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163.

ON HANSEN’S LUNAR THEORY.

[From the Quarterly Mathematical Journal, vol. ι. (1857), pp. 112—125.]
The following paper was written in order to exhibit, in as clear a form as may be, the investigation of the remarkable equations for the motion of the moon established in Hansen’s “Fundamenta Nova Investigationis Orbitæ veræ quam Luna perlustrat,” &c., Gothse, 1838. I have availed myself for this purpose of the remarks in Jacobi’s two letters in answer to a letter of Hansen’s, Grelle, t. xlii. [1851], p. 12; it may be convenient to remark that the quantity there represented by Λ, and which does not occur in Hansen’s own investigation, is in this paper represented by Θ.The position of the moon referred to the earth as centre is determined by

r, the radius vector,
L, the longitude,Λ, the latitude.Suppose, moreover, that the attractive force at distance unity, = κ(M + E), is representedby w2α3, then the principal function will be V =---- — , and the disturbing function Rmay be represented by w2α3Ω ; the expression for the half of the vis viva is+ r2 cos2 Aand the equations of motion are therefore

d dr
dtdt rc°3

. (dL∖2 (dΛ∖2 w2αs 2 ,λUJ ~r(dt) +v=nα(ZΛ∖2 w2αs
2L ( r2 cos2 Adt dt =■ niai

d<J 
dr ’

d∩
dL,

d ( dA∖ a ∙ a o 3^Ω
di r ^dt J + r C0S A sm A ( j7 ) = n2α3 ττ ,dt 7 d∖where Ω is considered as a function of r, L, A.
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14 on hansen’s lunar theory. [163

Consider the orbit as an ellipse, then putting 
a, the mean distance,

∕κ (Λ∕ + K)
n, the mean motion = a∕---- ~3---- ,

e, the excentricity,c, the mean anomaly at epoch,ω, the distance of perigee from node,
θ, the longitude of node,
it the inclination,Φ, the distance from node,Ψ, the reduced distance from node, = L - θ,
U, the excentric anomaly,
f the true anomaly, = Φ — ω,the elements of the orbit are α, e, c, ω, θ, i, and we have from the theory of elliptic motion,

nt + c = U — e sin U,∕==tan- √σ-f>ιd°Λj cos U — e

,λ rrx a (1 “ e')r = α(l ~ e cos (J) = i-~--------->∙x ' 1 + e cos jMoreover i is the angle at the base of a right-angled spherical triangle, the base, perpendicular, and hypothenuse of which are Ψ, Λ, Φ, hencetan Ψ = cos i tan Φ , sin Λ = sin i sin Φ , sin Ψ = cot i tan Λ , cos Φ = cos Λ cos Ψ.Considering the elements as constant, we have
dr _ nae sin f 
dt √(1 — e2) ’
df _ nft2 V(l — e2) 
dt r2 ,

dΦ _ na2 √(1 — e2) 
dt r2cZΨ _ cos i na2 √(1 — e2) 
dt cos2 Λ r2

dL _ cos i na2 √(1 — e2) 
dt cos2 Λ r2
dA . . τ na2 √(1 — e2)-jτ-= sin τ cos Ψ----- l2÷----- -  .dt r2
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163] on hansen’s lunar theory. 15Hence also
d (dr∖ _ n2a3ecosf
dt ∖dt) r2 ,

⅛(,r'coa,'i⅛y θ-

d ∕ dΛ,∖ _ cos2 i sin Λ n2a* (1 — e2)
dt∖ dt J cos3 Λ r2 ’
d (df∖ 2n2a3 . .5i(,dJ =-55 es>n∕

The foregoing values show that the equations of motion, neglecting the terms which involve the disturbing functions, are satisfied by the elliptic values of r, L, Λ : and in order to satisfy the actual equations of motion, we have only to consider the elements as variable and to write
dr = 0,
dL = 0,dΛ = 0,
d = w2α3 dt,dt dr

d(r^kd^ = nWd^dt, 
d(r°li) =κv^dl'

where the differentiations relate only to the elements, or, what is the same thing, to t in so far only as it enters through the variable elements: the system is at once transformed into
dr = 0,
dL = 0,cZΛ = 0,nαesπ√ -,l¾3⅛

