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On the fundamental singularity in the theory of shallow cylindrical
shells

R. GANOWICZ (POZNAN)

THE PAPER presents a certain method of derivation of the fundamental singular solution
for shallow cylindrical, circular shells. The solution is constructed by means of singular
solutions of second order equation. The results derived are compared with solutions known
from the literature.

W pracy podano pewna metode otrzymania podstawowego rozwiazania osobliwego dla
kotowych tupin walcowych o malej wyniostosci. Rozwiazanie konstruuje sie¢ za pomoca
rozwigzan osobliwych réwnania drugiego rzedu. Otrzymane rezultaty poréwnano z roz-
wigzaniami znanymi w literaturze przedmiotu.

B pafote npefsnoyeH mMeTo ocTpoeHnsa GyHIaMeHTAIEHOTO CHHIYJIAPHOrO pelieHus A No-
JIOTHX HHIHHAPDHYECKHX KPYroBBIX obomouer. Pemenue IOCTPOEHO NPH NOMOLIH 0cobbIX pe-
LIeHuit ypaBHEeHUs BTOPOro nopaaKa. IlojyueHHbIe pe3ybTaThl CPABHUBAIOTCA C M3BECTHBIMH
B JIHTEpaType PEILUCHHAMH.

1. Introduction

As THE fundamental singularity we shall understand the solution of the set of governing
equations of the problem for an unbounded region with the loading term equal to a con-
centrated action. The fundamental singularity may be used as a starting point for the
construction of particular singular solutions. For example, in the theory of elasticity the
Somigliana tensor plays the role of fundamental singularity, while Green’s, Neumann'’s
or Robin’s tensor fields are particular singular solutions satisfying appropriate boundary
conditions [I]. The same appears in the theory of harmonic functions, where u = 1/4znr
is the fundamental singularity in three dimensions, while Green’s, Neumann’s and Robin’s
functions possess the same singularity and differ only in the boundary conditions.

In the technical applications, singular solutions form a basis for the construction of
the surfaces of influence [2]. The singular solutions for shells may also be of some advantages
in the stress concentration analysis in the vicinity of the action of concentrated loadings.

The problem of singular solutions for cylindrical shells, as also the problem of stress
concentration due to a point load on the shallow shells, has been analysed by several
authors. To list them all is almost impossible.

The fundamental singularity for shallow cylindrical shells was given for the first time
by A. JAHANSHAHI in 1963 [3]. He presented his solution without a method of construction
of the result. The correctness of the solution is proved by the fulfilment of the differential
equation of the problem.

In 1966, also Yu. SHEVLYAKOV and V. P. SHEVCHENKO [4] presented the fundamental
singularity for shallow cylindrical shells. They obtained their solution by direct application
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of the Fourier integral transform to the set of equations of the problem, and next calcu-
lating somewhat complicated integrals of retransforms using the Residue Theorem. This
last solution differs from that given by JAHANSHAHI. The difference lies in the regular
part which does not disturb the singularity.

The aim of this paper is to give a simple method of construction of the fundamental
singularity for shallow cylindrical shells. On the basis of the singular solution for a second-
order equation, we deduce the fundamental singularity for the eighth-order equation
of shallow cylindrical shells.

2. Governing equations

The point of departure for our considerations will be the set of well known equations
of equilibrium for shallow cylindrical shells:

1—» 1+» pe(1—v)R
Uget 2 Uy T 2 Vgn TPW,e = — : Eh ’
1+v L=y p,(1=v*)R
2.1 5 Uy e 5 -Vt W, = — =4 i 5
B s p(1-v)R
L I o L RE ViViw ey
where u, v, w are dimensionless displacements of the middle surface of the shell, R is
2 2
the radius of curvature, V2 = 3—12— + — ¢ 2 , and / the thickness of the shell.

The stress resultants in terms of dasplacements are (Fig. 1):

Ny = D(uy+vo, +v4), Meﬂ=—(l-;-)% Wises

Ny = D@, +ruetw), O = oz VW,
2.2) Ny=13" D, 40, 0, = Vo,

My=K bty D=

M,, = -g (W0 +W 20, K= ng% ;

Making use of the well known Hilberts procedure (5, 6] and assuming p. = p, = 0,
we transform the set of equations (2.1) into a single equation for the deflection function F:
2Rp,

2.3 = SAVEAVEAvEL vE Y ik o S
(2.3) F e +7*V2V2V2V2F Eh(i—9)
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At the same time, the deformation components can be expressed in terms of F as
follows:

1—»
(Foenn=VF zee)s

u= 3
1—»
(2.4) v = — 2 [(2+v)F'e$q+F,q"n],
1—v»
W= V2V3F,

where y* = h?[12R?*(1—»?).

