CHAPTER IX. ,

GENERAL THEOREMS.

319. Various Limiting Forms expressed as Definite Integrals.
The definition of an integral, viz.

[ st@rin =LA@+ pla-tB)+a+20)+ .. +900)]

where b=a+nh may be expressed as

Lt ,:'5 b_;a ¢ (a +r l-’—;—“) !

o
n

and can be used for the evaluation of a certain class of
limiting forms.

-

Ex. Find the value of
12 92 32 n’ ]

Ly PN R FR R

This may be written as

and taking;:asx and lasal.z'

1 2

1+.z-"dx_ [log(l+.z‘):| =$log.2.

320. In the same way
Lt {¢p(a)p(a+h) p(a+2Ph) ... p(a+nh)}™,

where h=b——_n—a may be evaluated.

324
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Let u={¢p(a)p(a+h)p(at+2h)... ¢(a+nh)}7l‘;

then log u=%{log ¢(a)+log p(a+h)+ ... +log ¢(a-+trh)
+ ... +log ¢(b)}

’17 og ¢ {a+(b-—a) ﬂ}

and therefore if we write
a+(b—a) -:—l =2

and (b=a) %:dz

the limit of log u is r l%%——ff) da.
Hence Lty...($(a)$(a-+h)g(a+2h)... platni)m,
where h=b—:—a,

. ..I log $(z)dz

[see Diff. Cale., p. 6, Ex. 3].

Ex. Find the limit when n=w of

{42 (B (- ()Y

Calling this expression u,
1 1# 2! n®
logu=;{log (l +n—,)+log (1 +1-‘—,)+...+log (l+;,)}

»
n

1 r’)
7 log (1 +.3)

:M 'EL'

and Ltlogu=j;l log (1 + 2*)da
= .zlog(l+.z’):l:—2j: I_'t——’;dt

=log2—2j: (1—1—:?)1127

.—.1og2—2+2."—;=g+1og2~2;

a1

—4 w-4
1 2+'__ . ek
oo Ltu=e © 7 T =96 2
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326 CHAPTER IX.

ExAMPLES,

1. Determine by integration the limiting values of the sums of the
following series when # is infinitely great :

& 1 1 1
Ry e ghers i ane (o, 1884.]
(i) n®+ 1”+n”+2”+n’+3’+'"+n2+n" [Ox¥orp, 1888.]

5 1 1
111 + +...+ 5
o ) Nin =22 Aén-3% N2n2 —n?

[CLARE, ETC., 1882.]

B e oy & s "21:7"}

(iv) = {sm on + sin' o + sin 2‘n+...+sm 5

k being a positive integer. [St. Jonn’s, 1886.]
2. Show that the limit when # is increased indefinitely of

(7Lfm)*+(22n—nz)§’+(3zvz—m)*_i_ +(11.3—m)i : g

Ly : is
n 2n 3n n*

[CoLLEGES, 1892.]

3. Find the limit when = is indefinitely great of the series
= on—1 = g
N 1+J n—1 /37 1. +Jn 1

n 2n 3n n?
[CoLLEGES, 1890.]
4. Evaluate
1
Lty=w R SR dis Aoy 3 1]'

V2atn—1 Wda®n—1 W6a?n—1 N2a2n? —
5. Evaluate '

2 2
Bty | e 0T 3 Ty = % |
I:(nz + 1) (24 90)% {n? + (n— 1)2}‘7:|

[C. 8., 1901.]

CENERAL THEOREMS ON INTEGRATION.

321. Various Propositions.

There are certain general propositions on integration, many
of which are almost self-evident from the definition of inte-
gration or from geometrical considerations, the truth of some
of which the student will have noticed for himself, but which
require to be definitely stated. It will be assumed that all
functions occurring in the following theorems are finite and
continuous between the limits ascribed, unless the contrary
be specified :
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GENERAL THEOREMS. 327

322. L I:¢(x) da;=J.:¢(z)dz,
for if y-(z) be such that
$@)= 11 (@),
and therefore such that
p(0)=3 w2,

each integral is equal to yr(b) —y- ().

In other words, the result being necessarily eventually inde-
pendent of z or z, it is plainly immaterial whether the letter z
or the letter z is used in the process of obtaining the indefinite
integral previous to the substitution of the limits.

b (] b
323, L I¢(z)dx=L¢(x)dz+j (@) da.
For if 1 () be the indefinite integral of ¢ (z),
the left side is Y (b)—yr(a)
and the right side is
{Y ()= (@)} +{¥ ()~ ()}
which is the same thing.
Further, it is equally clear that

j:¢ (z)dz= j:¢ (z)dz +j:¢ (z)dz +_‘:¢ (z)dz+ ... +I:¢(z) dex,

where ¢, d, ¢, f, ... k are any real quantities which lie in the
region from a to b for which ¢(z) has been assumed to be
finite and continuous.

Let us illustrate the fact geometrically.

Y P./B

+0
ol
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328 CHAPTER IX.

Let the curve drawn be the graph of y=¢(z), and let the
equations of the ordinates

N.P., (N.Po, NPy o N EUNGES
be r=a, x=¢, x=d, ... x=k, x=b
respectively.
Then the above theorem in integration expresses the
obvious fact that

Area N\N,P.P, = Area N,N,P,P, + Area N,N,P,P, + .
+ Area N N¢P:P;.

324, TIL. r¢(m)dx= o J' " 9(e) dz.
a
For, with the same notation as before,
the left side is Y (b) —r(a)
and the right side is —{y-(a)—(b)}.

An interchange of the limits, therefore, changes the sign
of the integral.

325. IV. r¢(x) da::J"' $(a—2) da.
0 0
For if we put 2=a—X, we have de=—dX; and
if z=a, X=0;
lf z=0, X=a.
- Y Q
platt
X '0 o' #
Fig. 27.
a 0
Hence j ¢(a:)d:z:=——j ¢pla—X)dX
[} a

I

J’“ #(a—X)dX, (by IIL),
0

J: ¢pla—z)dz, (by L).
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Geometrically this expresses the obvious fact that, in esti-
mating the area OO'QP (Fig. 27) between the y and z-axes,
an ordinate 0'Q, and the curve PQ, which is the graph of
y=¢(x), we may if we like take our origin at O, 0'Q as our
Y-axis and O'X as our X-axis, as it cannot affect the result,
whether the elements of area are added up from left to right,
or from right to left.

326. V. I:"¢(z)dz=j:¢(z)dz+J':¢(2a—x)dz.
For, by II.,
[To@ = p@do+ [ s da,

and if in the second term we put z=2a—X, we have doe=—dX,
and when z=a, X=a;
when z=2a, X=0.

