CHAPTER X.

DIFFERENTIATION, ETC, UNDER AN INTEGRATION
SIGN.

854. Differentiation of a Definite Integral with regard to a
Parameter.

A definite integral is by its nature independent of the
value of the particular variable in terms of which the
integration is effected, and its value depends upon any
other quantities which may occur in the integrand or in the
limits.

First, let us consider the differentiation with regard to ¢ of

b
the integral u=j ¢(w, c)da, where a and b are each finite
a

and independent of ¢. We shall suppose also that ¢(z,c) is
single-valued, finite and continwous, as also its differential
coefficient with regard to ¢ for the range of values of = from
a to b. When ¢ changes to c+dc, suppose that the consequent
change of u is to w+du.

b
Then u-4 6u=j ¢(x, c+dc) dx
b
and 8u=j [p(z, c4Ee)—p(z, )] da.
Now ¢(x, c+dc) = (, ¢)+deg’(z, c+0 dc),
where the accent represents differentiation of ¢(z, ¢) with

regard to ¢, and 0 is a positive proper fraction, ¢-+6 d¢ being
written for ¢ after the differentiation is performed, i.c,

2u Su_ >, —[*2¢(@0)
—a—c—=Lt5¢=o;SE i Ltsc-()j-a‘/’ (x’ c+0 60) d(t——-“'a O dﬂL

[See Arts. 1898, 1902, Vol. IL]
361
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362 CHAPTER X

355. Next, let @ and b be also functions of ¢.

b+8b
Then u+6u='|. ¢(z, c+6c)dx
atda
b+8b b
and P j (2, c+sc)dz—j (@ o) do
a+da a
b+38b a
-t j o, c+ac)dz+_[ (@, o4-60) de

b a+da

+[ Tp(e o+ o0 —p(z.0)) do

Now

o wqﬁ(w, ¢+ dc) de=¢p(b+6,0b, c+3dc) éb  (by Art.332)

and
j" (@, 0+6¢) dv= —p(a-+0,8a, o-+bc) 8a,
a+ia
where 6, and 6, are positive proper iractions.

Also g
- c
has been discussed in the last article.
Hence, dividing the expression for du by dc and taking the
limit, when dc is indefinitely diminished,

D[22t~ 90,0 G

and the conditions under which this is true have been stated

above, viz. ¢(z,c) and a—(/)(aﬁ—’g are single-valued, finite and

continuous functions of z throughout the finite range r—=a
to x=b, inclusive.
This is & case of the theorem on partial differentiation, Diff.
Cale., Art. 160, viz.
du_ou  ou da  ou db
do 2 T2a do o de’
356. Geometrical Meaning of the Process.
We next examine the geometrical meaning of this differen-
tiation.

Let af, «’B’ be the respective graphs of
=¢(z,¢), y=d¢(x,c+dc).
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DIFFERENTIATION, ETC., UNDER INTEGRATION SIGN. 363
Let the ordinates of both curves be drawn at the points
r=a, x=b, x=a-tda, x=b+6b,
viz. day, BBS, Ayd, Bég,
respectively. Let NQP be any other ordinate, and draw
a8, BR parallel to the z-axis. Then jb¢(x, ¢)dzx is represented
by the area 4BBa. We have to diﬁb:entiate this area with

o

regard to c. When ¢ is increased to ¢+ dc, @ and b being both
dependent upon ¢, area 4BpBa is changed to 4'B'B'a’, and

area A'B'8'a’—area ABRa

e area ABBa = Lts-o

¢ de
5 B8'ya+BBB§—AA Ay
T dc
Now
NP N
de de o de
—[*2¢(®0)
_L o dz.
o It BB B’S’ BB' RB-+BRB'S

dc dc
s ¢(b, ) 6b+,8R,8’6’

=p(b0) 5 +Lt’8R’86
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a5 LtA a'ythAASu+aSay
éc dc

Ly ¢(a, c) 5a+aSa"y’

aSa ‘y

=¢(a, c) +Lt

da
de

4

_ b
'. éica.rea ABBa ZL’%?’C)JQ:-{-M& 0) z;— (@)

area BR3¢’ —area aSa’y’
+1Le dc )

