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Influence of random perturbations on self-excited vibrations of a
system with one degree of freedom

K. PISZCZEK (KRAKOW)

THE PAPER presents an approximate method of analysis of the influence of random perturbations
on the amplitude and the angular vibration frequency of self-excited vibrations. The essential
feature of the method consists in the method of derivation of the differential Eq. (1.11) describing
the stochastic process. The theoretical analysis is illustrated by two examples concerning the
Van der Pol equation with “white noise” perturbations, and the Rayleigh-type equation describing
the lathe tool vibrations.

Podano przyblizona metode analizy wplywu zaburzen przypadkowych na amplitude i czesto§é
katowa drgan samowzbudnych Istota metody jest spos6b otrzymywania réwnania rézniczko-
wego (1.11), opisujacego proces stochastyczny. Czg$¢ teoretyczna zilustrowano dwoma przy-
kiadami dotyczacymi roéwnania Van der Pola przy zaburzeniu w postaci “bialego szumu” oraz
réwnania typu Rayleigha, opisujacego drgania noza tokarki.

Jaerca Meron MPAO/HIKEHHOTO AHATH3A BIHAHMA CAYYaiHBIX BOSMYINEHWH HAa AMIUTMTYXY
M YTJIOBYIO YaCToTy aBToKonebanmii. CyijecTBo METO/Ia COCTOHT B ocTpoeHHH MHbdepenmans-
Horo ypaBrenHsa (1.11), omuceiBaioniero ciayuakubii npouecc. TeoperHueckas yacTh HJUTIO-
CTPHpPYETCH OBYMA NOAPOGHO BLIYACHEHHBIMH NPHMEDAMH, OTHOCAILMMHCA K (3) YPaBHEHHIO
Bar nmep ITona mpu Bosmymlenmax Tuma “‘Gesoro myma’ u k (6) ypaBremmio Tuma Penes,
ONHCHIBAIOIIETO KoNeDaHWA TOKapHOro pesua.

Introduction

THEORY of self-excited vibrations constitutes one of the most important sections of non-
linear dynamics. In the deterministic approach, the amplitude of stationary vibrations
and the angular frequency corresponding to stable limit cycles are determined in an approx-
imate manner. Analysis concerning the Van der Pol equation [4] or the Rayleigh equation
[2] may serve as a good example of these types of problems.

This paper is aimed at the determination of the influence of random external pertur-
bations, considered as a stationary stochastic process, on the approximate value of the
square of amplitude of self-excited vibrations, and on the mean square value of angular
frequency of these vibrations. One of the papers dealing with the subject is [1] which in
a very particular manner concerns the Van der Pol equation. The linearization-correlation
method was applied in that paper; it consisted of an approximate evaluation of the self-cor-
relation function and of the spectral density corresponding to the non-linear term of the
differential equation, the latter being then divided into two linear equations: one of them
corresponds to the deterministic self-excited vibrations, the other represents the random
perturbation.

The method presented in this paper is general and may be applied to the entire group
of problems connected with the influence of external perturbations of random character
upon the characteristics of non-linear vibrations.
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1. Essential features of the method

Let the differential equation
(1.1) L[%, X, x; p] = X+f1(x, X)+wix—p(t) =0

describe the vibrations of a system with one degree of freedom, the function f; (x, x) having
the property that under vanishing external excitations p(¢) = 0 stable self-excited vibrations
appear in the system. There exist numerous criteria which make it possible to establish
the existence of limit cycles of self-excited vibrations on the sole basis of properties of
coefficients of the corresponding differential equation of motion. These are, for instance,
the Lienard and Bendixon criteria (cf. [6]). Function p(t) is assumed to constitute a small
perturbation in the form of a stationary, normal stochastic process with a zero mean value.

Let us denote by &, the random vibrations produced by external excitations p(t), and
by &, — the stationary self-excited vibrations which, in the general case, may be assumed
in the form of a Fourier series ([5], p. 49),

(1.2) E,() = &pa+ Asinwt+a,sinQQut+ @)+ ...

Here, &,, = const represents the value of displacement of the vibration center, A4 is the
first approximation of “amplitude” of self-excited vibrations, and w — the corresponding
“angular frequency”. The remaining terms in Eq. (1.2) represent higher order harmonic
components. The values of 4, w, a,, ¢, ... are considered as constants.