Y
Q

b4

R
P
a a
X 'O N 0 #
. Fig-, 28,

Thus the second integral on the right side, viz.
2 0
[ s@de=—" p(2a—X)ax
a a

s j’ * $(2a—X)dX (by IIL)
0

[: #(2a—z)ds (by I1);

jj¢(z)dz= L ¢(x)dz+j:¢(2a—z)dz.

The geometrical interpretation is, that if we are estimating
the area O0'QP (Fig. 28) between the y and & axes, an ordinate
0'Q, viz. z=2a, and the graph of y= ¢(z), viz. the curve QP, we
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330 CHAPTER IX.

may if we like take Oz and Oy for our axes for the portion
ONRP, NR being the mid-ordinate, and O'X, O'Y for axes in
the second portion, thus finding each part separately, and
then adding together, a fact obviously true.

327. VI. Plainly, if ¢(x) be such that

$(2a—a) = p (2),
this proposition takes the form
r"¢(x) da:=2r $(2)de; :
0 0

and if ¢(z) be such that
$(20—2) = —¢(a),

2a
I $(@) do=0.
0
y Y
R
p/ \Q
X o N o’ x
% Fig. 29.

In the first case there is symmetry about the mid-ordinate
NR (Fig. 29), and the whole area OO'QRP in such a case is
double that of ONRP.

ye Y
P
\N
X0 o =«
Q

Fig. 30.

In the second case ¢(a)= —¢(a), ie. ¢p(a)=0, and the curve
cuts the z-axis at N (Fig. 80), viz. where z=a, and though
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the regions ONP, O'NQ are equal in absolute area, the second
integral of Art. 326, viz. ja¢(2a—x)dz, which is referred to
0

O’X and O'Y as axes, represents (—the area O'NQ), for all the
ordinates are affected by a negative sign.

Hence, the algebraic sum of the two is zero, the one
cancelling the other.

There is now symmetry about the point N.

328. This principle is very useful in the integrals of the
trigonometric or of any periodic functions.

Thus, since sin"z=sin"(r —z),
. il
f sin"zdzr= 2[ sin"z dz.
() o
And since cos?®t1y= — cos?™1 (7 — ),
=
j; cos® g dr=0;
80 also since cos?*x=cos®” (7 —z),

x

T
f'cos”'.z'dx=2/ cos*z dz.
o 0

We may express these propositions in words, thus :

To add wp all terms of the form sinzdx at equal in-
definitely small imtervals from 0 to = is to add wp all such

terms from 0 to % and double the result. For the second

quadrant sines are merely repetitions of the first quadrant
sines in the reverse order.
Or geometrically, the curve y=sin"z being symmetrical

about the ordinate w=7—2r, the whole area between the ordi-
nates 0 and 7 is double that between 0 and %r .

Similarly, the second quadrant cosines are repetitions of
the first quadrant cosines with opposite signs, and therefore
a term of form cos?**'z dz in the first quadrant is cancelled
by the corresponding term in the second quadrant, but a term
cos?z dr, the index being now even, is duplicated by the
corresponding term in the second quadrant.

Similar remarks and geometrical illustrations apply to
other cases and for wider limits of integration.
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332 CHAPTER IX

Thus ]:, sin? Mz dr=0,
for the third and fourth quadrant elements cancel those from the first

and second. i) i
f sin®"z dz =4j; sin**z dx,
0

/"cos""“x dx=0,
0

o 7
j;cos"'xd.z' ~—-4Lcos”‘xdx,

and so on.
329. VII. A Periodic Function.
If (@) = ¢ (a+a),

J:"qs(z)dz:n "$(z)dz.

For, drawing the graph of y=¢ (), it is clear that it consists
of au infinite series of repetitions of the part lying between
the ordinates OP,, (x=0), and N,P,, (z=a), (Fig. 31), for

p(@)=¢(z+a),
and therefore writing z+a for z,
¢ (@+a)=¢(z+2a) = ¢ (v+3a) =ete.
Also the areas bounded by the successive portions of the curve,
the corresponding ordinates and the z-axis are all equal.

a 2a a
Thus L¢(m)dm=_[—u ¢(x)dm=j1¢(x)dx=etc.
and [s@io=['p@iot[ p@dot .. +] parde

=nj:¢ (@) da.

(o} N! Nz
Fig. 31.

Thus, for instance, since sin”2=sin (7 + z),

il LA ) Mm—-122-3 1 =
2n i 2n e 20 - & o b
.[o sin xdx—4_/; sin zda,—B_/; sin”zdzr=8 %n 9m—2'"3' 3

www.rcin.org.pl



GENERAL THEOREMS. 333
330. VIII. Arbitrary Change of the Limits.
b
In estimatingj- ¢ (x)dz, the limits may be altered arbitrarily

to p, ¢, provided z be transformed linearly in a suitable
manner.,

Take z=A4+B¢. Let 4 and B be chosen so that
A A+Bp,} whence A=qq;bp B=tq

b=A4+Bq, i i q—p’
; 0. b
%.e. —p +q—p£
and da:—b—g'df
q—p
b—a
Th j PO Fom j¢ Y d
i ¢(@) q—pJr (q . +q pf)f
b—a aq—bp b—a
WA un ) W 7 e M 2 dz  (by I
q—pp( +qp> (by L)

The geometrical significance of this is that instead of find-
ing the area of y=¢(z) from z=a to z=b, we may find the
area of b—a aq—bp b—a

P BT fpoc MR 8 Vs SR
"“q—p" <q—p +9—P£)
from £=p to £=q.

Let the two graphs be drawn (Fig. 32), and let 44’, BB,
two ordinates, viz. z=a, z=>b in the one, correspond to PP/,

/

n 9 /
¥ g o
A
x # £
O  Arae) B,y O Pip0) Qrg.0)
Fig. 32.

QQ’, two ordinates, viz. £=p, £=q in the other; then each
element of the distance 4B is reduced to a corresponding

element of PQ in the ratio H’ whilst there is a transference
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334 CHAPTER IX.

of the origin a distance gq:*;:p in the positive direction of

the z-axis if this quantity be positive, or in the opposite
direction if negative. This alteration in the graph leaves
the number of units of area in the portion of the graph
considered unaltered, the effect being merely that of drawing
the graph on a different scale, the ordinates being altered

in the ratio g%; , whilst the breadths of the elementary strips

are altered in the inverse ratio, leaving the areas unchanged.

