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197.

NOTE ON THE THEORY OK LOGARITHMS.

[From the Philosophical Magazine, vol. xι. (1856), pp. 275—280.]
An imaginary quantity x + yi may always be expressed in the form 

x + yi = r (cos θ + i sin θ) — reθi,where r is positive, and θ is included between the limits - π and + 7τ. We have in fact
r = f x2 + yi ;and when x is positive,
θ = tan-1 - ; 

xbut when x is negative,
θ = tan-1 - + 7r ; x ~where tan~1 denotes an arc between the limits — ⅜7r, +⅜7r, and where the upper or under sign is to be employed according as y is positive or negative. I use for con­venience the mark ≡ to denote identity of sign ; we may then write
θ = tan~1 - + 67τ, xwhere
x ≡ +, e = 0, 
x ≡ —, e = + 1 ≡ y.It should be remarked that θ has a unique value except in the single case 

χ≡-, y = 0, where θ is indeterminately + ττ. We have, in fact, d = + ττ or θ = - τr
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197] NOTE ON THE THEORY OF LOGARITHMS. 209according as x is considered as the limit of x + yi, y ≡ +, or of x + yi, y≡-. It is natural to write log (x + yi) = log r + θi,or what is the same thing,log (x + yi) = log fι<∕x2 + y2 + ((tan-1 + C7r^ i ;

and I take this equation as the definition of the logarithm of an imaginary quantity. The question then arises, to find the value of the expressionlog (x + yi) + log (x' + y,i) — log (x + yi) (x, + y'i).The preceding definition is, in fact, in the case of x positive, that given by M. Cauchy in the Exercises de Mathématique, vol. I. [1826]; and he has there shown that 
x, x', xx' -yy' being all of them positive, the above-mentioned expression reduces itself to zero. The general definition is that given in my Mémoire sur quelques Formules 
du Calcul Intégral, Liouville, vol. xil. [1847], p. 231 [49]; but I was wrong in asserting that the expression always reduced itself to zero. We have, in fact, in generaltan-1 a. + tan-1 β = tan-1 ,1 — aβwhen 1 — aβ is positive ; but when 1 — aβ is negative (which implies that a, β have the same sign), then α + βtan-1 α + tan-1 β = tan-1 ------ ^ + 7r,1 — aβ -where the upper oι∙ under sign is to be employed according as α and β are positive or negative; or what is the same thing, α + /3tan-1 a. + tan-1 β = tan 1 =------ ~ + eτr,1 — aβwhere 1 — aβ ≡ +, e = 0,1 — aβ ≡ —, e = ±l≡a+β≡a≡β.This being premised, then writinglog (x + yi) = log +y2 + (tan-1 ^^ + 67r () ι*>

log(x, + yi) = log Vx'2 + y'2 + ((tan-1 + e,7r) i,
log (x + yi) {χ + y,0 = log [(xx' - yy') + (χy, + yχ,) ⅛]= log ∖Ara + y2 *J x'2 + y'2 + ftan-1 + e,,7r^ i,∖ xx —y y !tan-1 - + tan-1 ¾ = tan-1 + + e"'7r,
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210 NOTE ON THE THEORY OF LOGARITHMS. [197we find log (x + yi) + log (x' + y'i) — log {x + yi) (√ + y'i} = (e + e' — e" + e'") τri. Hence, considering the different cases :
I. x ≡ +, x, ≡ +, xx' — yy' ≡ + , 

e =0,

e' =0, 
e" =0, 
e'" = 0,and therefore

e + e'-e" + e", = 0.

II. x ≡ + , x'≡+, xx'-yy'≡-,

e =0,
e' =0,

e'' = + 1 ≡ (iw∕' + x'y)≡ (j + jj,) ,
e"'≈±l ≡(Mi

∖X X )and therefore
e + e — e + e = 0.

III. x ≡+, x'≡-, xx — yy' ≡ +,

e =0,• -*'-*∙-5--K)∙e" = 0,e'"=±l ≡ (Mh
∖X X ∕and therefore

, Z ZZ , ZZZ i∖e + e — e + e = 0.

IV. x ≡ + , x' ≡ — , xχ' — yy' ≡ —, 
e = 0,e'=±l≡∕≡-^.
e" = + l = ∞∕' + √y = -g + ^,

ZZZ Ae = 0,
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197] NOTE ON THE THEORY OF LOGARITHMS. 211

and therefore ,
, , " . "' n if y - (y + y-∖e + e-e +e =0 ιf-,= (→ χ,),

biit . z ,
e + e'-e" + e','=±2≡(‰¾) if 2ζ ≡ - β + ∣X ∖x x J x ∖x x Jv. # ≡-, λ∕≡ + , Λtf∕-y√≡ + ,

- * χ ∖X X J 

e =0,

e" =0,
e-"=÷ι ≡f^÷C,

- ∖X X J

and therefore
e + e'_ e" + e','= 0.

