ANSWERS TO EXAMPLES AND PROBLEMS.

VOLUME L

CHAPTER I

Pace 12. ‘
2 _ g2 3 _ g3
L I—’z—“ X g 2. §a. 4. }rldtan’a.
5. Gradient at #=15, 36° 20" ; slope="735. Slope at 9'5 is %,
5
/; y dz=17"4 square units.
Pace 15
) i A | 1
T S IR I Y P 3. ’Z', ’2_', log 2, e—1.
PaGe 25.
2 _=m+1 m+1 2
1. 4mab? 3.z mra® 4 m——+3.Mass.a.

6. Using paper ruled to 10** and 5 inches to represent unity on each of

the axes, the area=-78500. As this should be g, we have the

approximation = 31400, the true value being 3:141592..., showing

an error of about "05 per cent.
Pacr 28.
1. Harmonic oscillation. 2. /l ydr. 4. §ma’. 5. 2mak® 7. cft.
JZo

10. Mean by trapezoidal rule with unit increments=23-78.

True result=23026.... (Unit increments are, however, too large

for a very exact result.)

0 0
/: 10279°dz=259 ; /: 10272 ds =20 ;

0 10
ﬁ 107 Mdz=23 ; [1 1021 dy =22,
872
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ANSWERS TO EXAMPLES AND PROBLEMS 873

About 141,550 cubic yards.

(1) z=%a, 2) T=%a, } where M =mass,
Mt | Mom. In.=3ia? a=length.

2 )
¥ Smpeat .. L : - 2. g
M= prare if py=density at the edge. Mom. In. g Ma.

About 213 tons. 20. 13,863 foot-1bs., 10,574 foot-1bs.
Taking ordinates at 10° intervals and four figure tables, the

trapezoidal rule gave ‘2501, the true value being ;—r

AreamZ (- a9 +5 (- at)+ C(o-a),
where 4=- z(b _c).’/l/H) B=E(bg—c‘)3/1/n, C=- zbcyl/n)
II=(b-¢)(c—a)(a-Db).
True values (1) =25x and (2) 100+ 25. 33. 59 c.c, q.p.

1—;- adc+(b-a) ac+1§r ¢(b—a)? cubic inches, 34383 cubic inches.

Binomial Expansion to 3 terms gives 1204, q.p.

Graphically with ;=1 linear inch, the trapezoidal rule gave
‘1178. When this was corrected for curvature of the arcs by the
approximate addition of small squares, the approximation was
*1203.

40. 84657 41. Perimeter=301026 cm., q.p.
42. The true value is g This will appear later.
A Vv Vv, VL
43. When ¢ is large 7 becomes ; and € becomes — ¢ — ;-
R Rl vl
B )
M. Q=at+22 oL VoaR+bL+(R-20L)i-cR0.
45. In the ‘Otto Cycle’ of operations there is one explosion for two
revolutions. About 16 H.P.
46. Weddle’s rule gives — 108873 ; true value — 1'08878.
48. 57 miles. 53. ‘821, q.p.
CHAPTER IIL
Pace 51.
45 T BT aad sirm D
L i -5 % 0 7t 57 343, 24/, 3%
A NN Pk PR M
2- 3%2' +2b$ 3 p+1a1: » +plex” 3
MW?*G*N’M padx(l"ﬂ)l? qbaz(@’l)/q Bl ‘__C.‘
p+a+pg P+l Yy e e an e
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ANSWERS TO EXAMPLES AND PROBLEMS.
ac‘%z+ b(a+c)z+(a?+ b2+ c?) logx—g(a+c)- s
1 (a—a)*
a-z' p-1

—log (a—z),
log —;, z—alog (a+x), x” x+3\z~"

19.9v=1894..., 3(5%- 3*), }log . 6. 8324213
%(7+log 4). 8. In 5 seconds at a distance of 25 feet.

400log,2. The integration is that of finding the work done in
allowing a gas to expand according to Boyle’s law from »=10 to
»=20. If p and v be in lbs.-wt. per sq. foot and in cubic feet
respectively, the result is in foot-1bs.

813, —38, 33, —38, 83} The portions are alternately above and
below the z-axis.

(ae*+b)"+!

b n4+l (axp_i_bet)nd-l
K (‘”*‘;“) S 3 1 R

» n+1
(aa®+ba"+ )P
(1-p)n

] 1
5 log (ae*+b), e |

log (¢**+ %), % logsin 22, log cosh ,
1 1 (sin—1z)"+!
n—1 (tan~lz)* a4+l

(log log log 2= (lriz) -t
li=n >’ l1l-n

log tan™lz, — , log sin~1z, log vers~!z.

log log #, loglog log #,

PagE 53.

. log(s+1), 2-2alog(s-+a), 3log (a3 +a%), Flog(a+a)+tan-1Z,

2 zlog (#*+a’), 711, log (™ +a™).

8 @t ¥ lind o a=
log2’ # Rloga, [ log3’ ax+logb+2logc+3logd'

x-rsmz z—sinz

S log tan z, log sin 2 — cosec #.

i
sin— 1‘;, sinh-1Z 3 cosh-1Z ;ta.n—lx —log§+’: 1tanh‘lx 1og‘:——;g-
%sec 1;, cosh"2+2sech— s, —and— 3 .ar’+bssm‘l
avz¥—+bcosh1Z 4 afo+cZ+bsinh-l”cf
sin~1(2z - 1), J§ sec™ 3, ‘\—}—gsin—l g, x—4 tan™! g,
x+2log =log {e’(x_i_g)}
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ANSWERS TO EXAMPLES AND PROBLEMS. 875

(i) —#cosects, (i) logtanw,  (iii) (e=+a)"*‘
(iv) 3(n1+1)(z3+a3)»+1, () m (M“+b“’” +oy+h
_ g 1 1
(i) log tan~ta, (i) — oz, (i) — oo

9. (i) log§, (ii) #.

11
12,
13.

14,

i 5

18.
22.

23.
24.

26.

b

@ F(e= 1), (i) 2=-1), i) e-et, (v) 25 %4 L10g 2.

@) 1, (i) T, (i) % (iv) sinhz+sin 2.

@) 1, (i) V21, (iii) 72, (iv) 7.

n—1 24n—2 -1
() - ax_ —+‘;—aﬂ—2—+...+a—i—'t, (ii) Last result +a"log (2 — a),
(iii) “°+"“+’§+“2 2 @) 4T Tt loge-1), () -3a

O [ R
PaGe 56.
_(@+b+c) ab+tbetca abe
(1) logz = o3 v
@) L~ (@455 +(@ - ab+ ). @) =.
. a’

(4) log(asinz+bcosz+c). (G ) a+l log_a'

(6) ( -1‘7") . (7) log tan z. (8) —cosecz+log sin 2.

9) —cot 2 3 (10) —cos(x+%). (11) tan - tan—1a.
(12) tan z+log sec 2. (13) sec z+log secz.
(14) asecz—bcosec 2. (15) — 2(cosec z +sec z).
(16) % tan".z-+a'T+b tan?z+ab tan z.
(17) tan—log » (18) sinlog .
(19) f +’f: ff: 2 riloglz-1.. . (30) * tan~1(as?).

% of a mile. 19, ia’b ; about 9 feet. 20, Z‘f - axr, %-az -by.

fl._z: the ordinate PQ ; d—;'z tangent of angle the tangent at @ makes
with OK; y=a secﬂa-

z=h
y=ae ™, y=14'778....
Approx. value given by formula '122422. True value *122416.

x 0 A Y
T T /0 (T—l_)!e do. 27. True value of integral =.
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29.

37,

38.
42.

10.

ANSWERS TO EXAMPLES AND PROBLEMS.
‘ ¥
. (1) PlvllOg?; ?‘2”—27(%1’7-”21'7); —Pa"’ak’g;i‘v ‘M‘(”ll L -7
PRt 3
G x? a3 8
97'25 units. 33. ;l/=x+§+3—+ —30°
2" n(n-1) el e
[2n+1+'n(1 0)2—n+ W (l-—c)’—nn_1+...+(1—c il
1-z
where z=—-—.
z
sin30 sin 2§
3 S
28 ot @ 28 b 7
f(z)EI—2—'+4, ... =CO8 2. F(x)sﬁ—§~!+5-i—-...zsmm.
cos’@ _cos'd cos®@ .  cos?f
[—16 5 -8 2 -12 3 +4 3 +cos0:|.
CHAPTER IIL -
Page 75
. a5 ' s T e 1
() log(1+a%),  Gi) tan~},  Giii) 5,  (iv) tan (e+1

™) ta.n“( e,‘f:‘), (vi) Jtands,  (vii) tanh ma.