Now, if the terminal ordinates 4’a’, 4a and B'B3’, BB are
finite, as supposed, the portions BRB'S’ and aSa’y’ are both
of the second order of infinitesimals, for their breadths and
greatest lengths are both first order infinitesimals; and there-
fore, when divided by Jc, they still remain of the first order
of infinitesimals and disappear when the limit is taken.

b b
;-;qu(x, c) dx=jaw dz+¢ (b, c)% —¢(a, 0)% z

The student will see that the truth of this theorem could
not be asserted without further examination if any of the
ordinates of the figure became infinite, or if either of the
graphs were discontinuous, or if either graph were cut by an
ordinate in more places than one for any position between
the extreme ordinates of the portion considered.

When one of the limits is infinite the theorem may still be
true, but special consideration is needed in each case.

357. If the integral to be differentiated with respect to ¢
be “indefinite,” .. the limits not stated, say

u=I¢(x, c)de+A,
where 4 is an arbitrary constant, then

du__ [2¢(z, c) 24
dc_j_’ac dx+55,

and A4 being an arbitrary constant as regards z, ’%cé is also
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- an arbitrary constant as regards z; and we may write the
result as du_ (0p(z,c) g

de 34)1 Aide )

where 4’ is an arbitrary constant.

358. Integration of a Definite Integral with regard to a Para-
meter.

Take the integral 4 =Ib ¢(z, c) dz,
a

where a and b are not functions of c.
Then, by the previous articles,

%Ii[ o(z, c) dc] dz =j:a—acU¢(x, c) dc]dz

:J'b¢(z, c)do=u;

. \ude= ! ¢(z, c) de |dz,
il

€. .[U.Z(/)(T’ c)dx dc=IiU¢(x, ¢) de |dz.

359. Supposing that instead of an indefinite integration of
we require a definite integration between cq and ¢, say, regarded
as independent of a and b, then we shall have in general

J:)l: :¢(x, c) dz] dc=J:U:o ¢(, ¢) de |dx

that is the order of integration is immaterial.
For putting jc ¢(z, ¢) de=f(z, ), say,
Co
b e b
then J [I ¢(z, ¢) de dx:j f(z, c) dz,
a ¢ a

D ror(e 2 (b
and % a[j%¢(m' ¢)de dz:a—cjaf(z,c) dx

=J:af%c~)dx

=J:¢ (, c) da,

also % j:J:J: ¢ (z, c)dx |de =J-: ¢ (, ) da.
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¢ b
Hence both I [I ¢, c)dx |de
clJda

and .‘-: [J:¢(::;, ¢)de |dx

have the same differential coefficient with regard to ¢, and
both vanish when ¢=c,. Hence they are equal.
This theorem may be written

J: I:¢(z, c)dede— IZ :n¢(:z:, ¢) dx de,

and expresses that the order of the integrations may be
changed. The theorem presupposes that the limits of inte-
gration ¢, and ¢ are independent of the limits @ and b, and
also that ¢(z, c) remains single-valued, finite and continuous
for all values of the quantities  and ¢ between or at their
limits.

4

360. Notation.
The notation of this “double integration” calls for expla-
nation. It will be noticed that we have written

JU”W g o I:j:sb(x, o) ded,

inverting the order of the dz and dec. The order of writing
these symbols does not appear to be universally agreed upon,
some authors adopting the opposite order. For the sake of
clearness we may state that throughout this book the right-
hand element and the right-hand integration sign refer to
the first operation, the left-hand element and the left-hand
integration sign refer to the second.

Thus r‘r'qb(x, y) dwdy will mean that
%o Yo

(1) ¢(z,y) is to be integrated with regard to y, keeping z
constant, between limits y=y,, y=y,.
(2) That the result obtained is then to be integrated with
regard to  between limits z=1, and z=2,.
A notation which carries its own explanation, and used
when there is any fear of confusion, is

z 1
L dx L dy ¢ (z, y).