3. Fundamental singularity

In order to construct the fundamental singularity, we assume the loading function
p, equal to a concentrated force P acting at the origin of coordinates. Bearing in mind
that &, n are the dimensionless coordinates, we take [7]:

(3.1) Py =z E)3).

Substituting (3.1) in (2.3) and performing suitable transformations, we express the differ-
ential equation of the problem in the product form:

i=4

N d N 2P

i=1
where ¢* = —1/16y%, i =1,2,3,4.

The above Eq. (3.2) is homogeneous for all g, £, except the origin of coordinates which
is the point of application of the concentrated force P. Then we may expect the solution
of (3.2) to be a sum of four functions. These four functions should be solutions of the
second-order differential equations of the type of the operators appearing on the left
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side of (3.2) [8]. Moreover, we have to take into account the fact that each function F;
is singular at £ = 5 = 0. Then we propose to assume following representation of the
unknown displacement function:

4
(3.3) F= ZF,, (V2+2c.-3—°;.) F; = L;6(8)d(n),

i=1

where L; are unknown operators. Substituting (3.3) in (3.2), we obtain the following con-
dition for L; operators:
4

4 4
LB
(3.4) VV2y2 Z L~ 2i v2y2? Z Li+4 Z c?L;
i=1 BE 55 i=1

i=1
PR 2P
N |
— ar. = -
8 or 2 cili RER(I—9)y*

i=1

To satisfy the above condition (3.4), we choose following four cases:

1 st case 2nd case 3rd case 4 th case
- 2
4 "
2p2p2 - 0
v2y2y % N 0 0 ,
4
HZiVZVZZC-L = 0 . - 0 0
o& l b RER(1—»)y ?
i=
s i’cn_- -0 0 et s
oY - RER(1—»)y* y
g2 i’ 5F 0 0 0 - M
B L T ~ RER(L—)p*

Solving the above equations, we obtain four expressions for the operators L;.

P
2TITLIT _ Qa4
1 st case V2V2V2L,; = 8¢} RER(I=9)"
2nd case a ViV3L, = ~4c3——-}—)—
K3 ’ " RER(1—v)’
(3.5
3rd case a_zsz T YL A
9> " ' T "7 REW(1-v)’
a3 P
4t LS S .
e a8 L =~ RERi—
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If we now differentiate successively the two sides of the Eq. (3.3); according to (3.5), we
obtain:

8 P
(vz+zqa_§)v=v2v2ﬁ = 8t gy HE0,

3 a\ d , 3 P
a9 (72205 3 2v°F = =4 s 00,

2 62 = P
(v2+2¢ 35) 35 V2 = 26} s @),
a\ & P
(7242 “a?) a5 B = 4 rmn— "0,

Now, if we take into account that the function [9]

@,':

2(E2+n?)), Reyc?>0,

is the singular solution for the following equation:

(v2-+2¢ 5‘}) B, = 3E)3(n),

we obtain from (3.6) the following closed-form solution for derivatives of the deflection
function F:

4P y e
gy . 4o—cik 3(F2 L 2
VIVAVEE ARER(1—7) &4 “° Koly € +1),

335 V2V2F = REh(l )Z et Ko (Y c2(E* +1),
3.7

4
a* 2w P \ ] e T2(E2 2y
~§§§-V F = _m%c‘e iKo(l/ci(E +7? )):

4
a3 P

= —— —c & 27F2 2
a8 F = SaRERT—) Z'ﬁe EKo (Y cF(E +17)),

where Ky( ) —is the modified Bessel function of the second kind.