GHEE, vy T 3E, ey T
£ | b 15+ x an+l
sin™! (ax+ ) 5. 2——"+1‘;'(~/.1,‘——.—’+a) 3
5 tan® 6. i itan‘ix.
() hsecia?, (i) —vechta8.  (iii) -§cosech-14
A b (az+£’)"“‘
i o (ii) ta.n—!(a.z'+;‘), (i) 2
(@) g S0 2E, (1) Loty (vi) Leronts
... log(atcos® 2+ bish?
(vii) og(a ;(222‘?-:;2) z)
W s@v@, @ XD i) ),
(iv) ed(@), (v) e-¥@log p(2).
Pace 98.
1, 3%z 1. 8¢ 1 1o 37-2

glo83 121g3 % 18579 12‘°33¢+2

x«/16 9v’+ sm‘1 —~/3x’ o——~/3cosh -1 ://3,

x~/3x’ +2+£ smh“(r )
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ANSWERS TO EXAMPLES AND PROBLEMS, 877

-LVZ i —-IVf 9751 -1\/? %=1
. 2 cosh it 2 sin v sinh 7 s 73’

: AR
sinh=! (2 —1), .z% VT 1 2ax - %cosh A

-N9—z% WNaP-9, —}NI-4a2? J(sin~lw-anN1-2%),
W 2

N 4+2t 1 .
g sinh—1a.

3 g 1 3,0 1 ey,
3 (@240, (22+a?)f+; | 2(2?+a?)? +a?sinh ‘-:I,
3 3 2 a
ava*+c?+bsinh? ‘g

1 R T n4o
m(l‘z‘i‘a)z, m(x’+2a.z:+b)2, —é(ax —2b‘2'+0)‘1.

zsin“x—L— NI=22, gs1nh“z‘+x—H\/x2+l
D einn1 2L 2748y

8 N3

kiR N T & (86— 44— dac + 3¢%) sinh1

if ¢2<4d, with a similar result if ¢2>4d.

2z+c¢
Vid-g'

z+2~/x’+4x+5+ smh“(x+2), —\/ 14+4v+o+gsm“x

%ﬂ@@"—mrﬂsﬁnh—x

2 sin“zx .
2 NG

+1
St

2”—;—1~/-4x2+4r+5+

2
® 2 850 o L e R
3 Vﬁ—a2+acosh—15, asm—‘a—\/az——ﬁ, —~sm“'&— Na? =z

2

(x+a+b)~/x2—b2+é(2a+b)cosh "z, x+4a~/z2 a.’+? cosh~ 'z.

1 nr
;logtang —lotrtan('::+2), —logtan( 4),

1
—Iog tan (x+—‘i). élog tan 2.

Jmlog tan 1(x+tan“‘ b). — log tan (x+ )
::j__szd +2:+ggllog (csinz+d cos ).

log {cosec (1 — /1 —sin*™@ 0)'7}.

Pace 99.
Bsint 71, mb, 3. NeF¥ae +alog (NETa+n).
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ANSWERS TO EXAMPLES AND PROBLEMS.

2 +3 L12-z
cos

(i) sin? T - (11)‘\/.. i
(iil) \/2x‘+3.z'+ +-——sx h-1 P

42 NI
(iv) M2¥F22—1-2cosh 12~ j_l i (v) 3V2+ 22+ 5+sinh—1 2T +l
o1, JIFaF-1
L O 3185 @ N
e + 1 el
| ~/e”'—+——¢a='=-|—l+}smh“1 Pl
drk 3 4 2 G
Mass= Py a™+3% where density =%7" and a is the radius.
(i) Mass=4mak ; (ii) 2w%.
4
%3, a being BC and p the perpendicular from 4 upon BC.
logz=+ %2%1’+b2y3+const.
LS SN ._1~/ alt iy o7 Ll NN aRy oo i
(i) i por sin e (a—"), '\/— sinh~ Jb’———a_é(b >ac, a+"),
- ‘\%_cosb—l 7 a[ibé (B%<ac, a+"),
@ i where R=a cos?f+2bcos 0+c;
w0 BN e _, _NaR e
() g sin™t T (e, g sinht S (9> a5 a+7)
\%; cosh™? a+"),
where R=asin?0+2bsin f+c;
(iii) J_ sin~1 \/—Vb’ (c "), 75 sinb™! J;f_— (02> ac, a+),
ac —ac
VeR -
cosh™! —— (b<aq, c+"),
e a0~ where B=ctan®6+2btan 0+a;
N — 1 Nal
el —%) __~_ginh—! B> ac, a4+
(iv) — J sm ~/b2 = (a, ), ﬁs m( >ac, a+"),
—:/=co sh—1 sz b <ac, a+"),
& where R=a cot?6+2bcot 6+ ;
1 SkhE 5 a+c )
————e = cot
(v) e sinh ( 20 6
b+c

if é_—{-_c be +", and a modification (Art. 77) 1f be =",
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ANSWERS TO EXAMPLES AND PROBLEMS. 879

() & 8 [3&»111—1—-—(2‘702+3<12)\/a,2 3.2]

(ii) 5+7) a+bc” tan1 (Va+bczc°b 0), where 9=sin‘1x,

provided be positive, with a modification (Art. 89, 17 and 18)

+b 3
if negative.

(i) 485 (i) oy (3ac - 209 ; (i) 228 o

c+.z'—~/c-a

(a<0);

s o N
& ALk R JH a-c}-

asin p— \/a

(i) a>c’2a~/&2 Ogasxn¢+~/a3 ,where¢ cos
3 1 asm4>
< = tan™"!
(i) a<e, PR T o Ne—at
5 _z.\/g _,zN2 o
(i) J_smh i () ,\/-sm oo . sinacosa’

CHAPTER 1V,
Pace 113.
P o
? (3.1,‘— 1), a—3 (azx’— 2am+2),

—e (a5 +524+5.423+5.4.322+5.4.3.2245.4.3.2.1),
zsinh # - cosh #, (#2+2) cosh 2 — 22 sinh 2.
.‘):5 _5. 423, 5.4.3.22

. 2 sinz+cos z, 508 T S sin 22

54 5.4.342 54321
g
i

s (222 -1)sin 2.z'+—cos2.r
4 32

‘[
3 22
z cos?.z'+cos4z_0056x) l(sin2x sin4.z'_sin6x
8_( 1 2 3 16

Wt T
L ssin(22—tan—1g), £ cos (22 — tan~12)
5 e R 2J‘ 7

) cos 2.

(cos 2x cos4x) (sm 2z sin 4a:) (cos2x cos 4z
S W i )]

'~/5

4~/_.Slll(2$ tan13) — & €% sin (42— tan4),

T [+§+~/—% cos (2z+tan™1%) +‘\/———;=1 cos (4z+tan—'$)

- «/_:5—1 cos (6z+tan—'§ )].
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880 ANSWERS TO EXAMPLES AND PROBLEMS.

A b v e zn
Fibec LT Lo e i e

4.

a1

2 2
itk Biingd PR el
ntl [(1°gr) n+1l°gz+(n+1)']’
§ ity 4 3 6 6
S EA ) a0 bendit ey o AT g A
be [(Iog.x) n+1(loa x) +n+1(log.r) (n+l)3]

. | sin {(q+r—p)x—tan“‘ _q_i’j}
e a x
+two similar terms

4

«

[tg+r—pp+alt
; MY Rl (il
_sm{(p+q+r).r—t,¢m 1—a—}] :
N(p+g+r)+a* I

(cos{(q—{-r—p)x—tan—l Qif;?f}
.2 g +ete. —ete. —ete. |° ‘4
4 Nig+r-p)P+a? : o Ry

6. 8sinpxsingzcos?re=2cos(p—q)x+cos(p-q+2r)x
+cos(p—q—2r)z—2cos(p+q)x—cos(p+qg+2r)z—cos(p+q—2r) 2.

Then apply rule for f ¢**cos N dz to each term.

