, along orbit of reference, from fixed plane,
G, the distance in fixed plane of the nodes on fixed plane,the sides of the spherical triangle are S, S', G, and the opposite angles are φ', 180o- φ, Φ.

c. in. 36
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282 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212
Calling the sides A, B, G, and the opposite angles a, b, c, the general formulae for a 
spherical triangle give without difficulty,

τ „ 7 7 . 7 77 sin A sin B sin c 7dG = — cos b dA — cos a dB 4--------- -.—-------- dc,sin G
, sin b 1 . cos G sin a 1 r, sin A cos b 7da = ——7ι dA 4- ----- . - r⅛ - dB + ----- 1—rι— dc,sin G sin G sin G
ΊΊ cos G sin b 7 . sin a , rt sin B cos a 7db =---- . zγ dA + -÷-~ dB + -----. n do,sin G sin G sin G

and conversely
, τι 7 . 77 sin a sin b sin Gdc = cos B da + cos A db 4-------- ∑—zi------- dG,sin G

, . sin B 7 cos c sin A 77 sin a cos B 7y~dA = —— da —   --------db — ----- -.-------- dG,sin c sin c sin c

7 „ cos c sin B , sin A 7, sin b cos A ιγ,dB =----- .------ da+ — db — -----;------- dG,sin c sin c sin c

which, in the present case, become

7, rv 7. a, ί . ∕ sin Φ sin <⅛' sin G 7ΖΎdΦ = cos S dφ- cos S dφ -]------ ‰-------------- dG,sin Φ

ιci, sin S 7, cos φ sin S' τ., sin φ cos S ,ridS = - ■ dφ + -÷-ι-— dφ' + ---- ∕ , dG,sin Φ sin Φ sin Φ

ιcι cos φ sin $ 71 sin S' τ,, sin φ, cos S' 7 ~
uS —------ .—-— dφ + ——τ dφ 4* ----- ∙—j— dG,sin φ r sin φ sin φ

and
,zγ ,∕ 7f7∕ , 7« sin Ssin S' sin Φ 7 ,dG = cos φ dS — cos φ dS +-------.—z-7--------dΦ,r r sin G

j. sin<f>' 7~z cosćrsinó ,ci sin S cos ó' 7,
sin G sin G sin G

ι,, cosćrsinó'7γ,, sin φ 7f, sinScos φ ,,dφ' =------- -∙ n dS'+ dS + ---- . z7-- dφ,sin 6r sin G sin G
and we have also

dS =d⅜ -dσ, 
dS' = d<∂-da', 
dG=dθ -dθ'.

Hence, observing that sin S sin φ = sin S' sin φ', the preceding equations may be 
written

dΦ = cos Sdφ- cos S' dφ' + sin S sin φdθ- sin S' sin φ' dθ,
dΘ = dσ,- cosec Φ sin S dφ+ cot φ sin S' dφ' 4- cosec Φ sin φ' cos S (dθ — dθ'), 
d∑ ≈ dσ — cot Φ sin S dφ + cosec φ sin S' dφ' 4- cosec Φ sin φ' cos S' (dθ — dθ,∖
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212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 283 

and
dθ = dθ' + cos φ'(d® — dσ') — cos φ (cZΣ — dσ) + sin >8 sin φ dΦ,

dφ = — cosec G sin φ' (d® — dσ) + cot G sin φ (cZX — dσ) + cosec G sin S' cos φ' dΦ,

dφ' = — cot G sin φ' (eZΘ — dσ') + cosec G sin φ (eZΣ — dσ) + cosec G sin >8 cos φ dΦ,

and it is proper to remark, that in obtaining these equations no use has been made 
of the equations dσ = cos φ dθ, dσ' = cos φ' dθ'.