DIFFERENTIATION, ETC., UNDER INTEGRATION SIGN. 367

361. Geometrical Interpretation.
Writing y where we had ¢ in ¢(z, ¢) and dy for de, we have
to establish the theorem

[ [[owpaela=[] _(@,9) dy Jds

Imagine the rectangular space bounded by
T=—a Me—bvy=e 1 y=c
to be divided up into infinitesimal rectangles by two families
of straight lines, the first set being equidistant from each
other and parallel to the z-axis, and the second set being equi-
distant from each other and parallel to the y-axis, the distance
between consecutive lines of each family being infinitesimal.

y
c RS
nl
b Q
Gy RS
(o]} A B L
Fig. 37.

Imagine that we have to find the mass of this rectangle,
regarded as of variable density, such that ¢(x, y) is the density
at any point (x, y), and that the elementary rectangle whose
corners are (z, ¥), (4402, y), (z+dz, y+Jy) and (=, y+dJy), and
whose area is §z dy, is so small that the density may be taken
uniform all over it, or, which will amount to the same thing,
that the density at any point of the small area dzdy differs
from that at 2, y by an infinitesimal.

The mass of this small rectangle will be, to the second
order of infinitesimals, ¢(x, y) Sz dy. Let PQQ'P’ and RSS'R’
be the two elementary strips whose common element is dz dy.
Then, in adding up all the elements of mass along the strip
PQQ'P’, we have

U:(ﬁ(w, y) dx | oy

in the limit when dz is indefinitely small.
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Then, if we sum the strips from y=¢, to y=¢, we have in
the limit, when Jy is indefinitely small,

¢ r—rb
I |_L¢(:c, y) dx | dy.

But if we first sum the elements ¢(z, y)dz Sy along the strip
RSS’R’, we have in the limit, when dy is indefinitely small,

U;rﬁ(% Y) dy] dz.

And if we sum these strips from z=a to x=b we have in
the limit, when &z is indefinitely small,

IR

And as the order of addition of these elements is obviously
immaterial we perceive that these two results must be equal.
Hence the truth of the theorem, provided ¢(z, ) be finite for
all points of the rectangle. [See Art. 1899, Vol. IL.]

362. Successive Differentiation.
Having established the equation

d [ »
$[lo@ade=[ 20Vt 46,0Pg0,0%

we can differentiate again and again and successively obtain
the second, third, etc., differential coefficients with regard to c.
The successive results however, in general form, rapidly get
complicated. Thus, for instance, we have

d2 (b
Tczja¢(x c)dz

~al [, ]+ g w00 g |-z e ]

=J"”o‘2¢(a:, c)d +5¢(b c)db 9¢(a,c)da
2 2¢

oc? de-  oc de

¢ (b, ¢) |, 9¢(b, c)db d? b
U <dc> g +¢(b ) 3o

2¢(a,c) /da\? 2¢(a, c)da d?a

g ¢'aa (%) ¢ac PR ALY

which reduces to an expression with seven terms.

Similarly, the third and other differential coefficients may
be found when necessary.

In particular cases there may be considerable simplification.
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363. Many important results can be derived from these
theorems, and new forms deduced, by differentiation or
integration with regard to letters which have been regarded
as constants in a previous integration.

Ex. 1. For example, taking the case

T dz S _l,\/aTb.._'L‘",__n'
'/;d—+bcos.1: (a>b)—~/—a2_b2[mn a—+bt(m 2]°(Alt«. 171) g oy <

we have, upon differentiation with regard to «,

w el TR (_’r_) idli Y
.,o (a+bcosx)®  Oa \Waz_p? —(“2_1,2)%'

Differentiating again with regard to a,

[ dx g silol Sl - 2024 68
/o (atbeosa)® —  20a (g_ ) 2 (g2 p)E
or, with regard to b,

™ cosxdr Bl 5 i "3 ab

b (at+bcosx)® — 20b (a2—bE 2 (a2-1)%

T a+bceosx ,  wa (202407 —3abl’
. Lo jo (a+0bcos .’L‘)3dz_ sl (a2 — b))%

ete.