√(1 - e2) ~ a dr ’

d na2 √(1 — e2) cos i = n2a3 dt, dL

d na2 √(1 — e2) sin i cos Ψ = zι2α3 ⅛ dt.
dA
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16 on hansen’s lunar theory. [163Now Ψ = L- θ, or (supposing, as before, that the differentiations relate to t, only inso far as it enters through the variable elements) dΨ = — dθ, and thence dθ =

. iλ „1 ∙ x ∙ ∙ dΩ ∙, dΩ ∙we have also dΦ = - cos z dθ. The equations containing and give cZΩcos i d na2 √(1 — e2) — ^α2 V(l - g2) 8in ι di = n2a3 dt,

dClcos Ψ sin i d na2 √(1 - e2) + na2 √(1 - e2) (cos Ψ cos i di + sin Ψ sin i dθ) = n2a3 dt ;

or, expressing dθ by means of di and reducing, the second of these equations becomessin i d na2 √(1 — ea) + nα2 √(1 — e2) — λ ^ di = ^,w2α3 zτr c^>v v z ' z cos2 Λ cos2 Ψ cos Ψ αΛand combining this with the first of the two equations, and observing thatcos2 i . o . 1
--------------------------- ÷ sin2 ? ——--------------cos2 Λ cos2 Ψ cos2 Ψ ’we find , <, , Z cos i dΩ ι . . _ d∩∖dnα≈√(l-e1)= nV + sιn tcosΨ rfJ ⅛

j ∙ wa2 Z ∙ ∙ 5 ,τr dΩ . .γ, dΩ∖ jdz = ~~m----- =c — sin z cos2 Ψ -1-t- + cos z cos Ψ -ττ dt.√(1 — e2) ∖ dL dAJNow, considering ∩ as a function of r, θ, i, Φ, then Λ, L are given as functions of 
θ, i, Φ by the equations sin Λ = sin i sin Φ, tan Ψ = cos i tan Φ, Ψ = L — θ, and after some simple reductions,rf∩ _ dΩ

dr dr ’dΩ _ <ZΩ
dθ ~ dL’

<IΩ L Λ, ( ∙ ∙ 9 <Γr dΩ , ∙ VTr-rr = tan Φ — sin z cos2 Ψ -r7 + cos z cos Ψ -rr , dz ∖ dL dAJ

dΩ Z cos i dΩ . . .τ. dΩ∖
dΦ ∖ cos2 A dL dAJwhence also
dΩ . dΩ . . , , dΩ
dθ dΦ dz
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163] on hansen’s lunar theory. 17We have therefore
d na2 √(1 — e2) = n2a3 dt,

j. na cot Φ dΩ ,dl = √(T^V) y dt∙
λ∩ _ na dΩ 7j

- √(1-e2)sin⅛ ~dι>

— na cot i dΩ τdφ = √(ι^) rfΓ⅛
dr = 0,nαesin∕ re⅛,-∞Λ√(l-e∙) na drat'Suppose now that we have

p, a radius vector, τ for t, 
φ, a true anomaly, do., 
υ, an excentric anomaly, do.,i.e. let p, φ, υ, be what the radius vector, the true anomaly and the excentric anomaly become when the time t, in so far as it enters directly, and not through the variable elements, is replaced by a new variable τ. We have

nτ + c = υ — e sin v,

φ =tan- √σ-*)⅛yτ cos υ — e

∕ι ∖ α(l-e2)p = a (1 — e cos υ) = 1--------⅛rr v ’ 1 + e cos φ ,and of course the differential coefficients of p, φ with respect to τ may be at once deduced from the corresponding expressions for the differential coefficients of r, f with respect to t, the elements being considered as constant. Now, using I to denote a logarithm, and supposing that the differentiations affect only the elements, we have7/ _ 2ede p cos φde pe sin φdφ
? a 1 — e2 α(l — e2) + a (1 — e2) ’