331, IX. If ¢(z), Y (x) be single-valued continuous and
finite functions of z, of which the latter retains the same sign
between a and b, then

[s@v@i=p© [ vai
where a<{<b.
For .‘-bqs(w)\/,(x) dz, by the definition of an integral (Art. 11),

=Lt,_oh[¢p(a)Vr(a)+p(a+h) Y (a+h)+¢p(a+2h) Y (at+2h) + ...
+¢ (b—h) Y (b—h)].

Now, of all the expressions
p(a), ¢lath), ¢(a+2h), ... p(b—h),
let ¢(£,) be the greatest and ¢(&,) the least.
Then ¢ (a) v (a)-+$a+MV (@-+0)+ ... +pB—R)yB—h)
<¢p(&)[Y @)+ (a+h)+y(a+2h)+ ... +y(b—h)]
and > ¢(&)[V(@)+y(a+h)+y(a+2h)+ ... +y(b—h)]

b b
Honce [ plo)y @do<p(é) [ v @)
and >¢(£&) Lb‘lf (z)d=,

and therefore must =¢(§) I:\p(x)dx,

where ¢ (£) is intermediate between ¢(£,) and ¢(&,). And £ is
a value of  somewhere between @ and b.

It has been assumed that r(z) is positive for the range
from @ to b. If yr(z) be negative throughout, the order of the
inequalities is reversed, but the final result remains the same.
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332. Cor. I. As a case of this theorem write ¢’(z) for ¢(z)
and 1 for \,(z).

b b
Then jagb'(z)dz:qb'(f) Ll do—(b—a)§(£),

ie. p(0)—gp(a)=(b—a)$'(£);
or putting b=a+-h and £=a+6h, where 6 is a positive proper
fraction,

¢ (a+h)=¢(a)+he' (a+0R),
subject to the condition that ¢(z) and ¢'(z) are finite and
continuous functions of z for the whole range of values of x

from a to a+h. [See Diff. Cale., Art. 139.]
333. Cor. II. If ¢(x) has a finite value for all values of z,
)
a <z <b, it follows that I Ej ¢(z) dz is finite if @ and b are
o

finite, for if ¢(&,) be the greatest and ¢(&,) the least of the
values of ¢(z), I lies between ¢(&,)(b—a) and ¢(£,)(b—a), and
is therefore finite.

334. Cor. IIIL. If w,, u,, u,, ... be all single-valued functions
of z, finite and continuous for all values of # between a and b,
and if the series w, +u,~+u;+u,+ ... to an infinite number of
terms be uniformly and unconditionally convergent for all
values of « between these limits, and f(z) the limit
towards which it converges, then the series

J‘ u,da:—{—"- u’zdx—%—j Usdz+ ...
is also convergent for values of z between @ and b, and con-
verges to the limit J‘z f(z)dz. [This theorem has already been
a

proved in Art. 34 from a slightly different point of view.]
Let R, be the remainder after n terms of the given series,

so that Uy Uy + U+ ... Fup+ Ry = f(2).
Then

ru, dz—l—ruz dx—{—rusdm—i- '"+ij" dx =J'xf(x) dz.

Now, by supposition, R, is finite. Let R, and R, be the
greatest and least values of R, asz changes continuously from
a to b.
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Then j R, dx lies between R, (z—a) and R, (z—a).

Moreover, R, vanishes by hypothesis when = is indefinitely
increased, whence R, and R, also vanish in the limit;

£
j R, d vanishes i the Tiniit
@
Hence J. uld:v—}—rugdx-{—J U dz+- ...
a (43 a

converges to the limit I [ () da.
a
[SERRET, Calcul Intég., p. 108.]
835, Cor. IV. If a continuous function f(z) can be expanded

in a series of powers of # convergent for values of © between

0 and a,
say, AO-I—A,:):—{-A2:1:2+ Ny

then A0z+A,§+A2”§+...
is also a continuous and convergent series tending to the limit
r f(z)dw. [Cf. Art. 34]
336. Cor. V. °
[(r@raa=] A0+ O+ O+ ] da

=wf(0)+|%2f'(0) +]”—”§f"(0)+...,

convergent between the same limits for which Maclaurin’s
series, which has been used, is convergent.

This gives a means of expressing an integration by means
of a series.

337. LEMMA. A THEOREM DUE TO ABEL. If S, be the sum
of the first » terms, and S, the sum of the last » terms of the
series

Uy UgF+Us+ oo F Ut oo Uy,
each term being real and finite, but not necessarily all of
the same sign, and if
2 and o be the greatest and least values of S,,
and X and o’ be the greatest and least values of S,
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and if a,, @,, @, ... @, be n positive finite quantities arranged
in descending order of magnitude, and if

S=a,u, + ayty+azts+ ... + A%,
then we shall have  a,2>8>a,0;

and if a,, @,, @;, ... @, be arranged in ascending order of

magnitude, then T B e’
n nv -

For
8 = au, + auy+ sty + ... +a,u,
=a,(S,) +a3(S; —8,) +a5(S; —8,)
+...+ an—l(Sn—l '—Sn—z) o an(sn’_Sn—l)
=8, (a,—a,) + 8. (ay,—as) +8;(a;—a,)
+ i +Sn—l (a’n—-l_ an) +Suam
and a@,—a,, @,—@s, ... @,_,—a,, a, are all positive quantities;
oo 8 < E[(a—ay) + (3 —a5) + (a5 —ay) + ... +(@p1—0y) + 4]
and > o [(@,—a;)+ (@— @) + (83 —a) + ... + (81 —0ay) +a,],
i.e. S<a2 and 8S>a,0, e a,2>8>ao.

In the same way, writing the series from the other end, and
ifwa,, @y, @y_,, ... @, be in descending order of magnitude,
a,>2' >8>a,.0"

This theorem in inequalities is due to ABEL.

We note also that if a,, a,, as, ... @, were all negative, the
same theorems would still hold, except that the inequalities
would have been reversed, viz.

a><S<aos and a2 <S<a,d.
338. X. Applying Abel’s inequality theorem to the case of

the integral IZ et

where ¢(z) and \(z) are finite and continuous functions of z
for all values of z between the limits @ and b, and ¢(z) positive
and continually decreasing throughout that range, and writing

(@), $(a+1), pa+2h), ... pB—1)

respectively for @, ay, a,, N
and hr(a), W (a+k), i (a+2k), ... nj(b—Ph)
for A Uy, Uy, s

www.rcin.org.pl



338 CHAPTER IX

and taking the limit when % is indefinitely small, we have
b
=L</)(z)\p(w) du,
£1
P ¢(a)L V(@) de,

£a
ar=9(@) V(@) da,
where £, £, are the limits corresponding to the greatest and

least values of w(x) dz for different values of £ between a
and b;

(a)J-alxp(x) dx > Lgb(:z:) V() dz > b (a) I:\,b(z) dz,
sl th e thre r,p(z) V(z) do=p(a) r\b(x) i

for some value of £ intermediate between « and b.
Similarly, if ¢(z) be a continually increasing function,

b b b
20| yodo> [ p@) @ da> 90 [ Yo

b
where £/, &’ are the values of £ which make j\b(z) dz
greatest or least, and therefore ¥

[[pev@i=s0) s,
where ¢ is intermediate between a and b.