8 cos px cos qr cos*(p+q) x=2cos(p+q)x+2cos(p—q)x+cos(p+q)z
+cos 3(p+q)x+cos (3p+q) 2+ cos (3¢ +p) 2= X 4 cos Nz, say.
e"‘cos(Nm— tan“%)

\/a2+NT

Then Integral=>4

7. m; }(#%-8); —E-

8. zsin“lz+V1-22; 2x24 lsin-‘x—}xdl—m’;

8x4-3
32

2 LS iy,

in—1
sin"lz+ s~ 3t3

2(222438) = 22 2z 1
3—2\/1—1‘2,

Pace 114.
1. e (a%—625+6.524~6.5.42%+6.5.4. 322
~6.5.4.3.20+6.5.4.3.2.1),
(#°+5.42°+5.4.3.2z)coshw— (5r*+5.4.32%+5.4.3.2.1)sinh 2,
£+sinh2x(§'_5 5. 443 5‘4.3.2.z')
12 2 2 DX 2
cosh 2z (6a4* 6.4.322 5.4.3.2.1
2 (2_2 - i

7t 3n2 3 7wt 372 3
3. oy YHL QB 0 B Ol D,
2 §@*-8); 1ost3s 5 ¥ e ta

2
3, 7 —20r%+120m; %(2r4+15w2—45); —e—8¢-146.
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ANSWERS TO EXAMPLES AND PROBLEMS.

Sl a®—1? -2
(a +0%)-3 5 (m®—4); 8llog3-— S

128
5. 5 (ef+2); %.
Pace 130.
1. (2z—sin2x)/4; (cos3x—9cosz)/12 or —cos.r+00; i
(122 — 8 sin 22+ sin 42)/32 ;

a1 3 3

21., (sm88.1;_%8m 62+ 7 sin 42 — 28 sin 2v+35.1:)

1 ( cosOx . cosTe cos bz cos 3x

o 9 +9 - —-36 5 +84 3 —126cosx)

cos’r _cos®z . cos’z cosdy

~O=fr i St

or —cos.z:+4

1 ( cosiag_i_o cos 32 — 10 cos x) or -—cos x+? cosdz —% cosb ;

881

3 7 90

—1)" rsin 2nz sin (2n - 2)x —1"

(2”"2 I: 20 % (2n 2) +'"+( : znc"x];

—1)"*' recos(2n+1)x cos(2n—1)2

( 22’)‘ I: (2n+1 ) _%+ICI ;n ) e +( l)n 2n+10 cos Z‘]
cos % cos5-

or —cosz+"C;

- 02

in 4; 4 8
2. é(m—sﬂ’.‘{_”) ; sm; s i 1hs (3w —sin 4z +§sin 82) ;
_cos’z cos’r sin'w sm”.r s
7 S 8.

1 [(sin 102 sin 82z sin 6'17+2sin AoA:sin 21‘—6.1:]-

e g 4 2
oocltd, oo+ b A
3tandy tana
4. (m—-2)/8; 43/2/120; (15m+44)/192.
_1[2cos¢m‘ 003(a+2b)z+cos(a—2b)x K
4 a+2b a—2b ]’
gsin’r — ] sintr+§sinlz;

2cosnx |, cos(n+2)x  cos(n—2):

T n+2 n—2

3. }tandzr; —3cotdz; tanz—cotz;

Pace 131.
2. @@ xcos"x—#l —a%; (ii) zsec 'z -log (z+2%—1);

(m) i:a.n‘l +——]£; ; (iv) ztanz+logcosa;

(v) wsecz—logtan (2 4)
vi) A(ax+ b)éa:cz(bc

www.rcin.org.pl
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882 ANSWERS TC EXAMPLES AND PROBLEMS.

(vii) ztan—1a/T—2%—sin~'2+/2 tan~1

NG ";/1
(viii) (3 —x) tan—12+3 (tan—12) - § 2+ § log (1 +29) ;
(ix) (@+z)tan™? 'g-—‘\/a_.t 5 () l(:z‘z— 2a?) cos"lﬁ —%x 422 —22;
(xi) (2a+z) tan™! '\/2%—»\/%;; (xu) [l ogzr— n+1]
a sin l:
3. () i/—i——- cos(sin—lz—cotta); (ii) #—w1—-2%sin"lz;
(iii) @ (sec 6+ cos @) —sin 6 — log tan (g +§), where 2=sin 6.

4. (i)%e"“»’; (ii) ~/ — cos (6 - tan~'m);

(iif) %’{ 1ln+~/'7%_5,—4 cos (20—tan—‘ ;2;)} g

(iv) e_}‘{\/m_::__ﬂ cos (0 —tan™! ,]71)+~/7?1_;§ cos(30 —tan™! %)} H
o Imcos{(n—l)e—t.a.n'lln' }

v '2721_

Nm?4(n— 1)
cos{(n—3)0—tan e 3} ]
+m10,
NI+ (1 — 3)°

where tan =2.

. bx a eu B
5. (i) x\/—a—%_’_——ﬁcos(ax—tan ’5)—mcos(ax—2tan LI_))’
(ii) «? sm(bx tan—! b) S oy sln(bx 2 tan™! b)

enx
(a?+02)}

+2 g sin(bx -3tan™! é),
(a2 +b2)} @

(iii) 3e*| -1 -g—_cos(u-tan-lz)ﬂcos(zr-z tan'12)].

a — b)cos bx+(a+b)sin bx Wi
e o L]
2840z el%—b)z =
e e T
cos b.r ) W d a0\
(iv) — 5L 2\/4a2+bzsm(.bx—tan 2a)'
(v) 3*(Psin 4z — @ cos 4z), where
Pe 2%cos 2xcos2¢ 2cos3¢>
7~

r e
Q=

z%sin ¢ 2xsin 24>+ 2sin 3¢
A T
and  ¢=tan2(4/log3), r?=42+(log3)?;

r
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ANSWERS TO EXAMPLES AND PROBLEMS. 883

g o (b log ~—tan™! b)

~/b‘
@k fa\>~* &
(vii) §[m(a) +lTb(3:) ]; (viii) = sinh1.
7. @) x_i:T‘ (ii) o*tan; (i) — e cot 33
(iv) coshxta.ng; (v) —log(1+e);
W2 1. JIfem -1, oo 2=1
(vi) ;LJl+eu+;tlogJ—lTTE-{—l 3 (vii) x—“e'.

8. (i) z(log2z)?—2zlogx+22;
23 2 ¥
(ii) §(logz)’+(———)logx ( +.z')'
(iii) —-;ta.n"x+logx-—log\/l+x3;
(iv) zlog (z+a/a?+2%) —\Ja?+ 2?2 ;

) 2% 1og o+ yaTF D) -2 JFF
(vi) 2”“—_‘*3‘;‘” 20 Jar e+ L sinh &

(vii) 135 (v +)¥ (1522 - 1200+ 4342) ;
(viii) = - sin (bx+c —tan™! 9) -
(©*+eyt

bfx sin(bx+c—2ta.n“ 9)

+(b2+c’ %sm(bx+c 3tan™? b):l

(ix) —9[{500540—{6m¥0+§-§m”‘0—}gcosyo
+35;cosj‘£0—zlgcos"§0],

where sin §=27.
9. @) e; z cos {(b—c)x—tan—‘ } cos{(b c)z—2tan~! ——
J(b—c)+a? (b—c):+a?
cos{(b+c)x—tan"‘b+c} cos{(b+c)x—2tan'lé—;%—c}].
Jb+oy+ar G+ep+a i
sin(b.t—ta.n" c_I:)_ sin(bx—2 tan—! g)

b ¢

. O 2z
@ 7Tl

z
a2+ (b+2c)
+ sin{ (b+2¢)x -2 tan™?

2
a®+b?
: _,b+2¢
sm{(b+2c)x—ta.n = T}

1 b+2c}
a3+(b+2c)3
~/a‘+(b 2¢)?
_,b—2¢
sm{(b—2c).z'—2 tan l—a—}]-

sm{(b 2c)x - ta.n"‘b Qc}

+’a2+(b'—_2c‘)z
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l+b il
12. ——log(l xz)+ log 7("+§)‘

3
13. —§cottd; —gcos%& 14, o™V —opt=B 4 (= 1) a2y,
1. [yt 20. 78343, 22, @HV ., OS24z
Wy L 8 ' 24
IR
g DV it 2Ftangd0=2loo2. 29. a‘azTcos%rA
" w2 T < T
33. 2sm 0008%0 34. nPmra’
" o22—-122-3 1 =7 _518 _7’a
0 MR s W Wi st imrd
4
CHAPTER V.
Pace 143.
4 - az+1 i
1. }log(2?+22+3) ta s 2. log(a:+1)+x+1
3. %log(x”+4x+5)—tan“(x+2). 4, -—log(3-2).
5. z-2log(a?+2x+2)+3tan"!(2+1).
6. 2z —§log (#?+62+10)+11 tan=(x+3).
1 e +c2).1;+(ab+cd)
AF B ad—be
8 1 log (a+c)a+(b+d)
* 2(be—ad) (a -c)z+(b -d)’
9 1 l(a’~§-c2)ac“’+(azb+cd)
1 2(ad—bc) ad - be
10 -
2 (ad—befE+(cf - de)’-l—(eb af ?
« tan=1_(@* +¢* +€)2* + (ab+ed + ¢f)
V(ad - be)®+ (cf - de)’+(eb af)®
1 ar*+b LE+1
11, 2¢ad—bc)l°"arﬂ+a 1z ;log(e”+2e'+3)—;/—;ta ’~/§'
Pace 161.
: NaP=1 4 2-1)(z-5
1. (i) leg ey (u)%log((x—?_(;‘),——);

(ii) 3loge(3=a%; (iv) s log { g “_‘3: : 2%‘22“;:

(v) #[ -3 log (~3)+3Rlog (v+3) + log (z — 4) -1 log (x+4)] ;

(@~ a)(a_l_ - b)(a, -
—bi)(a,—c1)

where 2 refers to a cyclic interchange of the letters a,, b, ¢ ;

4 log (z —a,),

(vi) 2+ 2
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ANSWERS TO EXAMPLES AND PROBLEMS.