,1 _ da 2ede r sin fde re sin fdf
a 1 — e2 a (1 — e2) + a (1 — e2) ’and putting for shortness

v 77 pe sin φdφ

X =
a (1 - e2) ’we find

γ psmφ v ∕ p sin φ∖ ∕da 2ede∖ p z , sin φ cos Λ 7x'" FΗΞ∕z = (1 - TîïfiÿJ U ^ l—√ ^ eΓ(Γ→9 Γs φ - ~⅛∕ ^ ) de> c. Ill 3
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lg on hansen’s LUNAR THEORY. [163

or reducing
1 ⅛, 

z r sin j. *---------τr ∙i (sin/- sin φ + e sin (∕- φ)∖ - y—-2) - sin (∕- φ) del.sin∕(l + e cos φ) (∖ j ψ 1 ∖a l-e2∕ JWrite for a moment τ> o ,zn o× zλ wαesin∕ o α(l-e2)P = nα2√(l-e2), Q = ,so that P2α<1-e'>Λ∙'
* .Am15.2ξ+Ln4aβ n4a6 P2 w2a3 PWe have therefore

da 2ede _2dP _ 2
a l-e2 P wa2(l-e2) + ⅛∙ S+i ^}dκ∙

which, after reduction, becomes
* = τιαι(l^-ga) (β 8in,∙^+ 2 ^cθs≠+ e c0b'S'>) dP+ V° ~ sin≠de - (1 +a (1→1U ~ dR’ 
and substituting these values,

X‘ ~ 7Sj X “ ΓT⅛Γφ ((2 - 2 <=O8 (∕- φ) + e sin/ sin (∕- ≠)) nαl∕1-^ dP 

-α(l-e≈)sin(∕-φ)ι (l+ecos/)2 cot/sin (/—<£) 1 J7?)
+ √(l-e2) na2√(l-e2) ∫,or substituting for X, Xt, P, Q, PL, their values ,1 p sin <∕> ,. pesin<⅛ jdlp - ⅛∕ dlr+i⅛τ∑⅞ W- d≠> =

tt(l-⅜i) (2 ^^ 2 cos (∕- ≠> + e sin/sin (∕- ≠)) wα, ∕1 _ c,> dna‘ √(1 - e≈)
. z . x 1 7 nae sin f- p 81n <≠- ≠> ntf√(T^) d √<T^)+ f∞√(l—e∕ ysjn φ)----- 1------- ⅛.

r2 J ∖J ^'nα2√(l-e2)
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163] on hansen’s lunar theory. 19

Now - coo (∕- ≠) - 1 + o-(1⅛) («» (∕- φ) - l)}
= α(1-e8) (2 - 2 cθs + e 8in≠sin (/“ ≠>) ’therefore

,, p sin φ ,, ι pesin<6 .,. ,,.dlf, - ⅛S⅛ dlr + <Γ(Γ-⅞ W- d*>=

- {e cos (∕- ≠) -1 + -^0-^ (coβ(f-φ)-1)} naiV(i_e8) dna’ √(1 - e>)

. , z. . x 1 7 nae sin f
~ P sm (∕ - ≠) na, d 5∕(l

+ pα√α-^⅜ coty,sin (/_ ψ) dr.

So far the variations of the elements have, in fact, been treated as independent;but if we substitute for dna1 √(1 — e2), d sin dr, their values in the disturbed V(l β )motion, the equation becomesdlp+57r¾ w- 'lφ' = - {;cos (∕- ≠> -1+J(⅛ (∞s <∕→>-1)} √(Γ⅛ 5$
• ∕ √∙ -∆ ∖ wa, dΩ j

dd dt-Consider now the point in which the orbit is intersected by any orthogonal trajectory to the successive positions of the orbit, or to fix the ideas, the orthogonal trajectory passing through T, the point in question may, for want of a recognised name, be called the “departure point;” and the angular distances in the orbit measured from this point may be termed “departures;” the expression, “the departure,” is to be understood as meaning the departure of the moon. Write nowχ, the departure of the perigee,vz, the departure, =f+χ,

σ, the departure of the node, = χ-ω,Θ, the longitude in orbit of departure point, = θ - σ.It should be remarked that χ is not properly an element, i.e. it is not a function θf a, e, c, ω, θ, i without t, and in like manner σ and Θ (which depend upon χ) are not elements.We have from the geometrical definition
dχ = dω + cos i dθ ;