339. From the last remark of Art. 337 it appears that the
same theorem will be true when ¢(z) is negative through-
out. That is, that provided ¢(z) be continually positive or
continually negative from z=a to =0, and ¢'(z) retains the
same sign throughout this range,

b ¢
L‘/’(x) Y(z)de= ¢(a)L\,b(m) dx

b b
or Lgb(ﬂc) Jr(x) de= ¢ (D) L\//(a:) dx
according as ¢’(x) is negative or positive, where £ is some

value of = between @ and b, i.e. £=a+6(b—a), where 60 is
some positive proper fraction.

s Ay
JIY.MJI
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340. A Theorem due to Ossian Bonnet.

If ¢'(x) be negative, i.e. ¢(x) decreasing, but ¢ () changing
sign in the interval from z=a to z=b, and therefore ¢(b)
negative and ¢(a) positive, write

¢ (@)—¢(b)=x();
then x'(«) is negative and x(z) is positive from a to b.

o [[p@v@ do= [ Tp 01 x@ oo
=90) [ V() da+x@) [ i) da
¢ b €
=Ip®) [ W@ det-p0) [ Yo da] +x(@ [ (@) do
=16 +x@] [ V@) do+90) [ (o) do
=9(@ [ (o) do 9(0) [ (o) o

341. Finally, if ¢'(z) be positive, ve. ¢(z) increasing, but
changing sign in the interval between a and b, and therefore
¢(a) negative and ¢(b) positive, write

¢ (@) — (@) =x(@);
then x'(z) is positive and x () is positive from a to b.

o [ 9@y @
[ 9@ +x @y @)z
=@ [ W @dox) [ ¥ (@)
=@ [ [V @o+[ v @ds | -+x0)[ v o
=4(@) [ ¥ @do+p(@)+xO1 ¥ (@)de
=4[ v @ds+o0)| v @

Hence, in all cases where the differential coefficient of ¢ () is
a continuous function, retaining one sign between the limits,
though ¢(z) itself may change sign,

b & b
[ #@v@da=g@[ v@itoo) | v@i
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for some value of ¢ intermediate between a and b, ¢ and
being finite and continuous throughout. '
This theorem is due to OssiaAN BONNET.
342. XI. (i) Since
(@2 4a2+a2 + ... +a,2) (b24b2+ ... +b,2)h?
(@b, +aby+ ... + ayb,)?h2,
we have upon putting
a,=¢(a), a,= ¢p(a+h)...a,=¢0b—h), ‘
b=y (@), by=yr(a+h)...0,—y(b—h),
and taking the limit when 4 is indefinitely small,

[p@rae[ v@pas [ s@v @i ]

(i) If (PR TR et B
and Dy Dgrat oty R D
be two sets of positive quantities, both in descending or both
in ascending order of magnitude,

Za,Za’b,—2a}Za,b, <0

[for Za,as(a,—as)(b,—b;) is positive].

And it follows as in (i) that if ¢ () and -(2) be finite, con-
tinuous, and positive, and ¢'(z) and \'(z) be both positive or
both negative from z=a to x=>b, then

v b ) v
[ v @is[ to@rytaes [ (s @0y @)
If ¢’ and v/’ are of opposite signs the order of the inequality

is reversed.
GENERAL AND PRINCIPAL VALUES OF AN INTEGRAL. CAUCHY.
343. XII. The Definition of Integration. Modifications.
In our summation definition of integration, as
Lty_oh[¢(a)+¢p(a+h)+p(a+2R)+ ... +¢p(b—h)],
which has been denoted by

v
[ s@a
we have assumed
(1) ¢ (=) finite and continuous and single-valued for the
whole range from z=a to x=b.
(2) a and b to be both finite quantities.



GENERAL THEOREMS. 341

This definition will fail when these conditions are not satisfied,
and will require modification.
We have also (Art. 18) extended our notation so as to let

J.wqb(a:)dx stand for the limit when b is indefinitely increased

of r(b)—\r(a) where ‘%%(ﬁ:ﬂx), with a similar extension

when the lower limit becomes infinitely large. The subject of
integration itself, viz. ¢(x), has been so far, however, in all
cases, understood to be finite, single-valued, and continuous
for the whole range of integration from a to b, whether that
range be finite or infinite.

344. Infinities of the Integrand. GENERAL AND PRINCIPAL
VaLues. CaucaY.

When ¢ (z) becomes infinite between the limits of integration,
say at the point z=c, where a<c<b, and nowhere else
between @ and b, our definition holds

from z=a to x=c—e¢
and from z=c-+» to z=b,
where ¢ and » are two positive quantities which may be taken
as small as we please.

b
The integral j ¢ (z)dz is now to be understood as meaning
a

Lt;:g[ji—' ¢ (2)dz+ Iiﬂ ¢ (x)dx] :

This limit may be finite, infinite, or of undetermined
value.

It is called the GENERAL VALUE of the Integral.

When y=¢, CAUCHY has named the limiting form derived,
the PrINCIPAL VALUE of the Integral, viz.

N e R

which may be finite or infinite.

A similar modification of the original definition will
obviously be necessary when the subject of integration, viz.
¢(z), attains an infinite value more than once between the
extreme limits of the integration, viz. between a and b.
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If the infinity of ¢(x) occurs at one of the limits, say

b
at the upper one, then the integral </)(w) dz is to be under-
stood to mean

b—
Lt,_o ¢ (I) dx.
Again when the upper lmmt is infinite we shall understand

I ¢(z) dz to mean
a 1
Ltszor & (2) de ‘

and when the lower l#mat is infinite we shall understand

jb ¢ (2) dz to mean
e b
Lt¢=oj‘l ¢ () dz.