VI. x ≡-, χ'≡+, χχ-yy'≡-,

e = + l≡y≡--,~ i, x
e' = 0,

e" = + l = (∞∕' + √y)s-(∣ + ^),
nt (∖€ =0,

and therefore ,.
..,-,-÷,-.0 «>. g + J),

.*.∙-.-÷∙'--i≈∙'÷i^-8÷i)∙

VII. x ≡-, χ'≡-, χχ-yy'≡ + , 

e = + l = y≡-∣,

e' =±ls√≡-⅛. 

e" =0. 

e'" = 0 ;
and therefore

∕ n , m _ n ∣f y, =_ ⅛Le + e- e+6-0 ∏λ,- a,z,

hut ,
e + e'-e" + e"=±2≡-g + ∣r)if^≡

27—2
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212 NOTE ON THE THEORY OF LOGARITHMS. [197VIII. x ≡ —, x' ≡ —, xx' — yy' ≡ - ,• -g÷B∙
-e÷s∙e" = + 1 ≡(z∕ + √y)≡ (∣ + 5)'

e"-=±l ≡ (M),∖X X Jand therefore
. ' n, m ∣Q_ (y ∣ y ∖e + e — e + e =±2=-I- + — .∖x x )Hence writing log {x + yz) + log (x' + y'i) — log (x + yz) (x' + y'ζ) = Eπi, we have E = 0, except in the following cases, viz.1. (See IV.)

x ≡ +, x = -, xx - yy' ≡ -, ∣7 ≡ - + ^7) ,where
F= + 2≡fy + Δ.

~ ∖x X J
2. (See VI.) *≡-, √ = +, α√-y∕≡-, ∣≡-g + ∣7) ,where p=+2≡(^+^y∖Λ' x J3. (See VII.) , z ∕ y y,x≡ —, x ≡ —, xx — yy ≡ +, - = ⅜,i,i, xxwhere ^-*3∙-e÷fl-
4. (See VIII.)

x≡-, x, ≡ —, xx' — yy' ≡ — ,where
E= + 2≡-(y+iγ

~ ∖x x 1
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197] NOTE ON THE THEORY OF LOGARITHMS. 213It thus appears that when the real parts x, x', xx — yy, are all three of them positive, or any two of them positive and the third negative, E is equal to zero, or the logarithm of the product is equal to the sum of the logarithms of the factors ; but that if the real parts are one of them positive and the other two of them negative, then if a certain relation between the real and imaginary parts is satisfied, but not otherwise, the property holds; and if the real parts are all three of them negative, the property does not hold in any case.The preceding results do not apply to the case where any one of the arguments 
x + yi, x' + y'i, (x + yï) (x' + y'i) is real and negative, for no definition applicable to such case has been given of a logarithm. If, however, we assume as a definition that the logarithm of a negative real quantity is equal to the logarithm of the corresponding positive quantity, then in the case, x≡ —, y = 0, we havelog x + log (x' ÷ y'ï) — log x (x' + y'ï) = eπi, e = ±l≡y' ; an equation which is, in fact, equivalent tolog (x' + y'i) — log [— (x' + y'i)^∖ — eτri, e= ±l≡y' ; and in the case xy + xy = 0, xx — yy, ≡ —, which implies y ≡ y,, thenlog (x + yï) + log (x' + y'ï) — log (x + yï) (x + y'ï) = ιri, e = + 1 ≡ y or ÿ -, an equation which is in fact equivalent tolog (x + yi) + log (— x + yï) — log (x2 + yi) = eττi, e = + 1 ≡ y.The case where both of the arguments x + yi, x' + y'i are real and negative, i.e. 
x≡-, y = 0, x'≡-, y' = 0 gives of course log x + log x — log xx = 0, the logarithms of the negative real quantities x, x, being by the definition the same as the logarithms of the corresponding positive quantities. It should, however, be remarked that the definition, (x ≡ — ), log x = log (— x) not only gives for log x a different value from that which would be obtained from the general definition of a logarithm, by considering log x as the limit of log (x + yi, y ≡ +, or of log (x + yï), y ≡ —, but gives also a value, which, for the particular case in question, contradicts the fundamental equation eiogaj-x it is therefore, I think, better not to establish any definition for the logarithm of a negative real quantity x, but to say that such logarithm is absolutely indeter­minate and indeterminable, except in the case where, from the nature of the question, 
x is considered as the limit of x + yi, y positive, or of x + yi, y negative.

2, Stone Buildings, March 15, 1856.
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