Generally,

/-. a» b 4 ARt e 1

b (atbcosz)® ~—  (n—1)! T a1t Ji—

Tt R (7 B Wy 1

b (a+bcosz)* — (n—1)! T = b2

Ex. 2. Clearly fe‘“ dx:eg;
. W 0T a )"e'a.z
" f et dr= (Ba g
Also fx"e“dr=le“‘r"=e"‘ (D_ )
e 2k D+a o
ax 2
i (1 —1—)+2., —)r"
a a al

[Znt. Cddec. for Beginners, Art. 213.]
Show that these results are identical.

Ex. 3. Starting with [e“‘“d.v:é,

o0

n!
we have / e dr=—r
1 antl?

by = differentiations with respect to a. [See Art. 1897, Vol. IL]
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Ex. 4. From such integrals as
i or e
(pr+@Nax*+2bz+o (@, +2b,7 + 1) Nage? + 2byr + 0y
we can deduce

dx dz
4 f(px+ q)y"az*+2br+c’ o 44 f(m+ q)(a,x’+2bx+c)*’
or (3) f : 2 ’
(a2 + 2b12 + ¢,)"V agx® + 2b,0 + ¢y
dx
or (4) ‘

(a2 + 20,7+ ¢;)(aga® + 2byz + ¢

by respectively differentiating the first »—1 times with regard to g,

or once with regard to c,

or the second 7—1 times with regard to ¢;,

or once with regard to ¢,,
when once the primary integral has been found (Chap. VIIL.), and this
will often be more convenient than the employment of a reduction for-
mula. Differentiation with regard to other letters, p, a, b, a,, b;, a, or
b,, will give other integrals.

For example, by Art. 276 (supposing bp>>ag, a and p positive),

f pon . i R S WS n-x«/ prtq
(ax+b)(pzr+q} Va(bp—ag) p Vaz+ b’
Therefore

dz 2(-1)"1 ort -t pr+q
[(ax+b)"(px+q)* (a=D)T b= [Ja(bp ™" \/; az+b

and

#ldz _9(=1)* o™ L/ o
@z by pergh @-D1 07 Tap—ag)”
etc.
Ex. 5. If @=n/(a®+A)(5*+AX)(c*+A), prove that

fo(azi)\ HErItar A)d%d}‘ 0.
2dQ  dA dA dA
Q “eratEpatany
" the integral in question is
TEs-Ho
¢

a.z'+b

We have

Qdr" X

“ _2f%(~§)dx= _2[1/6XJ:=0'
Similarly

[(&Tl—x bﬂi,\’rctix)dé\ 2dQ" 2[Q] abc'
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dA g oI dA
If I_]:-Q», we have e _2f IR G’

and the above equation may be written
gl ol "ol 2}
Bat T or T 3™ " ke
For several useful illustrations of such integrals, which occur in problems
on the attraction of ellipsoidal shells, see Analytical Statics, by E. J.
Routh, vol. II., pp. 100-101.

364. DIFFERENTIATION OF A MULTIPLE INTEGRAL WITH
REGARD TO AN INVOLVED CONSTANT.

It will be sufficient to take the case of a multiple integral
of the second order.

1 N
Consider I EI dz| dy ¢(z,y,c),
o Y

where ¢, z,, @, y,, ¥, are all functions of some quantity ¢ but
not involving z or ¥.

Let [ot@ 3 ady=F@,y, o),
where « is regarded as a constant in this integration, so that
oF(z,y,0) _ :
—ay‘— (zl ’!/, 6) 3

then J'yl ¢z, y, )dy=F(z, y,, c)—F(x, y,, c)=v, say.
Y
Then = rl v da.

Differentiating by the rule of Art. 355,
a _ = av d dar:1 _dz,
dt ), a T d
where v, and v, are the Values of v when z receives the values
7, and «, respectively.