Knowledge of the singular solutions for the derivatives of the deflection function
enables the construction of singular solutions for stress resultants. Using (2.4) and (2.2),
we express all the internal forces in terms of the deflection function F;

Eh(1—+) 1-v K

2 Fetnns M, = —_Vzvz(f"ee"'” r.'n)’

Ny 2 R
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Eh(1—%») - K
Ny= —2““F-c€€£' M, = 2 R Vzvz(ann +vF 5),
_ Eh(1-v) (1-7? K
Né‘q = 2 F&E&;! M, = — 2 R VzszEr,'

The above derivatives of the displacement function F can easily be expressed using
(3.7) by the formulae:
4

4 Y i}
Foeee = Ci( N - )e o,
£ ZnREh(l—-v) — VEE +n?)

= __ & T 2 — C‘E —-cf
Ftenn 2aRER(1 —v) le, g (K“ V(€ +1?) Kl)e o

4
P 7
‘FEHI: e S~ il o c? T""—".__K] e“t‘if,
! 2nREM(1 — - 2(E2 4 p2
ARER(1=v) iy cF(E +7?)

(3.8)

4

2pP u ¢
22 PR i i R 4 —— o R —Cié
Ve nREk(l—v)%c‘( e

292 L1 4 CIE —c.d
V3V F.rm REI’T“—'P)Z ( [ I }/c (52—{»-7?2) Kl)i’ iy

1

V’VlFE” = - — 1615 ——— K, e-%¢
: RER(1— IE g7y K18
RET=) 2, . Ve

Thus we arrive at the singular solutions for internal forces:

3 aé
N, = -—— K -t‘é’
‘ mz ( Vet @&+ ‘)“

_ CEE -
No= -7z Zc; ( ELs Kl)e &,

c‘ L l —r.“E,

) = 4nR 2 Vlcz(&-ﬁ +n2)

(3.9)
4
P K © c;é =
~ 2RZ Eh c?[(1+1')Ko+(l-")=]/—%TE—ﬁTng]e i

i=l1
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P K O aé 2
My T 2, S e [(1 +1)Ko—(1-7) _E—EZ—T':—?Z—; Kl]e &,

Ix::l

4
T L] ?c? e
"~ aR*  Eh 2@E+n9)
< Y@+

In the formulae presented above, (3.8) and (3.9), the arguments of the K, functions were
omitted in the interests of brevity; they read:

K, = K,(Yc2(E*+71?)), Rey'c? > 0.

In this way, we have obtained the fundamental singularity for thin shallow cylindrical
shells.

4. Final remarks
The system given above can be presented in terms of Kelvin functions. Taking into
account [10] that:
e % inn +HT _
4.1 e K,(ze ) = ker,(z)tikei,(z2).

it is possible to express the stress resultants (3.9) as well certain deflection derivatives in
terms of Kelvin functions. For example, we show below second derivatives of the deflection w.
Using (2.4), (3.8) and (4.1) we obtain:

Wee = PR {ker —— V& +n*ch K-—- &cos '/2-

V2

—kel—;f'éz-q-q sh!—— Esm——-E+

I/E’ [kellz VE +q sh'/ .Ecos‘/2

+ker,—;/§2+n chl’/ r;*s;m‘/2 ]},
4.2)

_ PR n c 1 e Y2 V2,
s V2

2

ker, — V' &2 h V .

+ f:-r12 ¥ & +93c 47’55“14?5]
This result together with (3.9) coincide exactly with that obtained by Yu. SHEVLYAKOV

and V. P. SHEVCHENKO [4] but differs from the A. JAHANSHAHI solutions [3]. After exa-

mination of this last solution it is easy to observe that the difference between the

A. Jahanshahi result and that presented above is a regular one, Let us consider, for example,
in details the first derivative of the deflection w. Using (2.4) and (3.7), we obtain:

4
é P\ s
il %" ;m%, f e=dKo (Y (& +1P).



992 R. Ganowicz

On the other hand, performing certain suitable transformations on the A. JAHANSHAHI
results [3], adjusting the notations and coordinate systems, we arrive at his proposal as
follows:

4
ow P 3 -k T2 EZ 4 20
4.9 2E = m;‘c,e #Ko )/ 2 (82 +12)

4

Piy3(1—v}) \ _, —_—r—
Y

i=1

where Jo() is the Bessel function of zero order and the first kind.

The first term of (4.4), being singular, agrees with (4.3), while the second term of (4.4)
is a regular one. Then we may conclude that there is no difference in singularity. The
same concerns further derivatives of deflection w.

The author of the present paper is of the opinion that the method presented here can
be applied in further problems of fundamental singularity for higher order differential
equations.
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