3—2
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20 on hansen’s lunar theory. [163

and therefore
dσ = cos i dθ, dΘ = (1 — cos i} dθ.Moreover vi = Φ + σ, which gives (assuming that the differentiations are performed with respect to t, only in so far as it enters through the variable elements) dv, = dΦ + dσ 

= dΦ +cos id0, i.e. dv, = 0, an equation which might have been assumed for the purpose of defining the departure point; the equation, in fact, expresses that the departure 
vj is measured from a point not actually fixed, but such that the increment of υl in the interval of time dt is the angular distance between two consecutive positions of the moon.We have, as above noticed, dσ = cos idθ, and thence and from what has preceded

j. na cot Φ fZΩ dl = √(1 - e2) ^di ,

1 _ na cot i dΩ dσ = √(1 - e2) ~di ‘Now the position of the moon can be determined by means of the quantities r, υι, Θ, σ, i; hence Ω (which has been considered as a function of r, Φ, θ, i) may, if we please, be considered as a function of r, vt, Θ, σ, i and from the differential relations
dr = dr,

dvt = dΦ + cos i dθ,<ZΘ = (1 — cos i) dθ, 
dσ = dω + cos i dθ, 
di = di,we find fZΩ _ (ZΩ 
dr dr ’cZΩ _ cZΩ <ZΦ dυt ’<ZΩ . ∕dΩ dΩ∖ t ∖ dΩ 35=cθs≈U+⅛) + (1-coslJdΘ∙
dΩ _ dΩ 
di di ’we have therefore
dΩ 1 — cos i dΩ dΩ 1 dΩ
dσ cos i cZΘ dΦ cos i dθ ’or in virtue of a preceding equation
dΩ 1 — cos i dΩ i , dΩ-,—I-------- :------= — tan ⅛ cot Φ -7 r ;clσ cost α(-) dι
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163] ON HANSENS LUNAR THEORY. 21and effecting the substitutions, and collecting the results,
d na2 J(1 — e2) — ri2a3-~ dt, dυ.
dr = O,d ,lαesinZ = i,w≤di√(1 - e1) a dr '

_ na cot i idΩ 1 — cos i d∩∖ ,√(1 — e2) ∖dσ + cos i <ZΘ∕j na cot i dΩ 7,dσ = √(1^)Λ⅛where ∩ is considered as a function of r, vt, Θ, σ, i.Instead of σ, i we may introduce the new quantities p, q defined by the equations 
p = sin i sin σ, 
q = sin i cos σ ;this gives sin2 i = p2 + q2, σ = tan-1- and retaining in the formulæ the sine and cosineIof i, to avoid the introduction of irrational functions of p2 + q2, we havedΘ = (1 — cos i) dθ = ——— .-l dσ = ——. C?81. (qdp — pdq), x cost costsιn2t 2 -r ri.e. dθ= qdp~pdqcos t (1 + cos τ)which determines Θ by means of p and q. We have moreover

dp = sin i cos σ dσ + cos i sin σ di,

dq = — sin i sin σ dσ + cos i cos σ di,

dΩ sin σ cZΩ cos σ dΩ,
dp cos i di sin i dσ ’

d∩ _ cos σ dΩ sin σ d∩ 
dq cos i di sin i dσ ’from which equations and the foregoing values of di and dσ we find the values of 

dp and dq ; the othei’ equations of the system remain unaltered, and we have therefore
d na2 √(1 — e2) = w2α3 dt,

dr = 0,

naesinf _ dΩ d“ √(1 - e*) dr ’
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22 on hansen’s lunar theory. [163

_ na cos2 i ∕dΩ___________p dΩ∖ ,
P ~ √(l-e2) ∖dq cosi(l+cosτ) dΘ∕

na cos2 i tdΩ___________ q_______  dΩ∖ ,√(1 — e2) ∖dp cost(l+cosι) cZΘ∕_ m, 11where Ω is considered as a function of r, υl, Θ, p, q. The symbols , asemployed by Hansen, mean that the differentiations are to be performed as if Θ was a function of p, q, such that
, d® 1 qdp — pdq

d&= dpdp+dgd'j=^^r^^the last two equations being therefore nothing else than what Hansen represents by 
7 na cos2 i dΩ ,.
iP = v0^)^dt,