The term in cZΘ which contains dσ', &c. may be written

(dσ' — cos φ' dθ') + cos φ' dθ' + cot Φ sin S' dφ' — cosec Φ sin φ cos /8 dθ',

which is equal to
(dσ' — cos φ' dθ') + cot Φ (sin S' dφ' — cos S' sin φ' dθ') ; 

and the term in d⅛ which contains dσ, &c. may be written

(dσ — cos φ dθ) + cos φdθ- cot Φ sin Sdφ + cosec Φ sin φ' dθ, 
which is equal to

(dσ — cos φ dθ) — cot Φ (sin S dφ- cos >8 sin φ dθ) ; 
reductions which depend on

cos φ' — cosec Φ sin φ cosS = — cot Φ sin φ' cos S', 
cos φ + cosec Φ sin φ' cos S’ = — cot Φ sin φ cos /8,

or, what is the same thing,

cos φ' sin Φ — sin φ' cos Φ cos S' = sin φ cos S, 
cos φ sin Φ — sin φ cos Φ cos $ = — sin φ' cos S',

which are relations between the sides and angles of the spherical triangle. And we 
then have

dΦ = (cos Sdφ + sin >8 sin φ dθ) — (cos S' dφ' + sin S' sin φ' dθ'),

d® =(dσ' — cos φ'dθ') — cosec Φ (sin Sdφ- cos (8 sin φ dθ) + cot Φ (sin S' dφ'- cos S' sin φ' dθ'), 
cZ∑ =(dσ — cos φdθ)- cot Φ (sin Sdφ- cos (8 sin φ dθ) + cosec Φ (sin dφ'- cos S' sin φ' dθ'),

expressions which may be simplified by omitting the terms (dσ — cos φ' dθ,) and 
(dσ — cos φ dθ).

Next substituting for dσ, dφ, dθ, their values, we obtain, 
dr = 0,

cZj? = 0,

7 nae sin f dΩ 1.d -i--=N = ~r- dt,
√1 - e2 dr

36—2
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284 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212

d na? Vl — e2 = dt,

dΦ _------ 1. ( sin $ t? —cos $ ∕ cot φ +cosec φ dt— (sin S' dφ'+sin 8' sin φ' dθ'),nα2Vl-e2∖ × dσ dUJJ

cfe - cot Φ _ /cos S jÇ+sin S (cot φ +cosec φ ^∖∖dt+cosecΦ(smS' dφ'-cosS'sτnφ'dθ'∖ 
na2^l-e2∖ dΦ ∖ ψ dσ ψ dθ JI

d® = ——T-—-— (cos S+ sin S foot φ -j—+ cosecφ⅛^^ dt+ cotΦ(sin∣S'dψ'-cos>S'sinφ'cZ6'), nα2√l-e2∖ dΦ ∖ dσ ^dθj∕where Ω = Ω (r, J?, σ, θ, φ), as before.But Ω may be expressed in the form Ω = Ω {r, J?, X, Θ, Φ, σ', θ', φ'), or dis­regarding σ', θ', φ', in the form Ω = Ω (r, p, X, Θ, Φ), and to effect the transformation of the differential coefficients we must write,
dΦ = cos S dφ + sin S sin φ dθ,
d® = — cosec Φ (sin Sdφ- cos S sin φ dθ),
d∑ = (dσ — cos φ dθ) — cot Φ (sin S dφ — cos S sin φ dθ),or, what is the same thing,
dφ = cos S dφ- sin S sin Φ cZΘ,
dθ = cosec φ (sin $ dΦ + cos $ sin Φ cZΘ),
dσ = cZX — cos Φ cZΘ + cot φ (sin $ dΦ + cos $ sin Φ cZΘ),and substituting in cZΩ 7 cZΩ 7, cZΩ 7 cZΩ 7n cZΩ 7-j- dr + -7- dp + 7 dσ + -iλ dθ + ,1 dφdr eZf> r dσ dθ dφ

dΩ , dΩ 7l dΩ 7v ι dΩ „ dΩ , ,
~d^dr+d}> +dZdt + d®dQ + dΦdφ,if on the right-hand side Ω = Ω (r, J?, σ, θ, φ) as before, then we have

dΩ _ dΩ 
dr dr ,

dΩ _ dΩ
dp dp ,

dΩ _ dΩ 
d∑~dσ,

dΩ . , j, r, . ,xcZΩ , o . , dΩ . ci . dΩ= (— cos Φ + cot φ cos $ sin Φ) —l· cosec φ cos ⅛ sin Φ - sin 6 sin Φ ,
dΩ . dΩ , . cidΩ cιdΩ= cot φ sm & —h cosec φ sm o i7l + cos 6 -i-ι ,d∑ r dσ Ύ dθ dφwhere on the left-hand side Ω = Ω(r, p, X, Θ, Φ).
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212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 285The last three equations giveα cZΩ . σ ∕ cZΩ dΩ∖ dΩcos 6 -rr + sin 6 cot φ -,—(- cosec φ = 1j, ,dφ ∖ r dσ ψ dθ ∕ cZΦ. e dΩ z cZΩ iZΩλ i _ ć/Ω , cZΩ— sm o -7- + cos Λ cot φ —Ί—1- cosec φ ~i7i = cot Φ -i= + cosec Φ -77s,
dφ ∖ Ύ dσ Ύ dθ) d2, fZΘand the formulae for the variations become