=rla dy+ Lo (x, Yy, €)— dt (@, Yo ©)-
Yo

Vo

Thus, substituting for

21;, we have

d
dI 1 d da
RN L T
d d
+ditl_“ ¢($1, Y, ¢ )d’y J- ¢(w01 Y, ) Y-
Yo
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This may be written in the more compact form

dI Y1
d_t= % da/ +r dw ¢(z, 9, c)] L

Gl v v on] .

A slmllar process may be a,pphed in cases of Multiple
Integrals of a higher order. It is to be understood that all
limitations with regard to the nature of ¢, and the range of
integration, which correspond to those described in Art. 355
for the case of a single variable, are supposed to be assumed.

365. REMAINDER AFTER 7 TERMS OF TAYLOR’S SERIES
EXPRESSED AS A DEFINITE INTEGRAL.

Let f(x) be a function of # which is finite and continuous
throughout the range of values of z, from z=a to z=a-4,
as also all its differential coefficients as far as ' (z)

Let z=a+h—2 be an intermediate value of z, (2<C k).

h
Considering the integral j ' (a+h—2)dz, we may
0

(1) integrate directly as l:— i (a+h—z):|:= f(a-+h)—f(a),

or (2) apply the rule of continued integration by parts
(Art. 95), viz. _

[zf'(a+h_z)+;f"(a+h—z)+g%f"'(a+h—z)+...

—1 h
(nz—l)!f ("_1’(“+h_z)]o

+ g " (a+h—z) dz
o(n—1)! Thrth

1.e. hf’(a)+§f”(a) +§f”’(a)+ +("nh:_11) !f(n—l)(a)

h n—1
+J.o (nz—l) !f‘"’(a—}—h-——z) dz,

ie. fla-+h)=f@)+Hf @) +0 /(@) + 1 1 (a) +

n—1 h n—1
+(nh—l) !f(n—l)(a) +J‘0(nz—1)!f(n)(a+ h—2) dz.
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Hence the remainder after » terms is

R, = (nll)'j 21 f") (g +h—2) dz.

By theorem IX., Art. 331, this is equal to
ok P 1 e L
b l)Zf (a+h—§) Ioz dz, te. n—!f"(a—i-k-—g‘)
for some value of ¢ lying between (=0 and {=h, which may
be written {=(1—0)% where 0 is a positive proper fraction.
Hence R,,=:‘T7: f"(a+6h), which is Lagrange’s form of re-
mainder (see Diff. Calc., Art. 130).
366. REMAINDERS AFTER (2+1) TERMS IN LAGRANGE’S

THEOREM AND IN LAPLACE’S EXTENSION, EXPRESSED BY
MEANS OF A DEFINITE INTEGRAL.

It is easy to find an expression for the remainder after
(n+1) terms in Laplace’s extension of Lagrange’s theorem
(Diff. Cale., Art. 518).

Lagrange’s theorem states that if z=y+x¢(2) and w be
any function of 2, say f(z), then the expansion of w in powers
of z is

u=fe)=f)+op S W) +5, 4 LB O]
ot T s W+

and Laplace’s extension states that if z=F{y+z¢(2)},
VU)o d [ ST m]

n'dJ

@) =F{F (y)}+xptF (y)} T 2idy

dnl nd F )

and contains the former as a partlcular case.

Take then z=F{y+wxp(2)}, and consider the integral
Fi()
J' [y+ap(F (1)} —t]" ' [F (6)]F"(¢) dt,
v

where fw)= d{l@j)

www.rcin.org.pl
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We shall write ¢ Ft for ¢{F(t)}, etc, to avoid the multi-
plicity of brackets.
Putting n=0, we have

F=2) g F=(z)
= — (fFt)dt=| fFt =f(2)—fF (y).
o[ GURa=[1m] C=fe-fF)
Again, differentiating I,, with regard to y (Art. 355),
' Fi()
[ R Ry
vy
—[z¢Fy]"(f Fy)(F'y)