Similarly to the deterministic approach to the problem of influence of external excita-
tions on self-excited vibrations (cf. [5], Eqgs. (41.1), (42.13)), the solution of (1.1) is assumed
in the form

(1.3) x =& +&.
This assumption demonstrates the influence of random excitations &, on the final form
of the solution x which will be found to be close to the solution £, under small random
perturbations. Substituting the relation (1.3) into Eq. (1.1), the form of solution (1.2) being
taken into account, and representing the resulting expression in the form of a Fourier
series, we obtain
1.4 "Po(‘?n él’ (A, 0,a;, 9,5, ---)+W1(é1, £4,w,a,, @, ...)coswt

+1:161, &3 A, 0,05, @, L )sinot+y, (8, &5 A, 0, 85, 1, ...)cos 20t

+x2(él L] 51; A: w, az, P2, ...)sin2w!+ e = 0

In view of the requirement that the above equality should be satisfied identically with
respect to time ¢, all the coefficients of expansion (1.4) must vanish. Confining ourselves
to the first approximation, i.e. preserving in Eq. (1.2) only the first two terms or the first
three terms in the Fourier expansion (1.4), we obtain

'Po(gu én §1;4,0) =0,
(1‘5) 1}’1(51» El ’ A, w) e 0:
21, 65 4,0) = 0.



INFLUENCE OF RANDOM PERTURBATIONS ON SELF-EXCITED VIBRATIONS 755

Applying the formulae for the Fourier series coefficients, Egs. (1.5) are written in the

form
T

LI % % plat = 0,
(1.6) :

T T
[LIE % % plcoswtdt = 0,  [LI&, %, %; plsinwtdt = 0.
0 0

Here T = 2n/w, and
(l.?) X = §£+502+Asinmt.

In integrating the expressions (1.6), the magnitudes £,, &, &, p should be considered
as constants.

Expression (1.7) is now substituted in (1.6) to yield, the notation of (1.1) being taken
into account, the equations

T
i 1 g :
& +wié +w%§01+?ff1 [61+ &0+ Asinwt, & + Awcoswt]dt—p = 0,
b

T
(1.8) ffl [é;+ &2+ Asinwt, él +Awcoswt]coswtdt = 0,
0

T
ffl [€4+&q,+ Asinot, &, + Awcoswt]sinwtdt = 0.
0

A and w may be calculated from the last two equations and expressed as functions of the
variables &,, {:1 , £02. Explicit form of these functions depends on the type of the function
fi(x, x) appearing in the original differential equation (1.1). In certain cases, what is evident
on the basis of a detailed analysis of two particular examples, the two last equations of
(1.8) may be written as follows:

w?d? = D+ D, (¢, &),

(1.9) :
w? = DI+ D, (&, £y).

Here
®,(0,00=0, 9,(0,0) =0, and

DY = 3242, DY =0
@ and A denote the angular frequency and the amplitude of self-excited vibrations, respec-
tively, influence of random perturbations being disregarded.

The expressions for A and e thus derived are now substituted into the Eq. (1.8), to

yield

Ei+F(Ey, €15 600) = p(0),

where F denotes a certain function of the arguments indicated in the formula. Consequently,
this function is represented in the form of a sum

F(&,, &,; &) = Fi(&y, &1 Eo2)+8(602)
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the function F; being of such a type that

F(0,0; &o2) = F1(0, 0; ;) = 0.
The equation
(1.10) 8(602) =0

serves to determine &, . Let us denote its roots by &,,. With this notation taken into account
in the expression for F written as a sum of F; and g, we obtain

F(&,, sé;i goz) = F,(¢;, éx; 'sEoz) = f(¢,, 51)
and Eq. (1.1) takes the form
(1.11) E+ 1y, &) =p(o).

The functions F, F, and g cannot be defined more precisely in the general case since they
depend on the type of non-linearity appearing in the original Eq. (1.1). The method of
separation of Finto functions F, and g, as presented above, is general. Detailed expressions
are obtained in each particular case separately.