{(al—a)(“r'b)(al“c) log (2 — ay) }
(vil) * 33 +(a+a)(a,+b)(a,+c) log (+a) |
ar(a® = by?) (ar® — ¢,?) i

where 2 refers to a cyclic interchange of @y, by, ¢, ;
(viil) {5log {(x—5)3(z+15)7}; (ix) dlog{(z—"7)(x+17)%};
(x—T7)*(z—13)7

(x) §loe {W}'

5 1 1 1 1 1

(i) =g '(‘—”'_—1)14“2 m+§log(x— 1) —Elog(x+1) ;

o 1 2(2®+3) 1 r & =z 5 z—-1\,

() —o Gim1p ta @1 16 xﬁ—l‘a_al"g(zﬂ i

1 5 14 2 7
(iii) -3?—27,—;+3010gx—3(x—_1)3+2(x—_1)§

‘__xl_6 —30log(z~1);

b a+br ) el

& -3 x-— 4
a1 %2a —3b
—5‘1‘—“+f—((%_—b—)),ilog(x a)+( b)zlog(x—b);

(vii) —+1 gg z;j

T log

A e | )
() g tan 5 - tan~15);

e 1 a? -c?)(b2-c?), ._x (a-d)®-d», _ .«

(i) 2+ (2= )z~ o(a? - o) tan~12
(iv) tan“lx-J—_tan"x\/é;

ad-bc 1 & af—be 1 - e).
() G2 tan-i(a42) et ‘(x\/}),

(ad — be)c? 1 L ¢
xh) _Zi_fl—z—x"-z(e_d 7 ga=h0) e O '( ‘/a)'

(i) logm; (i) 2log (22— 1)+}log(2?+1)-2logz;

(iii) —3}logz+1log(22—1)—11log (22— 2)+ 5 log (#?—3);
20222+ 2ac+ b2 — ba/b?+ dac

b2 +4ac>0

@ )4bs/b2+4ac 0g2a’z‘”+2ac+b2+b\/bz+4ac ( -

i 22+r+1 e zN3
(l) ilogﬁ—m+273ta l .‘l‘”

1 2z+1
2y /3 —1———————-.ta -1
) Vg e NB W3 * /3
T ntas ol L i3
~/J;a.n T—22 N/;itan 1
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886 ANSWERS TO EXAMPLES AND PROBLEMS.

(iii) J-tan‘l 1'” J;z, (iv) tan™!

e L axN3

e O et
2% —ax+a?

() golog Sorortrans

2z-1 2 22+1
ta -1 ——tan™
(vii) J' w2 R By
_, 73 A3
Orftan LS xz ‘\/:_it,a.n 2xg+1,

x2+x\/§+1 1 zA2
0 L s SRR 7 2 B B
(i) 4~/§ 8 2 oa+1 2B 1-2?

6. () $log(o-2)- 5 ~}log(a?-2 +4)—%_ta 21

23 B )
(i) $log (1+2) - log (1+2x+42%)—3 i—i—ﬁ%_mn-li‘-‘”%l;
(iii) 2+38 log (v — 1)+ 1§ log (#*+4) - 5‘7:11 Z:mn-‘g;
MR AT T
(vi) logzi_l—-% x—i—l+%tan"x. (vu) logJa 14 2;%’;
(i) ~ g e o6
—é-w_—b,){al, log (a?+2?) —-‘;log (b’+x’)} H
(ix) -5

_m+ﬁ +§ log(z—1)-}log (2 +2+1) ;

WA L2
(x) -@m--l%log(zz 3)+39210g(4z’+5)+ J—tan o

ol . T 0 e AP b
(ii) log(x 1) y vy log(x +I)+ tan~lz - i@’
12-1
2 14’

c+3ab ,r,ab x  ab-cz(?-2%) a+b 1
() el e Ryl Ry il )

(iii) 5 tan-1x+

2J_{w+2]og(f 1)}; ~/_{7r+2log(~/2+1)}

0. () s (i) s 10. log4.
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ANSWERS TO EXAMPLES AND PROBLEMS. 887

14. (i) 4log(2x—1)—log (#+2) 3 log (22 +1)—4 tan~1x;
(ii) z—2logz+§log(z—1)+}log (z+1) +3log («2+1) — § tan—2 ;

(m) 3

(iv) % [Iog (z+1)— cosg log (x’ —2az cos§+ a’)

—cos:%rlog(x’—2axcos3%r+a’)+2singtan“

z-acosT
5

a2 asin%r
3 z-acos—
+25inita.n—1~

’

asin %
b5

(v) 21“.
(i) —+llo grd B §logx—J_§-_J§
9z Bz+1 72 V3 2NB+3
5~/"
36f

5 28 5% 1, 5.9
(i) 27.1.8 toat o 243“”“'24 -3t 3

+3log (#-1)-giglog(z+1);
(iii) (2V2 -3 - 1)’2-’.

17

0 x5
t -1 t = h = =1 4
cot @ cosec 6 — log co :I, where §=sec 4

log (52 - 3)

19. -3%log(x+1)+3log (22— x+1)+~/_tan'l2%.

20. —tan—!'}(vtanz+cotz).

. 2 a’r—1
21, (i) (x—m)tan“\/b% 1+a;b a2+bzlog{a\/b2x 1+ba% —1};

(ii) log {(: +/’::) (2+ pg) } (7'” Pnl) (zg T Pz’)

where (z’—a’)’=b’+’—:, a?+b=p? a?-b=p?

b

243, 2Wz+Va 2 2z -Va -z
., —= tan™! ——————— tan™! — 23
ot -l ¢ - R - @8y
lsm.z'__b slnx_l_i 1+sin 2 T 3 \/2+1 £
Zcosiz B costz 16 B1-sinz 8J5-1 8"
1 1 + 1 1 1 1 =
“(m-1)a (x—a)? (n—2)a,’(.z'—a)"'s_(n-3)a3(:t——a)”""
( Ly i +( ‘1‘) llog(x a)+ ) log 2.

avl z-a
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26. If n be even, =2m, 4wy L
z+"Cy (a—b)log (z-a)—"C, (—(;: al ——2-3 é’::a;_
_™Cm (a=0)"
m—1 (r—ay™"

If » be odd, =2m+1,

2m -1 2m 2m-3 2m~5

1 x-b\ % 2 -0 3 x—-b\ 2
2(b_a)[2m—l(a, —-a +2m—3<x a) +2m-5(x—a)

+'I_I)E.(J,'—b)§'+1(.v-a)?(.v—b)”_2m2+lt ks l(x b)’}].

2—a 2 b—a a
(e +1) -1, 1+z 1,
27. log eIy 28. A lo, g3 +2
30. -10«(1—r-)—2*- g5—+-1 ”’f
45. Let d =aa®>+ba+c, B=af3*+bB+c, C=ay’+by+e,
i A e 24 B }
(a—By(a—7y) (a=B)YB-y)(y—a) \(a— ARt = 7)‘

and @, @; /2, I’ similar expressions obtained by a cyclic incer-
change of letters,

I= —+—Q—-+-——7+1"log(w a)+ @' log (¢~ )+ R'log (z~y)

Tr—a z-f3
CHAPTER VL
Pace 200.
g L s ) [(ac +be) O+ (be - ae)log (esin O+ccos 0)]/(c*+€?) ;

37

(ii) ;7; log tan (9+?);
(iii) a& —'bg log (a+b cos ), where

< 2 & b
A= 72——32 tan IV"IL tan 3 (a>b)
b—a

tanh tan 5 (a< b);

yi \/bz b+
. 1 " l+msucos.t - &) 2)\s
(iv) b cosh g < s iy e T tanh (tun 3 tan 2),
(v) \/_.5 log tan 3 . (v+tan‘1 i), (vi) log (cos @ +sin @) ;
sss X 1+sing 1 [
(rii) 4 ]0 l—sme+2 1+sm@ 2 Jog {wed ¢ +tan o)+1+sm 0]

(vili) conh™s 3cos (¢ —tan—13) - /1 A
3—-a10cos (- tan™?! 3)

MO O A A
(IX) N t'm ‘\/:.; tan (-‘.".-?)’
(x) [a.z +blog (acos z+ b sin z)]/(a?+0?).
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11.