dr = 0,
dp = 0,

7 nae sin f cZΩ τ, d -------  = -7- dt,√1 _ e2 dr

dna2 √1 — e2 = ~ dt, a]?7, — cot Φ cZΩ 7, cosec Φ cZΩ 7, z ci,7,z ∙ ,7z ∙ ,z7z1,xdΦ =----- -,—7=r dt--------- -wzdt- (cos S dφ + sm $ sin φ d,θ),
na2 √1 - e2 d≥, na2 √1 - e2 a®cZΣ = —c°.^ ^  dt + cosec Φ (sin S,dφ' — cos S' sin φ'dθ'),
na2 √1 - e2 dΦ ∖cZΘ = cosθc *¾- ~ dt + cot Φ (sin S'dφ' — cos S' sin φ'dθ'),
na2 √1 - e2 dΦ v ψ ψ 'where Ω = Ω (r, p, X, Θ, Φ). It will be recollected that the value of S' is = Θ — σ'. It may be noticed thatcZX — cos Φ <ZΘ = sin Φ (sin S, dφ' — cos S' sin φ' dθ,).The system just obtained is, except as regards the terms involving dφ, and dθ', precisely similar in its form to that in which the planet is referred to a fixed plane, or where Ω = Ω (r, p, σ, θ, φ'), and this is of course as it should be.We have now

p = ∞ +∕, 
r = a elqr (e, g), 
f= elta (e, ∕),so that the position of the planet is determined by means of the elements a, e, g, to·, X, Θ, Φ. To find the variations of these elements, substituting for r its value in terms of f, the first, third, and fourth equations are⅛b√)1 + e cos/

7 nae sin f dΩ 7 
d -7==j = ~r dt,√1 - e2 dr

d na2 Vl — e2 = dt, 
dp
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286 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212

which give

. ,,, 2e + (l + e2)cos∕, , ι l + ecos∕, e sin f df---------¼f---- -  de 4------------ da = 0,
j j 1 — e2 a

,z . -, √1 — e2 dΩ , nα2√l — e2 dΩ ,e cos fdf+ sin f de =----- — y— dt 4------ —y----- τrdt,j j j na dr e sin J αp

, 1 - e2 , √1 -e2 dΩ ,α— de+ -=r— da = ---- ------ir dt,2ae na2e dp
and we thence obtain

_ 2e sin/ fZΩ , 2 (1 4-e cos/)2 cZΩ ,
n√l-e2 dr wα(l-e2)f dp ,

7 √1 — e2 sin f dΩ ,, e +2 cos f+ e cos2/ (ZΩ ,. 
de =-------------- - y— dt 4------------- τ=—- -yr dt,na dr na2fl-e2 dp

j j. n,fl-e2 cos fdΩ j4 (2 + e cos ∕) sin ∕ cZΩ
CL∕ —— 7 UfL *-^^ ∕ ----- 7« CvVj

∙, nae dr na? √i _ e2 dp

the last of which equations, combined with

(1 + e cos/)2 (2 4- e cos/) sin/ 
dj∙t ~ (i _ e2)i^ dg + Γ- e2 ’

gives
_ (1 - e2) (- 2e + eos∕4- e cos2/) dΩ λ (2 + e cos/) sin/ e∕Ω 

ag~ nαe(l+ecos∕) dr na2e . dp™'

The fourth equation of the formulæ for the variations, viz., dp = 0, gives 0 = dπ + df, 
and therefore c⅛r ==-df that is,

, √1-e2cos∕dΩ 7 (2+e cos∕)sin∕ <ZΩ ,i(1/ZÜ -- *~β ~ 7 ćvi I « 7- cLι,j
nae dr na*∖fl-tf 0Φ