2. Evaluation of the mean square value of displacements produced by random vibrations

The differential Eq. (1.11) is approximately solved by means of the method of equiv-
alent statistic linearization [7).
The solution of Bq. (1.11) is sought in the form

2.1) by =& +x = m+xy,

where {£,> = m represents the mean value of the random function &,, and x, is a centred
value (with a zero mean value). From the assumption, {p) = 0. Equation (1.11) is then
represented in an equivalent form

2.2) X, +kx,+Q2%x, = p(t)
in which the constants & and 22 are expressed by the formulae

k s (f(m+xl » xl)xl>

x-z )

2.3) § ‘>_
02 = {flm+xy, X1)x,)
{x ’

In view of (&,) = 0, we obtain
(24) {fm+xy, %)) =0.
The solution x, is assumed in the form
(2.5) x, = asin(Qt+ P) = asinb.

Here a and @ are random functions which vary slowly in time, therefore we may assume

(2.6) Xy = af2cosl,
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The expressions (2.3), (2.4) are now written as

2n o0
@7 k= 2::(1:&2) f f f(m-+asinb, aQcos8)a@cosbuw(a)dadd,
I
02 = Zn(x’) ! ! f(m+asinf, aQcosb)asinfw(a)dadb

and

2n oo
(2.8) [ [ ftm+asinb, aQcosb)w(a)dadd = 0.

00

In these relations w(a) denotes the function of probability distribution density of the ampli-
tude and is expressed by the Rayleigh function

a a?
(2.9 w(a) = oD exp[— T ],
while
(2.10) xD = Q%x}).

From Eq. (2.8) is calculated the mean value of m which, substituted in Egs. (2.7), may
serve, together with Eq. (2.10), to express k and £2 in terms of (x?) and the vibrating
system parameters contained in the form of f(£,, &,).

From the linear theory it is known that in the case of a vibrating system with one degree
of freedom we may state, in connection with Eq. (2.2), the following equality:

@.11) by = f | H(jw)|*S (@) do.
Here

1
s B = gt

represents the frequency characteristics of the system, and S,(w) is the spectral density
of excitation p. In the case of “white noise”, we obtain S,(w) = S, = const and Eq. (2.11)
assumes after calculations the form

(2.13) &y = %07

In the general case, once the form of S,(w) is known, we are able to calculate the integral
appearing in Eq. (2.11). The resulting parameters k and £ are replaced with the values
from Egs. (2.7) to yield the algebraic equation necessary for the final determination of
¢x%). This value and Egs. (2.10), (2.1) make it possible to express, by means of Eq. (1.9),
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the following mean square values of the amplitude and the self-excited vibration frequency,
the random perturbations being accounted for,

(AP = [B9+(Dy £y, 51»1-(—&,12—),
2.14) .
(w?) = PI+LD, (44, &)

3. Example 1. Van der Pol equation

As the first example of the theory let us analyze the influence of small random pertur-
bations on the amplitude of self-excited vibrations described by the Van der Pol equation

(3.1) ¥—e(l—yx®)x+wix = p(t),

where ¢ and y are positive constants. From Eq. (1.1) it follows that the function
3.2) filx, x) = —e(l—yx?)x.

Expressions (1.5) take the respective forms

S 1 ;
£ —eb +wié, +5?’(5%+51‘11)51—P(‘) =0,
(3.3) —sAw+eyAwE§+%syA3w =0,

2eyAE, £, — Aw? + Awd = 0.

Assuming that 4 # 0, ® # 0, the two latter equations take the form
4 .
(3.4) A? = ?(l —9E1), ©* = of+2epE §,.

Substituting this in Eq. (3.3);, we have
(3.5) E +eb, +odk —eptiE, = p(1).
In the case considered, the expressions appearing in Eq. (1.9) are
o 4
i=eh & = —4e?,
(3.6) \
¢g=wg, @2 =2€y5151.

Equation (3.5) therefore assumes the form of Eq. (1.11),

3.7 fEy, E) = e€, +wié, —eyEiE,
and
(3-8) '502 e 0,

and thus we assume
(3.9) g(602) = 0.
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From Eq. (2.8), we obtain

(3.10) m=0
and from Eq. (2.7), we determine
(3.11) k= e(1—9{x3)), £2?=w}.