16.
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ANSWERS TO EXAMPLES AND PROBLEMS. 889

() $log2; (i) = (a>0); (i) 305 (V) T oy

1+4cosacosx

2 cos a.+sin a cosh™ A
cos a+Cos &

1 a
ta.n"(
avai— (2 VaZ- 2
iy L [cosh" 1 2—cosz—sinz +-L 1 os—l—l— 2+3cosz+3sina)
) Vo I—cosz—sinz ' f7 N2 3+cosz+sinz |’

sin 2(1 + cos z)
(1+2cosz)? *

(i)

tan .z‘);

(iii) 3 log

;}tanhx
( sine icosh_15+4cosx.
) 94+bcosx 27 4+5cosx’

(“) f dz b sina
bz a+bcosz a’—b® a+bcosw

(iii) tan ( 0 —tan™! b)

: dz :
(iv) I= [ [mm——‘y)] , where tany= P ¢ and then use (ii).

=etc., by Art. 173 ;

2+b2

see ™ CHR g
(iii) 3 g a{( 1+cosa)?—sina};

2 et o W 3 si 2
(iv) Gsinfo oos g 2(1+cos a)’ —sin a(2+cos?a)}.

sin 6 cos @ Jog (1 + tan 0)—g+%logsin(9+:—;)

(i) of2sina; (i) tanh“(ta.n ‘g) /sin o

. o a— b bc ad 1\

(i) m/2ab ; (ii) /12 (iii) ( \/cd)’
(iv) m(a?+ 32)/4a3?; (v) 7/4
m 2314_—_9{ T 2+43¢ 2 a1 2be*+a i
2 (g2 it T 2 " Adbe—a? Ndbe—a?

(i) 2v/tan z ;

dxz b sin x I

(ii) I— b’fmcoTz o m-etc. (Art. 173) ;

b 1 asin@-bceosh
(iii) 2+b2tan(0 tan™ a) Ta?+b2acosf+bsinf’

i) Gstan—‘(l tane)—— tanh~1(2 tan g) (i) 7
tan § —~/3 ’ S
(iii) 0+~/§ t,a:0+~/é; (iv) —p{log(a+bcosx)+mgﬁ;‘}.
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.. 8in26. cos@+sinf 1
18. @) 2 logcosﬂ—sino—i

(ii) —cosh™!(cosf+siné); (iii) cosec“(z cos? g) 2

logsec 20 ;

_fsinz = i) 1 _/sinz
19. cos ( 3 )+2~/3ta.nh ‘I:\/Etané{cos ‘( 3 )}],
20. cosec™!(1+sin 26). 21. sec™*(cos 0 +secf).
2. (1) —2/1=sinz; (ii)) —24/1—sinz—- \/élogt.a.n(4 8)
1 b—a
(i) s oon[ /" 000 |
23, coshxcotg-
sin  —x cos 4
24, m . 25. lOg lOg tan 2.

26. (i) 2rtan~lz—log(1+2?%); (ii) 32 tan~'z— 3§ log (1+4%) ;
(iii) 3z tan~lz—}log (14 2%).
1, 1-sing 1. 1-2sinf

27. —21081+8in0_«7§-10g1+\/§sin0’ where 2=tan 0.

~/3+tanx
by ta( ") log
glogtan|g+3) 2~/3°~/— tanz
1] l-sinz 1 1-A2sinz
3 o,

% reins V3 17 Asis
1 sin (0—a) , o WA | sin f —sina

@ sin 2a. 8 Sin (@+a)’ (i) 2sina log sin @ +sina

.. 8a2+4ab—-b 8a

29.

a+b

30. (l) W——Fl()g-_a—_,
2ab—b% 2 b2 b b—
(u) 2; @ - log a+ a+b, (i) ab22a 2a1 ga+b
A 8a 1 1
in gLtz {a- WH;) v o

Jat-prf 1

n—1 \a™! (a+b)""}:|’
unless n=1, 2 or 3, when a logarithmic term occurs from one of
the integrations.

3. _x+cot(a-B)1°g%'
) 1 Y . F iy E 2
4 m[ﬂ’mn T—e ™3 701 b_1f'an;].
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43, (i) }*{xsinz+(x—1)cosa};
(ii) (3z+22%)3(1+2%F;

(ii) 15 V3 g (8in 46 — 4 sin 20 — 12 cos'@), where tan 6=(22+ 1)/N/3-

___sinacos’a
sin (e —b)sin (@ —c)’

cosa

il =Y g 1 oy g

logsin(z—a)-22

46. (iii) Putz+alogz=ay.

cosZ —sinx
(x—1)cosz—(z+1)sinz

o (i) §

»

CHAPTER VIIL

891

(z+1)cosz+(x—1)sinz
(x—T1)cosz—(z+1)sinz

PagEe 221.
& (5 rinh,
whero 1, =gp5 [ 1og =2 E 1 /B tans N—] and =%
@) -5t o
- I=§W [103' ﬁé—;—;—m+~/§ tan=t %}3]5] ;
(i) ~gLy-21,

8 12a(a+bz4)’+12a [sa(a+bzm+e {4a(a+b.z")+%lo} It
where IFfW; and if a, b be of like sign and Ic‘=g,

1 A, k.m/é k,z‘»\/é
I°=§F7[““’h Bratsigra

or if of unlike sign and k4= _Z’

K 2
— -1 -1 .
I= tanh—!—+tan k’) 2

o
Gi TIPS S Y
W) -5~ 3% av bt " Bat @by 23!

1 _ kxn2 _lkr's/é @ i
and Jl=m[—t€mh lk2+1‘2+t ol 1fzbe +ve=Ft
or 2bk,[ tanh~1 > +mn-l"’ , if § be —vo= — K%,
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4.

6.

11

12.

16.

ANSWERS TO EXAMPLES AND PROBLEMS.

Pace 267.
If I, . denote the given integral,
Pl (5 L U
K Y | mta+1 A

i $ (2t 422 4.2
Iy =(1+ 27 {ﬁ'ﬁ;’ﬁ*l:}.u.s .

With a similar notation,
z n—-31
(@) Ly ey s laa

(n—2)a?(a®+2?%)

®) i,.,,=z~(a+bx)’+*_ TR
(p+n+3)d  (p+n+d) "’

(¢) mI...=.z"‘"(a’+x’)’}—(m— 1)a2l,, 43 ‘
LR ) e R S
@+

(& mIy=2"*23 -1 +(m—-2)I,s;
0 L _a™ (P +a?PH 2n-1)a?
"PT O 9n+2p+2 2n+2p+2

(ﬁ—l)i(i;+§i5+%).

/§ n-1,py

. e (122t =2n1,, ) (21 41) I,,, where the integral = Ip,,1.

0 A R

"= ont1 411

acosv+nsinz n(n— l)I
a2+nﬂ a2+”2 n—2)

I,=e*cos"'2
o« !
I4=m[cos3x(awsz+4slnx x)
- 4.3 A 1
+m{cosz(acosz+2smz)+2. 1 .a}].

(1) I,=-2"cosz+nz"'sinz—n(n-1)1, ,;

! asinz—ncosz n(n-—1
@) I,=e"sin""1z »wt+at ,n(a+az)ln-m
A asinzsinazr+ncoszcosaxr , n(n—1
I,= —sin* 12 =gt + é,_a,)l,,_,.
L
m(m—1)(m—2)(m—-3)...2.1 sl W

s P +md)(n?+(m—2)...(n*+2%) " n

.
m(m—1)(m-2)(m-3)...3.3 g
ni+md){n?+(m—2)%...(n?+3%) P+ 1%

(m odd) {
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1 o m m(m—1)

3m " 3m(3m— 2) 3m(3m—2)(3m — 4)
m(m—1)...2 o amim—=1; 1 mr

3m(Bm—2)...(m+2)  3m@m—2).. (m+2)’m(1 oo —)'

2
34 If mz_b+\/b’-—4¢w b—~b"—4ac 4ac
. = ; 5

dz l gl a
fa+b.1:’+c,1;4 N 4ac[ —-—ta.n m]

2 ka cos ¢ 2k sin ¢
Bt § =

where a=.ck!;

18.