∖
and the complete system becomes therefore

<fos = 2eιsk'∕ ∞ dt + 2(l + <*c°8∕)i ξΩ dt
n √1 — e2 dr. na (i _ e2)S dp

7 √1 — e2 sin ∕ rfΩ , e ÷ 2 cos f+e cos2 f dΩ 1,
na dr na2 √χ _ ea dp

dc∣ = (1 ~ (— 2g ÷ cos f+e c°β*f) dΩ , (2 4- e cos∕) sin/ dΩ ,
nae(f 4-ecos∕) dr na2e dp ’

dπ = _ -g2s⅛∕ dΩ dt + (2 + e cos/) sin/ dΩ dt
nae dr na2e dp ,

www.rcin.org.pl



212] A MEMOIR ON THE PROBLEM OP DISTURBED ELLIPTIC MOTION. 2877∙κ — cot Φ dΩ τ, cosec Φ ίΖΩ , ,
∞>√T→ Ë i-na>√τ^ 0β>dt~ (cosS dφ +sms'sιn≠'dθ">∙7v, cot Φ cMI ,dt = dΦ dt + cθsec φ <sιn S' dΦ' ~ cθs S'sin ≠' dθ')>cosec Φ dΩ . z . ,,i√weψ'ζ + ∞tφ<smsd≠-∞ss's⅛≠'<znwhere, as before, ∩ = ∩ (r, p, t, Θ, Φ). This is the first form of the expressions for the variations of the elements.But we may in the disturbing function ∩ replace r, ∖, by their values in terms of α, e, g, τx, and if on the right-hand side ∩ has the last preceding value, we haved∩ 7 d∩ , dΩ , dΩ . dΩ ,s, dΩ 7„ dΩ 7,,k 

dad"'+<U * + ⅞^ + ⅛fc + d2'zs+dΘdθ+3φ'zφ
dΩ .. d∩ , d∩ d∩ ,rλ ι d∩ ,, 
dr dr + dj> + ÆS tu + d® d® + dΦ dφi

where on the left-hand side ∩ = ∩ (a, e, gi ox, 2, Θ, Φ) ; and the expressions -for. the differentials dr and d]>, are
j 1 — e2 7 ∕∙ ? . αe sin f 7dr = —-------- 7, da —a cos f da + .— da,l+ecos∕ j √1-e2 j'
⅛ = (2 + 8 cos/) sin∕φ + (1 + e cos∕)≈ +i — e (1 — e)⅛and we have thereforerZ∩ _ 1 — e2 dΩ

da 1 + e cos f dr ,
dΩ _ ,dΩ (2 + e cos∕) sin f dΩ
de ~ a c°s,∕ dr + 1 — e2 dj? ’
dΩ _ ae sin f dΩ (1 + e cos∕)2 dΩ
dg ~ √Γ-e2 dr (1 _ e2)⅛ d∖> ’

dΩ dΩ
dτσ cφ ’
dΩ dΩ
dΦ = dΦ,

άΩ_ dΩ<Z2 ~ d2 ’
dΩ _ dΩ
d®~ d®’where on the left-hand side Ω = Ω(a, e, g, ιπ, 2, Θ, Φ),
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288 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212 and we thence obtain for the variations the new system of formulæ,
2 dΩ ,

da = +-----~r~ dt,na dg

. l-e2dΩ,. √l-e2 dΩ
dβ = H----- Ô 7— -------9 Jna2e dg na2e dπ7 2 dΩ ,j l-e2<Z‰
dg =-----------j— dι — —— j— dt,ij na da na2e de

7 √l-e2 dΩ^
ohσ = H------- ∑----- j- dt,na2e de — cotΦ dΩ , cosec Φ dΩ h<iφ = S W 5®— (cos S'dφ' + sin S' sin φ'dθ'),cot Φ dΩ 7,(^}s^ -- H---- "---1 ---~, 7iα2Vl-e2 <^Φ+ cosec Φ (sin S'dφ' — cos S' sin φ'dθ'), cosec Φ dΩ 1,cZΘ — d------- ∕, "∙~~"^- ~τTtd^twα2Vl -e2 d&+ cot Φ (sin S'dφ' — cos S' sin φ'dθ'),where, as before, Ω = Ω(a, e, g, τr, Σ, Θ, Φ). This is the second form of the expressions for the variations of the elements. It is hardly necessary to remark, that if in either system of formulæ we omit the terms involving dθ' and dφ', and in the place of Σ, Θ, Φ, write σ, θ, φ, we have the formulæ for the variation of the elements when the orbit of the planet is referred to a fixed plane, and the disturbing function is given under the form Ω = Ω (r, J>, σ, θ, φ), or Ω = Ω (a, e, g, -or, σ, θ, φ).The demonstration of the two preceding systems forms, as before remarked, the object of the present Memoir. But it is proper to give also the systems for the variations of the elements in the form in which they would have been obtained, if the notion of the departure had not been introduced into the investigation. To do this I revert to a preceding system of equations, which may be written

