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165.

ON SOME GEOMETRICAL THEOREMS RELATING TO A TRIANGLE 
CIRCUMSCRIBED ABOUT A CONIC.

[From the Quarterly Mathematical Journal, vol. I. (1857), pp. 169—175.]
The following investigations were suggested to me by Sir F. Pollock’s interesting paper “ On a Geometrical Theorem relating to an Equilateral Triangle circumscribed about a Circle,” [Quart. Math. Jour. t. I. (1857), pp. 167—169].If on the sides of a triangle ABC, there be taken points α, β, y, such that -da, Bβ, Cy meet in a point 0 ; and if on each side of the triangle there be taken two points forming with the two angles on the same side an involution having the first-mentioned point on the same side for a double point ; then if three of the six points lie in a line, the two lines are said to be harmonically related with respect to the triangle ABC and point 0. Call these the lines (r), (s).

The triangle ABC and point 0 give rise to a determinate conic ; viz., the conic touching the sides at the points α, /3, y.
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30 ON SOME GEOMETRICAL THEOREMS RELATING TO [165-The harmonic of the point 0 with respect to the triangle is a line (o), which is also the polar of 0 with respect to the conic. The conic meets this line in two points (as the figure is drawn, imaginary ones), I, J.Suppose now that the harmonic lines (r), (s) are harmonically related to the points 
I, J, (i.e. let the lines (r), (s) and the lines through their point of intersection and 
I, J, be a harmonic pencil, (or, what is the same thing, let I, J, and the points in which the line of junction meets the lines (r), (s) be a harmonic range), then, 
Theorem, the point of intersection of the lines (r), (s) lies on the conic.In order to prove this, takezr = O, y = 0, z = 0, for the equations of BC, CA, AB, 

x=y = z, for the point 0,the equations of the harmonic lines will be
ax + by ÷ cz = 0,

x y z λ - + f + - = 0, a o cthe equation of the conic is
x2 + y2 + z2 — 2yz — 2zx — 2xy = 0 ; the equation of the line (o) is

# + y + z = 0.The coordinates of the points I, J, are
x : y : z = 1 : ω : ω3,and
x : y : z = 1 : ω2 : ω,where ω is an imaginary cube root of unity.The equations of the lines joining the point of intersection of (r), (s) with the points I, J, are

ax + by+cz _bcx + cay + abz 
a + bω + cω be + caω + abω2 ,

and
ax + by + cz _ bex + cay + abz 
a + bω2 + cω be + caω2 + abω ’and these will form with the lines

ax + by + cz = 0, 
bex + cay + abz = 0,

www.rcin.org.pl



165] A TRIANGLE CIRCUMSCRIBED ABOUT A CONIC. 31a harmonic pencil, if
(a+bω + cω2) (be + cαω2 + abω )

+ (a ÷ bω2 + cω ) (be + caω + abω2) — 0 ;i.e., if
(iabc — be2 — b2c — ca2 — c2a — ab2 — a2b = Q ;which is, therefore, the condition in order that (r), (s), I, J may be harmonically related.The coordinates of the point of intersection of (r), (s) are

x : y : £ = α (62 — c2) : b (c2 — α2) : c (a2 — b2) ;and substituting these values inzc2 + y2 + 22 — 2yz — 2zx — 2xy, we see, à priori, that the result contains the factor
2abc + bc2 + b2c + ca2 + c2a + ab2 + a2b = (b + c)(c + a) (a+ b)∙,in fact b + c = 0 gives x : y : z = 0 : b (b- — α2) : b(b2 — α2), i. e. x = 0, y — z = 0, which makes x2 + y2 + z2 — 2yz — 2zx — 2xy vanish ; and so for the other factors.Effecting the substitution, we findx2 jt,y2jr z2 _ %yz _ %zx — xy = (2abc + bc2 + b2c + ca2 + c2α + ab2 + a2b)