+

ni=

and 5% > 4ac,

L -1 -1
or y [sec ¢ tanh + cosec <[> tan

b_, where b? < 4ac.

2 /ac

If b®=4ac, the integral =

and cos2¢p=—

o b
bx3+2a ,_btan lxv;

2idx nr i
ja+lw‘+c.z4 J___(mta.n 1~ —ntan™? ) if &% > 4dac,
2kz cos 2k sin 4))
. S L

e - ( sec ¢ tanh—! Fra +cosecd>tan"‘ iy
1f b < dac,

2a 1 e b x Al

b\ /2ab a ”Vﬁ"m.;.bxz)’ § ¥ mdaa,
[BERTRAND, 1. C., p. 36.]

tanh™1

3. (@) Ly=Ipy—"0 5

_ _(n-2)zxcosr+sinz ,n-—-2 i
B) In= -1 Ty m-2)sin~1z tn1 Int}

(7)% —(n=2) L, o+ (2n-3)a Ly +(n—-1)(4bo—a?) /..

, ('1_4"2%"—"__- -2(n—1)(b*—ac) I, - (2n—3)c Lp.

3 ;—r,(a+b)(5a3—2ab+5b2).

& B

44 I,-21, ,+1, o= - —2—— sin2(n-1)a,

1
n(2x— 1r)+cotx+2[(n 1)sin 22+ (n— 2)sm4x m+sm2n(nl )x]

49. See Art. 202.

CHAPTER VIIL
Pace 286.
Nr¥l-1, (“) Jz+2 N3,
Norl+41’ ~/w+2+~/§
2 Jrt ~3
(iii) 2«/x+2+~/— gJ +2+J3

1. @) log

(iv) 3(z- 1)} +2V3 tan-! "31
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J A ~/_(tanh’ ‘Jﬂ+t {_@)’

i) 7 (ta,nh 1“/i‘/+122“—1+t n—l‘i_—— “;“)

NZESY

(iii) —~/2tanh—18/2——5" R
~/z+1 B1 tan_ﬂ/z(xﬂ)‘
V2 -z

(iv) 2~/x+1+~/—ta.nh '\/—

8. (i) —cosech™lz; (ii) - sinh—11=%;

N2 1+2’

(i) sinh—t#4— sinh-1 =2

V2 i+a’
Sl . ol 3 PP |
(iv) '\/x"’+2x+3—sinh"l%—ﬁsmh"‘z_’_l.

~/2cot6+ ook 21 1M V2cotf+3-+3
%8 2ot 0+3+1 V3 CV2cot0+3+3

8. %[V%c‘)th-l {\/a—_(:_——'z(TM}
A '\/%—coth"1 {V_?b(m}
Bila mnh—l{\/_ (tan @ +l)}
+\/a—_b e (g g an 0410} ]

5 smh"(— sec 20)

&
8. ~/x2+1[x’ f;+‘9x 43:|+—s1nh“.z' 2\/2smh"1—1
9" @) sin"——-zz__al:b;
Al Na=b+Nz—b 2 Nz=b
) s B i % T o<
Ja-b—\Ja—z i1
(m)\/_nga b+Ja .z'(b< % Jb tan '\/ (b>a),
(iv) (a) —-ﬁgsxnh—‘a_{_:, (b) 751nh—1a+;,

@ -z va+x ; Vu+x.
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12,

13.

14,

15.

ANSWERS TO EXAMPLES AND PROBLEMS. 895

1 _,2ab —(a+b)x
—3;-—5 cosh™ 6 i
cosh™? +p g-p cosh _1(B+p)r+pB+q’ if p?>gq, witha

N/ JB§+2P,3+Q VPP —q(a—f3)

modification if p?<gq.

(i) —sinh! i:r/g (i) }lsec'lz; (iii) %tarl\%.
URVIEES (ii) % tanhi-1 41482,
(i) J_ tan—! '\/ ()t <p), — \/)\_ ——— coth—! '\/:;—::—7’: (A>p);
(ii) 5—%log(m2+ A?); (iii) 5 1 log %)
Pace 314.
(i) 2tan~1/z (ii) 2tan—1,/T+22;

(i) -%z cosh-1% —%, - sxnh-lj 1 1= :

O e B e -k
(vii) - n%; smh“(a);Il ; (viii) 2 cosec"(J; - ;—/1—5‘)

G) - % cosh—! —%
(ii) /27—1—2coshlz+./3 cosh—‘{ 5 2:T.*-21

) Jgemior A B S s BT,
G 1 1A= , [2®+2ax+?

i) \/(—bz‘._:-a—TT—cz__Tz)cos F—& VAtoar+ b (a<b<c),
with similar results for other cases.

o1 (@Bt — (et b
0) ga3 507 @) @ =)

SAL SRS o b
@) " Narat s ja=a

6. J%Esinh"{'\/‘;—:_z cota}.

224

= cosh Frad
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896
1
8 (i
o J(cos a.— cos 3)(cos @ — cos y)
TRL T SN
x cosh-1| SBZEcosa ] cos a.—cos 3 1 COS 0, — COS Y
cosa—cos 3 cosa—cosy y

for the case cosa > cos 3 or cos y, with modifications for other cases ;
3e 1
ii) -
(i J/sin(a— ) sin(a—7y)
2 1 1

et tan z —cot a cota—cotﬁ+cota—coty
X €os T T i

cot 3—cota coty—cota

9 1, /+*+ar+a®
‘a Yat-ar+a*
1 -224+102x-13

1 . Al —2°+102-13
10. 2@[3*@8‘“ '"N3 32110049
o] S,
(ii) —L coeh XY _?x—-}—é-c sh-? tg:;;,
(m) - smh“x 2 i 3~/_ smh“ii__—f;
: b—a 2 Liafb=e
(=0T T 3yl
i -15/02¢
“0)(o-d) JC—a"“‘h 770
d—a MV T
B e = e"““‘ s
(9) = oodk? x2+x+§ cos1A[3 EHa+2
z’+x+l Ja 7 2+2+1
1. G ‘/—"ﬁ (ii) cosh“(x+;;).

13. (i) ésin 0-—;%—:_5t,anh" (:;?.3 tan g), where cos =22 ;
2%+ ax

e LB
(ii) tan™ {z(J/1 +z‘+x’)§}; (iii) \7,~,coah“l \/5 " ¥ oy
| FOREUNT Y | T L
14, (a2+1){\/b2+lsm ( B smx)
1 N [ i
+a\/b’_a’smh J b a’——tanzx}’

if 42> a? with other forms for other cases.
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f 1A/l 42 =262+49 14 [327 =262+ 49
18. doos~! N3 A Tos 17 T 0Nk 100417

i —x"' &

™ JEtE+2
: g s T
21. (i) sec™!(cosz+secz); (i) 5 m.

20.

1 3 -
25, If 8,=3,, - 'J’__:;ssmh-l \/%f
1

1 8 —8
cos™! ’\/—‘ #
N 8 oy

If gg=3,,

ENE
30. J§ sin T g

1+2A4+22 1 . _ 2/2,
3. (i) 2J210g£—1-—;x—£+ﬁsm ‘%‘;,

o 1 JTdA+2 /2 1 a52
(")ml°g_1°:§_ N T

3. (i) 122,

5+ tang
N tang
(ii) —3[tan §—2log tan 6+ % log (tan § —1) +} log (tan 6 +1)
+3 log (tan? 6 +1) -16].
1
4. () sin“l(ﬁ sin?g); (i) sin—t( 7 -t =)

where z=cos§ ;

4
35. (i) sin 0—%0 —§7§log

2 - 2
45. (i) log z_*_z:i, (ii) :-/3——5{3ta.n 12\/3'+J- tan=1 \/jsa\/a}
oty 26*13#“‘“—‘;: ;(64 114)4;

(ii) J— logtan(0+ ) 7 where sin ¢ =4/2 sin 6.

CHAPTER IX.
Pace 326.
L () logs; ()q: (iDg (v (___2’;;0(12),0({"2;??-2-_-1.