-When the integration is from —oo to 4 we shall consider

the integration Jm ¢ () de to mean
+3
Lt.—o [ ¢(2) du,
7=0 1

7
which we shall refer to as its General value; 7.e.
1 1 . _‘#_
Lt;;g[‘*(;)__‘ﬁ(‘ ;)], where ¢ (),
e and 5 being small positive quantities 1ndependent of each
other; and when y=¢ we shall refer to
1
Ltezof b(x) da
.

as its Principal value ; 7.c.

s (2~ (D)

345. Geometrical Illustrations.

Let a graph be drawn of y=¢(z), and let 04 =a, OC=c,
OB=b. Then at € (z=c) there is an asymptote parallel to
the y-axis. The graph may be such as to approach the
asymptote from opposite sides at the same extremity (Fig. 33),
or from opposite sides at opposite extremities (Fig. 34). In
the first case there is nc change of sign of ¢(x) as z passes
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leave the choice of these relative speeds till after integration,
and thereby retain command of the mode in which the
ordinates are made to close up.

4
P
P 8,
R B3
N i B
R N, [C ]
Pﬂ
S+2
S+1
P
Fig. 34.

b
In understanding-‘. ¢(z)dz to mean
a

C—¢ b
Tl [ J' $(@) dz+J' () dx],
7=0 a c+y
where ¢, # are two positive quantities, we can ultimately make
£ =7 in our investigations of the “General Value,” and if

we take p=gq, that is e=y» we shall have Cauchy’s
“Principal Value.”

346. When the inscribed and circumscribed rectangles are
drawn in the Newtonian manner (Art. 11), the pairs in
immediate contiguity with the asymptote are in area [Fig. 35]

ep(c—e), ep(c) and ngp(c+n), 7¢(c).
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The circumseribed rectangles are numerically greater than
the inscribed ones. They are of infinite length ¢(c), and of
infinitesimal breadths e and » respectively (Fig. 35).

0
i
1
g
) .
.
1
1
1
8
ol |®
M RE
& |&
[*]
€ n
Fig. 35.

These areas then are “undetermined” quantities until we
know the nature of ¢(c). If the orders of the infinitesimals
€, » be higher than the order of the infinity ¢(c) their limits
are zero. If of lower order their limits are infinite. But, in
the latter case, if ¢(x) change sign as x passes through the
value ¢, we may be only concerned with the difference of
these infinities, which may be finite.

347. If ¢(z) becomes infinite at a point z=c, the general
way in which it does so is by the vanishing of a factor in its
denominator.

Let ¢(z)=(z£—_(%;, where F(z) contains no factor z—c, and
therefore retains the same sign as z increases through the
value ¢, and 7 is positive.

We are only concerned to discuss the behaviour of

this function in the immediate vicinity of the asymptote.
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Therefore we may take our limits @, b so near to z=c that
F(x) retains the same sign throughout, and if 4 and B are
the greatest and least values of F(z) in this interval,

J ¢ () dz is intermediate between AJ —and B j e
a(w‘ <)

Hence we may confine our discussion toj ———. And it

a(@—c)"
will be convenient to push forward our origin to the point (¢,0),
so that the y-axis coincides with the asymptote, and we then
have to discuss the limit of

“edz (Bdr where a=c—a,
o ol B 0 & B=b—e.

This expression has the value
1 P e 178
—n‘rl{[x—nﬁ]_ﬁ [r]}
1

il { L@l L }
a—1lU—aT" (=™ T @ @)
(@) When n is <1, ze. 0 <<n < 1, the limit is finite, viz.
1
o, | [—{=a)i~*+ 8]
and is independent of-the limiting value of €. This is then
n

both the “General Value” and the “ Principal Value.”
The first and last elements in the summations, viz.

e‘—lﬂ- and q-”—{‘, being respectively =" and '~" (n <<1) vanish
€

independently of each other.
(b) If n>1, the limit to be discussed is that of

] 1, _1___L}
n—1 (—e)"1 (—g)n1' Gn-l yn-ip?
which is infinite in general, when e and 4 diminish indepen-

dently and ultimately vanish in any arbitrary ratio of
inequality. Hence the “ General Value” is infinite.

But when 7 is odd or of the form ; +1, (A and u being
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integers and X\ > u), the infinities will cancel each other when
¢, 7 ultimately vanish in a ratio of equality.
The Principal Value is therefore finite, and

L 1 1
i | [Ti_ai_—i]’

2241

2u+1’

an even integer or of the form LY. A> ).
2u+1 1

whenn is odd or of the form (A > ), and infinite if n is

(¢) When n=1 we have to discuss the limit of
J. &, gy,

)

or putting z=—¢ in the first integral,

Lt {L%—{—I: i—m}, v.e. Lt {[log f]:—}— [log x]:} $
z.e. log g + Lt log 5 -

This limit depends entirely upon the mode of approach of
the ordinates N,P,, NP, (Fig. 34) to the asymptote, and is
undetermined till that is settled.

When ;:g , where p, ¢ are any finite quantities to be
chosen, the limit is log '8+10g g, and is arbitrary, depending

a
upon the choice of p and g¢.
When p and ¢ have been chosen equal, that is when ¢,
vanish in a ratio of equality, the limit becomes log Sk

Hence the General Value is an arbitrary quantity; the

Principal Value is log g .
If n be of the form 27\2—+1-, ;—; becomes unreal when z is
n

negative and the first integral is unreal, from —a to —e
Excluding this we are then only concerned with

Bdx ., 1 ¥ 1
B.4fl25, e ko 14T
=0 bie s n—1 22515

1 1 5T
or T Lt[B;‘Tl‘—;I’"TIJy
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integers and A > u), the infinities will cancel each other when
€, n ultimately vanish in a ratio of equality.
The Principal Value is therefore finite, and

dasodd. s _1__“,1,]
—_n_][Bn—l ani |

whenn is odd or of the form -—— e (A > u), and infinite if n is

2u +1’

an even integer or of the form m, A> w).
(¢) When n=1 we have to discuss the limit of
“edx  (Pdx
J.&tl%

or putting z=—¢ in the first integral,

Lt {L dg-ﬁ-j: %’3} siwd.eil Lt {[log g—‘l—}- [log xJ:} §
.. logg + Lt log 5 .

This limit depends entirely upon the mode of approach of
the ordinates N,P,, NP, (Fig. 34) to the asymptote, and is
undetermined till that is settled.

When }%:-}, where p, ¢ are any finite quantities to be
chosen, the limit is log g-{—log g, and is arbitrary, depending
upon the choice of p and g¢.