dr = 0,ιn cosec φ dΩ 1,dθ =----- 7---y -ττ dt,
na2 V1 — e2 dφ

j — cot φ dΩ .dz =  dt,
na2 v 1 — e2 dφ

1 nae sin f dΩ Ί
d -----j = -j- dt,

√ 1 — e2 dr

www.rcin.org.pl



212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 289______  c2Ω
d na2 V1 — e2 = dt,j, — cosec φ cZΩ . ι cot φ dΩ 1f cot z dΩ 7λ
dφ =------ λ—— -τa-dt +------ 7∙,∙.y - -j-dt( =------ -. -ττdt},

na2 VI - e2 dθ net? √1 - e2 dz ∖ wα2 √1 _ e2 dφ J where Ω = Ω (r, z, θ, φ).
a ∩ _ g2∖Substituting in these equations for r, z, the values —- —and <D + ∕*, wel+ecos∕ jobtain

da = -2≠X d-^dt + 2<1 + *c0b-P2 d2 dt,
nvl — e2 dr na (i _ dz

j √1 — e2 sin f c∕Ω 7 e + 2 cos ∕+ e cos2 f dΩ Ί±
de = ---------------- -7-- dt H----------- ji ---- - -τ- dt,na dr na? √χ _ e2 dz7 _ (1 — e2) (— 2e + cos∕+ e cos2/) cZΩ , (2 + e cos/) sin/cZΩ n

9 ~ nae (1 + e cos/) dr w⅛ didt,√Γ~- e2 cos∕ iZΩ j4 ι (2 + e cos∕) sin∕ cZΩ cot φ dΩ 1±
““ 7 Wit I /■■ ■■ ---- 7 ∕ — 7 f dt/ynae dr na? √ι _ e2 dz na? √j - e* dφ7, cot φ cZΩ 7, cosec φ cZΩ 7α≠ = ----- A—■ -j-~dt-----------τ= -y;? dt,

na2 y 1 — e2 dz na2 Vl — e2 dθja cosec φ dΩ
dθ = , ψ~- r,~ dt,

na2 Vl-e2 dφwhere Ω = Ω (r, z, θ, φ), as before ; and which is the first system for the variations of the six elements, a, e, g, t>, θ, φ.But if in the disturbing function we replace r, z by their values, then if on the left-hand side Ω = Ω (r, z, θ, φ), as before, we find1—e2 dΩ ~dΩ1 + e cos f dr dr ’. cZΩ (2 + e cos∕) sin∕ cZΩ _ cZΩ α cosy + i _ e2 gz de ’

ae sin∕ dΩ (1 + e cos∕)2 dΩ _ dΩ√l-∕ dr (1 _ e2)⅛ dz dg ’dΩ _ dΩ
dφ dφ ,

dΩ _ dΩ
dz dC ’

dΩ = dΩ
dθ dθ ,where on the right-hand side Ω = Ω (a, e, g, t>, θ, φ).
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290 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212

The formulæ for the variations thus become 
2 dΩ ,da = —,dt,na dg

Ί l-e2dil ,, Vl~e2dΩ 7dc = - ^τ dt ~ 7⅛- dtina2e dg na2e do
, 2dΩ,i l-e2dΩ,dcj — j dt n j dt)na da na2e de
w, √1 — e2dΩ ,. cot φ dΩ ,

dC = ----- r- -j-dt - -—.ξ2= dt,na2e de na v 1 — e2 dψ
Ί cot φ dΩ j4 cosec φ dΩ,

dφ = na^Γ~e>dΖ - na^Γ^dθdt>

,λ cosec φ dΩ τ,dθ = +----
na2 V1 — e2 dφ

where, as before, ∩ = ∩ (a, e, g, C, θ, φ). This is the second system of formulæ for 
the variations of the six elements a, e, g, C, θ, φ.