3. 2; 4 J2la; 5. 1/J/2.
Pace 353.
§ cos z o 1
L@ recosz—sina’ (i) z(1—log 2)’

3. @) 2(n-1)(ac—b=)f§’f, NaL AU a)cfX,,_,
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k- A _cos?my d sintz
(ii) f €08 /. sin xdx———mz_ S e
i 4.3 i ad s1n2x+ 493.2.1 sin ma
(m? — 42)(m? - 2?) dz cosma” (mE—4)(m2—-2%) m
322-10z+9 1 V 322-102+9
-1 e =g
°°Sh \/szz Ter+14 3% V2 522-16s+14"

6. a\/p e cos(nt+e+ta.n‘1m tan“lgb)

NPt e
(PP’ + QQ'n?) sin (nx + a)+(P'Q — Q' P)n cos (m*+a)
| P2+ Q?n?
where P=o—yni+...,
Q=pB-n2+...,

and P, @ are the corresponding expressions, with Capitals instead
of Greek letters.
1

3 4
8 - 9 3 12, 2. 13. L
it
15. -logta.n(2+4) It r>2>3,
Principal Value=% log { —tan (g+t~:)} == log tan (g—’-r—g\)
nr
16. 2-log2—m. 32. 5
o4 1ts ald b+ec c—a
41. Principal Value—gz log (b g o [See Art. 347 (c).]
& WL z-1 T+z,
AT ") o 2 (ii) e'.r+1’ (iii) e* e
PN ¢ et 1 "
(IV) § [log;;:—l'—efl{l'*'(‘ez_—_l)}]’
sin z . . log tan e?\
™) cosz+xsinz’ i) log(logtane)’
(vii) —2J/T=zlog(1+2%)+81-%
& L2 2R/1-z L 28J1-=
4{Rta.nh Sy TStan 1—282+x },
where _—_@, 32=ﬁ"_1,
2 2
CHAPTER X.
Pace 377.

12. The integrand becomes « at the limit §=a, but remains real and
finite from =0 to f=a, and the rule of differentiation is not

established for this case. But putting sin g=singsin g’. the diffi-
culty disappears.

www.rcin.org.pl



14.

16.

1
19.

20.
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a1 f “endg
y=Ax1-\, where AT
fndé

2—-n
y= Az?@=), the height of the centroid being 71‘ of the height of the
segment.

A straight line through the origin.

The density at each point varies inversely as the square of the
abscissa.

y=(Az+B)", 4, B, k being constants. 21. If F(x)=4/Jz.

. The firss=2". The second=—2=. The rule for the reversal of the

4 4
order of integration is not established when the subject of integra-
tion becomes inﬁnite at any point of the range of integration. For

a=0, f T xz)zdxis infinite.

39. The case reduces to/‘e"’cos 2Bxdx=e—ﬁ'fe*‘“dz.
o 0
CHAPTER XIL
Pace 415.
1. §at
2. (a) ¢%sinh ﬁ'; b) e¢—1; (c) A(logh—1)+1, (A>1);
wab b g rab e E
(d) R \/ - b =g O824
(e) (i) /czlogg, (ii) lcgsinwlogf—l; (f) 3(e*-1).
3. (1) Yfa?; (2) “£ab. Area bisected in either case.
b
4 (1) ﬂ 3’%(0\/1) —c? +b2sm‘1b)
(2) If A,=gz[6~/bz—cz+bzsin—‘ I—):], A2=2—I;[d~/a2—d2+agsin“g:|,
the four regions are _ab —4,— Ay+cd,
ﬂ%b+Al— Agy—cd,
7%“1)--—141+A2—cd,
Ig—b+A1+A2+cd.
2 352 &
5. 4da?. 6. 3ra’ 7. SU-m 1L TFask
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8, o 8 xdyte 1 ra?
13. (i) &’ (ii) 5“" 16. it 10g2 3 17. (i)
16
19, a’(; +4J5..§)- (‘/5 ) 24. 3.
Pace 428.
1. (a*-b)tanT+ab. 2 xa wol xa’s mal
g b § 16’ 2 otk Sl g
4, %; n even, ;', nodd 5. %’tanae””t“(ez’/“"“—l).
a?/1 ll a'71 0} 3
6. _6-(413 Zﬁ) % ‘2—'(6'—3) 8. éwa‘.
+b ‘

- ) R
3—1(7‘9)4.?\/1,:_“-’
2
A¢=2a ;b’cos‘l(%)—%adb’—a’.

3 2
10. & (107 +93). m

9. (i) 1r(a'+éb’); )

4. %mg(”j:ﬁ:} +£fl§) & [tan=1/5in e — tan=/5in ).

2 oy
15. Area of lozenge = ;‘—6(16 -9./3).

17. 2rat, 19. Srat 20. ’;—‘;'(%'_1).
Page 429.

1 (J:+Fz-—l)a’ (‘43+2152"+1)a- e % 2. (r-2)at.

3. {2log(f+1)-—u‘/_ at, 4. a?, mat /2.

7. et 10glbj+z+(b’+a’)cot'lg.

8. 3wat. 17. 16ma?/3./3. 18. ma?f2.

10 B oo ey o 07

21. %,[26'( (a+27)2%e™% — (B4 21)2%P) — 2b {(a + 27 )e™e — (B + 2) ™)
+(e2ba _ zbﬁ)]e%n

2
& :Ta[%'(“'e%" — B2e™P) — 2b(ac™e — BeP) 4 (o2 — 62P)).
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2 2 -
2 12(%-1) n Ta 2. 2:1
19 7 Bl T 3ma?
B, VT-gtilos—5— 2. Ja' 2. (i) -

30. (r+9ah 8L mai-doos—i D+ boosh1%. 33, ar(x—’z’).
85. A=JE=F-boos™ 3, where B=(p—a)+"

aLb_l = a,b, sin (6, 6,)
8. 5 a,?sin @, sin 0+ b,? cos 6, cos 6,
Lab il ab sin(6,— 6,) e Y
3 W om 0, sin 6,+ b2 cos 0, cos 6,’ it ol e

52. mal 53. o, +23 [} log 3— 6—~/3 54. (—121) sinh ¢ [sinh 2¢+c).

55. me(Ja—/b): 56. At the cusps.

2
Area of loop of first =% =157 sq. cm., about,

57. < (a=10).
Area of loop of second =%\/§= 222 sq. cm., about
58. (r+1)at
CHAPTER XIIL
PacE 466.

1. Double the area swept out by the portion of the tangent intercepted
between the original curve and the first positive pedal.

3 g -gve'-p
4 3at + 20262+ 3b* e b _ (3a24-b%)(a®+3b%)(a® — b?)
EE 16(a? + b7y 5
7. ma(a-2b). 13. n;;z RS R a)®+a?}, and is least if A=a.
14. 2% =(a®-y*)(y* - b%). 20. wc* c being the constant.

25. [a’0+ tan 9] , where ¢ is the diameter of the circle.

31. The vertex. 34. A circle of radius a; ma®
CHAPTER XIV.

PacE 478.
L. (1) ’L—g—‘ Density =pxy ; (ii) z=y=-%a; (iii) B=34Ma?
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) gutagpets
- gD Ep e+’

oy = 2p+q+3 - g+l 2p+q+3 . 5 2p+q+3,.,
(ii) ‘”_2p+q+5 e 2q+2 2p+q+4a’ (iii) B_2p+q+7Ma'
3. (i) 5=:—i—;¢', ({=length) ; (i) :—:—;Ml’.

e e g L1 wndd oo

W GraEes 1 ) iGrgmra ™

it w38 . .
4. (i) z=%a, _1/=-5§—_'+T":,ma; (i) B=%Ma?.

W - a@lbr—44 _ a a .
5. (l) x=5 ,37!'——8’ .1/=-§—_—8'; (ll) x=§a*b*, y=2a§b};

(iii) Z7=%a; y=a. ‘
2
6. (i) Moment of Inertia about base=£6k—, h being the perpendfcular
from the vertex to the base;

(ii) A(A L2+ AM2+ AN?), where 4 is the angular point and Z, M, N
the mid-points of the sides.