=n1n_1—w"<¢Fy)ﬂi<ny> ;

ilewry (¢Fy)" (ny)+
Putting n=:1, 2, 3, ... successwely in this result,

d d
L=z (¢Fy) T+ gL,

n dy

2 d 1d
11=”2‘ (‘PF?/)zd_z'/(ny)‘f‘E@Iz
3 d 1d
_§(¢Fy)3@(fli’y)+§-@ls

7t d 1id
"~ (¢€y)‘@(fF?/)+z dﬁyL

etc. ;
whence

(&)~ fFy=u(pFy) i(ny)+diyzl

d 1 &1,
=z(¢pFy) &y (fF?/)+21d [¢Fylzdynyl]+2'd.’/

= ete.,
and  f(2)=fFy+a(¢Fy) éi (/Fy) +§di[¢7?7|2 i W']f
= ny|]+n, s

The remainder sought is therefore

Ron= ()| lw+opEOI—rr EOIF O de

n‘dy
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This includes, as a particular case, the remainder after
(n+1) terms in Lagrange’s theorem, when z=y+w¢(2), viz
Ron= () [ ly+op() -arr 0
cited by Professor Williamson (Encyclopaedia Britannica, “Infini-
tesimal Calculus,” §151) as due to M. Popoff (Compies Rendus,
1861), the demonstration of which by M. Zolotareff, quoted in

the Encyclopaedia Britannica, is similar to the above.

GENERAL EXAMPLES.
1. Prove that

d (a” m m
i m =qm-1 P il § m+llp (n+1)q
daJ.aqa 2 de=a [(7'I+1+p)tt <n+ : +q>a ],

and verify the result by performing the integration first.

2. If A be the area bounded by a parabola and its latus rectum
(4a), prove

a
(1) by differentiating the integral 4I Vaz dz with regard to a,
0

(2) by first integrating and then differentiating with regard to a,
that d4 _16a
d ' 3N
3. Apply the method of Art. 355 to prove that
oV
%J; v Ve Z ot dy =},
T
and explain geometrically each step of the process.

Obtain the same result by first integrating and then differentiating
the result with regard to ¢; and also geometrically.

4. Show that if s J’ ¢maava? .
0
% ou o
St 2 op SR OB
then 3ab S 3a 5 2 5 i
provided @ be positive. [Tiixrry, 1888.]

dan (¢
5. Show that W.[_cf (2 + ¢) d = 21fn—1)(2). [a, 1883.]

6. If f(z+c)=f(z) for all values of z, show that

j fly+az)dy
0
is independent of z. [a, 1887.]
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7. Prove that

dz - (—1)”(1 2,10y o
o (02c0s?z + BPain?zy 1~ 27H [0~ \a Ba *B R (a)

8. Prove that if u=(an+bn)j“F{(a-b)z} dz,
8

where F denotes any function, 8 and a being independent of & and
b, and n being a positive integer, then

{(“"J“b")(aa 3b> g I_}u b [Ox¥oRD, 1886.]

9. If e I #(z, 1) di,
0

where ¢ is a function of » and z, prove that

2
i j ¢dt+axq$(z, 0
dz

1»5 4’(“’ °) (5, 1885.]

10. It u=r $(@, 9)dy,

where o and S are functions of z and u, prove that
53¢ B da
w |+ )2 -9 ) 5
= -
¢ SHrigl BIE

]
i ¢((6, a)'a(:

11. Comment upon the application of the rule of Art. 355 to the case
" $(o)da

o) _anfa?—a?

Prove that in this case the true result is

1 ]’“ z¢'(z) dz

a) o Ja@-—a2

F(a)
12. I u={ 906, a)ds,

du (F@0p(6, a)
wohave 3t~ ["28 D04 4 (@), o} - 1500 ) L
Do you consider that thls formula fails in the case in whlch
1
F(a)=a, f(a)=0 and ¢(6, a)= m’l
If so, to what extent and in what respect ?
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Prove that in this case

du_sina ¥ sin?0 df

da” 2.2 ¥

i (1 - sin? 3 sin?)
2
Make any remarks that occur to you as to the reasons for the
peculiar form which the general formula assumes in this case.

[e, 1884.]
13. Show that the equation
d [t a(-1)dt (1O ,=(-1)1
% Iozse -t—z —J‘oa [zse F-:Idt
ceases to hold for z=0. [MartH. TripoS, 1897.]