× (— Gabc -t- bc2 + b2c + cd2 + c2α + ab2 + a2b),which equals 0, on account of the second factor.Hence the point of intersection of the lines (r), (s) lies upon the conic, q.e.d.Consider, next, a side of the triangle : then, Theorem,—the following four points on a side of the triangle, viz. the point of contact, the point of intersection with the line (o), and the points of intersection with the harmonic lines (r), (s), form a harmonic range.In fact, for the side x = 0 the points in question are given by means of the ■equations
y— z = 0, y+z=0, by + cz+0, ∣ + ∣ = 0,and forming the equations y2 - s2 = 0,*,+(ι+i)1*+'∙ii

the theorem is at once seen to be true, q.e.d.
www.rcin.org.pl



32 ON SOME GEOMETRICAL THEOREMS RELATING TO [165It is interesting to give the analytical expressions for some other of the points and lines of the figure. The harmonic lines (r), (s), meet in a point of the conic given by the equations
ξ : η : ζ = a (b2 — c2) : b (c2 — α2) : c (a2 — b2).This point may be spoken of as the common point of intersection of the harmonic lines with the conic. The foregoing values give

P-P-P=⅛(5 + 5)which may also be written p-⅛-f)*=>z⅛(i+c)2=e∙R,
P-(f-f), = if^-(c + α)' = -KP,vCv
fs-(f->>), = ⅛⅛(α + 6)s = P⅛if for shortness -f + , + f=P, 

ξ-η + ξ= Qι 
ξ + v-ξ=R,formulæ which will be presently useful.Each harmonic line meets the conic in another point, which may be termed the simple point of intersection. For the line ax + by + cz = 0, the coordinates of the simple point of intersection are given by x : y : ^ = τ7ζ∙(δ + c)2 : ^(c + α)2 : £?(a + &)2; or, what is the same thing, by

' = sh,"A = ⅛⅛and, in like manner, the coordinates of the simple point of intersection of the line 
χ y Z- + I + - = 1 are given by

a b c

www.rcin.org.pl



165] A TRIANGLE CIRCUMSCRIBED ABOUT A CONIC. 33Hence the equation of the line joining the two simple points of intersection is
« , y , z =0,

_i_ JL _1
Pa' Qb, Pc

a b c 
P , Q , Ror expanding and reducing

+ Qηy + Rζz = 0.The equation of the tangent to the conic at the common point of intersection is evidently
Px + Qy + Rz = 0.The last-mentioned lines, together with the harmonic lines (r), (s), viz. the lines 
ax + by + cz = 0,

-+ τ+ f=0∙
a b cmay be considered as the sides of an inscribed quadrilateral ; the equation of the conic must therefore be expressible in a form in which this is put in evidence ; to do this, I first form the equation

which may also be written
(ax + by + cz^ (→ ∣ + j) = χ2 + 2∕2 + *2 - 2∖yz - 2μzx - 2vxy,where

λ--------2^’t2+f2-V
IL = —----------- -------------

2ζξ ’ 
ξ2 + η2-ζ2

TJ = —------------ ------------—

2ξv ’and then putting Δ=^+^+ta-2^-2^-2^,an equation which gives Δ =P2_4??£= Q2-4g = P2-4^,
c. III. 5
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34 ON SOME GEOMETRICAL THEOREMS &C. [165and
- PQR - Sξηζ= (ξ + η + £) Δ,it is easy by means of these relations to verify the identical equation

⅛ξηζ (χ2 + y2 + z2 — 2yz — 2zx — 2xy) + ξηζ (ax + by + cz) + +

- (Pξx + Qηy + Rζz) (Px + Qy + Rz) = Δ {- ξx2 - yy2 - ζz2 + (ξ + η + ξ) (yz + zx + xy)}, or, writing for Δ its value Δ =0, the equation of the conic takes the form
ξyζ (ax+by + cz) + f +1) - (p&+Qvy + pζp> (Pæ + Qy + pp) = °,

which is as it should be.It may be added, that the common point of intersection and the points in which the harmonic lines (r), (s) meet a side of the triangle lie in a conic passing through the points I, J, such that with respect to this conic the point of contact is the pole of the line (o). Thus for the side x = 0 the equation of the conic in question is
θx(x + y+z) + (l -~c~^ x2 + (by + cz) (∣ + ∣)= θ,where ^ _ α (b — c)2 (b + c) _ (b + c)2 δc(α-b)(c-α) 2bc ’and similarly for the other two conics.In the case where the triangle is an equilateral triangle and the line (o) is the line at oo , the conic becomes a circle, the points I, J, are the circular points at infinity, and lines harmonic in respect to the points I, J, become lines at right angles to each other : the foregoing results agree, therefore, with Sir F. Pollock’s Theorem.
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