The last-mentioned system may be easily deduced from Jacobi’s canonical system 
of formulæ, viz. putting

21, the constant of vis viva,

53, the constant of areas,

(£, the constant of the reduced area,

%, the constant attached to the time,

©, the angular distance of pericentre from node,

∙ξ>, the longitude of node ;

then the canonical system is
<*»= g<⅛

<Z8= g⅛

<*8 = -~⅛

7 z* cZfi -,
d⅛ = ~dβ dt∙
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212] A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 291

and the expressions for 21, &c. in terms of the elements a, e, g, <D, θ, φ, are 
21 = — ∣n2α2,

33 = wα2Vl-e2,

6 = nα2 √1 - e2 cos φ,

δ = l·-*·

©= Ü,
s= 0,

and the transformation can be effected without the slightest difficulty.

I shall conclude with the demonstration of a formula which occurs implicitly in
Hansen’s Lunar Theory, and which may probably be useful for other purposes.

Write
p, the radius vector, τ for t,
∙ψ∙, the true anomaly, τ for t,

that is, let p, -φ∙, be what r, f, become when the time t, in so far as it enters 
explicitly in g, and not through the variable elements, is replaced by an arbitrary 
quantity, τ.

And suppose, in like manner,

γ, the mean anomaly, τ for t, 
λ, the departure, τ for t,

and let lp denote the logarithm of ρ ; then we have, attending only to the variation 
of t, in so far as it enters through the variable elements,

7/. (2 + e cos∕) sin f j (1 + e cos∕)2 ,j l-e2 (l-e2)l y
rf≠ = —r⅛- de + l,ι" ⅛

dιp = 1-da- σ+*∞°*>c°8⅛ *+(i+g→)β⅛* d r a l-e2 (l-e2)⅛ 1

We hence deduce,

_ 1 , e sin ψ sin∕(2 + e cos∕) — cos ψ — 2e — e2 cos ≠ 7 e sin ψ (1 + e cos∕)2 ,
~d α+ (1 — e2) (1+ecos ≠) 6 (i _ (i +7cos≠) 9'
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292 A MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [212the coefficient of dy being zero. And substituting for da, de, dg their values, viz.7 2esin∕ dΩ j, 2(1 +ecos f)2 dΩ j
da = ,—j -τ-dt+ -λ-------------⅛δ χ dt,

nVl-e2 dr na (l-e2)* dp. √1 — e2 sin f dΩ ,± e + 2 cos∕+e cos2/d∩ .
na dr na2 √1 _ e2 dp, _ (1 — e2) (— 2e + cos∕+ e cos2/) dΩ . (2 + e cos∕) sin∕ dΩ .

c d nae (1 + ecos∕) dr + na2e dpthe equation becomes
-√l-e2 . zz txdΩj— —τi------------ Γ∖ sιn (∕ - ≠) τr dtna (1 + e cos ψ) dr4_______ _____ 1------------------∣2 + e cos ψ - cos (∕- ψ) (2 + e cos∕)l dt.wα2√l-e2(l+ecos≠)l ψ V Y J J ⅜

But we have ∣7 = 'δ3∙+∕, λ = w + ψ, and, consequently, /— ψ = p — λ, and the equation becomes<⅜ + ej≤⅛(<⅛-Aλ)
= —zA-—. ∖ ∞> (t, - λ) τr dt na (1 + e cos ψ) r 7 dr+ -—-z∙-------1-----------------12 + e cos ≠ — cos (1? - λ) (2 + e cos ∕)l ⅛ dt,nα2√l — e2(l+ecosψ) I τ r J dpwhich is the equation referred to ; the expression on the right-hand side, omitting the factor dt, is, in fact, the portion not involving the arbitrary functions Π, Γ, of Hansen’s function R {Fund. p. 43), viz. -it is in Hansen’s notation,

- Jβ cos ⅛ - λ) -1 + [cos ⅛ - λ) -1]) 7≤=

p . . , . an dΩ- - sin (« - λ) .------ r ,,r x z 7 √ι _ e2 drwhere a, n, e, r, p, v, λ, Ω (Hansen), correspond to a, n, e, r, p, p, λ, n~2 a~3 Ω, of the present Memoir.
2, Stone Buildings, W. G., 3 March, 1858.
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