14. Find a curve in which the abscissa of the centroid of the
area of that portion bounded by the curve, the coordinate axes and
an ordinate is proportional to the abscissa of the bounding ordinate.

[CoLLEGES, 1878.]

15. A vessel in the form of a right circular cylinder with vertical
axis and a flat horizontal base is filled to varying depths with liquid
of varying density. If the depth of the centre of gravity of the

liquid be always %of the immersed portion of the axis, show that
2-n
the density varies as (depth)=-1.
16. Find the general equation of all solids of revolution for which
the distance from the vertex of the centroid of a segment made by

a plane perpendicular to the axis, is proportional to the height of
the segment. [ToDHUNTER, Integral Caleulus, p. 198.]

17. Find the form of the curve for which the area bounded by
the curve, the coordinate axes and an ordinate is such that the
moments of inertia of this area about the coordinate axes are in a
constant ratio.

18. A body moves from rest at a distance a towards a centre of
attraction varying inversely as the distance. Show that the time of
describing the space between Sa and B"a will be a maximum when

BT =1
dax\?* a
[It may be assumed that (m> o« log p :|

[TArT AND STEELE, Dynamics of a Particle.]



378 CHAPTER X.

19. Find the density of a parabolic plate as a function of the
abscissa in order that the distance of the centroid from the vertex
may vary as the square root of the length of the plate. [a, 1881.]

20. Find the equation of the curve such that the area included
by the ordinate at any point, the axis of  and the curve is in a
constant ratio to the area included by the ordinate, the axis of

and the tangent. [MaTu. Trrpos, 1882.]
21. Prove that ‘
dF ()
o (T) P I(z)+ 22— o i 2%
da),Ja-z _L 2a~a— 5

be independent of a?

“F () ds
Fam

Under what circumstances will j

[ToDHUNTER, Int. Calc.]

22. If tan = sm b= ‘/1 =sin ¢,
verify that

r dx 1 r dé +smzj’ .
oWI-a8" \/l—tanz--smqu \/l—tan- sin®y

[MarH. Trrpos, 1896.]

23. Prove that
& -
o cosbax ) cos ba oo cosbx &
14 J: e dx + 6 , (@) dx — 8a o @+ 2% dz=0.
[e, 1884.]

24. Verify that

1

Y= AJ‘ 11 - o) P (1 —aw)~dw
0

satisfies the differential equation of the hypergeometric series, viz.

(1 - x) +{7 (a+/3+1)z} —afy=0,

when 8> 0 and y > .

25. If u=j:m°°” {4 + Blog («sin®0)} d6,

(lzu du

verify that @t o Pau=0.
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26. Prove that y= 1lrf (% + cos pv/a? —1)"d¢
0
satisfies the equation
d d
d—x[(x’— DY |=n(n+1)y.

27. Show that the differential equation
d*u a. b

[St. JouN’s, 1892.]

@t
is satisfied by . =r asinz+beosz 5
0 b
Write down the complete solution. [St. JouN’s, 1883.]

28. If y=r~/5e“°°“cos{\/7 log (V sin 8) + a}d0,
]

2
prove that Z:cyz (n‘l = 2) 9.

[St. JouN’s, 1889.]
29. Prove that
f(cosh x —sinh x cos ¢>) T ddn -‘.
0

Prove also that if

dé

o (cosh @ — sinh 2 cos ¢) ol

P I' (cosh z — sinh x cos $)dg,
0

ar _1 cos  do
dz—2), (cosh  — sinh « cos 4>)*. [a, 1886.]