When p and ¢ have been chosen equal, that is when e, 5
vanish in a ratio of equality, the limit becomes log —f -

Hence the General Value is an arbitrary quantity; the

B

Principal Value is log &l

2A+1 1

If n be of the form , — becomes unreal when z is
2,u. an

negative and the first integral is unreal, from —a to —e
Excluding this we are then only concerned with

d g L La318
Lt,, oJ. ;f, 2.C. —mLt [i'_"jiln’

1 1
or —m Lt [ﬁT_r‘;r-l],
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which is real and = — 1 Bl—“ if n <1, and infinite ifn> 1,
and may be referred to as the Principal Value of the real part.
848. We next consider the case when the infinite value of

¢(z) occurs at one of the limits, say b.
b ) b-e
I ¢(z)dz is then to be interpreted as Lt,=oj ¢(z)dx,
a a
which is called the “Principal Value.” y
Let ¢(w)=@f—_(_32)7', where f(z) does not contain the factor
z—b, and therefore does not vanish when x=b; and let n be
positive. Then,
(a) if m be <1 and if we can find some quantity y between
a and b such that throughout the range of values of z from

v to b the numerical value of f(z) does not exceed some finite
quantity 4, the Principal Value will be finite.

For J.:_'¢(x) dz=J: ¢(x) dx+jj —'¢(:v) da.

The first of these two integrals is finite, and in the limit
the numerical value of the second is not greater than

'"°Ajb .(z Byn’

b—e b-e
moreover L Z?z:_d—%)?‘= T—lev, [(az - b)l"‘:l7

= [(—ep=n—(y b)),

the limit of which, when ¢=0, is ———(y—b)l"'" and there-
fore finite.

(b) If, however, n>1, and if we can find some quantity
between @ and b, such that throughout the range of values of
z from y to b the numerical value of f(z) is greater than
some finite quantity B throughout this range of values of «,
and if f(z) preserves the same sign throughout that range,
the Principal Value of the integral will be infinite.
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For, as before,
Dy ¥ b—e
j (@) dx=I (@) da:—{—j (@) da,
a a Y
the first of the two integrals being finite.

b
But the numerical value of Lt OJ ¢ (x) de is greater than
the numerical value of

=

por I :,-c(z_%: Aty [(—:)"-1_(7-16)"—1]’

which becomes infinite when ¢ vanishes.

(c) Lastly, if n=1, and if, as in the last case (D), such a
quantity y can be found as there described, the numerical

b—e
value of Lt.=oj ¢(z) dz is greater than the numerical value of

ot dx A B 4
Lt._oBI 2, and [T Emlogt

the numerical value of which is infinite, and therefore the

b
Principal Value of I ¢(x) dz is in this case, also, infinite.
a

349. To sum up these Statements.*

If it be possible to find a quantity y between a and b such that
the numerical value of ¢(z)(z—b)", that is f(z), does not exceed
some finite quantity 4 throughout the range from y to b, and if

b
n<1, then the Principal Value of j #(2)dz is finite, If it be
a

possible to find a quantity y between @ and b such that the
numerical value of ¢(x)(z—b)" does exceed some finite quantity
B throughout that range, and if ¢(z)(z—b)™ does not change
sign throughout that range, then if n <1 the Principal Value

b
of I ¢ () dz will be infinite.
a

Obviously a similar rule holds for the lower limit by re-
versing the order of integration, i.e. interchanging the limits,

*Scrret, Calcul Intégral, p. 100.
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y 1 de
350. (a) Consid s
50. (a) Consider e
Here the subject of integration, viz. :/—1—2, is infinite at the upper
limit. e
. 1— dz
‘We have to consider ik b —_—
0 1—22

sl B ! A 3 Y ¥
IJ Va5 -— =
et ¢ () i Then ¢ (z)a/1 i ey which is < 1 for the

whole range 0 < #Z 1 or for any part of it, and the index of the factor
1-2 is 4, which is<1. Hence by Art. 348 (@) the Principal Value is
finite.
1—e
It is of course obviously equal to Lt.:o[sin—‘x:lo >

z.e. Lte=o{sin~™*(1 — €) —sin—10}=sin—'1—sin—10 =1—; 2

(B) Consider /l(l d;)‘}.
i

Here the subject cof integration, viz. . ~l is infinite at the upper

(=)™
1 '] 1 o105 1
. Then ¢(z)(1—-2)*= , which is ¢ —=
(1-a22)} # (1+a)t 2v/2
and does not change sign for all values of # from #=0 to =1 or for
any part of that range. Also the index of the factor 1 -2 is 3, i.e. > 1.

Hence, by Art. 348 (b), the Principal Value of this integral is «.

limit. Let ¢(2)=

1
351. Consider [o lotgnxdx, where 0<n<1. (Serret, C.L, p. 103.)
Lt,:olo%t=°°-

When # is made to approach zero indefinitely closely, the integrand,
viz. ¢ (x)=log «/x", increases numerically without limit. Take a quantity
p lying between zero and 1-=, so that p is positive and < 1. Then

1
2?*"¢p(z)=a?logx has a turning point at #=e~», vanishes at =0, and
whilst numerically decreasing to zero as # diminishes from e » to zero
is always numerically less than ;};' Moreover p +n is a positive index

less than 1.
Hence, by Art. 349, the Principal Value of this integral is finite.

b
352. Suppose that j; J(2) dz has a value which is finite and determinate,
when f () becomes w at z=c¢. (@ <c¢ <b.) Then this value must be

Lt.=o{ [ pay do+ fc:qf(w)dz}, ................... (A)
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whatever may be the ratio of p: g, and if this limit were not independent
of p: g, this General Value would not be determinate.
The Principal Value is the case when p=¢=1,

Lt,:o[f:_ef(x) dx + lief(r) d.r:' Bl atlahal o (B)

The difference of these expressions 4 and B is

j‘c—pe j‘c+e

Deo[ [ r@aos [ fleyas],

and this limit must therefore vanish whatever the ratio p:q may be if
b

faf(x)dx is to have a finite and determinate value.

Cauchy * calls such integrals “Singular Definite” integrals [Intégrales
définies singulitres], viz. those in which the subject of integration becomes
infinitely great at the same time that the limits differ by an infinitesimal.

In order that p and ¢ shall disappear, the first integral must be inde-
pendent of p, the second of g, when ¢ is indefinitely diminished.

For example, in the case

b
1=[__‘1”L“ where a<e<b;
.a(m_c).!
c—pe  p 3 Pl
1 1]
here § (z—c)} L

and the limit when e=0 is zero and independent of p.

52 g O s i
Similarly for / ———— the limit is independent of g, and the

cte (x_ c)y
integral 7 is determinate.
See Williamson, Int. Calc., pages 128-135 ; Moigno, Cale. Intég.;
Servet, Calc. Int., pages 91-107 ; Bertrand, C.Z, p. 117, for further
information as to General and Principal Values.

353. Successive Integrations.

Successive integrations of a function may be expressed in
terms of single integrals.

Let « be any function of .