) Pace 484.
1 (a) i=§‘—l—s—m—a,l 20. being the angle of the sector, and a the
§=0 i radius;
ot i
- _n+2asina _
(B) e S e i
2. 3=Z—I—Za, 7=0, a being the diameter ;
. (n+2)(n+3)(n+5) 5, ,. steilnt 2 (nh3) o o
W) T iPmse) a' P P Ll
cooy (R4+2)(n+3
(lll) ((7"3——_(‘1?—)”(1’.
3. (b) If (p1, ¢1)s (Pys @), (Ps, @5} be the coordinates of 4, B, C, viz.
L s =% 30k
"= Mg —my’ L E—— , etc.,
M M
A=1—22(q2+q3)", B=1‘§E(I’2+Ps)’-
p+1 a2p+2_aln+2 .- (I+1 b2P+z_blp+z

4 z= ﬁ;ﬁi—a”" .-y=—+—2-————bp_"_l_bp+l7
P 2 1 9 G 1

4=211 be"—’ﬁff =P+l s i vl
g+3" B -5 TTpi3 T P g P
2
7. Area=%(2w+3ﬁ);
e 3a.4/3 s 9J§——‘rr
1) z2=—F—— =0; 2) Ma? ———-
g 2@ a-m) 7 @) Ma*o 3 am

www.rcin.org.pl



" A2 53 _ 0.3 24
8. (1) A—WMab, B= 35 a%p’;
(i) 0=-2i"-2 Matpt (b4 0h),
9. z=2- —(1/ B (y+ )
Pace 492.
§ 3 T ... a’n?—b*m? 197 ab
L @ 2(1-7) T T
2. (i) Tra?/2°; (ii) 7wa2/2/24.
U
A 3 . . 15 Y.
7. «[o +(1—ea)%] 9. 15mab/2
15, (i) ab. (ii) mab/2.
17. 1lwa?/2'5. 312, 21. Z=8a/2{log(y2+1)- {G+/2}/m (44/2 —5).
25, 2(a?a?+ by = (a2 — b2 (a? — bly2)2, 26, 7(a*+b%)c2/2ab.
CHAPTER XV.
Pace 521.
7. ‘%%5 - R? R being the radius of the circumcircle.
CHAPTER XVI.
Pace 533.
-7 3
d. [2 2a y: + Jg cosh’l a'l‘. 2. A cycloid.
§
4. (x2§+y2*) "'(-7"1%4'.71%) B
PacE. 538.
L () al6s—0y); (i) L o gmary

ANSWERS TO EXAMPLES AND PROBLEMS. 903

(iii) 2a( cos %— —cos 02)

(iv) 2a{(1;a.n62 tana)+3(ta,n302 tansfo_l)};
i [Jl+3cosa NE]

oy cosh=(1 +Gcos"0)] (cf. Ex. 1, p. 533) ;

i) o[ (449 tan’@)‘}:lﬁ.
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Pace 541.
1. (i) A circle; (ii) A catenary ;
(iii) An involute of a circle ; (iv) The tractrix ;

(v) An equiangular spiral ; (vi) A cycloid ;

(vii) 6 +2sin™? V—- +2V——=const.

Pace 546.
8a
2. 3
Pace 570.
2. 4a//3.
5. (i) —the area ; ; p

(ii) the area ;

(iii) O or 2w, according as the origin lies within or without the area,
there being one convolution about the pole ; or if there be n
convolutions, 2nr.

10. Equiangular spirals. 12. b5a. 13. Involute of a circle.
15. 2a[3./343./2+log(y/2+1)], 4a being the latus rectum.

- s
17. Epicycloid. 252 19. 4a.

25. E=a%-§ (B+0)/4, = *’2 (B-0)/4,
where A= [ta.n Y- IP]‘P y B= [sec Y +cos ¢]¢’,

_[sin®y 3siny 3 e
C= I:cos"l// 2c083¢ 2logtan( )] , and 4,____0

[E.T.)
21008% 28, s=T -1 _(3a7+2ab+35%
M, o= 8 g v W ‘
29. Area=m(a®+2b%)" 30. 3ma’
1-m? i
L. J' LI
(sin? p+m? cos?p) ™
39, s=2a(sec’y—1). If ¢=0, the involute is y*=4a(z+2a).
a®- b
40. o

CHAPTER XVIIL
Pace 600.

2 A= :}; F, (mod. N%§)=1-31102... square units.

www.rcin.org.pl



ANSWERS TO EXAMPLES AND PROBLEMS. 905

Pace 636.
2. b=a, A=2d%

With notation e g
in Diff Cale, b>a, A=20*E;, mod. %)

Art. 458 L
subigedly T A=2az[E,_“a4“F,],mw.%.

@+VF =4 +(y -V —da)
ot )
zr=11 or —4+3,/-3.
h_lJ.z4+2.z-‘ 322 —4x+3

10. z=

24, (i) tan i -
(ii) %tanh“ J”_"'.gh&a, where R=2%+24%—32?—ax+a ;
a.-’+3x’—2—§
L E z+2 ) b 1+62+42%
(iii) 2 tanh 733 Va5 (iv) tanh la;+l T—ortds’
2
) cosh"“i.*;—ae%'1 ; (vi) tanh™? P +1 Jat+1
N
(vii) 2tanh™ (z+41)/7 ; (viii) tanhlz24+1;
(%) 2tanh~1;”:z \/%; (x) tanh~iz ""’i ;
X a0 ik W —1”\“'*'-"4.
(xi) tanh \/—_Tl H (xii) tanh o

CHAPTER XVIIIL
Pace 669.

J1+m2dm
(am? — 1)+ 4a®m?’
y?=4ax being the parabola, £ the const. of inversion, and (4, 0) the

4, 3=2ak?

pole.
3 S
0 SHa
12 2 i 1+cosv 22—2xcoshu+1
i f+cosv)(coshu cos v) T+coshu  a%—2xcosv+1
v
cos 5
= V2 sin™? 2\
§ cosg(coshu—cos ) coshl—; /
2 2
14 Fi(z—JF—1)+log Fy(z— JA=T) 1. ¥
PRREME! IR ¢ YT ) 2’ a®
it (l) m81ﬂ l(x—_b")iy (ll) -tan l(a°+aﬂ)'
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19. u=1—;—:}cos“e. 24, xcosa+sina logsin(z—a).

25. (i) 1=-log(z+1)—5m— log(x+4)+—-tan 2,

[1]5 =(w+14log 2+10)/50 ;

(i) l.—=l5 sm669 L4 s’; 46"4— o sx2n 20+ 100}, where §=tan1z,
51r
3 sin z

fii) . e +2 tan—12 tan z},

1615—-3cosz ' 6

g -2
CHAPTER XIX.

Pace 723.
3. Mr2-r?)tanasin?a (rm=0P;, 1,=0PF,).

6. Evolute of roulette of the cusp is a four-cusped hypocycloid.
Intrinsic equation of envelope of axis with notation of Ex. 2, Art.

670, 'is
=GB 2 X
s=asin’y (5+7cos 3).
20. See Art. 657.
25. The rolling of a catenary upon a straight line.

30. s=ay— 3asm( ‘L + const.

CHAPTER XX.
Page 772.
a1l 2—Re+./2 2z
. Arc=—| 5 = il o ST )
A gy [ﬂ it Rey Ja NI R(ﬂ—z’)]ox
where R?=2(/2+1),«=cos g-, and # is the azimuthal angle of a

point on the curve.

CHAPTER XXI.
Paar 790.
2. mad. 3. Bﬂmﬂ 5. §1ra..3 (3log 2 --2).
6. (¥=acos 0) For surface from @=6, to §=46,, revolution about
(y=b sin ¢ } the y-axis,
S=ma [sin 0a*sin®@ + b2 cos? 0
1

—e . ey sy yr] M b
#73g alog{aesln0+Ja sin® @ +b* cos 0}]0,'
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217.

29.

21

29.

31

39.

43.
50.

ANSWERS TO EXAMPLES AND PROBLEMS. 907

3
%. 10. About axis, §wa?(37 —4) ; about base, f4mwa2.
it w’a’ 4mn?a’ sin ;-:
5 14. 5 16. @D =1y 22. A circular cylinder.

%(Jm—J(L_—c){a(c—2a)Jtz_-*-c'+(2a’+ ac+2¢?)Ja—c}.
%”{(Hzﬁ)*-l}.

CHAPTER XXII.
PagE 862.

. In each case V=—(A +\/A4B+ B), where A=height of frustum and

A, B the areas of the ends.

' gEa3 a being the radius of the sphere and £ the spherical excess.

2
?=§1rabc (ag+bz 1) : 9. 4mabe.
dlizd‘*, where A=|a, b ¢
Ay bl: 1
ay by

7@ xl){a*+a"+(,3+B)x2+rl}
iiig( T _ 1+7){(4/3)1+v (Aﬁ)1+‘/}(tan"b,-—tan"1b2)

gbf(a cosh @ —sinh @), ik (V&P F 5 cosh \/a* + b* — sinh \/Ja® + B?),
(a2+ b2yt

(Va® + 52+ ¢ cosh \Ja® + b® + ¢ — sinh \/@® + b* + ¢2).

dmrabe
(a+ 0242t
Envelope y=+z, y*(2*-a')+a’z*=0.

ks ™
§ -1, 51. GQT—Q':U,_D.
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