Confining the considerations to excitations of the “white noise” form, we calculate
from Egs. (2.13) and (3.11)

1 43S,y
2 = —_ — 0
(3.12) =5 (1 ]/ [ )

where the minus sign is selected owing to the fact that for S, — 0 also (x}) = 0.
If it is assumed that

Soy
3.13) ks <1
then Eq. (3.12) yields
7S
(3'14) <x%> = ?ﬂ%’

that is a value which is independent of the factor connected with non-linearity determined
by the expression containing the coefficient 9. In the case considered, taking into account
the relations (1.1), (3.6), (3.10) and (3.12), the expressions (2.14) are written in the form

_ 2 4nS,y _
(3.15) {A*) = ?[1+]/1— e ], (w?) = w}.

This formula is identical with the result derived in [1] by an entirely different, probably
more complicated, method. From Eq. (3.15) it is seen that increasing noise intensity leads
to decreasing amplitudes of self-excited vibrations which may be reduced even by one
half when compared to the amplitudes evaluated without the noises,

(3.16) Al =—,
Ty
provided
4nSoy
(3.17) = T 1.

Equation (3.12) implies that increasing noise intensity increases the mean square value
of amplitude of the vibration components produced exclusively by random noises. In the
case of small intensity of random perturbations, the relation (3.14) remains valid, and
thus {x?) is independent of A3.

The mean square value of angular frequency of the self-excited vibrations is derived
from the second of Egs. (2.14). Using Egs. (3.6), we obtain

(3.18) Ay

since in a stationary process (£, £,> = 0. Random perturbations have thus no influence
on the mean square value of angular frequency.



760 K. Piszczex

4. Example 2. Lathe tool vibrations

The problem of self-excited vibrations of a lathe tool during metal cutting is discussed
in the book [3]. The corresponging differential equation has the form [at p(¢) = 0]

@.1) i—(a}+é—ﬂ’:‘c—%~y‘iz)£+w§x = p())

in which the non-linear characteristics of the damping force is seen to be asymmetric,
provided 8% # 0.

Let us analyze the influence of random perturbations upon the self-excited vibration
amplitude for two types of perturbations, namely in the cases when their correlation
functions have the form

4.2) R,(7) = 228,6(7),
or
@4.3) R,(7) = Roe~*"!.

Here S,, R,, « are positive constants, and d(z) is the Dirac function.
Performing the integrations indicated by Eq. (1.6),,5, we transform the relations (1.9)
4a? 4 : :
4.4 z=_____2_22’ 2 = w2
¢4 4 ?zm% - w3 (&, —y*ED) w Wo
The first of Egs. (1.6), after rearrangements and application of Egs. (4.4), separates
into two equations (1.10), (1.11) which now assume the form

5 3 i 5 .
£ ralé, +%325‘f—§yzﬁ+w%§1 = p(0),

“3) 2.2
B — O w0
02 y:m% L]
with the notation
4
(46) 0‘% = a}(l —‘;:té;?)
It will be assumed that
4.7 2
“.7) - < 1.
In the case considered, we have therefore
. : s 8 s 8 oz
(4.8) [y, &) = a3é, +Eﬁ2§§—§y2£i+w§$1 .

Taking into account Egs. (2.1), (2.5), (2.6), we derive from Eq. (2.4)

“9) m= (8D = — 2D,

while expressions (2.3) as the linearization coefficients are equal
(4.10) k = ad—5p0ixty, 9 =w}.
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Let us consider the two types of excitation: (4.2) and (4.3).
1. Similarly as in the preceding example, we obtain in the case of excitation in the
“white noise” form

a3 :n:Soy
@4.11) D = o ,(1 ]/1—20 % )

which, under small random perturbation conditions is reduced to

(4.12) xD r—55

oaz
Inserting (4.11) into (4.4), we obtain the mean square value of the self-excited vibration
amplitude accounting for the random perturbations. It is given by the formula

4.13) (42 = —-[ ( ]/1 20 ""S"” ']

If the expression appearing at the left-hand side of Eq. (4.7) is much smaller than
unity (or of % = 0), then Eq. (4.13) assumes the form

) N —
(4.14) (A (9+]/1 20 7So7? )
Swgy at
Both relations (4.13), (4.14) are expressed, at very small perturbations, in the following
manner:
4a} 7Soy?
4% =~ yzaiz I:l“ azt::; :I'
(4.15) 3 v

4a? A
2N 1 0
(A% =~ i [1 2 :I.