Then will

1 1 il 1
Nl u =" = u— 0 g1 ~Dm¢+ nllpn=r Dxeu

D D
e el
— (1) DE" where D=d—~x.

* Serret, Calcul Intégral, p. 107.
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For ﬁu:j“u dz] dx

=qudz—-Jzudx

1 i
| Eu—-l—)xu,
and the theorem is therefore true when n=1.
Also, integrating each term of the stated result, a.ssumed

for the moment true,

=T

zn+l 1 1 gntl

'———— —3 —_— = —_——
nipnia¥ [n+1D“ PR ¥

A 1 1 :L‘"ﬂ
—0[ap=p ]
e A L 1 zntl
g C’I:n—lf)wzu—l_)n—lu]
“+...
+(— 1)"[ w"u—%x"“u]
1 nC, 80
a.nd m——T n__l—-‘...—*'(—l) —1"'

= 1%[1_n+101+»+10,— (= 1ym 40,

- (_ 1)n+1 )
n+41
Hence, the right-hand members of the several brackets add

=%-[“—1)"+‘——(—1)"+1]=

to
o b s 7
n+tl D”
Therefore, multiplying by n+1,

(n+1) !D++au=xn+llDu—n+101xﬂ%zu

+ "+IC,z"‘1-11—)x”u—— veo-(—1)n#2 %z"“u,

i.e. if the theorem be true for the operator D—}f;" 1.e. for

n+1 integrations, it is true for Di +3» e for n42 integra-

tions; which establishes the inductive proof, for we have
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shown that it is true if n=1, whence it is true for n=2, ete.,
and generally.
The theorem shows that a repeated integral such as

H”udxdzdxdx

can be expressed in terms of single integrations of
Iu dz, I 2u dz, jm’u dx, jx&u dz.

This theorem is given by Todhunter, Integral Calculus,
p- 72, qo.

MISCELLANEOUS EXAMPLES.
: sinfzdz |
1. Integrate (l) J‘mﬁ, [L.]
< logzdz
(i) 22(1 — log z)? 1]
2(c? —2?) dz ¢
bt

2. Prove that I ot 1 L. M1
—e (b2 42— be)i 5

(b>0). [L.]
3. If X=a+ 2bz+c2? show that I% can be made to depend
upon I;Tz—l

Find a reduction formula for Icosmz sin®z dz, and apply it to the

case n=4. L]
22 -3 dz
4. Evaluate be.z_ T6z+14 J50 10539 (L3
b dny
5. Prove that Lu wdz
can be made to depend upon
b dny
.“ov d—?‘dz.
Hence show that if f(z) be an arbitrary polynomial of degree
n -1, and
: an(Aa?®+ Bz + C)»
P,,(:c) = —————( dn ) ’
8
then I f(@)Pp(z)de=0,

where a, 3 are the roots, considered real, of the quadratic
Az + Br+ C=0.
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6. Prove that the effect of the operation p:j—t+q on a periodic

function a@cos (nf+e¢) is to multiply the amplitude a by »/p*n®+ ¢?,

and to increase the angle n¢ + ¢ by tan-122,

Write down the effect of the operation

(P%+q)/(P%+Q),

and generally, of the operation ‘
d az d a2
(a+ﬁm tygEt "')/<A+B¢'ﬁ+0d_ﬂ +>
on the same periodic function. [INT. ARrTS, LOoNDON.]

7. When 92 = aa® + 2bz + ¢, prove that
j’dz 1 B ya 1 h-1 yva

bog oy Y=o

'y Ja by SR B8 o i o R parr
the real form to be chosen, and deduce the value of the integral
in the degenerate case when a=0. [InT. ArTS, LONDON. ]

—=—=c

¥
8. Find the limiting value of (n!)"/n, when = is infinite.

9. Find the limiting value when = is infinite of the n** part of

the sum of the n quantities
n+l n+2 n+3 n+n

TR TIPS S s

and show that it bears to the limiting value of the n* root of the
product of the same quantities the ratio 3¢:8, where ¢ is the base
of the Napierian logarithms. [OxForD 1886, and I. P., 1911.]

10. If na is always equal to unity, and n is indefinitely great,
show that the limiting value of the product

(1 +ad) {1+ a1+ Ba) {1 + (4a) ... {1+ (na))
is oft. [OxForD, 1888.]

11. Show that the limit of the sum of # terms of the series
n3 nd nd
Wi+ 2.15 )i+ 2.2 T il (nf + 2nd)

when 7 is infinite, is P
ey PRI
VatanV2 -3 [, 1901.]

J?L—a+J2n—a Vin—a s/nﬁ—a].

n—¢ 2n—c¢ Snzg DU 48l

12. Find Lzm[
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13. Find the limiting value, when = is infinite, of

w 2 3r )"
{tan%.tan T tan2— . tan 2—'”} g
[Ox¥orp 1. P., 1903.]
14. Show that the limit of the product

(143 (143 (02

when = is increased indefinitely, is ety [CoLLEGES, 1896.]
15. Find the limit, when n is indefinitely increased, of

(n— l)x}

1 2%
- sec” pt8ec—-+...+sec

. ™
where z is <3

. m™
Examine the case when z > 3

16. Find the limiting value of
2logn —log [(1 +n2)" (22 +n2) ... (2n2)],

when n is indefinitely increased. [OxForp I. P., 1900.]
17. Show from elementary considerations that when n increases
indefinitely, 1. biF 1
l+g+3+.. +;L—]0gn

approaches a finite limit intermediate between } and 1.
[ST. JorN’Ss, 1884.]
18. If f(z)=f(a +x), show that

["r@yaa=@-1 s

a 0

and illustrate geometrically. [OxForp I. P., 1888.]
19. Prove that ‘r(ﬁ(z) dz= r¢ (a - z)da,

zsin"g T sin"z
and show that (]) J-' 1 +cosz X = 2 . TGOSTz Z,

and evaluate this integral when n=1 and when n=3.

@) J‘ (11::m z)3 & -—loga

20. If ¢(x)= - ¢(2a —z), show that

2a b
L $(2)dz= - j N $(2) da. [CoLLEGES, 1886.]
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21. Prove that ﬂ:—t——b) * (0= 2) dz,

P(c— x) v (z—1b)
provided ¢(z) remains finite when z vanishes. [St. Joun’s, 1883.]