j na cos2 i cZΩ 7,⅛ = √(Γ^) ⅛*Write now λ, the departure, τ foi' t,i.e. λ is what vt becomes when t, in so far as it enters explicitly, and not through the variable elements, is replaced by the new variable τ; so that, in fact λ = φ + χ., The values of r, vl could be at once found from those of p, λ by changing τ into t ; and to determine the values of p, λ, Hansen proceeds as follows:writing λ = ∏ (ζ i),Zp = Γ (£, Z) + β,where ζ and β are new variables functions of τ and t, and II, Γ are arbitrary functional symbols ; so that if z, w are what ζ, β become when τ is changed into t, we should have v, = ∏(s, Z), 
lr = Γ (z, i) + w,then the foregoing equations give

>="'(?. <)f+∏,½⅛
⅛-Γ'∕>' +∖Mp dβ 
dr ~ υ dr + dr ’⅜=Γ(f,0⅛+Γλf,0+fι

[where the accents and strokes denote differentiation in regard to ζ, t respectively].
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23163] on hansen’s lunar theory.Hence eliminating IT(£, t) and Γ'(ζ,, t) we havedλ dÇ_dX d£__u ,<, .,dζ 
dr dt dt dr , ' dr ’

dip dξ dip dξ_άβ dξ dβ dζ „ fi, .dζ
dr dt dt dr dr dt Ot dr ' ' dt,or, what is the same thing,

dζ d∖
dτ dτ dτ

dξ d∖ dip
d/3 dβ dt _ dip _ dt dip dτ r ,f, a
dt dτ dζ dt d∖ dτ + ' u, t> Ιx 'vζ, l)*

dτ dτ dτor writing
dζ di

rn _ d dt „ _ <7/3 dβ dt
dτ dξ, dt~dτ dζ, 

dτ dτwe have
d2K d2∖ dζ1 fZ2λ t∕τ2 d∖ π jx dτ2 dτ

τ=dkMr-7^τt + ^^ ^7Tγ"π×ζ *⅛V
dτ ∖dτj ∖dτ∕ dτ

dip dip

dτ dτNow from the equation ∖ = φ + χ where χ is independent of τ, the differential coefficients of λ and p with respect to τ are at once deduced from those of f, r with respect to t, and we have,
d2∖ 2n2a3 . ,
d^--presm∙t>∙

d∖ _ na2 √(1 — e2) 
dr p2 ’

dip _ nae sin φ
dτ p √(1 — e2) ’
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24 on hansen’s lunar theory. [163Consequently p2 d wα2√(l- e2) 2pesinφi∕λ
na2 √(1 — e2) dt p2 + a (1 — e2) dt_ ^Pe s^n ≠ ∏ ∕T λ_________________ ∏' ∕x a

a (1 - e2) ' {ζ’ > na2 √(1 - e2) '{ζ> ’ dt ’_ <⅜ 2pβsin≠ d∖ 1  d
dt a (1 — e2) dt na2 √(1 — e2) dt '

_ 2pe sin φ . ._________ρ2 ∏z . dζα (1 - e2) n∕ <Λ> t) na2 √(1 _ il∕ ⅛> t) dt >

D_ dip pesinφ d∖ ι pesinφ π zi, 7λ r ii,
U dt α(l-e2) dt + α(l-e2)11'^ ’ izU>iΛand substituting in these equations the values of

dip pef,inφ dλ, d _ ,
dt α(l-e>) di d dtm Λ e>we find

Γ= ∣2 -co8(,,-λ)-1+ (∞s(r,-λ)- l)∣ t⅛ + 2 r s∙"(»,-λ) r

— 2∏ (£ t} Pes^nΦ TV(r ∕∖ P2______
t) α(1.β2) 11z(ζ> ‰2√(1-e∙) dt

R=~{r ∞s fe - λ) -1 + ^(i⅛) (∞s ⅛ -λ) -1)} √(f⅛ ; s⅛ («, - λ) √(ΓΞ⅛j ’·
+ π,(f, 9⅞⅛-r,(i ft

ć/λwhich are Hansen’s values, except that in the coefficient of ∏' (ξ, t) has been re­placed by its value.2, Stone Buildings, 31si March, 1855.
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