These results imply the following conclusions.

(a) Asymmetry of the damping characteristic considerably influences the amplitude
of perturbed self-excited vibrations. From both Egs. (4.13) and (4.15), it follows that
with increasing f* the perturbed self-excited vibration amplitude decreases. It may be
demonstrated that the expression (4.14) is always greater than (4.13).

(b) Random perturbations reduce the amplitude of self-excited vibrations when
compared to the case without perturbations; in the case considered here, the amplitude
is equal to

2 _ 44
(4-16) Ao = m‘
and is independent of the factor responsible for the asymmetry of the characteristics.

(c) If B2 = 0, increasing of the non-linearity coefficient reduces the value of vibration
amplitude. With 82 # 0, the variation of amplitude depends on the remaining parameters
of the system.

2. In the case of perturbation given by Eq. (4.3), spectral density of this process has
the form
@.17) Sy(w) =20 2

a4
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As a result of the known transformations applied to the linear Eq. (2.2), we obtain

4.18) G = mgkécg(i;f-i)-w%) ‘

Taking account of the first relation (4.10) and substituting

(4.19) k = a3¢,

we obtain from the Eq. (4.18) an algebraic equation of third order in the variable £,
(4.20) E+8u-1)+év-uw)y+w=0,

where the notations

o? +wd 5Roy? 5Roy?
(4.21) u=_aE§_’ 9= P W= a5
are introduced. The real root of Eq. (4.20) contained in the interval 0 < & < 1 [what
follows from Eq. (4.10)] and such that £ — 1 when R, — 0 yields the value of k& which
will be used to express {x2). The root of Eq. (4.20) is then found by the method of con-
secutive approximations. If we assume £ = 1+¢,w and confine ourselves to gow in the
first power (for small random excitations), the approximate value of the root of Eq. (4.20)
will be equal to

G g=i= ab(a®+aai+wd)

From the Eqgs. (4.10) and (4.19), we determine
Ro(a+a3)

w}ai(e®+aai+wf)’

and on the basis of Eq. (4.4), we obtain

4a} i Roy*(a+a3)

y’o} aja3(e? +eai+awj) |

This result enables us to determine the influence of parameter « on the amplitude of self-

excited vibrations. It is easily established that, in the approximation considered, if

(4.23) _ (xi) =

(4.24) (4*) =

(4.25) o> 0 =wo—az >0,

then the second term in Eq. (4.24) decreases with increasing values of «, while the value
of the entire expression for 42 increases. For a < a,, the situation is reversed. With
wo—a3 <0, A% is always an increasing function of a.

Let us now assume that

(4.26) i(ﬁfzf_g)_ <1
wy
and investigate the influence of R, on the vibrations. Under such an assumption also the
inequality
a(a+k)

1
w3 %
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is satisfied and Eq. (4.18) may be written as

Ro(a+k)
ko

Taking here into account the first of Eqgs. (4.10), we obtain

R a ]/ 5Roy? > .. Ry’
L T, i 7 I VT
@) V=208 iy [‘ (‘ ) Mt |
Substitution of Eq. (4.28) in Eq. (4.4) yields the mean square value of the amplitude of
self-excited vibrations accounting for the influence of random perturbations

4a? { a3 ]/ ( 5Roy*\* . Roy*a } 2R,
2y —11—0.1—=]| 1-— - = -
@2) <4t = i-01 1=/ (1- ) -0 -2

The following conclusions may be drawn from the foregoing considerations:

(a) From Eqgs. (4.23) and (4.28) it follows that, under asymmetric characteristics of
damping (f? # 0), the mean perturbation amplitude increases with increasing para-
meter 2.

(b) As a consequence of (a), the amplitude of perturbed self-excited vibrations given
by Eqgs. (4.24), (4.29) decreases with increasing f2.

(c) Increasing perturbation intensity (increasing R,) reduces the amplitude of self-
excited vibrations.

The conclusions formulated above are of a qualitative nature. Corresponding
expressions referring to any particular case yield the required numerical values of vibration
amplitudes, provided all parameters of the system are known.

4.27) Oy~
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