22. Prove that if ¢(z), ¢ (z), ¢'(z), ¥(x) be continuous and finite
from z=a to =10,

[ #@v@ = (aro0-0)po) - v@)

where 6 is a positive proper fraction. ‘

93. Prove that _‘" af(sinz)do=7 j " f(sin 2) da.
y g [St. JomN’s, 1883.]
24. Show that

b b
[Lr@e-a da— [ f@) (o) e
r=n b
= -1 n—r(p — =
Sm@ee-a |
where f7(z) means the n'* differential coefficient of f(z). [y, 1893.]
25. Show that, if ¢(z) =r¢(z)¢’(2a—m) da,
0

then ¥(2a) - 2¢(a)=[$(a)]* - $(0) $(2a). [Trrxrry, 1895.]
26. If f(z, y) is symmetrical in @ and y, prove that
j of (@, T - 2) d:c—-l-j f(@, 1-2)de.

e [COLLEGES a, 1889.]

97. Examine under what limitations the formula

I:¢(w)(lx=j: ¢(x)dz+I:¢(x) dz

holds good.
Show that J. <z+%> ¢ (z — = 2‘[ () dz.
W [MATn. Tr1pos, 1884.]
9. 1If Au=ldgegtoto,
Bn= ; + l +o+ 21

show that when n and m are both infinite and the ratio »:m tends
to a limit &%, Ap- Bp= log 2+ log k. [COLLEGES a, 1888.]
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29. Show that

sin <b¢+ a —ntan—1 é)
cos a

L lsm(bac+) €

(a?+02)?
+ A+ A+ A2+ ... + Ay @Y,
Ay, A, ete., being arbitrary constants, and also that it may be written
1 sin

-1
M(—D+a)ﬂcos (bw+a)+ Ay+ 4+ ... + Apy2v,
and explain how the latter operation is to be conducted.
:3
30. If 11=j log (1 +a, sin?6) 6,
0
show that I,=Tlog(1+a) +3L,
)
where L_,=I log (1 + a,sin%6) df
0
and v 4(1+ay)(1+a)=(2+a)

Hence show that
=7l [(1+a) (1 +a)¥(1+ap)t..],
where 4(1 + ap) (1 +ar)=(2+ay)2
31. Show that if n>1,

1 1 1
Ltanh ﬁdx = ;‘(l +log n). [Oxrorp L. P., 1911.]

32. How is the equation
b
[ r@ds=10) -1
to be interpreted when f(2) is not a single-valued function ?
Illustrate your answer by evaluating
nw dé
o @?cos?f+0b2sin?6’

where a and b are real and n is a positive integer.
[OxForp 1. P., 1912.]

33. Remembering that I means the limit tended to by I as

the first of the two positive quantities ¢ 7 tends to zero, and the
second to infinity, prove that if a> 1, the value of

j (ame—92 — ¢~%)g"—1dy
0

is zero if n>0, but not if n=0. [Oxrorp L. P., 1917.]
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34. If f(x) be any function of & which can be put into partial

fractions of the form ——, then will
a? -
VY] s L
L ira@=3/(/=1). [R. P.]
35. If ° O<b<a, a,=1(a+d), b=(ab)}
prove that ~  b<b <a,<a, a,-b <}(a-D).

Show that if  (a+b)tan 6 cot ¢ =a - btan?d,

3 7
then I (a2 cos?0 + b? sin? 0)_*d6 = I (a,2 cos?¢ + b,? sin? 4>)'* de.
B : [MaTH. TrIP., PART II., 1915.]
36. Show that

T
L sin 6 tan—! (sin 6) d0=7—; W2-1).
[MATH. TrIP., 1882.]
37. Show how to evaluate | E(x, y)dz, where E(z, y) denotes any

rational algebraic function of the coordinates «, ¥ of a point on a
conic. [St. JonN’s, 1891.]

38. Show that if @ be greater than unity,

oz dx el w2
002 —cos?z 2m/aZ—1° [Oxr. L. P., 1890.]
39. Prove that -

I: ¢(w)dx=£ {s@ Y 4>(i>}dx.

[ST. Joun's CoLL., 1882.]

i i dx T
40. Prove that TRNTAT _ T tan—W/2.
EE .L 3+cos2z 3 " WBe 1k 4 i

LAY .
41. Integrate L o when ¢ lies between @ and b. [R. P.]
42. Prove that

1 1
[~ 3-opdo=s] o(tapin

0 9 [OxF. II. P., 1886.]
43. Prove that

I-a T
j 2 cos? z ¢(sin 2z) dx =-[ ¢ (sin z) dz.
a 20,

[St. Joun’s.]
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44, Show that
r af! —c2 * 72

3569

" u—c"\/2(a2 + )12 — (a® — B)2 —

is the equation of a circle.

45. Find the integrals

[MaTH. TrIP., 1882.]

(@) I { (f)’ v @”} log zda ;

® I X S E=3p—1a;

dx
© f sin®z tan™ ;

46. Prove that

r log (1 + tana tan ) dz = a log sec a.
0

[ST. JonN’s, 1887.]

[CoLts., 1896.]
47. Evaluate
. zc® 2?2+ 1
(i) I(——‘”"' ¢ dz. (ii) J- @ 1)3
[Txm 1891.] [Hau, 1.C.)
(iii) l xg d it
o xf 2. () |GoIp (Haw, 10]
z seczcosec &
\ J.(l+xtanz)" i _[ logbanx

[TriN., 1891.]

(vii J‘logf/(: +: «

1
48. If L= j (1 — x®)*cos ax dz,

[TrIN., 1884.]

show that a?l, = 2n(2n -1, —4n(n-1)1,_,,

provided n > 1.

Show also that I, =a:,T£1 {f(a)sina +g(a)cosa},

where f(a) and g(a) are algebraic functions of a, of degreesp n,

with integral coefficients.
49. Show that

(i) jxs ‘”’dx Jtan-t

[Trix., 1892.]

}(2+x2)\/1-x‘

(i1) J'a:- +1 os'1 a2

Z1J1 - az® + 24 ax“+:c‘ Ja

e vy (a > 2).

[HALL, 1.C., p. 325 and p. 346.]
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50. Show that

: " dg = 1 2 Z 2
.[o £ ”(a+l)3+(2a+1)3_(3a+1)‘+
[ANGLIN.]
51. Prove that
e Y sl ‘ p
o AL AGFCNT IR L Wi L B
@) w_[ ./1 +sin2d <2> +(
} I,
(it) l+5; () (2 4) ------ [ANgL.]
52, If @)=+ asz-‘ +2_'!' ag@® + ..
prove that
(n)j cos? 0 (sin O)d0 = 10 + & () . PR
% 3 3i6) ®
1 2.4\2
(n)——l+3~ 124> (3) (3 5
1 2.4\?
(iii) 1r—3—3—, 124 5,(3) 73( +.... [ANGLIN.]
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