30. If g =rcos(mx"sin $) cos-%(#dcﬁ, prove that y satisfies the
0

equation d .7/ 2727202
3 +miniainty =0. [a, 1886.]
31. Verify that

=Ig“V[A+Blog{U (a5 +b,2)} ] du,

where U, =bu*+bu+by, log VU, = j w i
and the limits are given by ¢ VU, =0, satisfies the K sties
d d
(ﬂzg % bzz)d_:; +(a, + blx) a%/; + (@ + box> y =0,

provided a,b, — @b, =b,% [SprrzER, Crelle, vol. liv.]
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32. Verify that if z be positive
u=C) r (- )T dE+ C, J--:e“ (- g2t dy,
and if 2 be negativ:s
u=C, r LG ¥ e+ 0, reﬂ(zﬂ —)i e
¥ o e

solves the differential equation

dzu du 0. ‘
Cdz? SO>S G [Pr1zVAL.]
33. Prove that
rsm 0 arc cos % 4 == (1 —cos«)
i sin 0 2 :
i [TriNITY, 1886.]
34. Prove that
J'l log Lt —ili—— =msin~lg
o Cl-—ax gl —g2 : [OxroxD, 1888.]

35. Establish the known result

oge . oga
Jo (@ +2)? W
and hence prove that when n is a positive integer
logz e | 1
@ [ e ppean{loge -} 545 -~ 1)
(log 2)° 1 A{<7r_2_i 1334 1
®) j (a+x)"”d T+ 1)at A\ 3 lz“gz!“gz—-"_;z)
R b 1\2
+<loga—T-—‘—)—-§— _'TL)}

[MaTi. Triros, 1883.]

36. If the operator A, applied to a function of «, has the effect
of changing « to a+ 1, and subtracting the original function, show

that J o
Aj b (2, a)dz =j A (2, «)dz,
where a and ) are independent of a.
Prove that
b —ax(p-z _ 1\n (_l)n
Lc (e=2—-1)"dz= s@+ 1) oty

[BerTRAND, C.1., p. 183.]
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37. Given u= rcloiwdz differentiating twice we have
0
d _ i 2% cos az ois
da? o T+at :
But this is indeterminate when « is infinite. Discuss the validity

of the differentiation. [BERTRAND, Cal. Int., p. 181.]
38. Is it true that

1 a2—g? , a? —2?
j H (a,+mz)gdz] du._J. U (a2+z,),da]dz1
If not, why not ? [See Art. 1899, Vol. IL.]
Evaluate each side separately and compare the results.

[BErTRAND, Cal. Int., p. 187.]
39. If P+ Q= (= +wy), show that in general

B B (b
jj N b dyn IJ' L dyde

and LI OF oy -LL N 1y de.

Examine the case ¢ (z +ty) =e~@+), taking a=0,a=0and b=
[BERTRAND. ]

40. If f(z)=(2 - x)‘lfJ" (1-2sin?6)"%d6, show that
0

d{%&) = % (2- z)‘}J':cos 20[(1 -2 00520)4 - (1 -zsis20) ¥ d6.

Hence show that as @ increases from 0 to 1, f(z) increases from

T
= toco,
v fadied [C. S., 1898.]

41. Prove that

J.: du J:: du J: du ... J.:duf(u) = (n—:lT)j.[: (u—2)""1f(2)dz,

there being n integration signs in the left member of the equality.
[B. P}
42. Show that

3:2“ J ¢(Z+?/+6)dxdy} 94 (3¢) — 8(26) + B (0).

[Oxw. II. P., 1890.)
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43. Show that the quartic function
Q=az* + 4ba3 + 6¢ca? + ddx + ¢
can, in general, be expressed in three different ways as the sum of
two squares P2+ R? where

P=a"#[(az+0)? +3(ac - 1?) - 2]
and " R= a_*)\"*[2 (aw + D) A + a?d — 3abe + 2b°],
A having any one of three determinate values A, A,, A,.

Verify the evaluation of the integral J‘%f in the form

a? AR, SOR
Z[()\z—z\a))»liban i+ O - M)A gHtan 2

2
+(A - )‘2))‘3*(73'“_1%]/1\’
where A=Ay =) (A= A) (A = Ay).

[MaTH. TrIP., 1897.]
44. Show that

a r—1  nir-1
w11 g L) dpe BT _‘€> 35

j,,z 1 20 YO0°0 (n+7r-1)! \da 1-a
[L C. 8., 1892.]
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